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lar the exponential inequality for the deviation of locally bayesian estimator
since the parameter estimated. These theoretical results are illustrated by
simulation study.
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1. Introduction

Let the statistical experiment be generated by the couples of observations Y (") =
(Xi,Y:)i=1,..n, n € N* where (X,,Y;) satisfies the equation

Here f : [0,1] — R is an unknown function and we are interested in estimating
f at a given point y € [0,1]? from the observation Y (™).

The random variables (the noise) (U;)e1,...,n are supposed to be independent
and uniformly distributed on [0, 1].

The design points (X;)e1,....» are deterministic and without loss of generality
we will assume that

d
X, € {1/n1/d,2/n1/d,...,1} Ci=1,...,n.

All along the paper the unknown function f is supposed to be smooth, in par-
ticular, it belongs to the Holder ball of functions Hy (3, L, M) (cf. Definition 1
below). Here 8 > 0 is the smoothness of f, M is the sum of upper bounds of f
and its partial derivatives and L > 0 is the Lipschitz constant.
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Moreover, we will consider only the functions f separated away from zero by
some positive constant. From now on we will suppose that there exists 0 < A <
M such that f € Hy(5, L, M, A), where

a5, L0, A) = {o € B8, L00) s int g(0) > 4},
ze|0,

Motivation. The theoretical interest to the multiplicative regression model
(1.1) with discontinuous noise is dictated by the following fact. The typical ap-
proach to the study of the models with multiplicative noise consists in their
transformation into the model with an additive noise. After that in the appli-
cation, the linear smoothing technic are used, based on standard methods like
kernel smoothing, local polynomials, etc. But these technics are not always op-
timal. Let us illustrate the latter approach by the consideration of one of the
most popular non-parametric model namely multiplicative gaussian regression

Here (&;)i=1,... n are i.i.d. standard gaussian random variables and the goal is to
estimate the variance o2(-).

Set Y/ = Y? and n; = €2 — 1, one can transform the model (1.2) into the
heteroscedastic additive regression:

Y/ =o*(Xi) +o* (X)) mi, i=1,...,n,

where, obviously, En; = 0. Applying any of the linear methods mentioned above
to the estimation of o%(-), one can construct an estimator whose estimation

accuracy is given by n_ﬁ and which is optimal in minimax sense (See Def-
inition 2). The latter result is proved under assumptions on ¢2(-) which are
similar to the assumption imposed on the function f(-). In particular, S de-
notes the regularity of the function ¢2(-). The same result can be obtained for
any noise variables &; with continuously differentiable density known, possessing
sufficiently many moments.

The situation changes dramatically when one considers the noise with dis-
continuous distribution density. Although, the transformation of the original
multiplicative model to the additive one is still possible, in particular, the model
(1.1) can be rewritten as

Y =2Y; = f(Xs) + f(Xi)ms, mi=2U; =1, i=1,...,n,

the linear methods are not optimal anymore. As it is proved in Theorem 2.1
the optimal accuracy is given by niﬁ. To achieve this rate the non-linear
estimation procedure, based on locally bayesian approach, is proposed in Section
2.

Another interesting feature is the selection from a given family of estimators
(cf. [2], [3]). Such selections are used for construction of data-driven (adaptive)
procedures. In this context, several approaches to the selection from the family
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of linear estimators were recently proposed, see for instance [3], [4], [7] and the
references therein. However, these methods are heavily based on the linearity
property. As we already mentioned the locally bayesian estimators are non-linear
and in Section 3 we propose the selection rule from this family. It requires, in
particular, to develop new non-asymptotical exponential inequalities, which may
have an independent interest.

Besides the theoretical interest, the multiplicative regression model is ap-
plied in various domains, in particular in the image processing, for example in
the so-called nonparametric frontier model (cf. [1], [18]) can be considered as
a particular case of the model (1.1). Indeed, the reconstruction of the regres-
sion function f can be viewed as the estimation of a production set P. Indeed,
Vi, Y; < f(X;), and therefore the estimation of f is reduced to finding the upper
boundary of P. In this context, one can also cite [10] dealing with the estima-
tion of function’s support. It is worth mentionning that although nonparametric
estimation in the latter models is studied, the problem of adaptive estimation
was not considered in the literature.

Minimax estimation. The first part of the paper is devoted to the minimax
estimation over Hy(83, L, M, A). That means in particular that the parameters
B,L, M and A are supposed to be known a priori. We find the minimaz rate
of convergence (1.3) on Hy(8, L, M, A) and we propose an optimal estimator in
minimax sense (cf. Definition 2). Our first result (Theorem 2.1) in this direction
consists in establishing a lower bound for maximal risk on Hy(S3, L, M, A). We
show that for any 8 € R%, the minimax rate of convergence is bounded by the
sequence

on(B) = n" 7. (1.3)

Next, we propose the minimax estimator, i.e. the estimator achieving the
normalizing sequence (1.3). To construct the minimax estimator we use so-called
locally bayesian estimation construction which is described in the following. Let

for any y = (y1,...,yaq) € [0,1]%

d

Jj=1

be the neighborhood around y such that V;(y) C [0,1]¢, where h € (0,1) is a
given scalar. Let P, = {p = (p1,...,pq) € N* : 0 < |p| < b}, with |p| = p1 +
-+ + pg, b is a fixed integer number and we denote Dj the cardianal of P,. We
define the local polynomial

p
T —
fi(x) = Z tp <hy) Iy, (x), =x€ RY, t = (tp : pEPy), (1.4)
PEPs
where 2P = 20" ... 2h¢ for z = (21,..., z4) and I denotes the indicator function.

The local polynomial f; can be viewed as an approximation of the regression
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function f inside the neighborhood V}, and D, as the number of coefficients of
this polynomial. One introduces the following subset of RP®

O(A,M)={teRP: A< Y 1,29 <3M,Vze[-1/2,1/2] . (L5)
PEPs

©(A, M) can be interpreted as the set of coefficients ¢ such that A < fi(z) < 3M
for all t € ©(A, M) and for all z in the neighbourhood Vj,(y). Consider the

pseudo likelihood ratio

Lt Y™) = ] [ft(Xi)]_lﬂ[o,mXi)] (Yi), teo(4,M).
it X €Vi(y)
Set also
wuw:/" [t — ulls Ln (u, Y ™)du, t€O(A,M), (1.6)
O(A,M)
where || - ||1 is the f1-norm on RP». Let A(h) be the solution of the following

minimization problem:

= 1 . 1.
0(h) argteg&{lM)ﬂh(t) (1.7)

The locally bayesian estimator f*(y) of f(y) is defined now as f"(y) = o, o(h).
Note that this local approach allows us to estimate successive derivatives of
function f. In this paper, only the estimation of f at a given point is studied.

We note that similar locally parametric approach based on maximum likeli-
hood estimators has been recently proposed in [8] and [17] for regular statistical
models. But when the density of observations is discontinuous, the bayesian
approach outperforms the maximum likelihood estimator. This phenomenon is
well known in parametric estimation (cf. [5]). Moreover, in order to establish
statistical properties of bayesian estimators, we need much weaker assumptions
than whose used for analysis of maximum likelihood estimators.

As we see our construction contains an extra-parameter h to be chosen. To
make this choice we use quite standard arguments. First, we note that in view
of the definition of Holder class Hy(8, L, M), we have Vf € Hy(8, L, M), 30 =
O(f,y,h) € [-M, M]P> such that

0 < fo(z) — f(z) < 2LdhP, Va € Vi(y).

We will define 6 in (5.5) and we will show that if f € Hy(8,L, M, A), then
0 € O(A, M) (cf. (5.6) and (5.7) below). Thus, if h is chosen sufficiently small,
our original model (1.1) is well approximated inside V,(y) by the “parametric”

model
Vi=folXy) xU;, i=1,...,nh% nh?eN*
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With this model, the bayesian estimator 0 is rate-optimal (See Theorem 2.2).
It is worth mentioning that the analysis of the deviation of (X;,Vi)i—1.  nna

from Y(™") is not simple. Namely here the requirements 0 < A < f(-) < M,
are used. This assumption, which seems not to be necessary, allows us to make
a presentation of basic ideas and to simplify routine computations (cf. also
Remark 1).

Finally, h = h, (8, L) = (Ldn)~/(#+4 is chosen as the solution of the follow-
ing minimization problem

Ldh® +1/nh? — min. (1.8)
h

Moreover we show that the corresponding estimator f/n(5-L) (y) is minimax for
f(y) on Hy(B, L, M, A) for any given value of the parameter § > 0 (cf. Theorem
2.2).

We notice that in regular statistical models where linear methods are usually
optimal, the choice of the bandwidth h is due to the relation

Ldh® +1/Vnhd — min,

with the solution hy, = (Ldn)*l/ (26+d)  That explains the improvement of

B __B_ . .
the rate of convergence, n~ #+4 compared to m~ 28+4, in the model with the
discontinuous density.

Adaptive estimation. The second part of the paper is devoted to the adap-
tive minimax estimation over collection of isotropic functional classes in the
model (1.1). To the best of my knowledge, the problem of adaptive estimation
in the multiplicative regression with noise having discontinuous density, is not
studied in the literature.

Well-known drawback of minimax approach is the dependence of the minimax
estimator on the parameters describing functional class on which the maximal
risk is determined. In particular, the locally bayesian estimator f"(-) depends
obviously on the parameters A and M via the solution of the minimization
problem (1.7). Moreover h, (5, L) optimally chosen in view of (1.8) depends
explicitly on 8 and L. To overcome this drawback the minimax adaptive ap-
proach has been proposed (cf. [11], [12] and [15]). The first question arising in
the adaptation can be formulated as follows.

Does there exist an estimator which would be minimaz on Hy(8, L, M, A)
simultaneously for all values of B,L, A and M belonging to some given subset
of Ri ¢

In section 3, we show that the answer to this question is negative, that is
typical for the estimation of the function at a given point (cf. [14], [19], [20]).
This answer can be reformulated in the following manner: the family of rates of
convergence {(pn (8), B € Rj} is unattainable for the considered problem.
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Thus, we need to find another family of normalizations for maximal risk
which would be attainable and, moreover, optimal in view of some criterion
of optimality. Nowadays, the most developed criterion of optimality is due to
Klutchnikoff [9].

We show that the family of normalizations being optimal in view of this
criterion, is

)= (D) =i (22)

whenever 8 €]0,b] and the parameter b > 0 can be chosen arbitrarly. The
factor p, can be considered as the price to pay for adaptation in the context of
pointwise estimation (cf. [11]).

The most important step in proving the optimality of the family (1.9) is to
find an estimator, called adaptive, which attains the optimal family of norma-
lizations. Obviously, we seek an estimator whose construction is parameter-free,
i.e. independent of 5, L, A and M. In order to explain our estimation procedure
let us make several remarks.

First we note that the role of the constants A, M and (3, L in the construction
of the minimax estimator is quite different. Indeed, the constants A, M are used
in order to determine the set © (A, M ) needed for the construction of the locally
bayesian estimator (see (1.6) and (1.7)). However, this set does not depend on
the localization parameter h > 0, in other words, the quantities A and M are not
involved in the selection of optimal size of the local neighborhood given by (1.8).
Contrarily the constants 3, L are used for the derivation of the optimal size of
the local neighborhood (1.8), but they are not involved in the construction of
the collection of locally bayesian estimators { i oh > 0}.

We will explain how to replace the unknown quantities A and M in the
definition of @(A7 M ) Indeed, a simple observation consists in the following:
the estimator f"»(%L) remains minimax if we replace © (A, M) in (1.6) and (1.7)
by @(A,M) with any 0 < A < Aand M < M < oco. It follows from obvious
inclusion Hy(8, L, A, M) C Hy(B, L, A, M). The next observation is less trivial

and it follows from Proposition 1. Set Apax = n_b%d and define for any function

f
" f(y)

P1 Pd | *
Oxy* - - - Ox)

Af)y= _inf  fl@), M(f)=>

(1.10)
TEVhmax (¥) pEPY

The following agreement will be used in the sequel: if the function f and m > 1
are such that 0™ f does not exist we will put formally 0™ f = 0 in the definition
of M(f).

It remains to note that contrary to the quantities A and M the functionals
A(f) and M(f) can be consistently estimated from the observation (1.1) and one
defines A and M be the corresponding estimators. Now we want to determine
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the collection of locally bayesian estimators { fh, h > O} by replacing @(A, M )
in (1.6) and (1.7) by the random parameter set © which is defined as follows.

©=0(A/2,2M) =t eRP . A/2< Y 1,27 <6M, Vz € [-1/2,1/2)"
PEPs

In this context, it is important to emphasize that the estimators A and M are
built from the same observation as the one used for the construction of the
family {fh,h > 0}.

Contrary to all saying above, the constants g and L cannot be estimated con-
sistently. In order to select an “optimal” estimator from the family { fh, h > 0}
we use the general adaptation scheme due to Lepski [11] and [13]. To the best of
our knowledge it is the first time this method is applied in the statistical model
with multiplicative noise and discontinuous distribution. Moreover, except al-
ready mentioned papers [8] and [17], Lepski’s procedure is typically applied to
the selection from the collection of linear estimators (kernel estimators, locally
polynomial estimator, etc.). In the present paper we apply this method to very
complicated family of nonlinear estimators, obtained by the use of bayesian ap-
proach on the random parameter set. It requires in particular to establish the
exponential inequality for the deviation of locally bayesian estimator from the
parameter to be estimated (Proposition 1). It generalizes the inequality proved
for the parametric model (cf. [5] Chapter 1, Section 5), this result seems to be
new.

Simulations. In the present paper we adapt the local parametric approxima-
tion to a purely non parametric model. As proven, this strategy leads to the
theoretically optimal statistical decisions. But the minimax as well as the min-
imax adaptive approach are asymptotical and it seems natural to check how
proposed estimators work for reasonable sample size. In the simulation study,
we test the bayesian estimator in the parametric and nonparametric cases. We
show that the adaptive estimator approaches the oracle estimator. The oracle

estimator is selected from the family { fh, h > 0} under the hypothesis that

f is known. We show that the bayesian estimator performs well starting with
n > 100.

This paper is organized as follows. In Section 2 we present the results con-
cerning minimax estimation and Section 3 is devoted to the adaptive estimation.
The simulations are given in Section 4. The proofs of main results are in Section
5 (upper bounds) and section 6 (lower bounds). Auxiliary lemmas are proven
in the appendix (Section 7) because they are technical results.
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2. Minimax estimation on isotropic Hoélder class

In this section we present several results concerning minimax estimation. First,
we establish a lower bound for minimax risk defined on Hy(8, L, M, A) for any
B,L, M and A.

Definition 1. Fiz 8> 0, L > 0 and M > 0 and let |B] be the largest integer
strictly less than 8. The isotropic Holder class Hy(8, L, M) is the set of functions
f:[0,1]¢ = R admitting on [0,1]% all partial derivatives of order | 3] and such
that Vz,y € [0, 1]¢

d

O f(y) 1 (g = u)” -
HOEEDY ...8y§dH Jpj!J = L;‘mfw’

6 P1
o<fpi<lp) Y1 j=1

Q‘P‘f(x)

— M
Qi - - Oah?

sup
0<p|<| 8] *ElO-1

)

where x; and y; are the j'" components of x and y.

This definition implies that if f € Hy(8, L, M, A) (defined in the beginning of
this paper), then A < A(f) and M (f) < M, where A(f) and M(f) are defined
in (1.10).

Maximal and minimax risk on Hy(8,L, M, A). To measure the perfor-
mance of estimation procedures on Hy(8, L, M, A) we will use minimax ap-
proach.

Let Ey = E% be the mathematical expectation with respect to the probability
law of the observation Y (") satisfying (1.1). We define first the maximal risk on
Hy(B, L, M, A) corresponding to the estimation of the function f at a given
point y € [0, 1]%.

Let f be an arbitrary estimator built from the observation Y ("), For any ¢ > 0,
let

Ryq[f . Ha(B, L, M, A)] = el Ef|f(y) — f()|".

The quantity Ry 4| f H4(8, L, M, A)] is called mazimal risk of the estimator f
on Hy(B, L, M, A) and the minimax risk on Hy(8, L, M, A) is defined as

Ry, q[Ha(B,L, M, A)] = n}f Ry o[ f Ha(B, L, M, A)],

where the infimum is taken over the set of all estimators.

Definition 2. The normalizing sequence ¥y, is called minimaz rate of conver-
gence (MRT) and the estimator f is called minimaz (asymptotically minimaz)
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if
liminf o, ¢ Ry o[ f, Ha(B, L, M, A)] > 0;
limsup e, ? Ry o[£, Ha(B, L, M, A)] < oo
n— o0

Theorem 2.1. Forany >0, L >0, M >0, A>0,¢q>1andd>1
lim inf 9, 9(8) R g [Ha(B, L, M, A)] >0, @(8) =n~ 777,

n—oo

Remark 1. The obtained result shows that on Hy (B, L, M, A) the minimax rate

of convergence cannot be faster than nfﬁ. In view of the obvious inclusion

Hy (8, L, M, A) C Hy(B, L, M) the minimaz rate of convergence on an isotropic
3

Hoélder class is also bounded by nF,

Put h = (L?})_ﬁ and let f7(y) = 907“_,0(71) is given by (1.5), (1.6) and
(1.7) with h = h. The next theorem shows that this estimator, based on locally
bayesian approach, is minimax over Holder classes.

Theorem 2.2. Let >0, L >0, M >0 and A > 0 fized. Then there exists a
constant C* such that for any n € N* satisfying nh® > (Lﬁj + 1)d

#21(B) Ry | " Ha(B,L, M, A)] <€, ¥g = 1.

The explicit form of C* is given in the proof.

Remark 2. We deduce from Theorems 2.1 and 2.2 that the estimator fﬁ(y) 18
minimaz on Hg(8, L, M, A).

3. Adaptive estimation on isotropic Holder classes

This section is devoted to the adaptive estimation over the collection of the

classes {Hd(ﬁ, L,M,A) }B R We will not impose any restriction on the pos-
LM,

sible values of L, M, A, but we will assume that 8 € (0, b], where b, as previously,
is an arbitrary chosen integer.

We start by showing that there is no optimally adaptive estimator (here we
follow the terminology introduced in [11], [13]). It means that there is no esti-
mator which would be minimax simultaneously for several values of parameter
B even if all other parameters L, M and A are supposed to be fixed. This result
does not require any restriction on 3 as well.

Theorem 3.1. For any B C RT\ {0} such that card(B) > 2, for any 81,32 € B
and any L >0, M >0, A>0

n—oo

lim inf inf |, 9(61) Rn,q(f:, Ha(B1, L, M, A))
f

07 1(82) Roa (F Ha(Ba, L, M, 4))] = +0,

where the infimum is taken over all possible estimators.
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The assertion of Theorem 3.1 can be considerably specified if B = (0, b]. To
do that we need the following definition. Let W = {4, (8)}5¢ (0, be a given
family of normalizations.

Definition 3. The family V is called admissible if there exist an estimator fn
such that for some L > 0, M >0 and A >0

limsup ¢y, 2(8) Rog (fr, Ha(B, L, M, A)) < 0o, VB € (0,b]. (3.1)

n— oo

The estimator f, satisfying (3.1) is called U-attainable. The estimator f, is
called V-adaptive if (3.1) holds for any L >0, M >0 and A > 0.

Note that Theorem 3.1 means that the family of rates of convergence {¢n(8)} g (0.1
is not admissible.
Denote by ® the following family of normalizations:

6n(8) = (pnw)yﬁ o) =14 (220 se 0.0,

We notice that ¢, (b) = ¢, (b) and p,(8) ~ Inn for any S # b.

Theorem 3.2. Let ¥ = {¢7l(ﬁ)}ﬁe(0,b] be an arbitrary admissible family of
normalizations.
I. For any o € (0,b] such that (o) # on(@), there exists an admissible family

{vn(B)} se(o,p for which

lim vy, (o), (a) = 0.

n—oo

I1. If there exists v € (0,b) such that

lim wn(’Y)(br_Ll(’Y) =0, (32)

n—oQ

then necessarily
(2)  lim $n(B)," () >0, VB E(0,7);

bS] 15

(b)  lim {

n—oo

] =00, VBE(v,b.

We make several remarks.

We note that if the family of normalizations ® is admissible, i.e. one can
construct ®-attainable estimator, then ® is an optimal family of normalizations
in view of Kluchnikoff criterion [9]. It follows from the second assertion of the
theorem. We note however that a ®-attainable estimator may depend on L >
0, M > 0and A > 0, and therefore, this estimator have only theoretical interest.
In the next section we construct a ®-adaptive estimator which is fully parameter-
free by definition. Moreover, this estimator obviously proves that ® is admissible,
and therefore optimal as it was mentioned above.
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The assertions of Theorem 3.2 allows us to give rather simple interpretation
of Kluchnikoff criterion. Indeed, the first assertion which is easily deduced from
Theorem 3.1, shows that any admissible family of normalizations can be im-
proved by another admissible family at any given point « € (0, b] except maybe
one. In particular, it concerns the family ® if it is admissible. On the other
hand, the second assertion of the theorem shows that there is no admissible
family which would outperform the family ® at two points. Moreover, in view
of (a), ®-adaptive (attainable) estimator, when it exists, has the same preci-
sion on Hy(B, L, M, A), B < v, as any P-adaptive (attainable) estimator when-
ever U satisfies (3.2). Additionally, (b) implies that the gain in the precision
provided by WU-adaptive (attainable) estimator on Hy(~y, L, M, A) leads auto-
matically to much more losses on Hy(8, L, M, A) for any 8 > ~ compared to
the precision provided by ®-adaptive (attainable) estimator. We conclude that
d-adaptive (attainable) estimator outperforms any ¥-adaptive (attainable) es-
timator whenever W satisfies (3.2). It remains to note that any admissible family
not satisfying (3.2) is asymptotically equivalent to ®.

Construction of ®-adaptive estimator. As it was already mentioned in
the introduction the construction of our estimation procedure is decomposed
in several steps. First, we determine the set ©, built from observation, which
is used later in order to define the family of locally bayesian estimators. Next,
based on Lepski’s method (cf. [11] and [15]), we propose data-driven selection
from this family.

First step: Determination of parameter set. Put hpyax = n~ 5 and let § be
the solution of the following minimization problem.

n

2
inf Z l:QYi—tKT (X’_y)] v Vinax(y) = Vi (W),

teRDb h
X, € Vmax (¥) max

where K(z) = (27 : p € Pp) is the Dj-dimensional vector of monomials and the
sign T means the transposition. Thus, 6 is the local least squared estimator and
its explicit expression is given by

-1
n

i=2 Z(y)KT(X“y)K(X“y) Kal)]Y,

h h
ZXl vadx max max

hmax

where Y = (Yi,...,Y,) and Ku(y) = [KT (5252 ]Ivm(y)(xi)}H is the

design matrix. Put ~ ~
dp = p1lepal APl 0, |p| < b.

We introduce the following quantities

A=do.0, M=, (3.3)
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and we recall the definition of random parameter set

O={teRP: A/2< ) 12" <6M, Vz e [-1/2,1/2]* 5. (3.4)
PEPs

Second step: Collection of locally bayesian estimators. Put

wn(t) = /é)||t—u||1Lh(u,Y("))du; (3.5)
0*(h) = argminy(t). (3.6)
teo

The family of locally bayesian estimator F is defined now as follows.
F={7"w) =05 o), e (0, hma } (3.7)

Third step: Data-driven selection from the collection F. Put

h/k; = 2_khmax7 ]{j — 07 . 7k717
where k;, is the largest integer such that hi, > Amin = oD n-1/4 et
Fr {f(m(y) =05 o(hi), k=0,... ,kn} .

We put f*(y) = f(i“)(y)7 where f(’%) (y) is selected from F* in accordance with
the rule:

F9) = FO @) < M8, (1), 1=FF Tk} (38)

k:inf{k — 0.k, :
Here we have used the following notations.

1+1ln2

Sn(l) = 432D} (32¢d + 16) A, ' () -
n(h)

] ., 1=0,1,...k,,
and A, (h) is the smallest eigenvalue of the matrix
1 ¢ Xi—vy Xi—vy
M) = 3 ST () k(S . 69
i=1

which is completely determined by the design points and by the number of
observations. We will prove that there exists a nonnegative real A, such that
An(h) > X for any n > 1 and any h € [hmin, hmax} (cf. Lemma 2).

Theorem 3.3. Let an integer number b > 0 fixed. Then for any 8 € (0,],
L>0 M>0A>0andqg>1

limsup ¢, %(8) Roq |/, Ha(B, L, M, 4)| < .

n—oo
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Remark 3. The assertion of the theorem means that the proposed estimator
f* (y) is ®-adaptive. It implies in particular that the family of normalizations ®
18 admissible. This, together with Theorem 3.2 allows us to state the optimality
of ® in view of Kluchnikoff criterion (cf. [9]).

4. Simulation study

We will consider the case d = 1. The data are simulated accordingly to the
model (1.1), where we use the following functions (Figure 1).

35 35 35

3 3 3

25 25 25

05 05 05
0 02 04 06 08 1 0 0z 04 06 08 1 0 02 04 08 03 1

FIGURE 1. Test functions.

Here fi(x) = cos(2mz) +2, fa(x) = 2.0 ;<1 /3 + 101 j3<a<2/3] +3.1j2/3<4) and
f3(x) = cos(2mx) + 2 + 0.3sin(197x)

To construct the family of estimators we use the linear approximation (b = 2),
i.e. within the neighbourhoods of the given size h, the locally bayesian estimator
has the form

fh(x) = é() + élx, x € [0, ].]

We define the ideal (oracle) value of the parameter h = h(f) as the minimizer
of the risk: y .

h = ar inf E|f"(y) — .

g, inf | Er|/"() — fW)|

To compute it we apply Monte-Carlo simulations (10000 repetitions). Our first
objective is to compare the risk provided by the ”oracle” estimator f"(-) and
the one provided by the adaptive estimator from Section 3. Figure 2 shows
the deviation of the adaptive estimator from the function to be estimated. In
several points, for example in y = 1/2, we notice the so-called over-smoothing
phenomenon, inherent to any adaptive estimator.

Oracle-adaptive ratio. We compute the risks of the oracle and the adaptive
estimator in 100 points of the interval (0, 1). The next tabular presents the mean
value of the ratio oracle risk/adaptive risk calculated for the functions f1, fo, f3
and n = 100, 1000.

Figure 4 presents the ”oracle risk/adaptive risk” ratio as the function of the
number of observations n.
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b
———-estmator

08 1

FIGURE 2. Examples of estimation with n = 100.

n = 100 n = 1000
function adaptive oracle-adaptive ra- adaptive oracle-adaptive ra-
risk tio risk tio
f1 0.13 0.84 0.03 0.85
f2 0.3 0.71 0.1 0.75
f3 0.28 0.65 0.2 0.68

FIGURE 3. Numeric values of risk.

Efficiency for f,

Efficency for 1, Efficiency for T,

effciency
efficiency
efficiency

1000 o 200 400 00 200
chseryations

1000 0 200 400 &00 00
observations

0 200 400 00 500
observations

1000

FIGURE 4. Efficiency of bayesian estimator for three test functions.

Adaptation versus parametric estimation. We consider the function fy
(figure 5), which is linear inside the neighborhood of size h, = 1/8 around
point 1/2 and simulate n = 1000 observations in accordance with the model
(1.1). Using only the observations corresponding to the interval [3/8,5/8] we
construct the bayesian estimator f1/8(1/2).

It is important to emphasize that this estimator is efficient [5] since the
model is parametric. Now our objective is to compare the risk of our adaptive
estimator with the risk provided by the estimator f1/8(1/2). We also try to
understand how far is the localization parameter hj from the true value 1/8,
inherent to the construction of our adaptive estimator. We compute the risk
of each estimator via Monte-Carlo method with 10000 repetitions. For each

repetition the procedure select the adaptive bandwidth hg ), j = 1,...,10000.
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f4 locally parametric iny=1/2 with h’:‘VS

Z9F

281 q

27F q

261 q

251 q

24} ]

23F q

221 q

21F q

FIGURE 5. local parametric test function.

We confirm once again the over-smoothing phenomenon since
hY) ~0.1405 > h, = 0.1250, j = 1,...,10000.

Note however that the adaptive procedure selects the size of the neighborhood
which is quite close to the true one. We also compute the risks of both estima-
tors: “bayesian risk”=0.0206 and “adaptive risk”=0.0308. We conclude that the
estimation accuracy provided by our adaptive procedure is quite satisfactory.

5. Proofs of main results: upper bounds

Let H,,n > 1 be the following subinterval of (0, 1).

- (b+1)v(lnn)erfi2‘>7( 1 >b+d | 5)

" nl/d Inn

Later on we will consider only the values of h belonging to H,,. We start with
establishing the exponential inequality for the deviation of locally bayesian es-
timator f"(y) from f(y). The corresponding inequality is the basic technic to
prove minimax and minimax adaptive results.

5.1. Exponential Inequality

Let us introduce the following notations. For any h € H,,, put w = w(f,y,h) =
{wp: p € Py}, where wy = wy,... 0 = f(y) and

alPl (1) hlpl
P oyt 0yh? pil.pa!’

p # 0. (5.2)
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Remind the agreement we follow in the present paper: if the function f and
vector p are such that 97 f does not exist we put wp = 0.

Let f, given by (1.4), be the local polynomial approximation of f inside
Vi (y) and let by, be the corresponding approximation error, i.e.

b= sup |[fu(z)— f(z)]. (5:3)

z€Vh(y)

If f € Hy(B,L, M), >0, one could remark that b;, < Ldh? by the definition
of w in (5.2) and Definition 2. Put also

(5.4)

2
Nh:thnhd, E(h)exp{(l%'Db)A/’h}

6A(f)D}

Introduce the random events G, = {|M - M(f)] < M(f)/2} and G4 =
{|A— A(f)| < A(f)/2} and set G = G; N G 4 where A and M are defined in
(3.3).

Recall that A, (h) (cf. Section 3) is the smallest eigenvalue of the matrix

1 < Xi—y Xi—y
=1

and K(z) is the Dp-dimensional vector of the monomials 2P, p € Pp. In the
sequel, we denote IP; the probability measure of the observation y (),

Proposition 1. For any h € H,, and any f such that A(f) > A and M(f) <
M, then Ve > 144M Dy(1V N3) /AN, (h)

By (0)7"0) - 1) > <. G) < BAW MI)ED e { - =< ],

where f"(y) € F as defined in (3.7). The explicit expression of the function
B(-,-) is given in the beginning of the proof of the proposition.

The next proposition gives us an upper bound for the risk of a locally bayesian
estimator.

Proposition 2. For any n € N*, h € H,, and any f € Hy(B,L, M, A), then
X > 0 such that A\, (h) > X\ and

. . 1V Ldnhf+d79
Ef‘fh(y)—f(y)‘qﬂcch(A(f)aM(f)) [nhd] ,oq=1,
where
1 [432mD}(1 +6D?)1?
C;la,m) = - 5 m3)b\c(lD_|2_6 b)} +[864m/\_1Dﬂq%(a,m)F(q), a,m >0,
b

T'(:) is the well-known Gamma function.
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Remark 4. The analysis of the proof of Proposition 1 allows to assert the
following inequality

Py (nh?| " (y) — f(y)| > €) < B(A, M)E(h) eXp{_W},

432M D3

where f(y) is the locally bayesian estimator which is the minimizer of (1.6).
Thus, the latter inequality can be viewed as an analogue of the result of Propo-
sition 1 when A and M are known. By the same reasons, we have

> 1.

1V Ld nhP+d]1
7nhd , g

Ef|f"(y) = F(y)|" < Cy(A, M) [
5.2. Proof of Proposition 1

Before starting the proof, let us breafly discuss its ingredients.

Discussion. .
I. Remind that 6*(h) minimizes 7, as defined in (3.5). Hence, the obvious
following inclusion

{nhd‘

allows us to reduce the study of the deviation of 6*(h) from 6 to the study of
the behaviour of 7. Here, the vector 8 = 6(f,y,h) = {Hp I pE€ Pb} is defined
as follows.

6*(h) - 0|, > g} c { inf  wp(t) < frh(e)}.

nhd||t—0])s >e

90 = 90,..470 =wo + bh7 91) = Wp, |p‘ # 07 (55)

where the vector w is the coefficients of Taylor polynomial defined in (5.2). The
definition of by, in (5.3) implies trivially

fo(x) > f(z) > A(f) > A, Vz € Vi(y). (5.6)
By definition of Hy(3, L, M, A), we can see that Va € V,(y)
fo(x) = ful(z) + bp < 2[wlly + [ fllee < 3M(f) < 3M, (5.7)
where || - ||« is the sup-norm.

Thus we have § € ©(A(f), M(f)) € O(A, M). Under the event G, we notice
that ©(A(f), M(f)) C O =0(A/2,2M) C O(A(f)/4,3M(f)) where © and ©
are respectively defined in (1.5) and (3.4).

II. We note that 7y, is the integral functional of the pseudo-likelihood L. As
the consequence, the behaviour of 7, is completely determined by this process.
Following [5] (Chapter 1, Section 5, Theorem 5.2), where similar problems were
studied under parametric model assumption, we introduce the stochastic process

Ly 6+ (nhd)_lu,Y("))
Zno(u) = L, (97 Y(”))
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defined on T, = {u € R”" : w=nh?(t —0), t € O(A(f)/4,3M(f))}.
As it was noted in [5] (Chapter 1, Section 5, Theorem 5.2) the following
properties of the process Zj, ¢ are essential for the study of 7:

e Holder continuity of its trajectories;
e the rate of its decay at infinity.

The exact statements are formulated in Lemma 1 below.

III. As it was shown in [5] (Chapter 1, Section 5, Theorem 5.2) in parametric
situation the properties of Zj ¢ mentioned above, gives desirable behavior of the
following process

zp(u) = T Zno(v) , o ueT, = nhd(é -0),

T, Zhﬁ(v)dv

where the set © is defined in (3.4). The exact statements are given in Assertions
1 and 2. The latter process is important in view of the following inclusion

d| £h — ull1zp(uw)du f_
{n| () f(y)IZs}g{A()ll v 2n (u)d >2}

Auxiliary Lemma. First, we note that in view of (5.6), for any X; € Vi (y)
the event Y; < fy(X;) is always realized, because Y; < f(X;) < fo(X;). Hence,
Zp,9 can be rewritten

fo(X5)
Zno(u) = Iy, 0 uweT,. (58)
i Xi€Vi(y) f9+u(nhd)—1 (Xi) [vi< f‘”u("”td)*l(x")]
Lemma 1. For any f € Hy(8,L, M, A) and h € H,
1. sup lur —uall{ "By | Zno(ur) — Zng(uz)| < Ch,
u1,u2€Yy,
2. EfZ,}L{;(u) < efgh(llulll)7 Yu e Y,
5P
3. Py / Zn0(u)du < < 2Cpd, V6 > 0.
[O,6]Db 2
where
An(h)a N,

Ch = 8(1 \/4DbA*1(f))exp{1 +Nu/A()}s gnla) = 18M(f)D, - A(f)’

with a > 0 and \,(h) is the smallest eigenvalue of the matric Myp(y) defined

Proof of Proposition 1. Define for any v > 0 and v > 0

Az
_ -1 _
B(a,m) = 2121;0) 16e(1V Dya™")S(m) [B. + 6] exp { 132007 } ) (5.9)
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D
where B, = 221 4222 +2)*”" + 5+ D, (sz + (224 2)21"1)7 A >0 s

defined such that: A, (h) > A for any n € N*, h € H,, (for more details, see
Lemma 2) and

A (v —clv
M’ c(v) = exp{ — (54D})"'}, v >0.

(1 — c(v))

Assertion 1. For any e > 0, and for all v such that 0 < r < /3, we assume

E(v) =

Py (nh?[f"(y) - F)| = 2, G) < 2P (/T ull1 2 (u)du > T,G) :

WO (llullr>e/4) 2

Assertion 2. For all h € H,, and any f such that A(f) > A and M(f) < M,
then for any a > 36 M (f)Dy(1V Ny)/(AA(S))

1
E l /T (g 15100 0 HG] < a2 (M(f)) Ba Cy oxp {—GDbghm)} 7

where g (+) is defined in Lemma 1.

19, Suppose that Assertions 1 and 2 are proved. Then, in view of Assertion
2, choosing a = €/4, we get

sz on(e/n)

€
E/ [ Julli2n(0) T du < 5 S(M() Buya Coe
TnO(|lull1>e/4)
Using the Tchebychev inequality, we have in view of the last inequality

—ﬁgh(s/‘l)

I
P, (/ Jullon () > <, G) < 95(M(f)) Beys Ch e
TrN(l|ull1>e/4)

The assertion of Proposition 1 follows now from the last inequality, Assertion 1
and the definitions of Cp, g5 () and the function B(,-).

20, Now, we will prove Assertion 1. The definitions of é*(h) and 0 = 0(f,y,h)
imply Ve > 0

Py (nh| () ~ )| 2 2.G)

IN

Py (nhd

ég,...,o(h) - 90,...,0’ > &G)

N

Py (nh?[|0*(0) = 0], 2 ,G) . (5.10)

We can make some remarks. First, it is easily seen that § € ©(A(f), M(f)) (cf.
(5.6) and (5.7)). Therefore, if the event G holds then § € ©. Remind also that

0*(h) minimizes 7, defined in (3.5) and, therefore, the following inclusion holds
since 0*(h) € ©.

{ (nn?]

0 (h) -0, > e) mG} C {( inf  A(t) < frh(e)) mG}. (5.11)

nhd|[t—0|1>¢e
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Moreover,

() = (nhd)_l/éthd(t_U)Hth(u,Y("))du

20

= (nhd)_Db_l/ thd(t—G)—quLh(9+u(nhd)_1,Y("))du
Ty

= (nh?) P, (0, Y) / nh(t — 6) — ul|, Znp(u)du.
Ty
Hence, 7,, = nh? (é*(h) — 6) is the minimizer of

wi) = [ =l

and we obtain from (5.10) and (5.11) that for any € > 0

P; (thd(é*(h) -0), > E,G) <Py < inf x,(s) < Xn(O),G) :

[[sll1>e

Let 0 < r < £/3, be a number whose choice will be done later. We have

xn(0) < r/ zh(u)du—i-/ llwe]| 125 (w)du.
Trn(llulli<r) TnO([lull1>1)

Note also that

il () = | [ (Islls = llulls) 2 (u)de
llslli>e Islli>e | J1, n(|lull<r)

> (e— 7’)/ zp(u)du.
Trn(llullr<r)

It yields in particular that
Xn(0) — inf x,(s)

lIslli>e

(5.12)

< (- 27‘)/ () du + / |2 () .
TrN(|lull1<r) TrN(|lull1>7)

Thus, Vr € (0,£/3)

Py (Xn(o) — inf xn(s) > 0,G>

lIslli>e

<Py (/ ||l zn(w)du > (e — 27’)[ zp(u)du, G)
TrN(llullr>r) TrN(|lull1<r)

<P, (/ 120 (w)du > 7/2, G)
Trn(llull1>7)

+P; ((a - 27“)/ zp(w)du < r/2, G) .
TnN(llull1<r)

(5.13)
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We note that the second term in (5.13) can be control by the first one whenever
0 <7 < /3. Indeed, setting T, (r) =T, N (u € RP> : |lull; >r) we get

Py ((5 - 2r)/ zp(u)du < r/2, G)

TnO([lull1<r)

<Py r/ Znp(v)dv — r/ Zpp(u)du < f/ Zno(v)dv, G
T, T, (r) 2 )y,
<Py r/ Zp0(u)du > I/ Zno(v)dv, G
‘ T (r) 2 Jt,

<P; (/ ulls 20 (w)du > mz,c) .
T, (r)

The last inequality together with (5.10), (5.12) and (5.13) yields

P (nhd

) - fw)| = €7G) < 2P, (/ " (w12 (u)du > 27G> .

n

30. Now, let us prove Assertion 2. Put Y,(a) = ¥, N (v € RP" : ||lul; > a)
for all a > 0 and Q, = T,,(v)\ Tp(v+1) for any v > a. Introduce the following
notations.

I+ na. Zne(u)du
I, = Zno(w)du, Q, = —n v
\/Qv h,e( ) f-i«" Zh70(u)du

Fix T > 0 whose choice will be done later. Consider the minimal number
N(Q,,1/T) of balls of radius 1/T that are needed to cover the set ,. De-
note by u/ the center of each ball. Since €, is a compact of RP?, it implies
N(,,1/T) < (v+1)PeTPr Introduce the non-intersecting parts Ay, Ay, As, ...
as follows: Ay = {u € Q, : lu—u'|y <1/T} and

Jj—1
Aj={ueQ : lu—v| <YTI\|JA, j=2,...,N(Q,1/T).
=1

Put S, =) ijY Zn.o(w)du and notice that S, is stepwise approximation of
J
Z,.

Control of T,,. Remind that Q, = U;y:(?‘”l/T) A; and denote by [Q,| the
volume of ,,. We get for any ¢ > 0

Ps(S, >0) < Py (m?xz}{{j(uj),/|gv|>\/5>
< 2By (25w) > VIIVe).
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Note that the number of summands on the right-hand side of the last inequality
does not exceed (v + 1)P2TP¢. Applying Tchebychev inequality and Lemma 1
(2), we obtain

Py (S, > o) < (v+1)PrTPr\/|Q, |01/ 2emom (), (5.14)

In view of to Lemma 1 (1),

Ef|S, —T,| < Z/ Ef‘Zh79(u)—Zh79(uj)‘duSChZ/ = w1,
- A - A
J J ] J

By definition of Aj, each summand does not exceed [ A T~1du, therefore,
Ef| Sy — Zo| < Cul2|T 7" (5.15)
One has
P (Z, > 20) < Pp(Sy > 0) + Ps(|S, — I, > o).
Using (5.14), (5.15) and applying Tchebychev inequality, we get

Py (Z, > 20) < (v+ )P TP \/]Q 07279 4 C,|Q,|T 07 . (5.16)

Control of Q,,. Set A = {f“fn Zn0(u)du < 6Db/2}. Since 9, < 1 we obtain
for any § >0, 0 >0

E/Q, = E;f[QuIa+ Qulz so0ac + Qulz,<25ac]Ic
Py (A, G) +Ps(Z, > 20) + 45 Pro.

IN

Under the event G, we notice that [0,0]P* C nh®(©(A(f), M(f)) —0) C T,
for any & < (2M(f) — A(f)). Using Lemma 1 (3) and the inequality (5.16), we
have

E;Q, < 2Chd + TP \/|Q,|07 279 () 1 ¢, [T o™t + 46~ oo

Choosing T' = exp {ﬁgh(v)}, o = exp {—S—ﬁgh(v)} and § = exp {—ﬁgh(v)},
we obtain

1
EfQ, < [2Ch + Q0] (v + P + Ch) + 4] exp {Wgh(v)} )
b

Conclusion of the proof of Assertion 2. The simplest algebra shows that
|Q,] < (2U + 2)Db, so we get

1
B0, < [P 42042 +5)0h e {—gram) |, 6D
b
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Note that if the event G is realized then T,(a) C T,(a) = U(;io Qqyj. We
obtain in view of (5.17)

Ef/ llull12n(u) I du
TrN(|lull1>a)

IN

Y (a+j+1)EfQuy;
j=0

= B(M(f)) aBuCp exp {611)2%(0)} :

where we have put B, = a”*1 +2(2v + 2)2Db

Doy
+5+Dy <an+(2a+2) 2 )

5.3. Proof of Proposition 2

To prove the proposition it suffices to integrate the inequality obtained in Propo-
sition 1 and to use the following lemma which will be extensively exploited in
the sequel.

Lemma 2. There exists A > 0 such that Yn > 1 and Vh € H,,, we have

An(h) > A,

where A\ (h) is the smallest eigenvalue of the matriz

1 < Xi—vy Xi—vy
Mun(y) = Th ZKT ( A > K ( h > L, () (X3),
i=1

and K (z) is the Dy-dimensional vector of the monomials 2P, p € Py.

Proof of Proposition 2. In order to simplify the proof, let us introduce the
following constants

~ (14+6D7) A

T 6A(ND;T T 132M () D}

By definition of A(f), M(f) and 9B(.,.) respectively in (1.10) and (5.9), we have
the following inequality B (A(f), M(f)) < B(A, M) for any f € Hq(3,L, M, A).
By integration of the inequality of Proposition 1 and using Lemma 2, we get for
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any g > 1 and f € Hd(B7L7M7A)
Ef|f"(y) — f()|"Te

+oo
=/ n? Py (!fh(y) —fy)| > 7770) dn
0
+o0
=) [ e (|0 - 1) = 5.6

%(1\//\/}1) 1
/ n? " dn
0

" 1 £h n
+ a—1p _ n.
/2;21 (1VA) n f (|f (v) f(y)| > nhd’G) dn

(1VAG) [2961 29
= (nh)e

< (nh%)~4

%(A(f%M(f))F(q)] ,

q q
qc =)

where I'(:) is the well-known Gamma function. By definition of b, and N,
respectively defined in (5.3) and (5.4), the assertion of Proposition 2 is proved:

1V Ld nhP+d]?
nhd ’

B/ |7(y) — £)|"Le < C(AGP), M(F) [
where

432mD} (1 + 6D?
3XaD?

1 q
C;(a,m) = . )} + [864:771/\_1Dg’}q%(a,m)l"(q)7 a,m > 0.

5.4. Proof of Theorem 2.2
By definition of h = (Ln)fﬁ we have
LdnhP*+d =d, (nh%)~1 = L%yl (B).

Applying the inequality given in Remark 4, we come to the assertion of the
theorem. |

5.5. Proof of Theorem 3.3
This Proof is based on the Lepski scheme developed by [12] and adapted for

the bandwidth selection by [15]. We start the proof with formulating auxiliary
Lemmas whose proofs are given in Appendix (Section 7). Define

h = [”IC<1*w+(iz>_wm+d>1“"ﬂm’
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where the positive constant c is chosen as follows

6+d—1[1/\ A Hl/\ 6AD§}’

c<[IA1/(LA) [T AN4/M(f)]

B+d 144 M Dy, 1+6D?
and let the integer x be defined as follows.
2 " Amax < h* <27 R (5.18)

The definitions of h* and k imply the following Lemmas.
Lemma 3.
(1+kln2)9
(nhdya 7
(6 +d)
(B+d—1)(Ld)~1"
Lemma 4. For any f € Hy(B8,L, M, A) and any k > k + 1

Ef|f®(y) - f(y)|"Te < Cy Yk > &,

where Cq = Cx(A(f), M(f))

P (k =k, G) < JoB(A, M)exp {Jin(h*) 2= (k=D Eedd)

where J; = Ld(1 4+ 6D?)/6AD? and Jo = (1 — 2~ (8ad+4))—1,

Lemma 5. There exists a universal constant ¥ > 0 such that

b
Anvta
lim sup sup expy —————— o P¢(G°) = 0.
0o fEHy(8,L,M,A) 16M9* Dy /(&)

Proof of Theorem 3.3. We decompose the risk as follows

Es|F P () - fv)|"Te
<Es[fP @) = FO)| " Ticro + B[ fP W) = FW)| s
= Ry (f) + Ra(f)- (5.19)

First we control R;. Obviously
O = )] < 1FP0) = W]+ 179 w) - Fw)].

Note that the realization of the event G implies M < 3M(f)/2. This together
with the definition of k yields

[P ) = TP WG < Csalr), salk) = (L+ kIn2)(nhf)~",
where C' = 288M DA ~1(32¢d + 16). In view of Lemma 3 we also get

Es /) — F()|* < Cysn(k).
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Noting that the right hand side of the obtain inequality is independent of f and
taking into account the definition of k and h* we obtain

lim sup sup D, 1 (B)R1(f) < 0. (5.20)
n—oo  feHq(B,L,A,M)

Now we will find a bound of R,. Applying Cauchy-Schwartz inequality we have
in view of Lemma 4

ky,
Ro(f) = ZEf}f(’“)(y)*f(y)lqﬂ[,;:k’c;]

k>k
< Z(Ef|f(k)(y)—f(y)|2q)l/2\/m
k>k
= A(hY) Z (Ef|f(k>(y) _ f(y)|2q>1/2 9= (k=1)(4qd+2) (5 97)

k>k

where we have put A(h*) = JoB(A, M)exp {Jin(h*)?t?}. We obtain from
Lemma 3 and (5.21)

Ro(f) < J5 (nh ) Texp {Jin(h*)PT4}, (5.22)

max

where i
Jsz = JQ%(A, M) 94qd+2 02142 (1 +sln 2)q2—38dq—2.

s>0

It remains to note that the definition of A* implies that

limsup ¢,,%(8)(nh&,,) "% exp { Jin(h*) T} < 0o

n—o0

and that the right hand side of (5.22) is independent of f. Thus,we have

lim sup sup ¢, 1(B)Ra2(f) < 0.
n—oo  feHy(B8,L,A,M)

that yields together with (5.19) and (5.20)

lim sup sup ¢Eq(5)Ef’f(k) (y) - f(y)’qHG < 00
n—oo feHq(B,L,A,M)

To get the assertion of the theorem it suffices to show that

limsup — sup ¢, (B)Es| P (y) — f(y)|Tee < o0. (5.23)
n—oo  feHqy(B8,L,A,M)

Note that f(’%) (y) < 6M in view of (3.4). Note also that the local least square
estimator ¢ is a linear function of observation Y(”A) and moreover 0 < Y; <
M,i=1,...,n. This together with the definition of M, (expression (3.3)) allows
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us to state that there exists 0 < Jy < 400 such that ‘f(k)(y) — fW)| < JaM.
Here we also have taken into account that || f||ec < M.
Finally we obtain

Es[f P (y) — f(y)|Tge < JE MOPF{Ge}.

and (5.23) follows now from Lemma 4. [ |

6. Proofs of lower bounds

The proofs of Theorems 2.1 and 3.2 are based on the following proposition.
Put ¢,(v) = [n7'(1+ (b—~)Inn)] ¥, v € (0,b] and let

RO(fv)=  sw  Er[67%(0) 1f9) = FW)I7]

feHy(a,L,M,A)

+sup Ep[n9,1(8) ()~ )] -

fEH(B,L,M,A)
where v > 0 and «, 8 € (0,b]%.

Proposition 3. Let ¥ be admissible family of normalizations such that

wn(a)/¢n<a) —0.

n—oo

Then, for any 0 <v < (B —a)/(B+1)(a+1)

liminf inf R (f v) > 0.

n— 00 f

The proof is given in section 6.3.

6.1. Proof of Theorem 2.1

Using the proposition 3 for 8 = «, we have to choose v = 0 and one gets
Rnsq [Hd(ﬁvLaMa A)] = Rglq)(f, 0)

= sup  Ej [n_q(%ﬂf(y) —f(y)\q} >0, Vf.
feH (e, L,M,A)

6.2. Proof of Theorem 3.2

I. To prove the first assertion of the theorem it suffices to consider the family
{vn(B)} se (0,0 Where vy (@) = @n(@) and v, (8) = 1 for any 8 # a. The corre-
sponding attainable estimator is the estimator being minimax on Hy (o, L, M, A).
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IL. Let us consider the family {¢n(8)}g¢)0,), Which is admissible in view of
Theorem 3.3. First, we note that v = b is not possible since ¢, (b) = ¢, (b) is
the minimax rate of convergence on Hy(b, L, M, A).

Thus we assume that v €]0, b[ satisfying (3.2). Let f¥ be a ¥("-attainable
estimator. Since 9y, (7)/dn(y) = 0,n — oo in view of (3.2) then obviously

lim sup sup Ey [¢;q(’y)|f\y(y) - f(y)ﬂ =0.
n—oo  feHy(v,L,M,A)

Therefore, applying Proposition 3 with v = 0 we have for any 8 <

lim sup sup E; [ﬁb;q(ﬂ)’f\D@) - f(y)’q} > 0.
n—oo  feHq(B,L,M,A)

We conclude that necessarily 1, (8) 2 ¢,(8) for any 8 < .
Moreover for any 8 > «, applying Proposition 3 with an arbitrary 0 < v <
(B =7)/(B+1)(y+1) we obtain that

Un(B) 2 n"¢n(B), B> 1.

It remains to note that the form of rate of convergence proved in Theorem 2.1
implies that

%(7)/%(7) =0 ([lnn]ﬁ) .

6.3. Proof of Proposition 3

Let 5 > 0 a parameter whose choice will be done later. Put
b <%1—|—(ﬂ—a)lnn>“1+d.
n

Without loss of generality we will assume later that L > 1.
Consider the functions: fy =1 and

f1<x>=1—(L—l)%a“wnmw(“;yl,...,”;yd)7 z €0,1)%.

Here F is a compactly supported positive function belonging to Hy(a, 1, M, A)
such that F'(0) = 1 = max, F(x).
We can easily see that f; € Hy(«, L, M, A). Therefore, we have

RO(f0) > Eoln 6,1 (8)(Fly) - V)| +Es

Eo[n =67 (89)(F(y) - 1)|" +Ex

o7 (@) (Fl) — )|
¢ (@) (Fy) — 1) + 2

q

3

v
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where z = (L — 1)%a(7i1F(0). Set

= oo 7 _n_v(bn(a) g IHJ -0

where ¢ = We get

__B-a
BFD0ID
RP(fv) > EolanA[* + Erfz = A"

EosnA| "L 552y + Enlz = AL <. 0

Y

v

z z
E0|§n§’qﬂ{|5\\>z/2} + E1|§|QH{\XISZ/2}'

Noting that f; < fy, since F' is positive, and putting ¢, (Y(”)) = H{|5\|>Z/2} we

obtain
- qHTL fl(X) f1(X1) f1(Xn)
RO (f,v ><;{Z—%/ / cn(x)dxy ... dxy,

(f )_ Qqu:lfl(Xi) 0 0 () !

24 1 f1(X1) f1(Xn)
_ 1—cy(x)dry...dx,. (6.1

+¥H?:1 fl
We have
[[rx) = ]I (1 — (L —1)xati ¢, () F <Xh_ y))
=1 =1

d
> (1-(L- 1)%%+d¢n(a))nh > ¢~ (D= (L=Dx(f=a) 9)

We obtain in view of (6.1) and (6.2)

RWO(f0) > gz%ze—(L—nun—(L—l)uw—a)

1 F1(X1) f1(Xn)
X————— cp(x)dry ... dxy,
Hi:l fl(Xi)/O /0 ( ) !

24 1 /f1(X1) /fl(Xn) ( )d p
‘= 1—cy(z)dxy...dx,
20 [y f1(X3) Jo 0

q
% (1 A ggef(un%nf(un%(ﬁfa)) '

Case 1: f = a. Choosing » = 1, and noting that ¢, = 1 and [[\_, f1(X;) >
e~ =1 we deduce from (6.1) that

Y

- — 1)
infR,(lq)(fav) > MG*(L*U > 0.
f 21

Case 2: B > a. Put

1
>0, ty= 1 1n 0.

Inn (1+(5—a)lnn)79 n—o0

2 — Q(Q_U)_tn
I+(Z-1)(B-a)
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This choice provides us with the following bound

(e D= (L-0x(5-0) = (14 (8 — a)lnn) 4e~E-Drpale-)=(E-D)x(s )

v

(1+(8—a)lnn) T8 5aL-Dptn > = 5a(LoD)
This yields

- — 1)y 9aFT
inf RO(F,p) > TV s0in

f 24

7. Appendix
7.1. Proof of Lemma 1

Without loss generality we will suppose later that nh¢ € N*. In order to
simplify understanding of this proof, we note the approximation polynomial
Al = Jotumnay—1(Xi), i =1,...,nforallu € Ty,

1. Note that for v € T,

Ai
E;Zp0(u) < H 7]0()?) < eNn/A(f) (7.1)
i X; €V (y) '

The first inequality is the consequence of the definition of Zp, ¢ in (5.8) and the
following calculation

AL
f(Xa)

In (7.1), the second inequality is obtained with classical inequality 14+p < e, p €
R and having on mind that Vz € Vi,(y), fo(z) > f(z),

0 sv-, I (o) <o ()

i X, €V (y) i: X; €V (y)

Efly,<ai) =Pp (Vi < AL) =1A

Case 1:1If ||uy — uz||1 > 1, the inequality (7.1) allows to get
Ef| Zno(ur) = Zno(uz)| < EpZno(ur) +ErZpo(uz) < 26N/ AD |uy — gl

Case 2: Assume now that |ju; — uz|l; < 1 and introduce the random events
Fo= {Vi=1....n: ;<A ANALL,
F = {Vi=1...n: Y, <A vA }
N{3i:Y;i>A, ANAY,
Fy = {3i:Y;> A, vVA,_}.
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We have used the following notations: aAb = min(a, b) and aVb = max(a,b),a,b €
R. For any (u1,uz2) € T2, we have

Eyf| Zno(u1) = Zno(uz)| = Eys| Zno(u1) = Zno(uz)| Iimy
+Ef’Zh,9(ul) - Zh,e(u2)‘ Iy + Ef’Zh,e(ul) - Zh,e(u2)‘ Iy
=K1+ K + Ks. (7.2)

The following bound will be extensively exploited in the sequel.
A(f)/4 < fola) SIM(f), Vv € O(A(f)/4,3M(f)), x € Vi(y).
Control of ;.

Al Al
Ky = H Aio o H Aio Pf{F1}7 (7.3)

EXEVR(y) T M @ XGEeV(y) T W2

and

Pr{} =[] PB{vicA, nA}< ] A N Ay (7.4)

i Xi€Vi(y) it X;€Vi(y) F(Xi)
Therefore, using (7.1), we have
Al N AL :
Ky < 1- —r 2 9
it X, €V (y) 1 2 ) i X, €Vi(y)
Al N AL
NwJA(f u U
§ (& n/A(f) 1— exp 4 Z In W . (75)
it X €Vi(y) ! 2

Remember that | A% — A_| < (nh?) " uy — uzlly and Al, > A(f)/4. Let us
give the following calculation with inequality of finite increments for In(-)
Al N AL
n e .
ALI \% ALZ

(nhd)’lﬂul — ual1

1 - -
Al NAL

=—|lnAl, ANAL —InAl, VA |>-

Using last inequalities, (7.3), (7.4), (7.5), last inequality and the well known
inequality 1 — e™” < p, we have

4
Ky < 7ef\fh/A(f)||u1 — ug)1.

—A(S)
Control of 3. F5 can be rewritten as
F o= {Vi=1,...,n: V<A, VA, }
\{Vi=1,...,n: V; <A, ANAL}
= G\Fi.
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and define

G = {XieVily): A, VA, < f(X)},
g2 = {Xz c Vh(y) : Azl /\Azz < f(XZ)} .

Note that '} C G and, therefore,

Ai

Ky < m(Pf{G} Py{Fi})
i X; €V (y)
it X;€Vi(y) Ay N Ay i:ggl F(Xq) i:)ggz F(Xq)

The definition of G, implies

e It I

it X;€Vi, (y) A 2 X;€G2

Since G1 C Go, ||u1 — uz|1 < 1 and |fu(x)| < ||ul|1, V2 € [0,1]%, Yu € T, using
the last inequality and (7.1), we obtain

Ai i \Vi Ai
Ky < 0 T T g
2= H f(Xl) (2 X,€Gs Azn A A?l/LZ )

it X; €V (y)
< 4Dbel+Nh/A(f) llur — uall1 JA(f)-

Control of k3. We can rewrite the process Zj, o with the notation Al
Znp(u) = H A ]I[Y <ALl
i X; €V (y)
Under the event Fj3, we get
|Zh,,9(u1) - Zh,,e(uz)| Iip,) =0

Then K3 = 0.

The first assertion of the lemma is proved with (7.2) and the bounds of Ky,
ICQ and IC3

2. For any u € Y, since the random variables (Y;); are independent we have,

B Zyyw) = ] %Pf{YiSAZ}'

it X; €V (y) u
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For any ¢, we have

A o AT A A ) VA
Gt =y i) < i [ Z/A VA
In view of (5.6) and (5.7), recall that A(f) < f(z) < fo(z) < 3M(f),Vx € Vi(y).
Moreover, for any u € T,, = nh®(©(A(f)/4,3M(f)) —0) ,

A(f)/4 < forumney—1(x) SIM(f), Vo€ Vi(y).

Thus for all i : X; € Vi (y),

A vy < Ao [V V] A [, 1A A
\/AT‘?PJ“{YZSA“}S l\/ﬁ m]f [1 OM (/)

The last inequality implies

: u(nhd)—1 X;
Bt < I fé?i)\/l_f(g}w)(f() )‘

i X, EVh,(y)

< em/A(f)eXp{W Z |fu(Xi)|}.(7.6)
' (v)

1/2

i Xi€Vi(y

It remains to show

1 —
hi Yo fulX)] = A(h)Dy s (7.7)
it X, €Vi(y)

Let us remember that u = (up, p € Pp) (where Py is defined in (1.4)). First, we
get from the definition of f,

fu(z) =u KT (‘”;’) =K (m;y) uT, Vo el0,1°

and therefore,
Xi—vy
KT ([ —=—2)|.

1 1
oy S X)) = hd >
Assume u # 0 and put v = u/||ul|;. Noting that |f,(z)| <1, V€ [0,1]¢, we

it X; €V (y) it X; €V (y)



M. Chichignoud/Locally bayesian approach 34

have

1

i:XiGVh(y)
1 T Xz_y
ZW, Z u K (h | fo(X3)]
i X; €V (y)
1 Xi—y Xi—y
- - KT K T
Tl | 2 | < h ) ( h )“
i X, €V (y)

1 1 T(Xi—y Xi—y T
> — .
2 Tl |4 2 K( h )K< B )“

it X;€V (y)

The bound (7.7) follows now from Lemma 2. The assertion of the lemma follows
from (7.6) and (7.7).

3. In view of Lemma 1 (1), we have
Ef’Zhyg(u) — Zh’g(())‘ < Ch”“”ly u e Tn\O (78)

Taking into account that Zp ¢(0) = 1 we obtain applying (7.8), Fubini’s theorem
and Tchebychev inequality

< 26 Pe ’ .. ’ Ef|Zno(v) = Z10(0)|dv
< 2Cpo ’
|
7.2. Proof of Lemma 2
First step: My (y) is a nonnegative positive matriz.
Let H,,n > 1 as defined in (5.1). First, we prove that
inf A,(h) >0, Vn>1. (7.9)

he€Hn
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Suppose that Iny > 1, hy, € Hy, such that A, (hy,) = 0. Recall that f,(z) =
t K(h=Y(z — y)) for all t € RP* and note that V7 € RP»

1 X:i—vy 2
TTM’I’Llhnl (y> T = nhd Z |:T KT ( ;L ):|
) "

n g, XiGthl (y

1
- = Y X))o
n1 7 Xievh,nl (y)

Since Ay, (hn, ) is the smallest eigenvalue of the matrix M, (y) the assump-
tion A, (hnl) = 0 implies that there exist 7* belonging to the unit sphere of

RPb such that )
2
hd Z [fr* (Xz)] =0.

71 i Xievvhnl (y)

It obviously implies that f.-(X;) = 0 for all X; € V},, (y). It remains to note

that nhd > (b+ l)d since hy,, € H, and to apply the result obtained in [16]
(page 20). It yields 7* = 0 and the obtained contradiction proves (7.9).

n—roo

Second step: My (y) —— M.
Let A\g be the smallest eigenvalue of the matrix

M:/ K" (z) K(z) dx
[—1/2,1/2]4

whose general term is given by
a rd
Mg =T [« "oy 0 pllal <.
j=17"3

Let us prove that

limsup sup |An(h) — Ao| = 0. (7.10)

n—oo heH,

Put m = n'/% and without loss of generality we will assume that m is integer.
Remind that the general term of the matrix M, (y) is given by

M), , = 7 > f[(Xh‘y)+

it X, €V (y) j=1
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where X;; =ij/mforall j=1,...,d and X; = (Xil,...,Xid). We get

d i i+
1 Z H i (xj/m—y; \P Y
nhd / 1( : h ]> dz;
15—

i XiGVh,(y) j=1

It yields by change of variables that

d 1 pi+aq;
2 pj+a; 1 Xij_yj s
1I /| S < Y] (h

1 _ dy—1 B
3 —2(nhd) i X €Vi(y) i=1

IN

d 142(nh%)~t
11 / 2 da (7.11)
j=1

2

-

Note that nh? > InT+ (n) for any h € H,,. This together with (7.11) yields

=0, 0< \p|,|q| <b.

limsup sup ’(Mnh(y>)

n—oo0 heH,

q Mp,q

P
The last result obviously imply (7.10).

Third step: Conclusion.
First we show that Ao > 0. Indeed, V7 € RP?

T Mr = / [fT(az)]2dm > 0.
[-1/2,1/2)¢

Since Ay is the smallest eigenvalue of the matrix M the assumption Ag = 0
would imply that there exists 7* belonging to the unit sphere of RP® such that
fr = 0. Since f;- is a polynomial the last identity is possible if and only if
7* = 0. The obtained contradiction shows that Ay > 0.

Next, note that in view of (7.10) there exists ng such that ¥n > ny and
Vh € Hap, An(h) > XNo/2.

On the other hand in view of (7.9) min,, <y, infrep, An(h) > 0. It remains to
define A > 0 as

A = min (min inf A, (h), )\0/2> .

n<ng h€Hn,
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7.3. Proof of Lemma 3

Remind that hy < h, < h* by definition of hy, h* and s (cf. (5.18)). Using
Proposition 2 with h = hy, it yields

IN

1V Ld ke
nh

1V Ld n(h*)P+d\1?
) (112)
k

Ef|fP(y) - fy)|'Ie Cy (A(S), M())) (

< Cy(A(h), M(f)) (
The control of n(h*)#*? requires the following calculation.

* _6
n(h*)P+d < 1+7(b+d)(5+d)

where p, () is the price to pay for adaptation defined in (1.9). By definition of
hi, we have

Inn = p,(B) (7.13)

max h‘ max

>1+1
hy — +nh>l<

b—p
> 1+ Inn — 1
R R IR R
Using the classical inequality In(1 + ) < z and ¢ < 1, we obtain with the last
inequality

1+xIn2 = 1+1In

[c(1+ (b= B)Inn)].

d—1
%pn(ﬁ) <14k2<1+EkIn2,Vk > k. (7.14)
According to (7.12), (7.13) and (7.14), Lemma 3 is proved. |

7.4. Proof of Lemma 4
Note that for any k > x + 1 and by definition of k in (3.8)

{l =k} = Ui { | F4 D) = FO ()] > M1Sa(0) }
Note that S, (1) is monotonically increasing in I and, therefore,

=k} < {I/% D) - r@)| > 270180 - 1)}

O b {IFOw) - £w)] > 27018, }]

Taking into account that the event G implies the realization of the event M >
M(f)/2 > A/2 we come to the following inequality: for any k > k + 1

P(k=Fk G) < P{|f<’“*”<y> — f)| > 47" M(f) Su(k - 1), G}

+ 3 B{I700) - F)| > 47 M(f) Su0), G} (7.15)

1>k
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Now we are going to justify the use of Proposition 1. Note that b, < thlﬁ
since f € Hy(B, L, A, M) and, therefore, by definition of h*, we have

N, < Ldn(h)?+? < Ldn(h,)?*¢ < Ldn(h*)?T¢ < ¢pn(8), VI >k —1.(7.16)
Remark that the definition of S,,(I) yields
nh S, (1) > 432D3(32qd + 16)A"" (h) [1+ 1 (hunax /1) ]
Using (7.14), (7.16) and the last inequality, we have

MU b $,(1) 2 1440 D1V Ao ) () ). (7.17)

The last inequality allows us to apply Proposition 1 and Lemma 2 with
£= %nhf Sp(l), and we obtain VI > k — 1
P{|/O) - £ > M1()/4) Sa), G}

< B(A, M)E(hy) [hanax/ha]) 5194
= B(A, M)E(hy)2~ ! Bad+d), (7.18)

Here we have also used that k > x + 1. We obtain from (7.15), (7.18) and
(7.16) that k > k+ 1

P(k =k, G) < JoB(A, M) exp { Jin(h*)?*d}2-(k-1Bad+d)

where Jp = (1 — 2~ (8ad+4))=1, ]

7.5. Proof of Lemma 5

Set for any p € P

hd—|P|

max — Xi_
WEG) = it " KO M) K (G

max

nhmax

) Ty (X0,

and note that 6, = Y%, 2Y; W2, (y).
The model (1.1) can be rewritten as 2Y; = f(X;) + f(X;)(2U; — 1). Thus,
setting F(X) = (f(X3)) V(X) = (f(X;)(2U; — 1)) and

. y i—
i=1,...,n i=1,...,n

olpl
D(f) = (M, pGPg),

1°. Deviations of M. By definition of M in (3.3), we obtain

M = M(f)] <16 =D(f)ll < [VFX) =D, + IV VX, -
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Here V is Dy, x n-matrix of general term V,; = W’ (y) and ||.||; is the ¢;-norm.
Let us prove that

By {10~ M(f)| > M()/2} < exp {—ST;Db} (7.19)

In view of the result proved in [6] and [21] there exist ¥}1, %2 > 0 such that
IVEX) =D, < ﬂlhﬁ‘“”,

sup [W7,(y)| < hd ;
1,T max

p < Pg.

Remind that hpax ——— 0 and, therefore, dng such that ﬂlhg;gm < M(f)/4
for any n > ng. Note that ng can be chosen independently of f since M (f)/4 >
A/4. Thus, we get

Py {1 = M(f)] > M(f)/2}

M(f
< Y B T smeu - ywie) > 2
pEN: 0<p| <8 Xi€[0,1]¢ ’
Jg
Noting that ‘ F(X)QU;—)WP.(y )’ <M(f)—— T , applying Hoéeffding inequal-
ity and the last mequahty, we obtain e
M(f)
_ P
> Py > HX) QU 1)W()>4Db
peN?: 0<|p|<p X;€[0,1]4
s it
< Dyexp 192D§ = Dy exp _WD% . (7.20)

Therefore (7.19) is proved.
20, Dewviations of A. Since |f(y) — A(f)| < Ldh?
has

A(f)/4 for n > ngy one

max —

P {|A— A > A(f)/2} < Py {|31 - M(f)| > A<f>/4} .

Repeating previous calculations we obtain

[A(f)] n7a }

Pr{lA— A > A(H)/2} < Dyexp {‘ 16[M(f)] 0303

Anvta

Since Py (GC) < Py (Gii) + Py (GRY) the assertion of the lemma follows from
(7.20) and (7.21). |

IN
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