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Outline
1. What kind of models are (not) covered?
2. Generalization to non-diagonal V,(6).
3. Calculation of the expectations.
4. Properties: bias, sensitivity curves, breakdown, efficiency.

5. R-package robustimm.
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1 Recap: the model

= Cov(Y) = ZV(0)ZT + o2l
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2 What kind of models are (not) covered?

Two-Way Anova (crossed)

Data from an experiment to assess the variability between samples of
penicillin by the B. subtilis method.
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Two-Way Anova (crossed)
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Random Intercept / Slope Model

Data from a study of the effects of sleep deprivation on reaction time
for a number of subjects chosen from a population of long-distance truck

drivers.

m

3 308 309 310
-—v—f-"—'—'_'_._: . = 1

6 2 4 6 8 0 2 4 & &

Days of sleep deprivation

(Blue line: least squares fit, subset of data only.)
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Random Intercept / Slope Model
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Other data / models

Pedigree based models. Relationship matrix does not depend on data
and can be incorporated in Z, i.e., diagonal V,(0).

Spatial data. V() is an n x n matrix, not in block diagonal form. Use
classic pp.

Different error variances. Calculate o groupwise.

Correlated within (between) group errors. Unclear how to generalize
Design Adaptive Scale-approach if a special structure is assumed.
Simpler variant (next section) seems feasible. Challenging numerics.

(The examples on this slide are not supported by robustimm.)
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3 Generalization to block-diagonal V,(0).

Before:

B~ NGO (), £~Ny(0,0%), Ble.
Now:
Work with spherical random effects b*, 6 relative to o.
Y=X3+ZUpB" +¢,

where

B* ~ N, (9,02/), o2U, U] = Vi (0) .
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Let e=y — XB — ZUp(0)b".

Assuming 6 = 0, the estimating equations then can be written as:
e
XT¢e<:>
e b*
Uu(0)2706( £) ~ 3206 2 ) =0,
g

0,

n 2 i
e e
E T,.(e)zwe ( ; (e; — ke| =0 and
i=1 7',- g 7',- g
9 bt b : -
S0z, ) | =0
J (b) (b)
=1 i e
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Introducing blockwise indexing

Vp(6)

Indices:

j=1,...,q runs over random effects,

Row

k=1,...,K runs over blocks.

5 10 15 20 25

Column
Dimensions: 30 x 30

Blocks are of size s, map K(j) maps j to corresponding K.
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Split b* into subvectors by of length s corresponding to block k:
b;
b = ],
b

Downweight by block, not by observation:

replace 1/Jb(i*> by Wb<tz_*> (f) )

where k(j) maps j to block k, and

b\ ¥p(d(bkgy/o)) o BBk
Wb<a)_d|ag “dlbig /o) d(bj) g

J=1,...q
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The estimating equations then become:

X1ge(2) =0,

Ub(Q)Zwe(g) ieWb<b* > <t;*>

n 2
(e)2 € &;
Z T “we NE © — 0.

0,

=
®
Il

However, for 8, we started with:

)

b*TUb(H)_T( 50 (expectation of |hs) .
I
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2, = ... (expectation of |hs) .

Q*T Ub(Q)_T <8Ub(9) > b*

In the diagonal case (assume 6 = 0), this reduces to

q

d b=,

J=1

then apply Design Adaptive Scale-approach,

2
q b b
E 7'1(b)2Wb (j) (bj) — Rp| = 0.
j=1 U e

How can we generalize to the block-diagonal case?
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[ Design Adaptive Scale-approach: work in progress ]

We may fall back to,

bW L ) 1unte) (P (2 ) -
o I o
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4 Calculation of the Expectations

Expand ize and @b linearly around the true 5 and b*:
~ ~ ~%
Je~ vo - De(X(3 - 5) + 200) (B~ ") ) o

TZb%¢b+Db<5* —b*>/0,

where D_is the expectation of the first derivatives and

- e o (£
ipe = ¢e<0> ’ iﬁe ~ 1/16(;),
b \b b\ b’
@b=wb = | = and ¢b=wb<>'
o g o g

~ %
Now insert this into the estimating equations and solve for 3, b .
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We get an approximation of the residuals and the spherical random effects,
e~ e — oAgpe — o Byip,

b ~ b — oKybe — oLotp.

For diagonal V() this can be simplified for a single component to

N b - b
* . ok / s =
b] ~ b] — O'Lejjwb ; + O'h(a_, 0‘>
b

~ b —oLgip +oVv,

g

where h collects terms and v ~ N(0, var(h(...))).
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Then just insert

~ . ;
i i — oLlgibp| — | +ov,
into

E|wp| -1 Tl —kpl| =0,

and solve for Tj(b).

Need to evaluate 2-dim integral.
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In non-diagonal case:
Weights depend on d(bj /o), and spherical random effects belonging to
the same block are dependent. Simplification leads only to:

%
by ~ by — oLokbpk — o V.

Need to evaluate 2s-dim integral to compute expectations!!
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5 Properties of the robust estimator

Study case of balanced one-way ANOVA.

20+ ;
1] .
o ; : ] 3 )
10+ T ::;-.; i 3,!.
—— | Yoy = oy
- ilg.=|_|_: :'_‘_:;: —:—:—‘—:
= —— —— T T —
Oy T e i ol B .
—— . ! AL (. ¢
Tt - . . . ] : =t : .
-10- - : ] 1 1 I
. . i
\ \

| [ [ I | I | | J I | | | [ [ I
L v o IxX vove vk vl X XE X XIEXIV XX XV XVIEXVIXVIEXX

groups

/Department of Mathematics/'



ETH D MATH

Department of Mathematics

Eidgendssische Technische Hochschule Ziirich
B Seminar fiir Statistik

Swiss Federal Institute of Technology Zurich

5.1 Bias

For 100 replicates of balanced one-way ANOVA (20 x 20), we show the
mean and the quartiles of the estimates for varying tuning constants K.
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5.2 Efficiency (empirical)

Comparing robust and classical estimates for the same replicates used in
the consistency simulation.
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Type —— eff. adj. -4 no adj.
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5.3 Sensitivity Curves: Shift a single observation

Take a balanced one-way ANOVA dataset (20 x 20),
set the true error of observation 1 to shift.

B 8 8
4.20
1.10+ f 4.30
_| 4,15
o 1.057 4.28 Method
= — classic
[ 4.26- 4.10
- 1.00- — robust
4241 4.05-
0.95+
\ \ 4.227 \ |
o 6 10 -0 6 10 -0 6 10
shift
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5.4 Sensitivity Curves: Shift a group

Take a balanced one-way ANOVA dataset (20 x 20),
set the true random effect of group 1 to shift.

B 4.29 8 5
2.0 T 55
4.28-
5.0+
_| Method
0 15 4.27- "
— | —— classic
g 426~ 45
1.0 —— robust
4.25- 4.0
0.5+ 4.24- 25
[ [ [
40 6 10 10 & 1o 40 6 10
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5.5 Sensitivity Curves: Scale a group

Take a balanced one-way ANOVA dataset (20 x 20),
scale the true errors of the observations in group 1 by scale.

; ; &
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2.5+ 30
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[4)
(_?S 2.0 20 3.5 — classic
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1.5
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5.6 Breakdown

Take a balanced one-way ANOVA dataset (20 x 5),
contaminate observation after observation, group after group.

Y
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6 R-package robustimm

...is now available on github:

https://github.com /kollerma/robustimm

/Department of Mathematics/'

D MATH

Department of Mathematics
Seminar fiir Statistik




Eidgensssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

Thank you for listening!
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7 Smoothed Huber function
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