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These compactification are not unique

④ -
So how do we pick one ?

• Maybe there is a minimal one
( If so

, usually a great advantage)

E.
g . Jug in , K,- CX,D)

But often
,

no minimal compactification exists

e.g .
no minimal compactification of torus .

It's better to try and work with all

compactification at once .

This has advantages even when a minimal
compactification exists (but can be much harder)



Advantages : . For any given geometric
problem ,

it belts us pick a compactification
best adapted to the problem .

• Uncovers extra structure
.
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Similarity

DDR
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f e→P'xp' w/ rain . profile
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Question : Is DDRg,A.B e R
*

Cig , nine) ?

Psst ! DDRg ,a ,B
=DRg .A 'DRG , B

i
c-R

'tCtg ,ntm) by Faber-Pond .

Paxtoni formula

So yer .

But the proof is wrong , because
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DR
g.A

' DRg , is



But there are related classes

DRG ,:9 e CHCig in) , DRG !B°9 ,DDRg.a,pY%

Jug ,n M-g.ir some blowup along strata

s-t . Tl
*DRG!:L = DRg.A

• DDRg ,a!s% = DRgin' -DR
g.

"

Boot

we have

DRg.nl?9--iT*DRg.n t correction
So if we can understand the correction

term
,
the wrong proof could succeed .
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Context : Logarithmic geometry

Extra data on scheme X

Log scheme = CX
,
Mx)
\Sheaf

of
monoid

E:Mx → Sx

[
'

(SF) = Jx'

Map CX
,Mx) → CY

,
My)

F : x→y

+

f
-'

my→Mx

t t

f
-
'

Sy -D 9x

Thx = Mxpit
"

characteristic monoid
"

For geometry : extra assumptions
• Ttx Funtely generated, integral , saturated
(f. s .)

•
" coherent

" (has atlas of local charts)



Consequences , all I'll use :

• hsg scheme comes w/ stratification {Tex
,×
-
- constant}

• b-xeX
, affine

f× ←
tone variety of

Ux → VCox) - v
core Ox = Mx

,a

e't f
x
\

stratified
map .

The choice of ox is locally constant on strata
.

Examples
-

• X toric variety

Mx generated by unitsImonomials .

'

→
ve
#I



Normal crossings pair (X,D)

""""
a
:* ::.

Choice of log structure

(=3

Choice of D
.

Simpler cus self - intersection)

④
Maximally complicated (monodromy)



Also less geometric examples

• Log point : S = Speed , interesting log structure .

ooo

-

- -
- .

•( Verts)

Ms

+ Family examples

ftp.gereratebzk.Y.tt/xy=t *
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- - → .- µ
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Det : X is log smoothytoroidal if

charts f× are smooth

I'll stick with that for the rest of the talk
.



Our Tools
-

:

(1) To each log scheme , we assign
two combinatorial objects Ctroprealisation)

/ s
.

CCX) = come 4-× =

complex of X
" Artin fan

"

( KKMSD ) ( Abramovich-wise)

For X toroidal , no self - intersection :

• For each stratum S
, w/ generic

point Xs
,

look at cone

Oks .

• When S specializes to T ( x, c-Is )

Ox
,
Cox
, is a face



- CCx) = him ox
→ s

strata

e- g , when X is a tonic vanity , [Cx) - fan
of X

• d-× is built the same way

Instead of ox , look at Ttx
,
×
= of

Aa;; I no
⇒I

7

/
Stack w/ log structure

Ttm ( Ap ,Aa) = Hom(Q ,P) = Ttm Cpu , Qu)
LgSt

So Hom Cox
, ,
oxi) = Hom (fix

,×s
,Artie

,*
)



ecx) = big %
Strata

1-
×
= big Atx

, ↳

strata

ccx) more geometric
A-× easier to relate to X

because it comes with a map

xx

x → it ×

Example : X is toroidal ⇐ xx is smooth

Gange ↳of
smooth

①
an = .-

Ax = flayer] =
moduli

space
of

line bundles w/section

(x,D) → it
'

tautological neap green
byD



The constructions unlock some basic geometry .

(2)

Log Modifications

• Subdivide

ccxs -1¥
-

-

-

-

ri
.
-moi, i

j
D

d
U
,
→VCox)

±

Local subdivisions glue to I →X
a proper birational map

"

a log modification
"



Ex : X is smooth
,

toroidal

x
(Cx)

t
i

¥-
star subdivision .- blowup at stratum

. Star subdivisions are afinal

Any I → X is dominated by
E - I

¥
sequence of star subdivisions = sequence

of blowups along non-singular strata



(3) Also get a distinguished subring
ICH:{tx) e CH.! Cx)

" the logarithmic tautological ring
'

.

The : x
*CHO; Ctx) generated by Chern

roots of normal bundles of strata of X

Example

. If X is a smooth toric variety ,

ICHo; Ctx) = Chop
.

Cx) = CH
.
CX)

. If X = (Jug ,n ,Zig ,n)

Sgt a
*

CHO; CA.)

Hif a
*

atop Ctx)



Theorem

atop Ctx) = ppcccx))

is a combinatorial object .

Proof requires some understanding
of Clt

.
C -
,
t)

/
some stack like Bank

.

(A consequence is that atop Ctx)

satisfies e' tale descent)
-

In summary , two tools to analyze X
. Its combinatorial shadow CCK)

. Simple piece a*CHO! CX) of its

cohomology



The trouble

Elementary observation

Fiber product in category of toric varieties

$

Fiber product in category of schemes

Example
⇐ shme

.
- - E a

t g =

y
ex

,y)

t - t.EE ← → I
.

t

µ
,

Ltc Yana
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,xy,
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'

chef. x.5%3×3 {
Theorem
- z

d
Lt X t y be a tone diagram .

4)Then the tonic fear product ××e
insta
""

is the normalization of the closure

of Tx ×gyTZ
Cii)In fact , Xxyz has an inductive description .

Irreducible components have following form :

Look at strata Xo) xo
Oct)

Fs
Normalization of closure = OCT)¥,

Irreducible components are maximal )



Iii:)When X →y is a log modification, no

normalisation is needed
.

There is one case where everything works

:
2-→ y

If in CCZ) → CCY)

"

weakly f . cones map onto conessemistable" . integral structure maps onto integral
structure

Then Xxfysz = Xxyz

µ can f
- -

not onto f f oh

-
CCY) -



The geometric meaning is

• flat with reduced fibers when key

is dominant

• Intersecting strata transversely for

X→Y closed embedding

The discussion generalizes verbatim to toroidal
schemes .

The upshot of this discussion is

fs n
f bunch of components ,

Nx
>
I c. Vxyy- X indexed by
^ t b lsg modification strata

✓ V- y
of V

,y,I

bog map

tustrictwansformoff-or any diagram of log maps

between toroidal varieties /
-



The operation

or → visit eventually
stabilizes

Look at

Ccv) → CCy)

✓
Slice of 4d cone

slice
of

Iadore ¥¥
Ccv)

Any subdivision CCI) that contains

cos

For
any
E→ I

,
viii.crisis I



Consequence

G-vices ✓→Y
,
the class

1.v IT stabilizes in

system of blowups I →y

meaning v

e t
l

y → I → y
n

/
CET) contains Ccv) as subcsmphex

f 's visit ] - suits
,
-53

Def : Iv]
''t
= fvtiyx] c- CH.CI ) .



(Fancy statement : Ev]
''d

c-LogCHEY)
i. line

.

CHEY) )
I→y

bog modef.

Think

ppl08 , wheat → ✓ =DR

t b
~ ~

Mg in = Y → Y ' Jug ,n
7

/
Some blowup determined by combinatorics

of Ccv)→ Ca)

r
' t

"

tropical
"

tropical stable maps
"

awes s



In reality , picture is a bit more

complicated because of the

virtual structure not log
✓ smooth

bog
nd n

re - Mgmt
' ) carries

f
f. s .

fp.at E

p.at- f a 1
← log

smooth!
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So how do I compare V'9 with u ?

f
5 - Y

H

f ✓ = V'% = strict transform
log

f-* V = total transform

Fulton : Suppose I → Y blowup along
smooth center X

fjord j n
excel'- I → y I excess bundle

f
-

g I b
E -- gHxiy/Nxtx- y

i

Pull back to V :

~ j ~

Nxyx → V×yY , E

g t If
Vxyx → u

i



Then if
*

v - vlog

= g.* ( cCE) . gttscxxyv, v))
]

/
Segre class

A class in generally hard to compute

Nxy'T- UC components indexed

by strata of v

that map into
X)

But because V→ Y is a log map

Vxyx CV is a monomial

subscheme
.



vxyx → itvxuyntx
f D b
or → rtv

L

scvxyx ,V) = a
*

scctvxaitx ,Av)

= a piecewise polynomial
class

.

In fact
,
there is a remarkable formula

Thy (Aluffi) Assume D) normal crossingspair
in, an

SCxxyv , V) = [ (coefficient) . D
.
. .
- Dn

strata of

V



Consequence

NHL is in subring of CHEF )

generated by ftv and image of ppcv)

( For DR
, because of virtual structure

,

get rung generated by
f-*DR

,
PPC5)

,
loaner dimensional

DRs )
Prost : After replacing I with f-wer one

,

can

factory→ Y as

I = Yn →Ya,→ Ya,-1 - - .

→Y
.

→ Yo =y

blowups along smooth centers .



Then apply Fulton + Aluffi .

Corollary ;

DDR
g.a,B

is tautological

o: Jug,mm → ttg.am

DDR
g.A,B

= DR
g.A

'DRG ,B

t og (pp . Tl (smallerDRS))
Questions

E R*wig , rum)
-

More or less everything is open .

• Effectwire algorithm .

e.g DRg.a has a Formula

can wewnte formula for DR
g.a'% ?



We are trying with PPS ,
but

using other methods ; algorithm
too

complicated .

• Can we instead relax assumptions

in Fulton's formula? Relying on Lci
center seems artificial

• Is DR.q.AM an honest strict transform

using
the right model ?

• Write down structure of DR
""

m LogCHCU-g.in)

• Develop some calculus for hogCH
't


