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Does the formula for 103 section1dg extend?

Answer : No . In fact
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for
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( Explicit calculation w/ admcycles + recursion)



Nevertheless
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Jug
still expect Dreformula to
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Difficulty : LPii is not an algebraic stack .

So CH CLPico) is meaningless .
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hsg tautological ring

(X
,D) a normal crossings pair

or toroidal embedding
(x

,
D2 has a natural log structure

Mx (u) = {to Icu)/ f a unit on u-D}

Subtlety : must consider on e'tale site

rw%.Y÷÷m÷ts"Toroidal embedding w/o
self - intersection " (KKMSD)

then Mx can be defined on Zariski site .



In general , can have self- intersection +monodromy

and Mx is an e'tale sheaf

Tex : = M×/g×* is constructible and

stratifies X

÷i÷



Construction :

Let s be a stratum

5 normalization of 5

5 I ×

Normal bundle de e'tale locally splits

If s =D, n . . - nDy e'tale locally ,

Ng = E
* 9CD,) -0 . . . ①SCDh)

But globally , monodromy obstructs this .

Let G- = monodromy group acting on
theDi .

He = ⑤ NOT rk = size of orbit .

z = G-orbits
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Lrt P be a co - invariant polynomial .
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Dd The logarithmic tautological rug is

REX
,
D) : = (normally decorated"

9
strata classes >

Caution
-

R
' Crtgm , 2kg ,n) E Rtcrtgn)
by

connection with DR :

Pixton's formula
-



T = ( vet)
,
Iter)) , A - Cai , - - - , an) , Eai -- O

Weighing mod r :

W: HCt)→ Z/rZ

• wch) ⇐ - inch
') if 4h,h'D u an edge

• wCli) = ai for i-th leg
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Pixton's formula
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at
= DR

g.A

For A =D , no leg contributions

so Jg c- RT Ttgm ,mtg,n)
log

( in fact R'
↳gcr-lg.is , Do) )
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Instead of Ttx

,

build combinatorial space

that recovers Tex

(x
,D) toroidal w/o self - intersection

④ For Tei" Point " &

stratum S
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tf XT- Xs Cne Xs c-CITI)

Ox
,
x
,

C Ox
, Xs is a face

KKMSD CCX
,D) = tiny Ox,xs

strata s

rational polyhedral cone complex

Ex: when X -
- toric variety ,

CCX, x-T) = fan of X , without embedding
into cscharacter lattice



in the presence of monodromy presentation

→ ex
,
is,

as small as possible

CCX
,
D) = f ecu)I, cos]

/
Stack over category of rat . polyhedral cones

- v

Think about it as cslimit of cones Ox
,
I
-Mx

,
I

• maps: isomorphisms onto a face

• potentially more than one map between

2objects .

Ex above '.
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Det : A subdivision C
'
→ CCX,D) is a

subdivision of each cone compatible w/

all maps
in the cslimit

.

Construction : For c' → ccx,D) , get
e'tale locally
we
'
- Vce

'
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,×
)

D
b
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,×
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Compatibility means the local U
'

glue to

(x;D
') → (X ,D)

with C
'
= CCX;D

')

Det such a map is called a log
modification

.



• For a stratum S w/ 5 normal ,

star subdivision of care of s =

blowup of × at 5 -

f "simple blowup "

Example

11.2%32 €¥
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c) blowup at point

triple point

as

.it/#/becauserust

equivariant



Def
-

bog CHEX, D) = Lin CHTx
'

)
(x;D') x CX,D)

bog
modification

x
' smooth

• Maps in cslimit are indexed by Gysin
pullback

• Simple blowups are csfural among
bog modifications : For any

ex ;D ') → Cx
,
D) log msd .

,
there

exists
4

f
(x
"

,
D
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,
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'

,
D
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s
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is a composition of simple blowups .



Alternate point of view

Artin fan (Abramovich -wise)

For monoid P
,

Ap : = [Speak %pechfp9e])
i
alg.
stack w/ log structure

Stomping,Ctp ,Aa)
= HammonCQ,P) -- Homgnecpv, Qu)

1.e .
P
"

→ Ap embeds eat , of cones intro

cat . of log stacks .

- v

ccx,D) = a Crolimit of cones Ox
,
I =Mx

,
I

d-× = A-c×
,
D,
= same cshmit of Art

,×
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• Ax is universal log space w/ combinatorics

governed by CCX,D) .

• There is a smooth map X→ d-×

• Subdivisions c
'
→ CCX,D) also

give proper birational map
A-x'→1-x



and

X
'

→ d-*.

I D L

X - d-×
a

Thin
- Ring CX ,D) = Imccltophtx)→atop Cx))
Proof : Every step in the construction of
a normally decorated strata class

is pulled back from A-x

b
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- T

qs a
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\ 8)
E s

x- Ax
a

pit Nes b.aids

and so n. d. s . c ↳ x is of form

↳ b'y = d*j* y



Consequences :

• For a log modification CE, 5) Cx
,
D)
,

f- Ring CE ,DJ = Rio; CX,D)

f-
*

Rio; Cx ,D) c Ring CI ,5)
Connection w/ combinatorics

Thin : C Hop
't

Ctx) = PP
*

cccx))

Ingredients in the proof

• For a cone o> INK
,

atop (Ajc) = PPT Nk) - hfx,. . . ., xD
easy

• When X is smooth
,



d-× = tiny Awk

and one can show

atop ( limo Awh) = brain Cho; CA ,.nu)

• For general X , need descent for

CHo; for blowups
→ For schemes : Kimura

stacks : Bae -Park

• From the descent we can reduce

to ease of smooth X
,

or even the theorems of Brum/Payne
which prove the analogous statement for

toric varieties
.

In
any case, CH

←

C
,
i) play a key role .



Some consequences

• The dichotomy of My

Zariski
'

Etoile

No self- intersection Self - intersection

t

monodromy

can be seen on CCX
,D)

No self - urtwseetism ⇐>

ccx
,
D) can be PL embedded in

a vector space .

When

CCX
,
D) is also simplicial

G.e each cone in Ccx
,
D) is

simplicial )



pp
*

Cccx, p)) = Stanley - Reisner s.mg
of ccx

,D)

s k fray54,deal of
non- faces

= k f-×g%×i
,
. . . . xin : en , . . . .lk) do

not span a face >

In particular ,

Riog Cx ,D) is then generated
by divisions

.



Thin Ig is in dwhsgCHCJU.g.mg)
Pret : age Ring Cig , orig)
But for every CX

,D)
,
I log modification

st CE
,
-5 ) is Zariski + simplicial

E.g. Canonical choice

second barycenter'resubdivision

""

Every one is generated by a remote
collection of rays , so there is embedding
in qz

trays I



Therefore
,

Ige Ring (Jug ,orig)
( RbgCig ,2kg) =
dir Rbg (rig ,2kg)

and so is in dwhsgUt .

Same argument : DR
g.A

is in

dwhsgCH

Pdt : Pixton's formula puts DRg.a

cis ring generated by

(Rigg Ctg ,
npig ,n) , 4 classes>



Open Questions :

we have done no calculations !

Compute :

• Rio! ( ttgm , Jug ,n)

at least for small g.n

• R*CM-
gin)/LR

,EgCig .npm-g.rs)>7

/
I expect some interesting pattern



For a log modification Jug ,n → wig ,n

define

RTing ,n) : -- LRTrig,n) , Riogcmgmprtgm))

Compute :

. Riog ( BZM-g.in , 2B
'

Mgm)
/

double barycentric subdivision

aid R* ( B
'

-M9M)/R*g* (ping,n,2B'M-g.n)
Dreary : what is Jang : they

are =

him RTing.nl/Rifgcug.n , origin) ?→

Jug,n→Mgm
bog mod



Finally : Run the same program

for Ig .

For example :

Is there a subdivision ctg → A'g
s-t the o - section of

Tugs Ttgxngitg is a product of

divisors ?

• The combinatorics of ccttg , 2dg ) and
torelli

CCM-g.in ,wig,n ) - cottaging)
are understood ( tropical abelian varieties ,

tropical torelli)First

Guess : Find
any subdivision

Jtg →Ag which is smooth

and for which the composition



CCBTU-g.2BT-ugj-cct-g.mg)

lifts to ecEg , 2kg ) .




