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1. Overview

n > p n ≪ p

Generalized Linear MLE Lasso
Models (GLMs) [glm] [glmnet]

Generalized Linear MLE GLMMLasso
Mixed Models (GLMMs) [glmer] [glmmlasso]

n: number of observations
p: number of variables

2. Generalized Linear Mixed Models and
ℓ1-Penalized Estimation

Classical Model Set-up

Notation:
g = 1, ..., N independent groups/clusters/subjects
j = 1, .., ng observations for group/cluster/subjectg
n =

∑N
g=1 ng total number of observations

y : n-dim response variable
b : q-dim (correlated) random effects

β ∈ R
p fixed-effects parameters

θ ∈ R
d covariance parameters

φ dispersion parameter

X : n× p model matrix forβ
Z : n× q model matrix forb
Σθ : q × q covariance matrix, determined byθ

Model Assumptions (MA 1):

• yi|b are independent fori = 1, . . . , n

• yi|b has a density of the form

exp
{

φ−1
(

yiξi − b(ξi)
)

+ c(yi, φ)
}

with µi = E[yi|b]

• g(µ) = η with η = Xβ +Zb

• b ∼ Nq(0,Σθ) with Σθ ≥ 0 for θ ∈ R
d

Spherical Coordinates (Bates, 2011):
Write Σθ = ΛθΛ

T
θ and defineu by b := Λθu where

u ∼ Nq(0, 1q).

Parameter Estimation (Bates, 2011):

(β̂, θ̂, φ̂)MLE = argmin
β,θ,φ

− logL(β, θ, φ)

whereL(β,θ, φ) is the likelihood function.

High-dimensional Model Set-up

Model Assumptions (MA 2):

•n =
∑N

i=1 ng ≪ p

• the trueβ0 is sparse

• d small, sayd ≤ 10

→֒ Goal: Assuming (MA 1) and (MA 2), estimateβ, θ,
φ and predictb.

The GLMMLasso Estimator

To cope with high-dimensionality and to enforce spar-
sity, we use aLasso-type penalty(Tibshirani, 1996).
Hence

Qλ(β, θ, φ) := −2 logL(β, θ, φ) + λ‖β‖1, (1)

for λ ≤ 0 and

(β̂, θ̂, φ̂) := argmin
β,θ,φ

Qλ(β,θ, φ).

In general,L(β, θ, φ) has no analytical form, so we

use theLaplace approximation to approximate the in-
tegrand ofL(β, θ, φ) by a quadratic function, i.e.

I =
∫

Rq
e−S(u)du ≈ ĨLA = (2π)q/2|S′′(ũ)|−1/2e−S(ũ),

whereũ = argminu S(u) is the mode of−S(u).

The Laplace approximation ofQλ(.) in (1) is

Q̃LA
λ (β,θ, φ) =− 2

n
∑

i=1

{

yiξi(β,θ)− b(ξi(β,θ))

φ
+ c(yi, φ)

}

+ log |(ZΛθ)
TWβ,θ,φ(ZΛθ) + 1q|

+ ‖ũ(β,θ, φ)‖2
2
+ λ‖β‖1,

whereWβ,θ,φ = diag−1
(

φv(µi(β, θ))g
′(µi(β,θ))

2
)n

i=1
andv(.) is the variance function.

TheGLMMLassoestimator is defined by

(β̂, θ̂, φ̂) := argmin
β,θ,φ

Q̃LA
λ (β, θ, φ) (2)

This is a high-dimensional, non-convex optimization
problem!

3. Computational Algorithm

To calculate the GLMMLasso estimator (2), we useco-
ordinatewise optimization with inexact line search,
i.e. optimizingQ̃LA

λ (.) with respect to one coordinate
keeping all other coordinates fixed (Tseng and Yun,
2009). An overview of the algorithm may be described
as follows:

GLMMLasso algorithm
(0) Choose a starting value(β(0), θ(0), φ(0)).
Repeatfor s = 1, 2, . . .
(1) (FIXED-EFFECTS PARAMETER OPTIMIZATION)
Fork = 1, . . . , p
a) (Laplace approximation)
Calculate the Laplace approximatioñQLA

λ (.) based
on the current parameter estimates.
b) (Quadratic approximation and inexact line
search)

i) Approximate the second derivative byh(s)
k > 0.

ii) Calculate the descent directiond(s)k ∈ R

iii) Choose a step sizeα(s)
k > 0 such that there is a

decrease in the objective function.
(2) (COVARIANCE PARAMETER OPTIMIZATION)
For l = 1, . . . , d

θ
(s)
l = argmin

θl

Q̃LA
λ (.)

(3) (DISPERSION PARAMETER OPTIMIZATION)

φ(s) = argmin
φ

Q̃LA
λ (.)

until convergence.

The above algorithm solves (2) exactly. In order to
speed up the algorithm, we suggest anapproximate
algorithm comprising the following two parts:

•Regardũ as fixed for the quadratic approximation
with respect to the derivatives ofβk in (1) b).

•Active-set algorithm: cycle through the non-zero co-
efficientsβ(s)

k , and through allp coefficients only ev-
eryDth iteration.

4. Two-stage GLMMLasso estimator(s)

Apart from good variable selection properties accom-
plished by the Lasso, we advocate a two-stage proce-
dure to get accurate parameter estimates. Hence the
first stage aims at estimating a candidate set of variables
(variable screening). The goal of the second step is
unbiased parameter estimation (parameter estimation).
Therefore we propse arefitting by ML methods . This
two-stage procedure can be summarized as follows:

Two-stage GLMMLasso
Stage 1: Compute the GLMMLasso estimator (2).
Stage 2: Perform a ML method as in (3) or (4).

Let (β̂init, θ̂init, φ̂init) denote the estimate from (2).

The GLMMLasso-MLE hybrid estimator
DefineŜhybrid := {k : |β̂k,init 6= 0}. Then

(β̂, θ̂, φ̂)hybrid := argmin
βŜhybrid

,θ,φ
−2 logL(βŜhybrid

, θ, φ) (3)

where forS ⊆ {1, . . . , p}, (βS)k = βk if k ∈ S and
(βS)k = 0 if k /∈ S.

The thresholded GLMMLasso estimator
The thresholded Lasso with refitting was examined in
Geer et al (2010). DefinêSthres := {k : |β̂k,init| >
λthres}. The thresholded GLMMLasso estimator is de-
fined by

(β̂, θ̂, φ̂)thres := argmin
βŜthres

,θ,φ
−2 logL(βŜthres

, θ, φ) (4)

Selection of the regularization parameters
For the choice of the regularization parametersλ and
λthres, we propose the BIC and the AIC

cn,λ = −2 logL(β̂, θ̂, φ̂) + a(n) · d̂fλ

wherea(n) = log(n) for the BIC,a(n) = 2 for the AIC
andd̂fλ = |{1 ≤ k ≤ p : β̂k 6= 0}| + dim(θ̂).

6. Illustration
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FIGURE 1: Minus twice out-of-sample log-
likelihood for a growing number of covariates. The
MLE performs badly whereas the GLMMLasso es-
timators remain stable. We use a random-intercept
logistic mixed model withn = 400, N = 40,
ng = 10, θ2 = 1, β0 = (0, 1,−1, 1,−1).

6. R package

An implementation of the algorithm will be available
online in theR packageglmmlasso. The Gaus-
sian case is implemented in the standaloneR package
lmmlasso (Schelldorfer et al, 2011), which is avail-
able fromCRAN.
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