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1 Introduction

1.1 What is Robust Statistics?

Example

Regression: Water flow of a river at 2 locations.

Simple regression, 13 observations
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Regression Line (Least Squares)
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Robustly Estimated Regression Line
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Regression Line after dropping the outlier, Least Squares
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Mathematical Statistics:

e Model defines distribution of variables,
parameters to be estimated / tested

e Theory determines optimal procedures
under the conditions defined by the model

e In practice, conditions are not satisfied,
but may “hold approximately”.

Robust statistics is the statistics of
approximate parametric models.



1.2 History 1

Outliers

Rejection of outliers: Daniel Bernoulli (1770), astronomers

Trimmed mean: 1821:
Drop (k) largest & smallest obs., average the remaining ones.

Rejection rules: Pierce (1852), ...:
Test extreme observations (largest & smallest) for
being an outlier,
Reject if test is significant, average the remaining ones.



Robustness of Tests

Fisher's exact theory for the normal distr. — “monopoly’.
E.S. Pearson (1931): Non-robustness of F-test for variances
Non-parametric tests

Focus on robustness of the level,

sometimes neglecting power (but Wilcoxon test is good!)

Robust estimation

Non-robustness of the mean: Tukey (1960)

Minimax theory: Huber (1964)

Influence Function and Breakdown point: Hampel (1968)
Other approaches, see later



Books

Huber (1981) — Huber, Ronchetti (2009)
Hampel, Ronchetti, Rousseeuw, Stahel (1986)
Maronna, Martin, Yohai (2006)

Rousseeuw, Leroy (1987) Regression



2 Location

2.1 Estimators of Location

Example: Prolongation of sleep by a sleeping pill:

Cushny and Peebles, 1905, J. Physiol. 32, 501
,Student”, 1908, Biometrika 6,1).

1.2 24 13 13 00 1.0 1.8 0.8 4.6

"How much longer do people sleep?”
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2.1
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Sorted observations:

0.0 08 1.0 1.2 13 13 14 18 24 4.6

e Average, Mean: 1.45

e Median: 1.3

e Trimmed Mean (20%): Drop 2 largest and 2 smallest ob-
servations.
Calculate mean of the remaining 6 observations.

— Average of 1.0, 1.2, 1.3, 1.3, 1.4, 1.8 =1.33

e Outlier Rejection Rule:
If an observation is too far away from the rest, drop it!
Then, calculate the average of the remaining ones.
— Reject 4.8, get average 1.24



12

c What do we want?
Advantage of “vague concepts” (John Tukey) — like “location™
Practical question comes before formalization.

e Want to characterize the “typical’ observations.
Data Exploration, Exploratory Data Analysis.

e Want Mean (=Average) regardless of distribution:
Insurance needs to cover all cases, cannot disregard
“atypical” ones.

Estimate expected value £ (X), since
X=>5" X;m=n&(X) for large n.

Regression example: Want to characterize the “typical” obs.
— Predict a new “typical’ observation.
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2.2 Sensitivity Curve

Gross Errors
What happens if an erroneous observation sneeks in?

Reasonable Sample” 1, ..., z, plus an arbitrary value x.

Effect on estimator?

SC{zx)

(n+1) A:TQ 214 . 4 20) — Lz + .. _r.aiv
A Sn_uva.&Hn_l.&m ...+&:v”.&lw.3&

n

— — T .

(SC depends on the sample z1, ..., z,.)
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For a robust estimator, the sensitivity curve must be bounded.
Average is not robust!



2.3 Location Model

Model:
X; ~ F{u), i=1,..,n, independent

F(z;p) = F(z—p0) = Fo(z—p)
Often, F(u) = N (u, 1), normal distribution.

Assume that the width of the distribution (scale) is known
(= unrealistic simplification, will soon be dropped.)

Estimators T, (x1,...,z,)
Requirements:

e independent of sequence of observations

e equivariant:

Th{x1+c..oxn+c¢c) =T {(x1,....,20) + ¢

15



16
¢ Known Theory for “known” Fj

e If Fo=N{(u,1), average X = (1/n)> -, X, is optimal:
Smallest variance among all equivariant estimators.

o |If Fo is known, Maximum Likelihood Estimator is optimal:
Smallest variance among all equivariant estimators —

asymptotically!
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3 Maximum Likelihood and M-estimators

3.1 Maximum Likelihood

Given a parametric family with density fj (x)
write as  f(x,0)
Given the observation z, f(x,0) = likelihood of 6.
Same for probabilities Py (X ==z, also written as f(z,6).

Maximum-Likelihood estimator: maximize the likelihood !
0 =argmin(f(z,0))



3.1 13

b Sample X1,..., X, — joint density [], f(z;,0).
Maximize this or
L{x1,...,xn;0) = M log (f (x;,0))
or minimize

D(f) = -2 MU@._OQQ i, 0 MU p{zi, 0

D: Deviance.

p-function: “deviation” of the observation z; from model (6).



3.1

Example Normal distribution
For normal distribution with given variance:

pla,u) = ((z—p)/o)” +c

— Least Squares

Example logistic distribution

1 T — U
clx) = , 2 =

Location-scale family.  Likelihood = —2log{e*/? + e=%/2).

plz; p, o) = 4log Am@é\mq n m|@|sbqv

19



3.1

General case
Form derivative for 6. and set to 0

OL n

®|%\AA&T . v&:,mv — M@.HH mw@&.mv :
Likelihood scores”

o 1 0

sp(z; 0) = 50, log(f(xi,0)) = Y (i,0)

MwHHmAﬁ“m)v =0.

Maximum-Likelihood estimator: Solve for 8!

20
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f Logistic distribution.  Location-scale: z = (z — u) /o —
02/0u = —1/0 and 0z/00c = —(x —p)/o? = —z/0
z/2 _ —z/2

. _ 1€ e

MKA&_QV o e?/2 + e—%/2

se(x;0) = zs,(x;0)

Use scores function of the logistic distribution even if
you think (or hope) that the observations follow

the normal distribution.
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3.2 M-estimators

a Maximum likelihood estimators can be written in 2 forms:

Maximize the log likelihood! For sample of iid observations:

argmax, AMS log (f (zi)) v

or minimize sum of deviances
argming (> plei6))  plzi0) = ~210g(fy(z))
Solve implicit equation

D Yl@i0) =0,  @(z;0) = p(z;0)

Note: For numerical purposes, minimization is often easier
BUT: Specialized algorithms are often based on second form.
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b M-estimators:
Use Maximum likelihood even when you do not “believe” that
f is the density governing the observations X;.
= Do not require that p is —2log {f) for any distribution
(but it will almost always).

c M-estimators also appear in the same 2 flavors.

Important: We do not require that ) is 9p/00 for any p

(in case of multidimensional )

Second type is more flexible!



3.2

d M-estimators for location

p{z,n) = p{z—p,0)=:p(z)
Yz, ) = Y{z—pn0) =19 (z)
For the normal distribution with o = 1:
fulz) = const e (8=)7/2
plz) = x°

piz) = = (-2)

24



3.2

€

Choose a ¢ function!

Huber:

()

C for x>c¢c¢
€T for —c<zx<ec
—c for x< —c

min {c, max{—c,x))

-2.5

f
-2.0

-15C -1.0

f
-0.5
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Integrate ( — p) and exponentiate to get corresponding f:

2

\

cx —c?/2 for zxz>c
. for —c<z<ec
—cx —c?/2 for x< —c

const - e @)

~~

25

2.0

1.5

1.0

0.5
|

0.0

— Huber
---- normal

, , , ,
25 20 -15C -1.0

I
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0.0

X

I
0.5

, ,
1.0 Ci15
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X

Start from desired v-function and find the distribution such that
the M-estimator is the max.li. estimator for it.



3.2

f M-estimators as weighted means

Weighted mean: Given weights w;, use

J@HM §§\M W;
1 1

2

27

Used for observations with different precision var (X;) = o2v;

— w; = 1/v; gives optimal estimator for normal data.

M-estimator > . ¢ (x; — ) = 0.
Write o (z; — p) = wi(z; — p), wi = w(z; — p),
w(z) =1 (z) /z. Then,

=Y ) Y
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weighted mean — where the weights depend on the solution!

Useful for

e intuitive understanding — sometimes misleading!

e lterative algorithm:
Starting value 1(®
Step m: weights w!™ = w (z; — p(m=1)

— plm =37, SMSV&@.\ i SMSV
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4 Asymptotics

4.1 Consistency

Relative frequency R, — P(A) = 7 = E(R,). More precisely,

im P{|R,—m|>e} =0

n—oo

Law of Large Numbers.  Jakob Bernoulli (published posth. 1713)

X ~B{n,nm)y — E(X/n)=E(X)/n=nn/n=mx
var{X/n) =var{X) /n? =nr(1l—-7w)/n* =7(1—-7m)/n
- 0! = X/n—m.



o

0¢
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General case: X1, Xo, ..., X, ... indep. —

P{X,—p| >} =30 for each ¢ >0,

31
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d Consistency of the characteristic values. ¥ — ~.

-or a derivation, we will need 2 more concepts:

ntegrals, Functionals.

~irst, note that ...

e Empirical cumulative distribution function — theoretical,

Folz)=2#(i:X;<z) =3 F(z) =P(X <z)

n

by the law of large numbers.



cumul.distr.
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4.1

f Integrals &(X) = [zdF ()
For continuous random variables:

£(X) H\iiav H\ai@g

For discrete ones:

E(X) = \g% MU a

For empirical distribution functions:

\g&q MU& =X

Same for functions g (z):

[ ota) dFuta) = 3" gta

= mean of g {(x;).

34



g Functionals.
T (F) theoretical characteristic value, T(F,) empirical.

ﬂfm:v " (R

= n—o0

since F',, — F.
Needs continuity of the functional.

35



4.1
h M estimators as functionals.
T,(F) = argminy \Rﬁmv dF (x) or
T,(F) = solution of \ﬁliﬁmv dF (x) = 0.

Estimator: Solution of
[ w(a0) dFuta) =13 0 (w,0) =0

More clearly, write

\% x, T W:VVQW:A&V = 0

[wta1(F) (@) = o
This makes clear that T(F,,) — T (F), since F,, — F.



4.1

Example: Location model, arithm. mean

flz,p) = f{z—p0),  f(20)=_e /.
log-lik.: IW log (27) — (z — pu)?/2, scores s{z,pu) =x —
— estimator Y (zi— 1) =0 — A=),

— Mean is M estimator with ¢ {x,u) =z —
L : _ [ -1 z—u<O
Median is an M estimator, o (x, u) = A 1 z—1u>0

Huber estimator: M estimator with
r—p flr |z —p| <b
Y{x,u) =< —b flirx — u < —b
b firx —pu>»b

b tuning constant.

37
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i Maximum-Likelihood estimator: X; ~ [y == T, =3 T (Fy).
T (F,) defined by

General result: T (Fy) =0 -
Fisher-consistent estimator for the parameter(s) of the family!

Proof: Need to show [s(z,0) f(x,0)dx =0
0 1 5
° (,0) = s(z,0) f{z,0)

% <



40



4.1 41

k Fisher Consistency
(stated again) Let Fy be a parametric family with par. 9 =
(61, ..., 0,]
Sample X1, ..., X,,, X; ~ Fy

Estimator of the parameters:

A function of the sample, T,(F,) designed to estimate par. 6,
— If F = F, then we want T} (F,) = 6y

Vector notation: T () =6

“Fisher consistency'.



4.1

M estimators: T{Fy) =0 <+

\ b (2,0) dFy(z) = 0

Location Model: F{x, u) = Fo(x — )

Fisher consistent for all . if

\%@3 dFp{x) =0

Sufficient: Symmetric f and (anti-) symmetric .

If not fulfilled, it is easily corrected by considering

~~

(x) =1 (x) — [ () dFo(x) or

~

(z) ‘=z =Ty (Fo)).

42



4.2 Influence Function

Example of weights of pigs
107 108 111 101 97 113 109

Additional observation xrg —

(107 + 108 + ... + 122 + x0)/11

nt+xo (n+1)T—2 | o

n+1  n4+1 " n41
— 108.9 + (z0 — 108.9)/11 .

Median (108 + 109)/2 = 108.5

—— 108, if 2o < 108

— 109, if o > 109

105

43

116 122.

= 7 + 5 (x0 — @)
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4.2

¢ Empirical Influence Function or Sensitivity Curve
SClxo; T, x1,...,2n) = n A\HA&T ey Ty o) — T (X1, .0y Tp) v
d SC depends on the dataset.

Want an “asymptotic version” that depends
on the underlying distribution F' instead.

n— oo — sample =F, - F.

“Additional observation” —— small fraction of obs.

45
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Gross Error Model
G()=(1Q—-¢e)F(.)+elA.{.)

Model for “wrong” observation or “gross error”

0.0

More general: G(z) = (1 —¢) F(z) + cH (x)
= Gross Error Model —— Gross Error “neighborhood”
U(F) ={(1—-¢)F{.) +eH{.) | Harbitrary}

(not a real neighborhood!)
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f Influence Function.

IF (22T, F) = lim LAt =& Ftefa) = T{E)

e—0 IS
Limit of the Sensitivity Curve.

g Gross Error Sensitivity
IF measures the “damage” to the “true value” of an estimator
caused by a gross error.

Keep the damage bounded!
— Measure of robustness: The maximum of |IF|:

V' (T, F) = sup (| IF (z; T, F) |)



4.2

h

IF for X:

E((l—e)F+ely;)

__nA.&“vNLuv

(1—¢)E(F) +c&E(AL)
(1—¢e)E(F) +ex
x— E(F)

48
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Median med(F) = F~1(0.5).
If 2>t =F"1(0.5/(1 —¢)) then med((1 —¢) F+eA,)=tF

€

If 2 >t- =F1(1-05/(1—¢)) then ... =t_

d . B 1 0.5 (~1)
e Ty o= N oY C S S M RS R
S 1CFW), = F1(05)

. | =1/(02 fur d(F
IF (2 med, ) = A H\Am&&w% fir o > HMQM»JW

Is not continuous at the median, but jumps

from —1/(2f(u)) to 1/(2f(u)).
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j Influence Function for M estimators.

:HA.&“WVHW%A.&“%V with c¢= — %QA.\P%V f{x,0) dx .

Influence function is proportional to .
It T estimates 6, thatis, [ (z,8) f(z,0) de = 0, then

m”\ﬁAﬁmv s{x,0) f(x,0)dx .

Special case: Maximum-Likelihood estimator

m”l\%m@mu%:ﬁﬁmv &&”\&Nv%vm%gumv &&.
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* Proof: T (G) for the distribution G = (1 —e)F + e y:
J¥(x, T(G)) dG (=)

= (1-2) [¢(2,T(G)) dF (x) + et (z,T(G))
$(2,T(C)) ~ (&, T(F))+ 29 (x,T(F))(T(G) ~T(F))
[ (2, T(G)) dF () ~ [b(z,T(F)) dF ()

—T(F))[Z(x, T(F)) dF (z)
+e (W (x, T(F)) + (T(G) = T(F))gg{z, T(F)))
Neglect term with e(T'(G) — T (F'))! Set = 0. —

o e (z, T(F))
TG (F) ~ ~ T2 (o T (F)) 4P (o)




4.2

Linearization.
T(Fu) ~ T(F)+1Y " IF(X;T,F)
T(G) ~ T(F)+ [IF(x;T,F)dG (z)
If the latter holds, it is called first order von Mises expansion

and IF is the “kernel” of the “von Mises functional” T'.
This looks like a first order Taylor expansion.

G=F — [IF(z;T,F)dF(z) =0

There are several notions of derivatives for functionals:
— Gateau

— von Mises

— Hadamard

— Fréechet

They are increasingly strong properties of functionals.

52



4.3 Asymptotic Distribution

Central limit theorem.
The distribution of the standardized average

_An—p
~ a/yn

Zn

approaches the standard normal distribution as n grows.

P(Z,<z) =% & (z)
(®: cum. distribution function of the standard normal)

... if X; are independent and equally distributed
and the variance is finite.

b Expressed differently: X,, ~~ N{u,c?/n)

53
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4.3

C

Generalizations

Many statistics 7;, (estimators, test st.) are
“asymptotically normal”
for reasonable distributions of the observations

X; ~ F, indep., Tn = Tn(X1,..., Xpn)
= T, =~ ~N{(T(F),V{(T,F) /n) or
Aﬂzlﬂﬁﬁvv n—00

P <z)— P(z)

/\A\A\HL&V /n

Versions of the CLT even for non-identically distributed and
dependent X;.

This is the deeper reason for the dominant role
of the normal distribution.

55



4.3

d Central Limit Theorem

T(X1, Xi..., Xpn)

VAT, F)

Y
(a4

Q

for functionals

T (F) HMT F(X;; T, F)
~ N(T(F),V(T,F) /n)
var (IF(X; F))

We always have & (IF(X;T,F)) =0. —
= E(IF(X;T,F)°) .

V{(T, F)

e Asymptotic variance for M-estimators.

W\ﬁgg%vm&q@v
\%?ﬁ%v s{x,0) dFy(x)

Maximum-Likelihood estimator: Integral = ¢ —

VT, F) =

C pu—

V(T,F)=1/c,

¢ = Fisher-Information.

m”\mAﬁva&ﬁ%A&v

56



4.3

f Example Huber estimator for standard normal distribution

V (T, ®) = [v(2) 2d® (@) [ ([ (2)d® (z))’

epsilon
0.80 0.50 0.20 0.10 0.05 0.01
_ _ _ _ _ _ _
© _
N
N
O Ll iiihiiiirrrrreeEeEeEeEYYYYTYT/T//———————————
N
c
8
<
%)
©
Q
= _ _ _ _ _ _ _ _ _ _
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
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Example Logistic distribution
Maximum-Likelihood estimator for £(u = 0,0 = 1)
Amw\w _ mlw\wvw
\ Amw\w + mla\wvh
=1 for 0 = 1.732.

dz = 0.333

Maximum likelihood estimator is the best est. asymptotically.
VT, Fy) > 1/I(Fy) for all Fisher consistent estimators T'.
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Precise theories for asymptotic normality:
e M-estimators: Huber 1964 / 1967

e Fréchet derivative is sufficient (...) derivative is sufficient



4.3
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Consider a T;, which has an Influence Function
IF (x; {T,}, Fy) at all Fy and is asymptotically normal.
Then, the M-estimator defined by

\% A&v mumv = IF Awﬂ ﬁﬂsf mumv

Is asymptotically equivalent to {T},}.

—+ M-estimators are enough for asymptotic considerations!



4.3

k Tests and confidence intervals

based on the asymptotic normal distribution
e Standardized test statistic T = (6 — 6o)/\/v/n =~ ®
e Confidence interval for 6: 6 +1.96-/v/n.

More on robust tests later.

Sums of squares
— chisquared distribution!

_ RY: _
T = M\%Z\A 1E)/ b sk = & (Nk)
T = ~x;

Contradiction to the Central Limit Theorem?

61
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5 Optimality Results

5.1 Huber’'s Minimax Theorem

a Gross Error Model
Remember:

e “Robustness is the theory of approximate parametric mo-

dels.”
U(F) ={(1—-¢)F{.)4+eH{.) | H arbitrary}

e M-estimators in the form [ (x, T(F)) dF (z) =0
are a very flexible class of estimators.
Every asympt. normal est.r is equivalent to an M-est.r.



5.1
b The Game
e Nature chooses a distribution F from a set F
of distributions — e.g. F = U.(F).

e [he statistician chooses a function ¢ € W

e The payoff to the statistician is

[ (a) dF (2))?
K ) = s () 2aF ()

“usually’ = 1/V (T, F).

63
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Statistician chooses minimax strategy:

Maximize the minimal payoff = minimize the maximal variance

Assume that Nature gives you the worst distribution.
Choose the best estimator for this distribution.

Make sure that it is at least as good for other distributions.

Need saddlepoint K (1o, Fo) such that
K (Yo, Fo) < K {10, F) VF € F and
NA\%OVEJOVNNA‘A@“N&OV <\%mﬂ_\



5.1
¢ Huber’s Theorem (1964, Ann. Math. Statistics)

Assumptions: F is convex, has densities,

finite Fisher Information I(F) = [ (f'(z) /f{(x))* f(z) dx

Then,
(i) If there is Fo € F such that I(Fo) < I(F) VF € F

and o (.) ;= f5{.) /f{.) € W, then
[10, Fo] is the saddlepoint of the game,

K (¢, Fo) < K (30, Fo) = I (Fp) < K (%o, F)

VF € F and Vi € V.

65



(i) Conversely, if [0, Fo] is a saddlepoint, and
Jec 1 c- f§/fo € W, then
I[{Fp) <I(F) VF € F, Fp Is unique
and o =c- f/ fo.
(iii) .

66
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d Location Model

Assume: G has convex support, —log{g) is convex.
T (F) M-estimator given by ¢: [¢(z —T(F)) dF (z) =0

_ [¥la—T(F)?dF (x)
(J¥'(z —T(F)) dF (z))

“Neighborhood” U.(F) = {(1 —e)F + cH}

Loss = asvar. “Saddlepoint” [0, Fol:

asvarp (T') minimax only among dist.s I for which Er (g) = 0

asvarg (T') 5

Solution defines the problem!
—+ Restriction to symmetric F' and H is natural

... but “non-robust’ |
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1o is the bounded version of the max.li. scores
bo (x) = min (s (x), max(s(z), —b), b)
s(z) = —f'(z) /f(=).
“Tuning constant” b is a function of allowed contamination ¢

(1 =) = [y iy o (@) dz + (f (o) + f (21))/b



5.1

e Result for the normal location model
When F = U. (N (u, 1)), then the saddlepoint
is given by the Huber function with a tuning constant b
that is a function of ¢, and

Iy is the corresponding distribution, see (3.2.¢e)

Tuning constants and asvare (T'):

9 b asvarge
0.4417 0.5 1.263
0.1428 1.0 1.107
0.0498 1.4 1.047
0.0064 2.0 1.010



as. Varianz

12 14 1.6

1.0

0.0
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epsilon

0.80 0.50 0.20 0.10 0.05 0.01
| | | | | | |

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
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f Consequences

Exact treatment of the robustness question:
“Behavior under the assumption that

X; follow approximately the distribution F

1/K measures the asymptotic variance. What about bias?

Bias dominates for large n.
Asymptotic bias: T{(G) —T(F), G=¢F + (1 —¢)H.

Minimax Result for Bias is also treated in Huber (1964)!
Result: ...



(2

Trick for minimax variance result:
restriction to symmetric distributions !
— misunderstanding: Robust methods are for

symmetric distributions only.

Asymmetric contamination allowed — “"unavoidable bias”
— Robust estimator defines quantity to be estimated

for contaminated distributions

Still want to be (Fisher) consistent = asympt. unbiased

at the “nominal model” Fj.
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5.2 Hampel's Optimal Estimators

Asymptotic bias

... In gross error “neighborhood":

G =
T{(G)

T(G) —T(F)|
GES (T, F)

IA

(l1—-e)F+eH=F+¢e¢(H-F)
T(F) +e[IF (z;T,F) d(H — F) (z)
T(F)+e|IF(x;T,F) dH(z) — 0
e GES (T, F)

¥ (T, F) = sup (|1F (z; T, F) |

Robust estimator — bounded GES.

(3
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b Optimality problem
Among all (M-)estimators with GES < a constant ~,

find the one that minimizes
asvar(T,F) = [IF(z; T, F)* dF (x)

Search in the class of M-estimators — class of -functions.
= Hampel's optimality problem

— Variational problem
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c Hampel's optimality problem as approximate minimax problem:

mm<m<A TJQUV + wMU@.:nAN&ﬂﬁLv

[IF (z;T,G)? dG{z) ~ [IF (x; T, F)? dG{z)
(1 —¢)asvarp(T) +e[IF(z; T, F) * dH (x)
(1 —¢e)asvarp(T) + ev* (T, F)

asvarg (T)

| -

IA
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Hampel’'s Lemma 5

Model and assumptions:
e Parametric model {F, |6 c ©}, © open, convex C |R
e Density fy > 0 on set of possible observations z.

e Fix 6g. Denote Fy := f,.
s{xz,00) = d(log{fy{x))) /O] 4, exists, and

o [s(z,6p) dFp({z) =0

e Fisher Information J(Fy) = [s(z,00) 2 dFy(x) exists



Lemma 5

Choose b > 0.
(a) There exists a constant a such that

~

Y {x) ;= min{max(s(x,0p) —a, —b), b)
satisfies [ (x) dFp(z) = 0 and

~

d:= [¢Y(z)s(x,00) dFp{z) > 0.

f
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(Lemma 5, continued) This ¢ minimizes

[ ()2 dFo(x) /([ (@) s(@,00) dFo(a))’
among all mappings + that satisfy

?QV Fo{z) = O
?s s(x,00) dFp{x) > 0 and
sup . |¢ (z) / [¢(z) s(z,00) dFo({z)| < ~:=b/d

Any other solution of this extremal problem coincides with a

nonzero multiple of ¥ almost everywhere (with respect to Fp).
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Interpretation

Like Huber's Theorem, the “Lemma’” is about functions.

No probabilities, estimators...
Interpretation for statistical purposes comes now.

Optimality is determined for a fixed 6q.
Only makes sense if true for “all” 0
(at least a in neighborhood of ;).

[¢{(x) dFo(xz) =0 means Fisher consistency.
(We need such a condition, since otherwise,
the non-random “estimator” 6 (F) = 6 is optimal
under all aspects ...)

79



The quantity minimized is asvar (T,
where T is the M-estimator defined by .

The expression sup, ... is the GES of the estimator
and b/d is the GES of the constructed estimator.

We would prefer to start with a given bound ~.
But then, the construction is more difficult, because

v needs to be large enough for a solution to exist.

80
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f Proof

e a exists since
[ min(s(z,00) —a,max(s{xz,00) —a, —b), by dFo(x)

is continuous in ¢ and — b > 0 for a — —0

and - —b < 0 for a —» .

e d> 0 technical, see Hampel et al. (1986, p.118)
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Optimality: Let ¢ be a function satisfying the conditons.
Then, we can replace ¢ by d- ¢/ [y (x) s(z,00) dFo(z),
that is, we can assume [ (x) s(x,00) dFo(xz) =d

and need to minimize [vy (z)? dFp(x).

Denote s{x,00) —a =: 5{(x). Note that

[ (5(z) = (x))? dFo(x)
= [5(z)* dFo(x) —2d + [ {z)* dFp(z)
Since the first 2 terms on the r.h.s. do not depend on v,

we minimize the |.h.s.
The integrand is minimized pointwise by .

This also proves uniqueness
(up to values on sets with 0 probability)
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g Approximately minimal MSE
Mean Squared Error

MSE = bias® 4+ var ~ (T(G))2+n"!-as.var(T,G)
< GES(T,F)?+n"1t.(as.var(T,F) +...)
For given € and n, ne can choose b of the Huber est.

such that this approximate MSE is minimized.

— "“Optimal” choice of the tuning constant, depending on n.

More precise treatment needs “Change of Variance Function”
and respective “sensitivity”, see Hampel et al (1986, Ch. 2.7).
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h Example: Log-Weibull distribution
Weibull: Often used in reliability studies
Failure time or survival time Y ~ W

Gamma

0.8 1.2

0.6 0.8 1.0 1.2

0.4

Weibull

0.0 0.2 04

0.0

0.4

0.2

0.1

0.0
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Failure time or survival time Y ~ W
Then, X = —log(Y) ~ Gumbel or “extreme value” distribution
Cum.d.f. F,,(z) =1-—exp(—e®) , z=%k

Density f.-(z) = 77 le* exp (—e?)

Location-Scale family. Consider fixed scale = = 1.

Optimal estimators for 4? — exercise!

l0g (fu1(x)) =z — €.
Scores: s{x,u) =e*—1.
Max.li.: S e —n=0 — exp{() =1 . exp(z;).

n



Optimal estimators for ;.7
Given b, determine a such that (general formula!)

[ min{max(s(z,00) —a, —b), b) dFp(x)
= b(1l— Fp{ci{a,b)) — Fo{co{a,b)))
— (fo(c1(a,b)) — fo(co(a,b)))
—a(Fo(c1{a,b)) — Fo(co(a,b)))
0]

co{a,b) = s {a—0>b) , c1{a,b) = s (a-+b)
where s* is the inverse function of s{.,0o).
This defines the function a (b).

For Gumbel, s*(c) =log(1+c).
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Function a(b):

f
{

.ho.b2a <- function(b, distr="gumbel")

## Purpose: Hampel optimality: calculate a from b
## Arguments: b: chosen bound
if (distr=="gumbel") {
fd <- function(x) exp(x-exp(x))
fp <- function(x) 1-exp(-exp(x))
fsi <- function(x) log(max(le-20,1+x))
} else stop('"not programmed for this distr.")
## function for uniroot
ff <- function(a,b) {
1cO0 <- fsi(a-b) ; lcl <- fsi(a+b)
b*(1-fp(1lc1)-fp(1c0)) - (£d(1c1)-£fd(1c0)) -
ax(fp(1lc1)-£fp(1c0))
by
rr <- uniroot(ff, c(-1,1) , b=b )
rr$root
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Estimating function

## function that estimates mu from data x
f.estgumbelO <- function(x, b) {
la <- f.ho.b2a(b)
1f.psi <- function(x, a,b) pmin(pmax(exp(x)-1-a, -b), b)
ff <- function(mu, a,b,x) sum( 1f.psi(x-mu, a,b) )
rr <- uniroot(ff, c(-10,10), a=la, b=b, x=x)
rr$root



Simulation:

## Gumbel quantiles and random numbers
f.qgumbel <- function(p) log(-log(1l-p))
f.rgumbel <- function(n) f.qgumbel(runif(n))

## simulate distribution of the estimator
f.simgumbelest <- function(n=20, nrep=100, b=2) {
1x <- matrix(f.rgumbel (n*nrep), n)
apply(1lx, 2, f.estgumbelO, b=b)
b

r.simest <- f.simgumbelest(n=t.n,1000, b=2)
c(n=t.n, expec=mean(r.simest),sd=1lsd <- sd(r.simest),
se=1sd/sqrt (length(r.simest)-1))

n  expec sd se
10.0000 -0.0345 0.3508 0.0111
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6 Breakdown and Maximal Bias

6.1 Asymmetric Contamination, Definitions

More realistic contamination

e Asymmetric contamination
e More than “infinitesimal’’l

Example: n = 20 observations, X; ~ N (5,1).
Contamination: add m observations Y; ~ N (50, 32).
What happens to T(X1,...,X20, Y1, ..., M\va



estimate

40

30

20

10

20 obs. from N(5,122) + m obs. from N(50,372)

—— mean
- - median

— trimmed mean (0.2)
= Huber (b=1.5)

m, number of gross errors

25
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b Asymptotic version
n — oo, m = e(n+m), N (20,52) replaced by arbitrary H
T{(X1,..., Xn, Y1,..., Yiu) = T{(1 —e)F + cH) (as before)

Maximal Bias

MB (e;T,F) =sup(|T((1 —e)F +eH) —T(F)||H arbitrary)
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¢ What did we want to estimate?
Clear for symmetric distributions
General: we estimate the functional at the central model F
Estimation of the parameter 0 in a param.model [F]:
possibly need corrected estimator:
Let g(6) = T (F,). Replace T by T(F) = g~ (T (F)).

Correction avoids asymptotic bias for “central model” F', but
under contamination bias is unavoidable

MB curve shows worst case.
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d Breakdown
For large ¢, MB(¢; T, F) = co. Unavoidable!
Consider, for location model A (u, 1), contamination by A/ (1, 1)
For € > 0.5, T(F) must be nearer to iz than to u.
Worst case isthen g —+c0 =— T(F)— o0

Breakdown point:

e*(T,F) :=sup(e|MB (e; T, F) < o0)



Breakdown point:

e*(T,F) :=sup(e|MB(e; T, F) < o0)

General definition:

© an open set of parameters . T (F) € ©.
No “Breakdown™ T (G) is in a compact subset of ©
for all G in neighborhood

Contamination = gross error model
replaced by “Prokhorov neighborhood”
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Relation to the Gross Error Sensitivity

If the linearization

T((1l—e)F+eH)=T(F)+e[IF{(x;T,F) dH (x)

is valid, we get

T{(1—-e)F+eH)-T(F)|

MB (e; T, F)

Y
>

Y
>

< ef|IF (z; T, F) | dH (x) < e max(|IF|)
e v (T, F)

98



sup | T(G)—T (F)| |
Ge o, _

Vertical asymptote

Tangent: approximation (2.7.7)
Slope =v*(T, F)

o S
Af Continuity at zero

Figure 1. Plot of sup{|T(G) — T(F)|; G € #,} as a function of e.
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f Back from co. — Finite sample Breakdown Point.

Sample z1,...,z,.
“Corrupt” the sample:

Replace m = en observations by arbitrary values —
21y eeny Zn-

Finite sample breakdown point:
en (T w1, @n) 1= max (2 | sup ([T (z1,...,zn) |) < o0)

sup over all possible corrupted samples

Often, finite sample and asymptotic breakdown points conicide.
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6.2 Bias and Variance

Minimax as. Bias
Huber (1964): Minimax solution is the median.

Combining Bias and Variance
MSE = bias? + variance
MSE,, ~ asBias” (F) 4 asvar (F) /n

As n — oo, bias becomes more important than variance.

Huber (1964), Part 7:
Fore=0.1 — ¢=1.14, max.bias =0.17, n,= 9,
fore =0.01 — ¢=1.95, max.bias = 0.021, n, = 600,
fore = 0.001 — ¢ = 2.64, max.bias = 0.0027, n,, = 35000.

n,: bias is half the standard deviation.
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7 Scale Estimation

7.1 M-estimators of Scale
The Scale Model
X =027, 7 ~ Iy

F1: Distribution with scale parameter 1. Defines o.

Log Scale
Transform the observation and the parameter!
log (|X|) = m+log(|Z]) ,  F=log{c) ,  log(|Z|) ~ Fo

— Location model. F; long-tailed to the left.
Z ~N{(0,1) — density of Y = log (|Z]):
foly) = cexp(—e¥/2) e¥, c= (2m)~1/?
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M-Estimators
(back to scale, unlogged) Max.li. for o, F1 = ® = N (0, 1):

Y (/1m0 F=iy

Cut large terms!

> (W(@i/5)2 = k) =0

v: Huber's 4.

General:
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We want Fisher consistency! & (F,) = ¢

Ix(z/7) dF;(z)
\JA%MANV Izv dFi(z)

— K

Jx(z) dFi{z) =0
0

[*(z) dFi(z)

... usually for I} = @.
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d Influence Function

General result for M-estimators:
1
IF(x; F) = —¢(x,0) QHI\
C

P(z,0) = x(z/o) — g(z,0) = —x'(z/0) z/0°
1

F(ziF) = x(2)  e=[X(2) fa(2)d

IF(x; F,) = olF (x/o; F1)
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e Weighted Scale

New!
x(z) = w?(z) (¢* — &)
x such that
Jw? (2) (22 = K) dFy(z) =0
Advantage: Allows for easy definition of “redescenders’:

It w(z) — 0 for z — oo, then outliers have vanishing influence

(since IF o x)
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f Log Scale

Again: Transform the observation and the parameter!

~

log (| X|) = p+log(|Z]) , u=log (o) , log (| Z]) ~ Fo

Location model. Fy long-tailed to the left.
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7.2 Other Scale Estimators

Inter-Quartile Range
IQR = v(g0.75 — qo.25) = v(F~(0.75) — F~1(0.25))

~ to make it Fisher-consistent,
v~ =®"1(0.75) — »-1(0.25) = 1.35.

MAD
Median Absolute Deviation

MAD = v median {|X — median{(X) |)

~ to make it Fisher-consistent,
v 1=®"1(0.75) = 0.6745. ~ = 1.483.
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Qn

Rousseeuw & Croux (1993). Basic idea: “Elemental subsets”.
Minimal set of obs. that allows to “estimate” a scale:

Pairs of observations.

cij = |z; — x;|. Ask for “robust consensus”.

o = ymedian;<; (|z; — z;|)

Breakdown point = 0.29.

—+ Use a lower quantile to get breakdown point 0.5!
Let h = [n/2] + 1,

Qn = v(lzj — =i ) k= AJ ~ A:V\h
vl =V2971(5/8), v = 2.222,
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7.3 Location and Scale

a The model

X = u4oZ, Z~F
F{z;p, o) F{(x—p)/0;0,1) = Fo((z —p)/o)
flzp, o) 2f((x—p)/0;0,1)y =2fo((x — p)/o)
= Lexp(—p((x—p)/o))

Normal distribution Fy = ®: p(z) = 22/2
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b Two parameters

— M-estimators: 2 equations, simultaneous

e Max.li. for long-tailed distribution: Minimize

" (~log (o) = p((xi — m)/0))

or solve 2 scores equations. Let ¢ = p'.

blzipo) =su(aipmo) = 2olz)  z=(z-p)/o

N\

so(mip,o) = Zp(z)-z2—1

Solve 37 ¢ ((zi—p)/o) =0, > x{(@i—wp)/o) =0

XAz 1, 0)
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If + is monotone, 1 (z) - 2 — oo for z — oo
— not robust
If 4 (z) - 2 bounded — ¢ “redescending’

— may lead to non-unique solutions or inefficient est. of 4
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Proposal 2 (Huber, 1964)

S w{(@i—w)fo) = O
S WP (@i - w)fo) = nfu?(z)dd ()
No longer Max.li. for any distribution.

— "9 style” of M-estimators is more flexible!

Use weighted scale! x (z) = w?(z) (22 — k)
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¢ Experience of Princeton simulation study (1970):
Need for scale estimation can seriously affect

the robustness properties of the location estimator

— If location is of primary interest, and
scale is a ‘nuisance’ parameter, then

estimate scale as robustly as possible — MAD

When it comes to testing, e.g. u = o, a scale est. is needed.
Should be efficient for achieving a good power!
—+ Better scale estimator needed. Weighted scale.

— later! (when we treat regression)
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8 Historical Remarks and Alternative
Approaches

8.1 QOverview

(This section, 2 slides, has been included in the Introduction.)
See Hampel et al (1986): Introduction by F. Hampel

Outliers

Rejection of outliers: Daniel Bernoulli (1770), astronomers

Trimmed mean: 1821

Rejection rules: Pierce (1852), ...:
Test extreme observations (largest & smallest) for
being an outlier,
Reject if test is significant, average the remaining ones.
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Robustness of Tests

Fisher's exact theory for the normal distr. — “monopoly’.
E.S. Pearson (1931): Non-robustness of F-test for variances
—— Focus on robustness of the level,

sometimes neglecting power

Non-parametric tests: Power of Wilcoxon test is very good!

Robust estimation

Non-robustness of the mean: Tukey (1960)

Minimax theory: Huber (1964)
Influence Function and Breakdown point: Hampel (1968)
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8.2 Other Approaches and Results

Rejection rules
see above

L-estimators
Prototype: Trimmed mean
Weighted average, weight based on rank:

1, = MQ&XE , vm:? TX‘?_ ordered , M.@s. =1
Functional: Define a; by a function h: [0,1] — _m

a; = \ &N\\
[(i—1)/n, s.\:_ 0,1]

T(F) = [zh(F(x))dF(x)

%DN
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¢ R-estimators

Prototype:
Hodges-Lehmann estimator, derived from Signed Rank Test

Test statistic — p-value. Choose p such that p-value=1.
— 1 = med<; (X + X;)/2), median of “Walsh averages”

General form: For a given skew symmetric function A (.),
T (F) is solution of

[ h(5F ) + @ - F2t—y)) dF ) =0

for t. The integral gets 0 when the sample X3, .., X,, and
its mirror image about t, 2t — X1, ..,2t — X,, have their ranks

"mixed” as well as possible.
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d Adaptive estimators
For n — oo, the distribution can be estimated from the data
— asymptotically fully efficient estimators!
Need large samples.

e Robustness towards dependence
long range dependence: Hampel (1987), Beran (1992), ...

f Other Aspects of Robustness
Robustified Likelihood Ratio Test, Confidence Int.: Huber (1968)
Capacities: Huber & Strassen (1973)
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g Further Developments
Princeton Robustness Year 1970:

Simulation for many location and scale estimators

First results on regression: Huber (1971)
Covariance Matrix: Maronna (1976)
Time Series: Martin (1979), Kiinsch (1981)

Robust tests (infinitesimal): Ronchetti (1980)

Combinatorial estimators: Rousseeuw and his students
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h Main Research Groups

o Tukey, Bell Labs & Princeton
— St. Morgenthaler (Lausanne), David Tyler (Rudgers)

e Huber and Hampel in Zurich — Alfio Marazzi (Lausanne)
Ronchetti, Rousseeuw, Stahel, Kiinsch, Machler (ETH)
M-estimation, Hampel's Approach “based on the Influence
Function”

e FElvezio Ronchetti, Geneva —— Maria-Pia Victoria-Feser,
Eva Cantoni, Stephane Heritier

e Peter Rousseeuw, Belgium — Mia Hubert, C. Croux
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Argentina: Victor Yohai, Ricardo Maronna (& Doug Martin,
Seattle)

High breakdown est., Minimax Bias, sound theory!

— Book

Penn State: Hettmansperger — Shrader & McKean (Aus)
R-estimators

Oja, Finland (connected to Berne): Multivariate
combinatorial, nonparametric

Chicago: Portnoy, Koenker, X. He
Regression Quantiles, sound theory
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i Books
Huber (1981 (2009))
Hampel, Ronchetti, Rousseeuw, Stahel (1986)

Rousseeuw & Leroy (1987): Regression
Maronna, Martin, Yohai (2006)

Conferences

Robustness Year in Princeton (1970)
Minneapolis (1989)

Ly norm (Neuchatel, 1987 ff)

Int. Conference on Robust Statistics (ICORS)
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9 Multidimensional Parameter

9.1 Generalization of Basic Notions

a  We have treated mostly a single parameter (location)
sometimes in presence of a nuisance paramter (scale)

Most notions generalize easily to the multidimensional case.

Since we will deal with regression in an example and later on,
| will call the random variable Y,
and allow it to be multivariate: Y = [y ..., YW .. Yym)I]T,
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b Model
Parametric family £y with density f(y;8)

y: multivariate, 0: multidimensional parameter

Sample: Y;,...,Y, iid. ~ Fy(y) (should be F)

¢ Multivariate Location
“Example’l  Multivariate Normal Distr. with given Cov.mx.

Yire N (o I)

flyip) = 2m)™? exp (=5 (y— Wy — 1))

(Covariance matrix: Next Chapter)
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d Will also look at non-iid. observations, Y; ~ F; y,
e.g. (simple) regression,
Y; ~ N (mi,0%) i = Bo+ Bz

x; not random, but fixed

(sometimes treated as random later on).
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e Influence Function, Asymptotic Distribution
Functional T (F),

Influence function IF(y;T,F) = lim._o L((1—e) F+eA,) —I(F)

€

Asymptotic distr.

T(Fu) m~ N{Z(F), VL, F) /n)
V(L,F) = [IF(
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f Maximum Likelihood
Minimize 37, p(yin0), p(y,8) = —109(f(y;0))

(“Efficient”) Scores:
0
st(8) = 5109 (f{yin0)) = —5 .- p(yi8)
— vector s(y,0) = —z p(yi,9)-

Estimator:
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g Multivariate Location: Minimize >, 2 (yi — pu)"(yi — ).

Scores s(y,p) =y — p

Estimator: Y ,(yi—p) =0 =40 =1,y
M-estimators
Minimize

argming (3" p(y0))  MLE: p(y,0) = ~log(/ (y:0))

or solve implicit mn:mﬂo:

M Y{yi,0) =0, ¢ (y,0) =25 (y,0)

Important: We do not require that ¢ is 9p/960 for any p
(in case of multidimensional )
Second type is more flexible!



i Multivariate Location: Bound the scores!

— Multivariate Huber Function:  h.{(z) =2 min{(c/||z|, 1)

— Estimator Y, hc(yi—p) =0

Figure 1. Sketch of the Huber function z = h (2).



j Influence Function of M-estimators
Calculation: T. :=T((1 —e)F +eA) fulfills

(1—¢)[¢(z,T-)dF{z) + ey {y,T-) = O (%)

Approximate: Linearization mSc:n_ To=T(F):
)

iz, Te) = p(z, T(F vv+%@§ T(F)) (Te—T(F))
We have [ (xz,Tq) dF (z) =0
Plug approximation into (x)! —We need M = s%% To) dF {x)
and get
(1—e)M(T: —To) + ey, To) + e(Te - 5%|zo
T-—To =~ Tmi "y, To)

since e(T. — Tp)... is "'small?".
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Thus,

IF(y;T,F) = —M{(y,To) ' ¢{y,To)

An alternative formula for parametric distr. F = Fj
and Fisher consistent M-estimators — meaning

72 (2.0) s (2} + [ (2.0) mziv tdz = 0
Note that s(z,0) = 2 f(x;0) f(z;0)
M = —[y(z,0)s(x,0)"f(z;0) dz = —M(3,0)
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Maximum Likelihood Estimator:

M (s,0) = Q(s,Fp)
=J ) = [s(y,0)s(y,0) dFy{y)
Vs, Fp) = J(0) -

J (0): Fisher Information Matrix

Optimality of the MLE
In 1 dim., MLE is optimal: it has minimal variance,
VT, Fy) >V {(TmrE, Fp)

for all Fisher-consistent T.
What does this mean for multidim. estimators T of 97

135



136

Let T* be any Fisher consistent est. of §, V (T* Fy) =: V*
Take any linear combination ¢ = b%6.
MLE for ¢?  éuyre = b™This; <Am®§hmv@v = b'Vyre b.
For every T that estimates ¢ the as. variance is

at least as big.
... also for ™7™ , whose as.var is 6TV *b.

= LV Vb>b'V (Tyrr, Fp)b
— V=V (TyrE, Fy) > 0

in the sense: The difference is “positive semidefinite”.

... a rather strong optimality statement for the MLE!
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Gross Error Sensitivity
Straightforward:
VAL, F) = mw_oA__:u@“H%v 1)
Afterthought: Bias should be small in directions
that can be estimated precisely (small as.var.)

and larger bias can be tolerated in directions with larger as.var.

— Change norm. “Measure in the metric of as.var.”
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— Change norm. “Measure in the metric of as.var.”

e .. of the MLE — Fisher Information J !
Information standardized GES:

3T F) 2 = sup (IF (yi T, F) "I (T () IF (i T, F))

e ... of the estimator itself:

Self standardized GES:

1L F) 7 = sup(IF (y T, F) "V (T, F) IRy T, F) )
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n Multivariate Location
Things are simple!

M (hy, N (p, I)) = [hy(z) 2 d N (p, I) =1l

v = Jumin(b/u, 1)dx;, (u)
Q(hy, N (p, I)) = [hyp(z) hy(z) "dNwm(p, I) = oI
v> = [umin{(b/u)?, 1)dx, (u)
Vi Nl 1)) = 21
71
(BN (D)) = 3 (@ N (w1)) =

V(B Nm(pI)) = N



9.1 140

o Hampel’s Optimal Robust Estimators
“Bound the scores’: What does this mean in > 1 dimensions?

Guess:
— Use the scores where they are small enough.

— Change them as little as possible otherwise.

—— Multivariate Huber Function:

hp(z) =zmin(b / [[z]|, 1)
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Derivation of the optimal estimator:

Another look at the solution for a single parameter:
Write hy(z) = max{(min{z,b),—b) = xmin{1,b/|z|)
Note that hys(z) = Bhy(z/B).

IF for the optimal estimator was

IF (x; Topt, Fy) = ngmAﬁ%v —a)

hpja (d(s(x,0) —a))
where a such that [h;(s(z,0) —a) dFy(z) =0 and
d= [hy(s{x,0) —a)s(x,0) dFy(x).

The achieved bound ~ on the IF (the GES) was v = b/d.
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Multivariate version:
IF (x; Yopt, Fy) = hy (M~ (s(z,0) —a))

where a and M are such that

N N
|
I~y

hy (M~ (s(z,0) —a)) dF,
%EAELQ@“@Imvva 0) T dF,

I



143
Lemma 5, multivariate:

e FExistence of @ and M ...

o Optimality:
V = [IFIFT dF
= [AF(z; T, Fp) — M(s(z,0) — a))"" dFy(z)
-+ constant terms
where a*! := aa’.

Pointwise minimum outside ||IF || = ~7
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No simple answer!
Choose tr{V') as a criterion to minimize. —
tr(V) = [IF'IF dF
JIF (z; T, Fy) — M (s(z,8) — a)|*dFy ()
+ constant terms

Pointwise minimum is the multidimensional Huber function.

Other choices: E.g., focus on V3.
— Keep first component of M (s{x,0) —a) wherever possible!

(This changes the determination of M)

— In the multiparameter case, there is no strongly optimal
estimator in the Hampel sense.
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p Variations
e Optimal estimator for Information Standardized Sensitivity:
Change parameter by linear transformation (or base change)
9 = B0 such that %Amv =1,

then find optimal estimator as above, finally transform back.

e Optimal estimator for the Self Standardized Sensitivity:
For M, require

\iilxm@@ @) T dFy(z) = I
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e Partitioned Parameter

Often, the parameter vector consists of
— a “primary part” 0;;), which is of main interest

— a "nuisance part” 0py

Then, it seems appropriate to measure sensitivity separately.

— Use correspondingly modified Huber function (see Figure)
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10 Multivariate Scatter Matrices

10.1 Models

a T he multivariate Normal Distribution
Density

fyipmX)

c-exp(—5(Y — )" — p))
(2m)™/2 det (X)) /2

=
~—

@

|

More insight is provided by the following derivation.
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b Normal distribution as a transformation family
Z ~ Nn{0, I): centered, spherically distributed observations

= m random variables Z(9), standard normal, independent.

Consider, for any vector p and regular matrix B,

X=upu+ BZ

= linear (or affine) transformation of Z.
Call the distribution of X  F(u,B).

Transformations generate a family of distributions.
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c General: Use any group of transformations on any

“starting” distribution.

d Expectation and cov. matrix for linear transformations,
if £(Z) =0 and var(Z) =1,

E(X)=up, var(X) = BB'
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Identifiability
Problem: Orthogonal transformations

X=p+QZ, Q' =1

leave the distribution of Z unchanged
(= definition of “spherically symmetric” distr.)
— Parameter B is not identifyable!

Covariance matrix: var(X) = BB'=: X is
a suitable parameter instead of B.
(different X — different distributions)

151
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f Elliptical distributions
Let Fu be any spherically symmetric distribution. Z ~ Fy.
F{p,X) = distribution of X =p+ BZ,
BB'=X, X regular.
Family is called the family of elliptical distr. generated by Fj.

X scatter matrix, not covariance in general.
— Covariance may not exist,
—var(Z ~ Fy) may be o3I with o9 # 1.
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g Densities

Density of Fp must be a function of the (squared) “radius”,

fo(z) = M&A:m:mV.
For normal:  fo {||z||?) = c-exp(—||z[%/2)

General p, X: Let B such that BB' = X.
z= B "z —p) — Jacobian det(B) = det(X) /2

flzp, XY = det(X) Y2f(z) = det(X) "12f5(]z]|?)
= det(X) 2fo((@— )P (- p)
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h Examples of elliptical distributions: Multivariate ¢ distr.
~ 1

= distr. of B " for X; ~ N (0, T)

Not “natural” for observations!
If Z ~ Fy, the components are not independent.
Independent X ) cannot be modelled by any elliptical family

except for the Normal!
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i Size and Shape

(Log-) Size of the covariance matrix:
T :=log(det(X)) =L 3", 1og(\;) A, = eigenvalues of X.

Shape: “standard deviation” of the log eigenvalues:
N = > (og (Ax) — T)2.

Both size & shape are invariant under orthogonal transf.
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10.2 Equivariant Estimators

a Estimators & and X should “respect”

the transformation nature of the family:
It Y, =a+ CX;, then

MuAN”_L vwﬁv —_ MUA v|3\v Q.H
as these relations hold if & and d X ar qm_u_mnma by

the parameters p and 3.

Estimators for which these relations hold are called equivariant
(with respect to affine transf.s, the generating family)
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b Other way 'round: Given 4 (X1,...,Xn) m:a W_uAMf:.TN:V

Let B be a “square root” of M>_U BB M>_U Then,
&...@H@ ) = 0
(B (Xi—@), ) = I

— equation determining © and B

AN

i and BBT = X usually uniquely determined by these eqns.

Thus, it is sufficient to define when = 0 and Mw = TI.
Every such definition yields potentially suitable
estimating functionals p(F) and X (F).
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10.3 M-estimators

a Maximum likelihood for elliptical distributions
Write  fo(||2[12) =: exp(—p(l|z[|?)).
(Notice the 2 in the argument!)

0 p, L)

log (f{z;p, X))
—p{(z — W)™ (z—p)) — Tlogdet ()

A {lzl1?) 2% Nz —p) = p'(|lzI?) 2Bz

Azl 2z - — )L -
B (¢ (lzll*) 22" = I) B~
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For the second equation, we have used the formulas
O(logdet(A)) AT
OA -
ou

w=z'Viz = —=_Vigtv
ov

Thus, maximum likelihood solves

ave (p'(l|zill*) zi) = O
ave (o' (|lzill*) ziz] ) I

Here, o' is a weighting function, not a + function

(because of the 2 in the argument of p).
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b M-estimators

ave ASAEA:@__MV@V = 0

ave (w (||zil?) zi2f) = ave (w® (|lzi?) ) I
Note that for MLEs, w(*) = w and w(® (u) = 1.
As in the location-scale case, the M-estimators are
more general than MLE for long-tailed distributions.

w) is not introduced in the usual literature (Maronna+...).
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Alternative form: Weighted classical estimators with
implicitely defined weights

0

%

ave; (w® (D2?))

~—1
D} = (Xi—-@p)'™ (Xi-p)
Weighted classical estimators can only be obtained when allo-
wing
for a w(¥, and choosing w(? = w™ (= w),

Computation: lteratively reweighted classical estimates.



C

Influence Function ~
Abbreviate IF (z) = IF Am“ [, 3], N (O, ,Jv

:HAEAmV — @AESAEA:m:mvm
F () = a®uw®(||2]2)22" — aO(||2|2)1

where @) depends on w(® and w( .

General case:
IF () Am“ i, %], Nom Amumuvv
IFCh) Am“ i, %], Nom Amumuvv

B 1IFW ()

B 1IF® () BT

For all equivariant estimators, the |F must have this form.

(not only M-estimators)
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Calculation of a®, a(m a(7): We need integrals of the form

D= \ ) T AR (u)
where a(||z|l) = ¢ (2;0,I), b{|lzll) = s(2,0,I)

For the Fisher Information m:m_ the as.var. of an equivariant est.
the same type of integral is needed
with a = b = s and a = b = 1), respectively.

These integrals are characterized by d(*),d(™ d(7) where

4 = me%v (u) W (u) dFy (u)

U 2 -
dm = G+M\SVL\A v Wi (u) Wi (u) dFy (u)
dm = \@3 ) ) (u) dFp (u)
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Proof: See Hampel et al.
D = "d-type matrix’ = special structure!
This shows that (™ (u) = u - W™ {(u) —m - w® (u)
Is the function that characterizes the M-estimator of X

together with w(™ — not w(®!
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d Sensitivities
Maximum of the norm of the [F.
It is natural to focus on the standardized sensitivities.
Standardized sensitivities — invariant w.r.t. affine transf.
= independent of y, 3.
— only need to consider |IF at Fp.
The norm splits into 2 parts, ||IF ||2 = || IF) |2 4 | IFCR) |2
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For the X term, we get a further split:
Let o (w) == u-w(u) —m - w®(u)

2
IF® @) 2= (FP )
A@Asgcf__m__wv__m__M g A@?{S__m__mvvw

= [|IF" (2) |2 4+ |TF7 (2) |2

(™) & w™ connected to size and shape parameters, see 10.1.i.

Natural choice w9 = (™ —
JECD (2) |2 = 0 (|12]) (@ +a®) [l2]* ~ a®m)

allows for easy definition of redescending estimators
w{u) — 0 for u — oo (cf. “weighted scale” 7.1.e)
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e Optimal robust estimation
Bounded influence function, but as efficient for central model

(normal distribution) as possible!
Bound 3 “parts” separately,
IIFW | <y IIF | <y (IR | <

Result: w® (u) = min Af sv w (w) = min (1, b, /u),
Y (u) = hy {(u—mpB) (Huber function) or

w (u) = ww™ (u) — (u —mB) Min{(1,b./(u —mpB)),

3 a suitable constant for Fisher consistency,

depending on b, and b-.
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10.4 Breakdown

Breakdown of covariance matrix estimators
No breakdown of ¥ means
eigenvalues < oo and > v(X) > 0 (bounded away from 0).

If X — singular, 3 — should also be singular (equal subspace).
Goal of multivariate statistics:
Study relations between variables

AN

For all affinely equivariant estimators, boundedness of X
for X = I is sufficient.



b Breakdown of M-estimators
Result: breakdown point < 1/m.

Proof: Consider the “barrow wheel” distribution:

Let F, =N {(0,diag(r,1,...,1)),

H distribution of [U,0,...,0] with U ~ x2_; Chisqu. distr.,
Ger = (1 —e)F; +eH looks like the wheel of a barrow.
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Let e =1/m and 7 — 0. Then, T{(G.o) =cI
is a solution of the M-estimating equation for X.

—— Breakdown!

The barrow wheel situation is easily detected in practise —
unless rotated such that the first axis is
mapped to the space diagonal.
Then, the scatterplot of every pair of variables looks spherical

if the dimension is not small.
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¢ What does this mean?
Consider 100 obs. of 7 variables = 700 data.
Assume 2% gross errors
— about 13-14 (multivar.) obs. contain > 1 error(s)
— breakdown at 2% of the data, not 1/m = 1/7

— another “curse of dimension”
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d Non affinely equivariant estimators?
ldea: Estimate each element of the covariance matrix robustly!

E.g., Gnanadesikan and Kettenring (1972): Note that
no<A‘N§u NASV — w ?mlk@.v + NASV _ <m1ANGV + NASVV

Robust version:

Xx@yk@v

H A () (k)
4 AQM A%@Mcvv - AN X®) v
N () (k)
G’ Ammwmev o mmwm@ vv
oV AXSu Ncsv _ mAXSU X:av ANG v mAN@v
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e Problem: The resulting matrix will in general
not be positive (semi-) definite.

Trick to make them positive definite:
Apply Eigenvalue analysis

X =QDQ"
with diagonal D and orthogonal Q.

If X was a covariance matrix, then D would contain
the variances D;; of the uncorrelated variables Z = Q'X.

— Estimate robust variances v, of the Z(*)
Then use back-transformed matrix as estimate,

¥ = Q"'diag (v1,...,om) Q
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f On the other hand:

e These estimators are not equivariant.
But they want to react to “outliers in single variables”,

which is not an affinely invariant model.

e Singular covariance matrices will most probably
not be detected.
(Think of the barrow wheell!)
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10.5 Estimation with high breakdown point

Projection estimator
Outlyingness of an observation:
One-dimensional: |x; — 1| /o

i, o robust estimators of location and scatter.

Multi-dimensional: Examine projections b'X;, |b| = 1.
Outlyingness: |x; — (..., 0" X}, ..)| /o (..., b" X}, ...)
Multivariate outlyingness:

Maximize over projection directions b
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Use outlyingness to define weights for weighted estimator:
bs. = @_\_W%WAHQ&S — \\\NA..J@HM? v 7 \m./ALIw,_,M\S vv
ave, (w(D?) X.)
ave, (w (D7)}
5 — ave (w(D?) Xi - DXi— A7)
- ave, (w(D7)}

Disadvantage: Computationally “impossible”

mn

Way out: see below.
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b S-estimators
“Backward definition™: Assume that X is the estimate.

~ ~1/m
Shape matrix S = X /(det X / n_mﬁm::m:mm

outlyingness d? = (z; — 1)*S (= — Q).
Scale estimate 5 (d3,...,d2).
Minimize this scale! ... and use it as the estimate of size.

(2, S] arg B_DAWMA:;A@IK%MLA@Imvi:v |

w, S:det(S)=1)

S = W%A...;@|®6L@7®7.v

o can be an M-estimator of scale or another robust estimator.

Early example: Minimal Covariance Determinant (MCD):
uses trimmed scale.

Computation: Similar complexity as Projection estimator.



Finally, a data example: Iris data, first species = 50 obs.,
first 2 vars. — contaminated by 4 gross errors (colored).

Ellipses are sized such that they should contain 80% of the data.

Classical estimates (larger, red ...) and MCD (smaller, blue, - - -).

Width

4.5

4.0

3.5

3.0

2.5

4.4

4.6

4.8

5.0
Length

5.2

54

5.6

5.8
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c Computation of high breakdown point estimators
Minima needed — over all directions in R™ or all shape matrices
cannot be computed (except for very small dim.).
Need an “intelligent” selection, over which the minimum is
“hopefully” close to the global minimum.
At least: Breakdown should be avoided.

Basic idea:

Choose “candidate” for minimum from a random minimal subset
of obs. (called “elemental subset”).

Hope for candidates that are free of contamination.

This should give a reliable starting point for some kind of
local minimzation, which will define the estimate.
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Projections: m points determine a hyperplane.
Project on the direction perpendicular to it.

Shape matrices: need m + 1 points.

Probability to get a “clean” elemental subset:
P=1—(1—-(1—-¢)™)" for r random choices.
Exercise: Calculate the number of replicates needed

to obtain P = 0.9, say, for several combinations of ¢ and m/!
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d Messages

e Normal distribution: The “only realistic” model!
flz;p, X) = c-exp—2d?, where d®> = (z—p)"E (@ —p)T

o Affine transformations, applied to NV, (0, I') define
the family of normal distributions, N5, (g, )
— transformation family, = —— Elliptical distributions,
—— asks for equivariant estimators.

e M-estimators given by only 3 scalar functions w(®) | w7,
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Breakdown of M-estimators is poor:
< 1/m of the (vector) obs. — <=~ 1/m? of the data!

Estimators with high breakdown point:

Projection- and S-estimators

Computation is “impossible”.

The best we can do is “elemental subsets”

which avoids breakdown with a probability that depends on

the dimension m and the number of replicates r.
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11 Linear Regression

11.1 Examples

a Example NO>-means

Tagesmittel 1
Tagesmittel 2

2.4

2.3

T T T T T T T T T T T T
2.4 2.5 2.6 2.7 2.8 2.9 2.4 2.5 2.6 2.7 2.8 2.9
Jahresmittel Jahresmittel




Example Pollutants in a tunnel

Ef.NOx

2000 4000 6000 8000
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Lastwagen-Anteil
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Estimated regression lines
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Only data with sufficient air velocity

Ef.NOx
3000

5000 6000

4000

2000

1000

0

_ _ _ _ _ _
0 5 10 15 20 25 30

Lastwagen-Anteil (%)

1386
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11.2 The Model

The model of linear regression is

Y = Bo + F&M: + mm,ﬁmmv + ...+ QS&MSV + E;

Y;: target or response variable, ith observation
2 jth explanatory variable (input variable)

@.” coefficients (parameters)

E;: Random deviation, “error term”

Vector notation: Y; = z]5 + E;
Matrix notation: ¥ = X34 E

X : Design matrix, each row belongs to 1 observation.



Assumptions
e FE;,~N(0,0), indep. E ~Nn(0,0°T)

e Design X : Different approaches

— not random, but fixed values (designed?)
If also random (observational studies)
— conditional analysis

— also random variables, z; ~ K indep.
— makes asymptotics straightforward

Distinguish from “observed with error”
— “errors-in-variables” model

138
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b Least Squares
Max.li. for normal assumption = Least Squares. Minimize

Q(B) = MU@ r? r, = Y; — X;3: residual

Scores

sy, z;8,0%) =1-2/(20%) = (y — 2"B)z/(207)

¢ Estimation of the scale ¢
g2 = NMM r2. Standard deviation of the residuals, up to a
finite sample correction n/(n —p) (or (n—1)/(n —p)).

Scores (w.r.t 02): s {y,z;B,02) = (r2/0? — 1) /(202)
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d Equivariance

e Location-scale family.

e Regression equivariance: Linear transf. of the design,
z; — z; = Tx;, leads to m Hé\m
In matrix terms: X = XTT — @ T8
If the design matrix X contains a column of 1s, then

~

all affine transf.s z; = a + Bx; have the form X = X T".
An estimator m should react in the same way: m T~ m

Consequence: It is sufficient to consider the case of
orthogonal regressors, Mmﬂu\m =1.

(Let T be such that T = =LIX'X!)



11.3 M-estimators for regression
Minimize . p((Y; — 27 8)/o) or solve

Y, —alB
S (P TEE Vs =0, w() = o)

O

Scale: See later.

Influence Function
Random z;:

__nAmuﬁnm)uﬁv

w(FEE) oy e
,?ég?yﬁ@
= [¢Y(z)zdP(z) -var(X)

C estimated by 2 X"X.

kC

191
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c For fixed z;, it is not clear what “asymptotic’ means.

e Repetition of the same design matrix X, with new Y7

Very restrictive.

e Sequence X, with £X | X, - C — better in principle.

Result as for random z; (7)
e Let dimension increase with n. Realistic, very demanding.

—— We stick with random z;!
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d Gross Error Sensitivity.
infinite! ... unless z;s are bounded (and ' is bounded)

e Generalized M-estimation

M&JAQ\WIMHMV\Q“ msv@ =0

“a» function” depends on x —
best through “leverage” = Mahalanobis Distance h; = 2TC 'a;

e Boundon v (r) depends on hi, n{ri,zi) = Yo, (ri)
“Schweppe type”

o  Weights according to h;, n{(ri,x:) = w(h;) e {r;)
"Mallows type”
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f Estimation of the scale parameter
Scores (w.r.t 02): s {y,z;B,0%) = (r?2/0? — 1) /(202)
— .. (r?/52—1) =0

Robust (see Chapter on scale, 7.1.c, now squared argument)
M&X?W\%VHQ [x(r?/c(F)?) dF (r) =0
e Huber, “Proposal 2" x (2?) = h.(2?) — &

e Weighted Scale x (2?) = w?(2?) (22 — k),
r such that [w?(2?) (22 — k) dF1(z) =0
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g Design Adaptive Scale (DAS)
Problem: Residuals r; are not the errors &£;! — For LSg-estimation,

%s. ~ .\/\\AOQQ.M\A”_. — bﬁvv
where h;; are the diagonal elements of the “hat matrix”

H=X(X"X)1XxT

Robust: var (r;) ~ 1,0%2. 7, see below.

Solve
> x(45) = o
X = —
; ﬁqu
2 2
M 2 2 r; r;
i Adwqmv Aﬁwqm v

The first 72 is introduced to get usual & back for w = 1.
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Calculation of ;. Weuse C =:1X'X,
m=&E), v=E(?)
ri=Yi—2lf ~ Y;—zx! @ + wMU::uASUmimvav

. T1 "
Q|s MNS\ ?#s H_”A@\:R\:mgqv
1 —1~v-1
FD s O C T an (By /o)

1 2 2 T, ~v—1 2
wQMQ\M\Q\W M:wws. MAMN C Mbv
no Q\M\Q\H st — \Ns v

<m_\AQ¢I@.v

because

M: @MQLHSM = z;C™ AM:@%MV C™'zi = h
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<m<A@. — z;+1F A@@.u@“@ qu = var(E; — hioy; "W (E;/o))
= o°g(hi,n,¢)
var (r;) /o? = 77 g (hi,n,¥) +v2/77 (hi — hi)
Koller & Stahel (2011)

The scale is also used for the standardization of % in
the estimation of 3. — Re-estimate 3!
(but do not use ;s to standardize 1,
because derivation would fail.)
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h Distribution of estimators

@ is asymptotically normal, with

or ()

\v\”

WQ.M.Q\QIHv Q”WM&S&H
J 92 (u) fi(u)d

(J 0 (w) fr(u) du)”

Often used: Factor 1/(n — p) and

“finite sample correction” introduced by Huber (1972).
Replace by DAS!
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Versions
e ~ estimated from the data: ¥ = ave; (¢?) /ave; (¢)) 2

e C "robustified” by using a weighted version " wiziz! />, w;
weights = robustness weights ) (r;/c) /(r;/7)

i Tests, confidence regions
Wald type: using the asymptotic distribution just described.
Other: see next Chapter
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11.4 Breakdown point

Breakdown of M-estimators
— Without leverage points: depends on design

see Maronna, Martin, Yohai.
— Random zs: Breakdown point O for non-generalized M-est.
For GM: < 1/p  (in order to bound h;, rob.cov. is needed!)
Again: It is worse! See multivariate model

— proportion ~ 1/p? contaminated data values are enough!

M-estimators with redescending .
— often more than 1 solution of the equation Y.+ (r;) z; = 0.

Version of minimizing Y. p(r;) — higher breakdown point.
Computation? — need initial value with high breakdown pt.!
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11.5 Estimators with high breakdown point

a S-estimators
Minimize robust scale estimate!

o Least Median of Squares: Minimize

Q(B) = median ((y; — z;8)?)

o Least trimmed Squares: Minimize

Q(B) = MMMHAQ& —z; 8)) 1k O<h<1

[k]: sorted. (Sum over hn smallest squared residuals.)
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e More general: M scale est.: Solve
1 r;
n—p MsbA S v
for sl k = function of p, such that 6 =1 for E ~ &.

— s=s(B). — Minimize s(3) over 8.

— S-estimator
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b Computation?
s(B) has bad properties (not smooth, local minima)
— Elemental subsets:
p observations determine coefficients 3 (without error)
by linear equation system (linear algebra)

(unless they are linearly dependent)

Take a many random “subsamples” r of size p — s, @:
Choose the \Iwﬂ with the smallest s, as initial value

for a local minimization of s.
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C

MM-estimators
S-estimators are inefficient.
— combination of S- and M-estimators

204

Use S-estimator as inital value for a redescending M-estimator!

Recommendation: Use "SMDM -estimator:
1. S-estimate — @9 O
2. M-estimate with redescending ¢y — \Im
(use Bs as initial value, s to standardize resid.)
3. DAS scale estimate — &
4. M-estimate with redescending v —» B

(use g as initial value, & to standardize resid.)

AN

5. Estimate <m_\Amv using robustness weights
for estimating C = + Y, iz} (see 11.3.h).

This allows for “Wald type” inference
Implemented in R as 1Imrob (..., method=’MS2011’



d
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11.6 Random Effects Models

Repeated Measures

Lot Byt S+ Dyt
Interc. betw.eff within eff  random eff  €rror

subject h in treatment group g, measured under condition j.

Yon, =

Regression form:

Y111 -1 0 07 -1 0 O 0 0 07

Y110 1 0 1 1 0 0 0O 0 0| _
M\HMH 1 O O 0 1 O 0 O O mﬁ
Yi1o 1 O 1 Eo O 1 O O O O Bio
Yis1 | |1 O O By |+ O 0 1 0 0O Bi3
Yiso | — |1 0 1 ~ O 0O 1 0 0O B2
Y11 1 1 0 B; 0 0 0 1 0O B
Y510 1 1 1 O 0 O 1 0O | Bo3
Y530 1 1 1 0O O O O O 1

_|_
m




b General model

Y = Xp —+ /ZB + 3

— —~ <~
fixed effects random effects  error (nugget)
B~ Ng(0,Vy(0)), e~Nn(0,0°I), B le

Model includes

e Variance Components,

e Repeated Measures, Split Plot,

e Random Slopes, crossed Random Effects,

o (Geostatistics: Z =1, V,(0)=nV,
where (V' ,);; = fctn(|s; — s4|/a). e: nugget effect.
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¢ MLE
More precisely: REML (restricted / reduced ML)

Q.IMNHM — d\@lp\wb%
X! 0
ee

@%H@N@%

o
|

expectation
120V (0)

00

expectation, Q, =V, a\mp\m

b*: "Estimated” standardized random effect.

Robust estimation:

Replace e/o by (e/o), b*, by ¢ (b*).
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11.7 Other Regression Models

Quantile Regression

Consider the location problem. ¢ -function

__ ) by for >0
ENVIA ~b  for z<0

for b, =b, (=1). — M-estimator = Median.

What happens if b, # b;?

— bias for m<33m:_n distributions! What bias?

bif._ d®(z) =b,[ _-dd(z) — quantile g,, p = b;/(bj+bu).

Z2<l 2>



209

Regression:

Use this ¢-function for M-estimator in linear regression!

— Estimates the dependence of the quantile of the
distribution of Y (instead of the center of symmetry) on z!

Applications: medical, risk, ...
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b Logistic Regression

Response variable is binary (or binomially distributed)

— logistic regression.

P(Yi=1)=g(z;8) , g(n) =expn/(1+exp(n))

Outliers in Y are difficult to conceptualize:

A success for conditions where its probability is minimal.
If downweighted, this must lead to serious bias!
— correction!

— weights depending on z; (or h;) are natural.



c Poisson Regression
Response variable is

e a frequency of an event — Poisson distribution, Poisson
regression

Y ~ PN log (Ni) =z, 8
For \; < 3, no outlier on the left, since P(Y; = 0) > 0.05.

e a count (# individual plants on plot, animals in flock,...)

— “overdispersed Poisson”, “quasi-Poisson’,
Negative Binomial

d Generalized Linear Model
... encompasses other useful models besides
Normal, Logistic, Poisson
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Messages Robust Regression

e Model for linear regression: ¥ = XB8+E, E ~ N, (0,02 I).

Want regression equivariance!

e Me-estimation is straightforward:

Replace residuals r;/o by ¢ (r;/c).

o Scale est.: Weighted scale — Design Adaptive Scale.

Useful for efficient inference (tests and confidence regions)
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Breakdown is a problem! Need high breakdown estimators

— S-est.

Computation of S-estimators is “impossible”.

— Probabilistic algorithm, “elemental subsets”

For good properties, combine S- and M-estimators —

MM- SMDM- est.
Robust methods also exist for Generalized Linear Models.

Try them, use them!
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12 Tests

12.1 Basic Concepts
a How to construct a test

e Model, here parametric, Fp.

e Null hypothesis Hy and alternatives

need exact model under Hy, but only
general idea about alternatives

Common Hy: Fix parameter value 0 = 6o (for scalar 9)
multidim. parameter: split into two parts,
0= Eﬂ:vmw_ﬂ_ 0eRP, O €RY, O € RPTY,
Ho: 021 = 9210

Alternative: 0o # 0210
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Invent a “raw’ test statistic U that has more extreme

values under the alternative than under the Hj
Common choice: U = 0y

Get the distribution of U under the Hg
This will often depend on “nuisance parameters”
(formally contained in 6}y)
In the light of this distribution, find
— a suitable norm of U if it is multivariate
(Testing a multidim. test statistic directly is rare.)
— a standardization that makes the distribution
independent of the nuisance parameter(s) in 6
This involves the estimator ME
If a scale param. is involved, this is called “Studentization”

Result: Standardized test statistic %A%v
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Get the distribution of T under the Hy

— hope for a good approximation by a well-known distr.
like normal, t-, F-distr. Often need “correction factor’.

— brute force: simulation of data under the null hypothesis
with estimated nuisance parameters, 0[] = m>E.
“parametric bootstrap”

— if feasible, use randomization test

— nonparametric bootstrap ??? has problems with testing
unless (approx.) “translation model”

— bootstrap confidence interval
— P value p
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b Properties of tests

Level: Py(p < a) = a by construction.
Functional p(F).— Level p(Fy,): Robust?

Can get an Influence Function, “Level Influence Function”

(Note: This is different from studying the correctness of
approximations to the distribution of T under Hp.)

Power? Need to specify alternative precisely: Fy

— Power P, Amfm:v <«

For normal models, distr. of T under the alternative
Is often known.  Otherwise: Simulation!

Robust? Study p(Fp). — Asymptotics?
p(Fy) — 0 for n — co. Not useful!

217
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c Asymptotics for tests
Alternative must — Hg for n — oo,
with the appropriate “rate”, 6 = 6o + % A

“Contiguous alternatives'.

— Can get an Influence Function, “Power Influence Function”.

AN

Message: Use robust estimator 6
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d Recipe for robust tests

AN

e Use robust estimator 6 to define U.

e Summarize & standardize analogously to the classical case.

e Use correction factors to get approximately the correct level
when taking critical values from the “classical distribution”
If feasible, adjust degrees of freedom if
a t or F distribution is involved.

e Huber’s Robust Likelihood Ratio Test
See History
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12.2 Tests for Regression

Null Hypothesis
Parameters to be tested: S = [Bp—g+1,---, Bp)"-

Ho: B2 = Pr2y.0-
Nuisance parameter: o (and By = [B1, -, Bo—d]")

More general: Give any matrix of “contrasts” A.
Null hypothesis Ag = ~o.
By transforming X linearly — back to simpler case.
If regr. equivar. methods are studied — no loss of generality.
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b "Full model™: Parameter space for 3 unrestricted
all z variables are “in the model”
"Reduced model™ Param. space for g restricted to 8 = Bio).0
If Bio1.0 =0, the last « variables are

“dropped from the model”

_._.. mﬁw_uo # b” _\m_u_mﬂm N Uv\ N — N:M_vmﬁﬁuo

— back to B0 =0
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c Wald type test
U = B ~~ Np—q(B10. V /)
Natural standardization: T = UV U
Need V =~0?(X'X /n)~1
— Studentization by replacing o2 by &2

Distribution under Hy: F distribution. — Exact for classical case.

Robust case: Need
— correction factors

— robust estimator of o2: design adaptive estimator!
— robust “estimator’ of X'X /n = ave; (xiz?)

Use weighted average > wizizl/ ", wi, where
w; are the robustness weights ¢ (r;/5) /(ri/o)
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d Likelihood ratio type test
One way to motivate robust estimators is by
MLE with respect to a long-tailed distribution

Likelihood for fixed o @A@ =S p(rija) , =y —zIp

LR test statistic: U =Q A@ov — @A@v where

mo is the estimator of 8 under the restriction ME = B2].0-

For classical setup (p(r) = r?/2), this leads to T~ x2__.
When o is estimated from the full model — T ~ F,_ ..

Robust p: Need correction factors.
Note: We want the distribution of U under Hy
for normal data, not long-tailed! (?)



12.2 224

e Score type test
Estimate only the reduced model!
U= MU@.%AM:S“MP%ov
Standardization: T =U"J'U = UN(X"X)~1U /52

! This test is currently under study.
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13 Time Series, Dependent Observations

13.1 Models

Classical concepts for time series

X1, Xo, ..., X;,... observations

Full description: need joint distribution of all X;
Expectation £ (X;), variance var(X;),
Autocovariance: cov (X, X;y,) — autocorrelation.

Stationary time series: joint distributions do not depend on ¢:
F(Xt, Xig1y o0 Xon) = F( X1, X141, .-, X14n)
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Weakly stationary time series: Moments are independent of ¢:
M\,A»XMV = u, <m_\AN@V = Q.M_ OO<AN?X&+\~V =.

autocorrelation function p(h) = cov (X, Xi14) /o2.

Gaussian time series
Joint distribution is multivariate normal.
— First & second moments describe distribution completely.

— only need p (often assumed = 0); o2, p(h).
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c Autoregression
Xt = aXi—1+ By,
E; ~ N (0,02) independent, indep. of X3,..., X;
More general: AR(p): X =>"_, anXi—n + Ei
“Prototype” of stationary time series model
Stationarity needs assumptions about a1, .
pn=0, oc°=0?/(1—-a?). Forp=1, p(h) =a"

d Basic concepts become difficult when obs. are dependent:

mainly  contamination, Influence Function
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13.2 Contamination

Observation Outliers

Replace X; by gross error Y; = replacement outlier, or
by V= X;+ Y, = additive outlier with Y; ~ H

Model: Binary variable Z;,

X, =X+ 27,-Y

X;: un-contaminated time series.
Z; can be independent — “isolated outliers” or
strongly dependent — “patchy outliers”
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Innovation Qutliers
... for AR models: E; is replaced by gross error
— the following observations will also be affected.

Effect decays exponentially for isolated outliers.

Level shift
A rather different deviation from assumptions:

£ (X:) i1s only piecewise constant.

Message

The concept of contamination / gross error is ambiguous!
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13.3 Influence Function, Breakdown

a 777

An |IF and a breakdown point for each type of contamination?

— Many approaches to “robustification’!
See Maronna et al., Ch. 8.



231

13.4 Other types of dependent observations

Spatially correlated data

X; Is measured at location s;.

Correlation of X; and X;, depends on s; — s;,,
or, more simply, on d;, = ||s; — s
— spatial autocorrelation p{(d).

— “spatial data’, “geostatistics’.

Mixed Effects Models
see Chapter 11.6.
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14 Outlook
14.1 Exam Topics

e Basic notions:
— Gross error model, long-tailed distributions
— Estimators as functionals
— Maximum likelihood
— M-estimators
— Huber’s Minimax Theorem, without proof
— Influence function, relation to asymptotic variance
— Optimality problem of Hampel
— Optimality result: basic idea, proof
— Breakdown: finite sample and asymptotic
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e Location and Scale:
— Model
— Scale: Max. Lik. — Proposal 2 — Weighted Scale

e Multiparameter Problem:
— Generalization of concepts (M-estimators, IF)

— Generalization of Hampel's optimality problem

e Multivariate Statistics:
— Normal and elliptical distributions
— Equivariance
— M-estimators
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e Regression:
— Model, Maximum Likelihood
— M-estimators
— S-estimators (why?), MM-estimators
— Tests: Wald type and Likelihood Ratio

o Time Series: What is the difficulty?



