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Log stable Maps - An overview
Motivating Problem : Compactify moduli space of

relative stable maps

x

x - g::
First solution (m alg . geometry)- Sun Li :
Relative stable maps to Expansions

4) - ¥3:
key condition .

.

Predeformability
Afx

,#y,t
- AFUN . th, . . . ,Xk7/uv = s

+
A

c- U

ya c- V



Predeformability in particular is a cloyed

condition on space of maps . m hard to

understand obstruction theory .

By now
,
several other themes of rel

.
stable maps

Rim - hog stable neaps to expansions
AF - Orbifold stable maps to expansions

Accts - hsg stable maps to X

(Ranganathan - Higher rank analogue of Kim)

All variants give the same Gw theory .

G- out for the talk : Explain how in fact

all theories are lsg theories (Li
,
Kim

,
ACGS)

and explain the relationship between

the spaces .



Conventions : write Zfs for a family of

targets .
Those could be expansions ,

expanded degeneration ,
rubber

,
X itself

,
etc

.

Statements about Zfs will apply to all cases .

When necessary I'll specify and write

X
,
Xfm]

,
etc

.

Not

×

rubber

XNDXZ

Xiu , Xz Ii]



Quick review of log geometry

Log scheme (X
,Mx) x: Mx- Q

x
-'coils SF

Thx = Mx/g×* characteristic monoid
.

Prototype of bog scheme = spectrum of monoid

X = SpecZIP]
algebra

MSpeczf.PT = (P
,
ZIP]

*

) = Monomials c.Zep]

we assume P - PSP tfuntely gun .

(
"

fine
"

monoid on log terminology)

Usually P is even saturated
05"

-

U l

( " f - s
"

)
Then SpeeZIP) is an affine toric variety

Meaning of word prototype :

All our log schemes are required to have
charts
=

'



Det : A chart for a log scheme X is a

map X
t

SpeeZFPT such that f- *Mgpeczgpj MX

( In particular Ttx = P/p* )

Logsmoothness.ge
'

tale locally
Smooth scheme X = IA

"

Smooth map X→ Y re YHA
"
→ y

Log smooth scheme X → SpecZEP]
e

Etoile [ so this is

a
chart

Det X→ y is log smooth if
chart

-
X Yxspecze.aysreczf.PT

→ SpecZfp]

SMfetal
f

a f
y - speeded

3

Last



Eixample : x XED

b

Mak → *
①

( x
, y, 2-i) → Xy /

Mask: the hw

Y = @peek , Hot)
j t

k to
1.e : F log str . on XIII ,SM

X11] - y× 'A
'

- AZ and on Speck ,
IA
'

t I such that

y → a
'

× , is → Speak
is log smooth



Trop realization

( For now we restrict to f. s . Esg schemes)
X is stratified by Ttx .

Strata = { x c- X I Jux,× is constant}

[x pl
-

:

O N
'

IN

IN

IN'

M
IN2

For x c- X
,

Ox
,
×

: = Storm ( MT
, × ,Bz o)

Nx
.
.
:-. stomata

,
! "

,
z)

For generization x- y , Jux,y
= Thx,×/F .

So Ox
,y
- Ox

,
× is inclusion of face

.



Def : ECX) = him
,

( o*
,
×
,

Nx
..
)

Glaring along generations

ECX) is a (generalized) eone complex
with integral structure

ExFe : If X -- V CA
,
N) is a toric variety ,

defined by Fau b m latticed ,

[ ( x ) = ( D
,

N)

Eixample : X11] → (Speck , Noth
't ) = Y

.

-

- zcxs.is)
" " "

§
- Ely)

V ' ,

in general , X→ Y induces a piecewise
map ECX)→ Secy )



Essentially , ECX) organizes the combinatorial
structure of X in a covariant manner

The cones of E CX) capture the local charts

( ox
,× ,
Nx
,
x)- Stan Cox

,
×nN×

,
× ,
t) =P

and I chart

U→ Speak EPT
around x

(story
,

CP
,Ryo), Stomp,mz))- Chart U- specZep]

Ll

Ox
, x Nx

, x

what else is Ecx) good for ?

(A) Defines two key classes of maps



Ci) Locally .

•
CD

,
Nx
,
x)

UCD
,
Nx

,
# VCD

,
Nx

,
t) b subdivision

t a b
U→ Spe Spy -

( Fx
,
Nx

,
x)

Subdividing ECX) Cie. every one compatibly)
globalizes this

D→ ZCX) determines XCD) → X

Det : A map XCD)→ X of this form

is called a subdivision or legislation
( or log blowup it one is lazy)

H X is bog smooth , subdivisions are birational



Cii) Locally
I , -

. . .
Cox

,
x , N )uc# Isreal.P 'VE] - . . .

j D f b b
U→ Speak EPT c-

- - -

- . .
Cox

,
×
,
Nx

, x)
I , >

PSP
-

P = que Han (Nx , × ,Z) : up on ox ,×3
n

p
' =/ u c- HomCN ! Z) : u 30 on ox ,x )

Spee RE P 'S
" ) → Spect f.PSP) is neap

d- tori with kernel a fur . group G .

Defining the integral structure on ECX) glues
to give global X

'

→ X

such maps are called Kuiouwer



These two types of maps are remarkably
log e'tale

.

In fact :

Thur C Nakayama) :
The class of bog Etoile

neaps is generated by classically e' tale maps,
subdivisions ,

and Kummer maps .

So everything that bog geometry addsto e' tale maps can be seen in ZCX) .

Also remarkably , boy modifications/Kummer
maps are monomorphisms in log category .

StomachCX , SpeckEP)) = Homie
.
.CI?MxCX7)

✓ sltommoncllxcxii ox,xndx,x)
and

Stomach CX, VLAD - { ol : ily CX)
"

→ ox
,
×nNx,x

which factor through}



(B) Can read flatnessmultiplicities of fibers
from Ecx)

integral
Thing : A boy smooth map X→ Y is flat

'

with reduced fibers iff the map Eca) -124)

(i) Sends cones onto cones

(ii) Sends lattices onto lattices

-

flat

not flat L \

:
p - \

reduced
fibers f

"

\
not reduced fibers

•.- --- -→
""" "" .,-



Aside - Artin Fans

The most elegant way to translate combinatorics

is via the
" Artin fan

"

Ax of X .

ECX) = him
,

( stance
,Ryo) , Stomp

'

,

"
z))

P loc. charts

d-
a

i. = him fsrecZIPYspe.cz SPJ)

Advantage : There is an honest map X- d-×

hog modification (Kummer map corresponds to

×
'
- ctx

'

t o b c- log e'tale map
X- it

Ex : X = VCA
,
N)

it, = CD
, Torus]

Ex : For Xl
.
I] → Cys Speck . Nod. )

d-xc.is#4aiT-sfAYam] sty



Log Curves
,

integral
Det A log curve is a proper,flat , log smooth map
C → S with reduced fibers which are

reduced and purely s - dimensional .

Structure .

I
. Log smooth means

C → SpecZEP] x S → SpecZEP]
Geetha]

←
rel dem

t fl'

s -
rel dumb

. SpecZHI

2
. ECC) - Ecs ) must satisfy conditions

of theorem
,
with rel . dem ft

.



Rel ohne o

Ci )
>

{ ( C) ⇒ o - c- e ECS)

necessarily an iso .

Del dieu b

- Ciri)Either
o

'
I

←
' O

Cii) ; or i i

r l l

l
.

i T T

2 faces mapping
t face mapping

isomorphically
isomorphically

Icv) s
" distance between 2

g = c- × IN

preuuages
G = IN
'

x

,,

t = { (a, b , v) : at b seas}



It will be convenient to reorganize a bit .
a-men C → S

,
fix a fiber Cs → s ;

set it = MI
,
s

t s Hom Crt
,
Rza) the corresponding

cone in ECS)
.

Type Ci) points correspond to generic pants v
of med components .

( iii ) marked points l

iii ) Nodes e ( in part:cwww.ayasbgjff)
we can recover ECC) over t from fiber

over a point
,
and the homomorphisms

lce) : on N - N

T
, ecesis → it

%
Sce) ett



So
, gwen

4
Instead of drawing Ecc) over t :

c- ( this picture is

T
wrong anyway)

b

we draw a fiber
,
marked by Sce) c- it

Siegert

°

.

②e.) c- it



This is what we will refer to as the

tropical2-atvon .

It's a system of dual graphs over the pants
SES

,
marked by Sce) c-Tls, s for

e the edges in each fiber .

( Whn C -is is a one parameter degeneration
one gets a usual

" tropical cure ")

This is the combinatorial data for C-' S
,
i.e

.

whats captured by ric , is .

Full log structures contain a bit more .

Again , work locally around s.es
,
so

write A = Dgs , M -
-Mgs
£ A

Ju -Fts
,
's



✓
-

f
e See,)tTs

4- .

- Sled c-Its
b R

. .
.

←
S

Dualizing Ci)
,
Cin
,
Ciii )

,
we find

the
,v
= it Mgr =t*M

MT,e= it a- N Me,exH*M , Ice))

MT
, e
: ii. N

' r

( ideal sheaf )↳ Angry!
c-MA

Ige = A Excel
, yceihyxc.ey.ee) --te)

M contains element hogtie) such
that

xclogtce)) = the)
-

image byte) in it equal to See)

and Mc
,
e

-
- CM

,
Ne)

,yle) e)yet = hogtie)



What about moduli ?

- From the beginning ,
run into difficulty

mg.PT → Log Sch

{Log curves c- s} c- S

But we want to descend to schemes

Mg ,

'

n°9 → Sch

{ Log cures ( E . ? )→ E,? ) c- I

If we use every bog structure , get something
enormous .

Observe : If CE
,
Mc)- I , Ms) is a log crime,

for any Ms -'Ms
'

get
(E ,
Ma

'

) - CE
,
Mc)

j b

( s
,
Ms
' ) → IS

,
Ms)



Idea : Use only minimal families , those from
which every other is pulled back .

1. e
.

For each E - E
,

want collection

{ (E ,
Mc

,
i) → CE

,
Mi) } s

-

t

ca) V log cures (E , Mc) → CS , Ms) , F i

$
and map Mi → Ms s . t

CE , Mc) → CE
, Mc

,
i)

b t

( s , res) → IE
,
Mi)

Cid
, ol)

Tropically ,
this is very easy

Given dual graph , find monoid it and

length Lce) c-NT suck that 0 rts , Sce) c-Tls,
F neap it → Tls

lce) → Sce)



lie) Sce
.
) C-Fts

/

Ice ,)
'

- Sled c-Fts

at = µ
IECG) I

.

Ice) = e - th generator

TheCF . Kato) Every family of nodal ones
I → I has a unique structure of

a minimal family .

idea : Work locally on E ,
E

Around mode e
,
write

Oz
,
e = At Xcel , Yle)) (xcesyce) = tle)

Define Us = ( tee)>

use = Lice
,y le) , theyxceiyce) -te)

This is unique up to unique iso , so globalizes .



Kato's theorem can be rephrased as

Mg , n'09 = { Minimal log cures}
I 2

Tug in
This gives Tug ,

a a log structure , which is

the one coming from the boundary .

Exactly the same works for expansions .

Proper , log smooth
,
flat , reduced fiber family

2- → S with fibers expansions (or variants)

• Troprealization : Around ses , w/ fiber Zs - Xf.n]

:
nuns

.

jlfz) c- Tts
, s

'

-

.
jCf, ) t Ms

, s



• Log structure

Around f- , Z looks like
f-

Is
,

-

s
Luc fl

,
v Cf)

, Ziff)] fucflvcf ) --Slf)
a

Mgs

Mgs contains lift logScf) of scf) ,
Ms

,

-

s tog Scf)
L S -

Sss / Ms, bye ,
S Cf )

Nz
,
f
= (Ms

,
Ucf)

,
Vlf) YuCf) v Cf) > log Scf)

• Every family I
→ E of expansions

has canonical minimal log structure ,

corresponding to dwisorial log structure

on stack of expansions T .



Minimal log structure looks like
n

Tls = IN

Ms = ( Scf) )

Nz , f = (Ucf)
,
V Cf) , Scf)Yu(f) ✓Cf) s sCf)

hog Maps
structure of non- degenerate log map

c - Z

→ a
S

- On scheme level
, locally looks like

He - y s.

AExcel
, yCe)I/×ce,jeg , fley c-

AtUcf)
,
v Cf)

, ZiYuu = Scf)

Xd - u

y
b
- u



But Nz
,
f → Me

,
e

rect) v Cf ) - ace)ayCe)b
+
begsCf) = log

"

tea - nyce)
b- a

• So a = f

-s map is automatically predeformable .

- Tropically , get a PL function :(valued in itsSP ) :

I
-

' ,

- § .

→

. . weed .

Tle) j Cf)

i V

rice)
Z
6

j Cf) = olcwce)) - parcel) = ace) Sce)

(
slope -- contact

order



So have relations : if e
,
e
'

map to f ,

corresponding to nodes w/ contact
order ace)

, ace)
'

need Sce) ace) = Sie' ) ace's

Or even

lsgtcesa
"
s lsgtcegace"

for moduli
,
need to identify minimal

log structures for map .

Given I - Z

s t
s
-

must identify Us ,
Mc

,
Mz from which

all others are pulled back .

But we already have
ace

' )
Ms =L lsgtceyeogtceiket.bgthe't

if e
,
e
'

map to save f



( Jus = IN
' "

ales - e- th gun
- ace's .

e
'
- th gun )

caveat : This is riot saturated (but its
monoid algebra is e.c.i)

At any rate, every predatorMable map to

an expansion can be promoted uniquely
to a (Fine) minimal bog map .

If £ → T universal expansion .

hogMap → Sch

{ c→ Z c- E
t b

s→ J

log map w/ minimal log structure
+ stability }

Then Logllap - hi

If I insist on working with f.s . log structures
minimal hog structure on family no

longer unique



Ex :

txt kik
e mapping to f

w/ contact order ace)

Set D= lem aces

sat

its = (N'
"%e)be .. ace') be.) still

unique
= IN

WIECK) l → it
,
c- N'""Z"! N

be d c- If
- d-

ace)

To lift to try structure need to choose

roots for log scf) , lsgctle))



If we define

hogMaps → Sch

' II I -
s

non -degenerate by maps
w/ f. s . minimal

log Str .

+ stability

Then : Ca) hogmaps = Kim

(b) Kim → Li is finite

In fact
,
for a fine bog scheme/stack

X
,
2 universal X

sat
1- X which is f. s .

It is in particular log e' tale . Geometrically,
its a partial normalization .

K) Kim → hi is the saturation .



What about degenerate maps to X ?

Tropically
'

G.
&
-

'
rwCe)

SCe)
" go
Nce)

The PL function still records contact orders

ace) , as the slopes flute)) - locule)) = acesSce)

- However
,
the Sce) need to satisfy much fever

relations ur tls
.

-

Interesting relations come from It
,
CG)

- minimal log structure
much @ WE few cent - olivier) = acesSce)

can be pretty singular leg .
not Lci )



Saturating P gives the
"

basic
"

log structures

of ACGS
.

LogMap- Sch

( g
-" I c- s

log maps w/
sat .minimal

log Str
+ stability

Then hogMap = ACGS

If one does not saturate
, get a new

space N ,
with finite log e'tale map

ACGS → N



Relationship between expanded and non - expanded
maps .

ht c - Z be a map to an expansion
} f

compose
c → 2- → ×

Is I
stabilize

c- - X

b

s

Gives map Kim → ACGS

Chi - N)

what does the map look like ?



Tropically , a map C-X m ACGS

. -

Gcw) - Gw) = M€+82)
-

. w
Ot . olcx) - far) = MS

,
oh
-

U i 8,
-
×

-
= m

'

83
§ . V .

. . .
Must adjoin 4cus

- , M

• values { Kv)) are elements of its

• For an expanded map , valves are always
ordered

.

• Every ordering determines an expansion ,but

to have morphism need to blow up
C
'

→ C
.

• Compatibility with slopes requires adjoiningroots
.

Process identifies Kim as log modification
root stack over ACGS

.
In particular ,

log e' tale
.



So have

(*) Kim → ACES

j f everything is log e'tale .
hi → ~

Obstruction Theory
All variants have a P

.
OT restricted

from the space of all maps
e t z

Ms t

Lsgreap -s T

(Rt* f- *Tgif )
v
-

- E
.

This is perfect relative too Logcmg ,n)
-

huge stack parametnzuig
a hog cure on S

w/ arbitrary hog structure



Equality of aw invariants of all spaces

is a consequence of ↳ Shiv! [Lzjiw
where c :L

,
→ Lz is any

of the comparison

maps .

- In turn
,
this is a consequence of the fact

that it Ezi = Ei for any of the
obstruction theories

,
because log e'tale

maps induce isomorphisms on

log tangent bundles .

- If you are interested in localization arguments,

you need global obstruction theory .

This works fine for Kim /hi , since they
line over smoothHci locus of Lsgcmg ,u)
This is not the care for ACGSIN



A few words about higher rank .

When X is a general log smooth scheme ,
the A-CGS space works , essentially with no

changes .

The analogue of Kim was defined by

Ranganathan .

The idea is the same

as the one we used to exhibit Kim→ ACCS

as a boy modification .

ECE) - xxxAcad
t f

ECACGDri
,

I r

ai

-I
( :
l l
l l



non-
canonical !

Choose a
^

decomposition of

Zcxx ACES) so that E le) is

a sub complex .
{ (D)→ C

'
→ E

'

b t

f (E- 2C Acctsxx)

b
IR)#cacao)

make this a log crime Ci - e . flat t

reduced tiber)
R is the bog e'tale map determined by
ECR) → ECAC a-S)

R depends on choice , but IRI
't
does

not
, by same argument .




