
0

R
o
b
u
st

S
ta
tistics

P
artia

l
O
v
e
rv
ie
w
,
G
e
n
e
ra
l
P
rin

cip
le
s

W
erner

A
.
S
tahel,

E
T
H
Z
urich

F
all

S
em

ester
2012
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1
In
tro

d
u
ctio

n

1
.1

W
h
a
t
is

R
o
b
u
st

S
ta
tistics?

E
x
a
m
p
le

R
egression:

W
ater

fl
ow

of
a
river

at
2
locations.

S
im
ple

regression,
13

observations



2

W
ater

F
low

0
5

1
0

1
5

2
0

2
5

3
0

3
5

4
0

4
5

5
0

0 10 20 30 40 50

L
ib

b
y

Newgate
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R
egression

L
ine

(L
east

S
quares)

0
5

1
0

1
5

2
0

2
5

3
0

3
5

4
0

4
5

5
0

0 10 20 30 40 50

L
ib

b
y

Newgate



4

R
obustly

E
stim

ated
R
egression

L
ine

0
5

1
0

1
5

2
0

2
5

3
0

3
5

4
0

4
5

5
0

0 10 20 30 40 50

L
ib

b
y

Newgate
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R
egression

L
ine

after
dropping

the
outlier,

L
east

S
quares

0
5

1
0

1
5

2
0

2
5

3
0

3
5

4
0

4
5

5
0

0 10 20 30 40 50

L
ib

b
y

Newgate

L
e
a
s
t S

q
u
a
re

s
R

o
b
u
s
t M

e
th

o
d

L
S

Q
 w

ith
o
u
t o

u
tlie

r
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M
athem

atical
S
tatistics:

•
M
odel

defi
nes

distribution
of

variables,

param
eters

to
b
e
estim

ated
/
tested

•
T
heory

determ
ines

optim
al
procedures

under
the

conditions
defi

ned
by

the
m
odel

•
In

practice,
conditions

are
not

satisfi
ed,

but
m
ay
“hold

approxim
ately”.

R
obust

statistics
is
the

statistics
of

approxim
ate

param
etric

m
odels.
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1
.2

H
isto

ry
1

O
u
tlie

rs

R
ejection

of
outliers:

D
aniel

B
ernoulli

(1770),
astronom

ers

T
rim

m
ed

m
ean:

1821:

D
rop

(k
)
largest

&
sm

allest
obs.,

average
the

rem
aining

ones.

R
ejection

rules:
P
ierce

(1852),
...:

T
est

extrem
e
observations

(largest
&

sm
allest)

for

b
eing

an
outlier,

R
eject

if
test

is
signifi

cant,
average

the
rem

aining
ones.
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R
o
b
u
stn

e
ss

o
f
T
e
sts

F
isher’s

exact
theory

for
the

norm
al
distr.

−→
“m

onop
oly”.

E
.S
.
P
earson

(1931):
N
on-robustness

of
F
-test

for
variances

N
on-param

etric
tests

F
ocus

on
robustness

of
the

level,
som

etim
es

neglecting
p
ow

er
(but

W
ilcoxon

test
is
good!)

R
o
b
u
st

e
stim

a
tio

n

N
on-robustness

of
the

m
ean:

T
ukey

(1960)
M
inim

ax
theory:

H
ub
er

(1964)
Infl

uence
F
unction

and
B
reakdow

n
p
oint:

H
am

p
el
(1968)

O
ther

approaches,
see

later
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B
o
o
k
s

H
ub
er

(1981)
−→

H
ub
er,

R
onchetti

(2009)

H
am

p
el,

R
onchetti,

R
ousseeuw

,
S
tahel

(1986)

M
aronna,

M
artin,

Y
ohai

(2006)

R
ousseeuw

,
L
eroy

(1987)
R
egression
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2
L
o
ca

tio
n

2
.1

E
stim

a
to
rs

o
f
L
o
ca

tio
n

a
E
xam

ple:
P
rolongation

of
sleep

by
a
sleeping

pill:
C
ushny

and
P
eebles,

1905,
J.

P
hysiol.

32,
501

” S
tudent”,

l908,
B
iom

etrika
6,1).

1
.2

2
.4

1
.3

1
.3

0
.0

1
.0

1
.8

0
.8

4
.6

1
.4
.

“H
ow

m
uch

longer
do

p
eople

sleep?”

X
X
X
XXXX

X
X

X

0
1

2
3

4
5

|
|

|
|

|
|
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2.1b

S
orted

observations:

0
.0

0
.8

1
.0

1
.2

1
.3

1
.3

1
.4

1
.8

2
.4

4
.6

•
A
verage,

M
ean:

1.45

•
M
edian:

1.3

•
T
rim

m
ed

M
ean

(20%
):
D
rop

2
largest

and
2
sm

allest
ob-

servations.
C
alculate

m
ean

of
the

rem
aining

6
observations.

−→
A
verage

of
1.0,

1.2,
1.3,

1.3
,
1.4,

1.8
=

1.33

•
O
utlier

R
ejection

R
ule:

If
an

observation
is
too

far
aw

ay
from

the
rest,

drop
it!

T
hen,

calculate
the

average
of

the
rem

aining
ones.

−→
R
eject

4.8,
get

average
1.24
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c
W

h
a
t
d
o
w
e
w
a
n
t?

A
dvantage

of“vague
concepts”

(John
T
ukey)

–
like

“location”:
P
ractical

question
com

es
b
efore

form
alization.

•
W
ant

to
characterize

the
“typical”

observations.
D
ata

E
xploration,

E
xploratory

D
ata

A
nalysis.

•
W
ant

M
ean

(=
A
verage)

regardless
of

distribution:
Insurance

needs
to

cover
all

cases,
cannot

disregard
“atypical”

ones.
E
stim

ate
exp

ected
value

E〈X
〉,

since
X

=
∑

ni=
1
X
i ≈

n
E〈X

〉
for

large
n
.

R
egression

exam
ple:

W
ant

to
characterize

the
“typical”

obs.
−→

P
redict

a
new

“typical”
observation.
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2
.2

S
e
n
sitivity

C
u
rve

a
G
ro
ss

E
rro

rs

W
hat

happ
ens

if
an

erroneous
observation

sneeks
in?

“R
easonable

S
am

ple”
x
1 ,...,x

n
plus

an
arbitrary

value
x
.

E
ff
ect

on
estim

ator?

S
C
〈x〉

=
(n

+
1
) (

1
n
+
1
(x

+
x
1
+
...

+
x
n
)−

1n
(x

1
+
...

+
x
n
) )

=
x
+

(
1
−
n
+

1

n

)
( x

1
+
x
2
+
...

+
x
n
)
=
x
−

1n
·
n
x

=
x
−
x
.

(S
C
dep

ends
on

the
sam

ple
x
1 ,...,x

n .)



14

9
0

9
5

1
0
0

1
0
5

1
1
0

1
1
5

1
2
0

1
2
5

1
3
0

107 108 109 110 111

x
, x

0

Schätzwert

a
rith

m
. M

itte
l

1
0
%

−
g
e
s
tu

tz
te

s
 M

.
M

e
d
ia

n

F
or

a
robust

estim
ator,

the
sensitivity

curve
m
ust

b
e
b
ounded.

A
verage

is
not

robust!
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2
.3

L
o
ca

tio
n
M
o
d
e
l

a
M
odel:

X
i

∼
F
〈µ〉

,
i
=

1
,...,n

,
indep

endent

F
〈x

;
µ〉

=
F
〈x

−
µ
;
0〉

=
:
F
0 〈x

−
µ〉

O
ften,F

〈µ〉
=

N
〈µ
,1〉,

norm
al
distribution.

A
ssum

e
that

the
w
idth

of
the

distribution
(scale)

is
know

n
(=

unrealistic
sim

plifi
cation,

w
ill
soon

b
e
dropp

ed.)

b
E
stim

a
to
rs

T
n 〈x

1 ,...,x
n 〉

R
equirem

ents:

•
indep

endent
of

sequence
of

observations

•
equivariant:

T
n 〈x

1
+
c,...,x

n
+
c〉

=
T
n 〈x

1 ,...,x
n 〉

+
c
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c
K
n
o
w
n
T
h
e
o
ry

fo
r
“
k
n
o
w
n
”

F
0

•
IfF

0
=

N
〈µ
,1〉,

average
X

=
(1
/
n
) ∑

ni=
1
X
i
is
optim

al:

S
m
allest

variance
am

ong
all

equivariant
estim

ators.

•
IfF

0
is
know

n,
M
axim

um
L
ikelihood

E
stim

ator
is
optim

al:

S
m
allest

variance
am

ong
all

equivariant
estim

ators
–

asym
ptotically!
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3
M
a
xim

u
m

L
ik
e
lih

o
o
d
a
n
d
M
-e
stim

a
to
rs

3
.1

M
a
xim

u
m

L
ik
e
lih

o
o
d

a
G
iven

a
param

etric
fam

ily
w
ith

density
f
θ 〈x〉

w
rite

as
f〈x

,θ 〉
G
iven

the
observation

x
,
f〈x

,θ〉
=

likelihood
of
θ.

S
am

e
for

probabilities
P
θ 〈X

=
x〉,

also
w
ritten

as
f〈x

,θ〉.

M
axim

um
-L
ikelihood

estim
ator:

m
axim

ize
the

likelihood
!

θ̂
=

a
rg

m
in〈f〈x

,θ〉〉
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3.1b

S
am

ple
X

1 ,...,X
n

−→
joint

density
∏
i f〈x

i ,θ 〉.
M
axim

ize
this

or

L〈x
1 ,...,x

n
;
θ 〉

=
∑

i lo
g〈f〈x

i ,θ〉〉

or
m
inim

ize

D
〈θ〉

=
−
2 ∑

i lo
g〈f〈x

i ,θ〉〉
=

∑
i ρ〈x

i ,θ〉

D
:
D
eviance.

ρ-function:“deviation”
of

the
observation

x
i
from

m
odel〈θ 〉.



19
3.1c

E
x
a
m
p
le

N
o
rm

a
l
d
istrib

u
tio

n
F
or

norm
al
distribution

w
ith

given
variance:

ρ〈x
,µ〉

=
((x

−
µ
)/
σ )

2
+
c

−→
L
east

S
quares

d
E
x
a
m
p
le

lo
g
istic

d
istrib

u
tio

n

f
µ
,σ 〈x〉

=
1

(e
z
/
2
+
e −

z
/
2 )

2
,
z
=
x
−
µ

σ

L
ocation-scale

fam
ily.

L
ikelihood

−
2
lo
g 〈
e
z
/
2
+
e −

z
/
2 〉
.

ρ〈x
;
µ
,σ〉

=
4
lo
g 〈

e
(x−

µ
)/

2
σ
+
e −

(x−
µ
)/

2
σ 〉
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3.1e

G
e
n
e
ra
l
ca

se

F
orm

derivative
for

θ
k
and

set
to

0

∂
L

∂
θ
k 〈x

1 ,...,x
n
;
θ 〉

=
∑

ni=
1
s
k 〈x

i ;
θ〉
,

” L
ikelihood

scores”

s
k 〈x

;
θ〉

=
∂∂
θ
k

lo
g〈f〈x

i ,θ 〉〉
=

−
12

∂∂
θ
k

ρ〈x
i ,θ 〉

.

∑
ni=

1
s 〈
x
i ;
θ̂ 〉

=
0
.

M
axim

um
-L
ikelihood

estim
ator:

S
olve

for
θ̂!
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3.1f

L
ogistic

distribution.
L
ocation-scale:

z
=

(x
−
µ
)/
σ

−→
∂
z
/
∂
µ
=

−
1
/
σ

and
∂
z
/
∂
σ
=

−
(x

−
µ
)/
σ
2
=

−
z
/
σ

s
µ 〈x

;
θ 〉

=
1σ

e
z
/
2−

e −
z
/
2

e
z
/
2
+
e −

z
/
2

s
σ 〈x

;
θ 〉

=
z
s
µ 〈x

;
θ〉

U
se

scores
function

of
the

logistic
distribution

even
if

you
think

(or
hop

e)
that

the
observations

follow

the
norm

al
distribution.
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3
.2

M
-e
stim

a
to
rs

a
M
axim

um
likelihood

estim
ators

can
b
e
w
ritten

in
2
form

s:

•
M
axim

ize
the

log
likelihood!

F
or

sam
ple

of
iid

observations:

argm
ax

θ 〈∑
i lo

g〈f〈x
i 〉〉 〉

or
m
inim

ize
sum

of
deviances

argm
in
θ 〈∑

i ρ〈x
i ;
θ 〉 〉

ρ〈x
;
θ〉

=
−
2
lo
g〈f

θ 〈x〉〉

•
S
olve

im
plicit

equation
∑

i ψ
〈x

i ;
θ〉

=
0
,

ψ
〈x

;
θ〉

=
∂∂
θ
ρ〈x

;
θ〉

N
ote:

F
or

num
erical

purp
oses,

m
inim

ization
is
often

easier
B
U
T
:S
p
ecialized

algorithm
s
are

often
based

on
second

form
.
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3.2b

M
-e
stim

a
to
rs:

U
se

M
axim

um
likelihood

even
w
hen

you
do

not“b
elieve”

that

f
is
the

density
governing

the
observations

X
i .

=
D
o
not

require
that

ρ
is

−
2
lo
g〈f〉

for
any

distribution

(but
it
w
ill
alm

ost
alw

ays).

c
M
-estim

ators
also

app
ear

in
the

sam
e
2
fl
avors.

Im
p
ortant:

W
e
do

not
require

that
ψ
is
∂
ρ
/
∂
θ
for

any
ρ

(in
case

of
m
ultidim

ensional
θ )

S
econd

typ
e
is
m
ore

fl
exible!
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3.2d

M
-e
stim

a
to
rs

fo
r
lo
ca

tio
n

ρ〈x
,µ〉

=
ρ〈x

−
µ
,0〉

=
:
ρ〈x〉

ψ
〈x
,µ〉

=
ψ
〈x

−
µ
,0〉

=
:
ψ
〈x〉

F
or

the
norm

al
distribution

w
ith

σ
=

1
:

f
µ 〈x〉

=
const

e −
(x−

µ
)
2/
2

ρ〈x〉
=

x
2

ψ
〈x〉

=
x

(·2
)
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3.2e

C
h
o
o
se

a
ψ

fu
n
ctio

n
!

H
ub
er:

ψ
〈x〉

=

{
c

fo
r

x
>
c

x
fo
r

−
c
<
x
<
c

−
c

fo
r

x
<

−
c

=
m
in〈c,m

a
x〈−

c,x〉〉

x

psi
−2 −1 0 1 2

−
2

.5
−

2
.0

−
1

.5
−

1
.0

−
0

.5
0

.0
0

.5
1

.0
1

.5
2

.0
2

.5
−

c
c
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Integrate
(
−→

ρ)
and

exp
onentiate

to
get

corresp
onding

f
:

ρ〈x〉
=


cx

−
c
2/

2
fo
r

x
>
c

x
2/

2
fo
r

−
c
<
x
<
c

−
cx

−
c
2/

2
fo
r

x
<

−
c

f〈x〉
=

const·
e −

ρ〈x〉

x

rho
0.0 0.5 1.0 1.5 2.0 2.5

−
2

.5
−

2
.0

−
1

.5
−

1
.0

−
0

.5
0

.0
0

.5
1

.0
1

.5
2

.0
2

.5
−

c
c

x

f

H
u
b
e
r

n
o
rm

a
l

−
2
.5

−
2
.0

−
1
.5

−
1
.0

−
0
.5

0
.0

0
.5

1
.0

1
.5

2
.0

2
.5

−
c

c

ρ
f

S
tart

from
desired

ψ
-function

and
fi
nd

the
distribution

such
that

the
M
-estim

ator
is
the

m
ax.li.

estim
ator

for
it.
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3.2f

M
-e
stim

a
to
rs

a
s
w
e
ig
h
te
d
m
e
a
n
s

W
eighted

m
ean:

G
iven

w
eights

w
i ,
use

x
w
=

∑
i w

i x
i /

∑
i w

i

U
sed

for
observations

w
ith

diff
erent

precision
v
a
r〈X

i 〉
=
σ
2v
i

−→
w
i
=

1
/
v
i
gives

optim
al
estim

ator
for

norm
al
data.

M
-estim

ator
∑

i ψ
〈x

i −
µ̂〉

=
0
.

W
rite

ψ
〈x

i −
µ〉

=
w
i (x

i −
µ
),

w
i
=
ω
〈x

i −
µ〉,

ω
〈z〉

=
ψ
〈z〉 /

z.
T
hen,

µ̂
=

∑
i w

i x
i /

∑
i w

i



28

w
eighted

m
ean

—
w
here

the
w
eights

dep
end

on
the

solution!

U
seful

for

•
intuitive

understanding
–
som

etim
es

m
isleading!

•
Iterative

algorithm
:

S
tarting

value
µ̂
(
0
)

S
tep

m
:
w
eights

w
(m

)
i

=
ω
〈
x
i −

µ̂
(m

−
1
) 〉

−→
µ̂
(m

)
=

∑
i w

(m
)

i
x
i /

∑
i w

(m
)

i
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4
A
sym

p
to
tics

4
.1

C
o
n
siste

n
cy

b
R
elative

frequency
R
n
→
P
〈A

〉
=
π
=

E〈R
n 〉.

M
ore

precisely,

lim
n→

∞
P
{|R

n −
π|>

ε}
=

0

L
aw

ofL
arge

N
um

b
ers.

Jakob
B
ernoulli(published

p
osth.1713)

X
∼

B
〈n
,π〉

−→
E〈X

/
n〉

=
E〈X

〉
/
n
=
n
π
/
n
=
π

v
a
r〈X

/
n〉

=
v
a
r〈X

〉
/
n
2
=
n
π
(1

−
π
)/
n
2
=
π
(1

−
π
)/
n

→
0

!
=
⇒

X
/
n
→
π
.
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0
1

0
1

0
1

0
1

0
1

0
1
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c
G
eneral

case:
X

1 ,
X

2 ,
...,X

n
...

indep.
−→

P
{|X

n −
µ|
>
ε}

n→
∞

−→
0

for
each

ε
>

0
,

0
1

2
0

1
2

0
1

2
0

1
2

0
1

2

0.0 0.5 1.0 1.5 2.0



32
4.1d

C
onsistency

of
the

characteristic
values.

γ̂
→
γ
.

F
or

a
derivation,

w
e
w
ill
need

2
m
ore

concepts:

Integrals,
F
unctionals.

F
irst,

note
that

...

e
E
m
pirical

cum
ulative

distribution
function

−→
theoretical,

F̂
n 〈x〉

=
1n
#

〈i
:
X
i ≤

x〉
n→

∞
−→

F
〈x〉

=
P
〈X

≤
x〉

.

by
the

law
of

large
num

b
ers.
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0
.6

0
.8

1
.0

1
.2

1
.4

1
.6

1
.8
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Integrals
E〈X

〉
=

∫
x
d
F
〈x〉

F
or

continuous
random

variables:

E〈X
〉
=

∫
x
d
F
〈x〉

=

∫
x
f〈x〉

d
x

F
or

discrete
ones:

E〈X
〉
=

∫
x
d
F
〈x〉

=
∑

x
x
〈X

=
x〉

F
or

em
pirical

distribution
functions:

∫
x
d
F̂
n 〈x〉

=
∑

i x
i
1n
=
X

S
am

e
for

functions
g〈x〉:

∫
g〈x〉

d
F̂
n 〈x〉

=
∑

i g〈x
i 〉

1n

=
m
ean

of
g〈x

i 〉.
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g
F
unctionals.

T
〈F

〉
theoretical

characteristic
value,

T〈F̂
n 〉

em
pirical.

T
〈
F̂
n 〉

n→
∞

−→
T
〈F

〉

since
F̂
n
n→

∞
−→

F
.

N
eeds

continuity
of

the
functional.
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M
estim

ators
as

functionals.

T
ρ 〈F

〉
=

argm
in

θ

∫
ρ〈x

,θ〉
d
F
〈x〉

or

T
ψ 〈F

〉
=

solution
of

∫
ψ
〈x
,θ〉

d
F
〈x〉

=
0
.

E
stim

ator:
S
olution

of
∫
ψ
〈x
,θ〉

d
F̂
n 〈x〉

=
1n ∑

i ψ
〈x

i ,θ〉
=

0

M
ore

clearly,
w
rite
∫
ψ
〈
x
,T

〈
F̂
n 〉〉

d
F̂
n 〈x〉

=
0

∫
ψ
〈x
,T

〈F
〉〉
d
F
〈x〉

=
0

T
his

m
akes

clear
that

T
〈F

n 〉→
T
〈F

〉,
since

F
n
→
F
.
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4.1i

E
xam

ple:
L
ocation

m
odel,

arithm
.
m
ean

f〈x
,µ〉

=
f〈x

−
µ
,0〉

,
f〈z

,0〉
=

1
√
2
π
e −

z
2/
2
.

log-lik.:−
12
lo
g〈2

π〉−
(x

−
µ
)
2/

2
,

scores
s〈x

,µ〉
=
x
−
µ

−→
estim

ator
∑

i (x
i −

µ̂
)
=

0
−→

µ̂
=

1n ∑
i x

i

−→
M
ean

is
M

estim
ator

w
ith

ψ
〈x
,µ〉

=
x
−
µ

M
edian

is
an

M
estim

ator,
ψ
〈x
,µ〉

=
{

−
1

x−
µ
<

0
1

x−
µ
>

0
.

H
ub
er

estim
ator:

M
estim

ator
w
ith

ψ
〈x
,µ〉

=

{
x
−
µ

für|x
−
µ|≤

b
−
b

für
x
−
µ
<

−
b

b
für

x
−
µ
>
b

b
tuning

constant.
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M
axim

um
-L
ikelihood

estim
ator:

X
i ∼

F
θ

=
⇒
T
n
n→

∞
−→

T
〈F

θ 〉.
T
〈F

θ 〉
defi

ned
by∫

s〈x
,T

〈F
θ 〉〉

f〈x
,θ〉

d
x
=

0

G
eneral

result:
T
〈F

θ 〉
=
θ
:

F
isher-consistent

estim
ator

for
the

param
eter(s)

of
the

fam
ily!

P
roof:

N
eed

to
show

∫
s〈x

,θ〉
f〈x

,θ〉
d
x
=

0
.

∂∂
θ
lo
g〈f〈x

,θ 〉〉
=

1

f〈x
,θ〉

∂∂
θ
f〈x

,θ 〉
=

s〈x
,θ〉

=
⇒

∂∂
θ
f〈x

,θ〉
=

s〈x
,θ〉

f〈x
,θ〉
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∫
f〈x

,θ 〉
d
x

=
1

=
⇒

∫
∂∂
θ
f〈x

,θ 〉
d
x

=
0

=

∫
s〈x

,θ〉
f〈x

,θ〉
d
x
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F
ish

e
r
C
o
n
siste

n
cy

(stated
again)

L
et

F
θ

b
e
a
param

etric
fam

ily
w
ith

par.
θ
=

[θ
1 ,...,θ

p ]

S
am

ple
X

1 ,...,X
n ,
X
i ∼

F
θ

E
stim

ator
of

the
param

eters:

A
function

of
the

sam
ple,

T
k 〈F̂

n 〉
designed

to
estim

ate
par.

θ
k

−→
If

F
=
F
θ

then
w
e
w
ant

T
k 〈F

θ 〉
=
θ
k

V
ector

notation:
T
〈θ〉

=
θ

“F
isher

consistency”.
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M
estim

ators:
T
〈F

θ 〉
=
θ

⇐
⇒

∫
ψ
〈x
,θ〉

d
F
θ 〈x〉

=
0

L
ocation

M
odel:

F
〈x
,µ〉

=
F
0 〈x

−
µ〉

F
isher

consistent
for

all
µ
if

∫
ψ
〈x〉

d
F
0 〈x〉

=
0

S
uffi

cient:
S
ym

m
etric

f
and

(anti-)
sym

m
etric

ψ
.

If
not

fulfi
lled,

it
is
easily

corrected
by

considering

ψ̃
〈x〉

:=
ψ
〈x〉−

∫
ψ
〈x〉

d
F
0 〈x〉

or

ψ̃
〈x〉

:=
ψ
〈x

−
T
ψ 〈F

0 〉〉.
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4
.2

In
fl
u
e
n
ce

F
u
n
ctio

n

b
E
xam

ple
of

w
eights

of
pigs

1
0
7

1
0
8

1
1
1

1
0
1

9
7

1
1
3

1
0
9

1
0
5

1
1
6

1
2
2
.

A
dditional

observation
x
0

−→

(1
0
7
+

1
0
8
+
...

+
1
2
2
+
x
0 )/

1
1

=
n
x
+
x
0

n
+

1
=

(n
+

1
)x

−
x

n
+

1
+

x
0

n
+

1
=
x
+

1
n
+
1
(x

0 −
x
)

=
1
0
8
.9

+
(x

0 −
1
0
8
.9
)/

1
1
.

M
edian

(1
0
8
+

1
0
9
)/

2
=

1
0
8
.5

−→
1
0
8
,
if
x
0 ≤

1
0
8

−→
1
0
9
,
if
x
0 ≥

1
0
9
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E
m
p
irica

l
In
fl
u
e
n
ce

F
u
n
ctio

n
o
r
S
e
n
sitiv

ity
C
u
rv
e

S
C
〈x

0 ;
T
,x

1 ,...,x
n 〉

=
n
(T

〈x
1 ,...,x

n ,x
0 〉−

T
〈x

1 ,...,x
n 〉 )

d
S
C
dep

ends
on

the
dataset.

W
ant

an
“asym

ptotic
version”

that
dep

ends

on
the

underlying
distribution

F
instead.

n
→

∞
−→

sam
ple

=̂
F̂
n
→
F
.

“A
dditional

observation”
−→

sm
all

fraction
of

obs.



46
4.2e

G
ro
ss

E
rro

r
M
o
d
e
l

G
〈.〉

=
(1

−
ε
)
F
〈.〉

+
ε
∆

x
0 〈.〉

M
odel

for“w
rong”

observation
or“gross

error”

x

−
4

−
2

0
2

4

0.0 0.2 0.4 0.6 0.8 1.0

x
0

ε

G
(x)

(i)

x

−
4

−
2

0
2

4
0.0 0.2 0.4 0.6 0.8 1.0

x
0

ε

G
(x)

(ii)

G
(x)

F
(x)

∆
(x)

M
ore

general:
G
〈x〉

=
(1

−
ε
)
F
〈x〉

+
εH

〈x〉
=

G
ross

E
rror

M
odel

−→
G
ross

E
rror“neighb

orhood”
U
ε 〈F

〉
=

{
(1

−
ε
)
F
〈.〉

+
εH

〈.〉|
H
arbitrary}

(not
a
real

neighb
orhood!)
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4.2f

In
fl
u
e
n
ce

F
u
n
ctio

n
.

IF
〈x

;
T
,F

〉
=

lim
ε→

0

T
〈(1

−
ε
)
F

+
ε
∆

x 〉−
T
〈F

〉
ε

.

L
im
it
of

the
S
ensitivity

C
urve.

g
G
ro
ss

E
rro

r
S
e
n
sitiv

ity

IF
m
easures

the
“dam

age”
to

the
“true

value”
of

an
estim

ator

caused
by

a
gross

error.

K
eep

the
dam

age
b
ounded!

−→
M
easure

of
robustness:

T
he

m
axim

um
of|IF

|:

γ
∗〈T

,F
〉
=

su
px
〈|IF

〈x
;
T
,F

〉|〉
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4.2h

IF
for

X
:

E〈(1
−
ε
)
F

+
ε
∆

x 〉
=

(1
−
ε
)E〈F

〉
+
εE〈∆

x 〉
=

(1
−
ε
)E〈F

〉
+
εx

IF 〈
x
;
X
,F

〉
=

x
−

E〈F
〉
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4.2i*

M
edian

m
e
d〈F

〉
=
F

−
1〈0

.5〉.
If
x
>
t
+ε
=
F

−
1〈0

.5
/
(1

−
ε
)〉

then
m
e
d〈(1

−
ε
)
F

+
ε
∆

x 〉
=
t
+ε

If
x
>
t −ε

=
F

−
1〈1

−
0
.5
/
(1

−
ε
)〉

then
...

=
t −ε

dd
ε
F

−
1〈0

.5
/
(1

−
ε
)〉

=
1

f〈F
−
1〈0

.5
/
(1

−
ε
)〉〉 · 0

.5
·
(−

1
)

(1
−
ε
)
2

·(−
1
)

→
1
/
(2
f〈µ〉),

µ
=
F

−
1〈0

.5〉

IF〈x
;
m
e
d
,F

〉
=

{
−
1
/
(2
f〈µ〉)

für
x
<

m
e
d〈F

〉
1
/
(2
f〈µ〉)

für
x
>

m
e
d〈F

〉
is
not

continuous
at

the
m
edian,

but
jum

ps

from
−
1
/
(2
f〈µ〉)

to
1
/
(2
f〈µ〉).
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In
fl
u
e
n
ce

F
u
n
ctio

n
fo
r
M

e
stim

a
to
rs.

IF
〈x

;
F
〉
=

1c
ψ
〈x
,θ〉

w
ith

c
=

−
∫

∂∂
θ
ψ
〈x
,θ〉

f〈x
,θ〉

d
x
.

Infl
uence

function
is
prop

ortional
to

ψ
.

If
T
estim

ates
θ,

that
is, ∫

ψ
〈x
,θ〉

f〈x
,θ〉

d
x
=

0
,
then

c
=

∫
ψ
〈x
,θ〉

s〈x
,θ〉

f〈x
,θ〉

d
x
.

S
p
ecial

case:
M
axim

um
-L
ikelihood

estim
ator

c
=

−
∫

∂∂
θ
s〈X

,θ〉
f〈x

,θ 〉
d
x
=

∫
s〈X

,θ〉
2
f〈x

,θ〉
d
x
.
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*
P
ro
of:

T
〈G

〉
for

th
e
d
istrib

u
tion

G
=

(1
−
ε
)F

+
ε
∆

x
:

∫
ψ
〈x
,T

〈G
〉〉
d
G
〈x〉

=
(1

−
ε
) ∫
ψ
〈x
,T

〈G
〉〉
d
F
〈x〉

+
εψ

〈x
,T

〈G
〉〉

ψ
〈x
,T

〈G
〉〉

≈
ψ
〈x
,T

〈F
〉〉

+
∂∂
θ ψ

〈x
,T

〈F
〉〉

(T
〈G

〉−
T
〈F

〉)
∫
ψ
〈x
,T

〈G
〉〉
d
F
〈x〉

≈
∫
ψ
〈x
,T

〈F
〉〉
d
F
〈x〉

+
(T

〈G
〉−

T
〈F

〉) ∫
∂∂
θ ψ

〈x
,T

〈F
〉〉
d
F
〈x〉

∫
ψ
〈x
,T

〈G
〉〉
d
G
〈x〉

≈
(1

−
ε
)(T

〈G
〉−

T
〈F

〉) ∫
∂∂
θ ψ

〈x
,T

〈F
〉〉
d
F
〈x〉

+
ε (ψ

〈x
,T

〈F
〉〉

+
(T

〈G
〉−

T
〈F

〉)
∂∂
θ ψ

〈x
,T

〈F
〉〉 )

N
eglect

term
w
ith

ε
(T

〈G
〉−

T
〈F

〉)
!
S
et

=
0
.
−→

T
〈G

〉−T
〈F

〉≈
−

εψ
〈x
,T

〈F
〉〉

(1
−
ε
) ∫

∂∂
θ ψ

〈x
,T

〈F
〉〉
d
F
〈x〉
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L
inearization.

T
〈
F̂
n 〉

≈
T
〈F

〉
+

1n ∑
ni=

1
IF〈X

i ;
T
,F

〉

T
〈G

〉
≈

T
〈F

〉
+

∫
IF〈x

;
T
,F

〉
d
G
〈x〉

If
the

latter
holds,

it
is
called

fi
rst

order
von

M
ises

expansion
and

IF
is
the

“kernel”
of

the
“von

M
ises

functional”
T
.

T
his

looks
like

a
fi
rst

order
T
aylor

expansion.

G
=
F

−→
∫
IF〈x

;
T
,F

〉
d
F
〈x〉

=
0

T
here

are
several

notions
of

derivatives
for

functionals:
–
G
âteau

–
von

M
ises

–
H
adam

ard
–
F
réchet

T
hey

are
increasingly

strong
prop

erties
of

functionals.
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4
.3

A
sym

p
to
tic

D
istrib

u
tio

n

a
C
entral

lim
it
theorem

.
T
he

distribution
of

the
standardized

average

Z
n
=
X
n −

µ

σ
/ √

n

approaches
the

standard
norm

al
distribution

as
n
grow

s.

P
〈Z

n ≤
z〉

n→
∞

−→
Φ

〈z〉
(
Φ
:
cum

.
distribution

function
of

the
standard

norm
al)

...
if
X
i
are

indep
endent

and
equally

distributed
and

the
variance

is
fi
nite.

b
E
xpressed

diff
erently:

X
n
≈
∼

N
〈µ
,σ

2/
n〉
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G
e
n
e
ra
liza

tio
n
s

M
any

statistics
T
n
(estim

ators,
test

st.)
are

“asym
ptotically

norm
al”

for
reasonable

distributions
of

the
observations

X
i ∼

F
,

indep.,
T
n
=
T
n 〈X

1 ,...,X
n 〉

=
⇒

T
n

≈
∼

N
〈T

〈F
〉
,V

〈T
,F

〉
/
n〉

or

P

〈
(T

n −
T
〈F

〉)
√
V
〈T
,F

〉
/
n

≤
z 〉

n→
∞

−→
Φ

〈z〉

V
ersions

of
the

C
LT

even
for

non-identically
distributed

and
dep

endent
X
i .

T
his

is
the

deep
er

reason
for

the
dom

inant
role

of
the

norm
al
distribution.
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C
e
n
tra

l
L
im

it
T
h
e
o
re
m

fo
r
fu
n
ctio

n
a
ls

T〈X
1 ,
X
i ,...,X

n 〉
≈

T
〈F

〉
+

1n ∑
ni=

1
IF〈X

i ;
T
,F

〉
≈

∼
N

〈T〈F
〉,V

〈T
,F

〉
/
n〉

V
〈T
,F

〉
=

v
a
r〈IF〈X

;
F
〉〉

W
e
alw

ays
have

E
〈
IF〈X

;
T
,F

〉 〉
=

0
.

−→
V
〈T
,F

〉
=

E
〈
IF〈X

;
T
,F

〉
2 〉
.

e
A
sym

ptotic
variance

for
M
-estim

ators.

V
〈T
,F

〉
=

1c
2 ∫

ψ
〈x
,θ〉

2
d
F
〈x〉

c
=

∫
ψ
〈x
,θ〉

s〈x
,θ〉

d
F
θ 〈x〉

M
axim

um
-L
ikelihood

estim
ator:

Integral
=
c

−→
V
〈T
,F

〉
=

1
/
c
,

c
=

∫
s〈x

,θ〉
2
d
F
θ 〈x〉

.

c
=

F
isher-Inform

ation.
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E
xam

ple
H
ub
er

estim
ator

for
standard

norm
al
distribution

V
〈T

H
,Φ

〉
=

∫
ψ
〈x〉

2d
Φ

〈x〉
/

(∫
ψ

′〈x〉
d
Φ

〈x〉 )
2

b

as. Varianz

0
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0
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0
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0
.6

0
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0
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0
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0
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0
0
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0
0
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5
0
.0

1

e
p
s
ilo

n
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E
xam

ple
L
ogistic

distribution

M
axim

um
-L
ikelihood

estim
ator

for
L
〈µ

=
0
,σ

=
1〉

∫
(e
z
/
2−

e −
z
/
2)

2

(e
z
/
2
+
e −

z
/
2)

4
d
z
=

0
.3
3
3

=
1
for

σ
=

1
.7
3
2
.

h
M
axim

um
likelihood

estim
ator

is
the

b
est

est.
asym

ptotically.

V
〈T
,F

θ 〉≥
1
/
I〈F

θ 〉
for

all
F
isher

consistent
estim

ators
T
.
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4.3i

P
recise

theories
for

asym
ptotic

norm
ality:

•
M
-estim

ators:
H
ub
er

1964
/
1967

•
F
réchet

derivative
is
suffi

cient
(...)

derivative
is
suffi

cient

•
...
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4.3j

C
onsider

a
T
n
w
hich

has
an

Infl
uence

F
unction

IF
〈x

;{
T
n }
,F

θ 〉
at

all
F
θ
and

is
asym

ptotically
norm

al.

T
hen,

the
M
-estim

ator
defi

ned
by

ψ
〈x
,F

θ 〉
=

IF
〈x

;{
T
n }
,F

θ 〉

is
asym

ptotically
equivalent

to
{
T
n }.

−→
M
-estim

ators
are

enough
for

asym
ptotic

considerations!
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4.3k

T
e
sts

a
n
d
co

n
fi
d
e
n
ce

in
te
rv
a
ls

based
on

the
asym

ptotic
norm

al
distribution

•
S
tandardized

test
statistic

T
=

(θ̂−
θ
0 ) / √

v
/
n
≈
∼

Φ

•
C
onfi

dence
interval

for
θ:

θ̂±
1
.9
6
· √

v
/
n
.

M
ore

on
robust

tests
later.

l
S
u
m
s
o
f
sq
u
are

s
−→

chisquared
distribution!

T
=

∑
k (N

k −
µ
k )

2/
µ
k
,

µ
k
=

E〈N
k 〉

T
≈

∼
χ
2ν

C
ontradiction

to
the

C
entral

L
im
it
T
heorem

?
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5
O
p
tim

a
lity

R
e
su
lts

5
.1

H
u
b
e
r’s

M
in
im

a
x
T
h
e
o
re
m

a
G
ro
ss

E
rro

r
M
o
d
e
l

R
em

em
b
er:

•
“R

obustness
is

the
theory

of
approxim

ate
param

etric
m
o-

dels.”
U
ε 〈F

〉
=

{
(1

−
ε
)
F
〈.〉

+
εH

〈.〉|
H

arbitrary}

•
M
-estim

ators
in

the
form

∫
ψ
〈x
,T

〈F
〉〉
d
F
〈x〉

=
0

are
a
very

fl
exible

class
of

estim
ators.

E
very

asym
pt.

norm
al
est.r

is
equivalent

to
an

M
-est.r.
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5.1b

T
h
e
G
a
m
e

•
N
ature

chooses
a
distribution

F
from

a
set

F
of

distributions
–
e.g.F

=
U
ε 〈F

〉.

•
T
he

statistician
chooses

a
function

ψ
∈

Ψ

•
T
he

payoff
to

the
statistician

is

K
〈ψ
,F

〉
=

∫
(ψ

′〈x〉
d
F
〈x〉)

2

∫
(ψ

〈x〉
2d
F
〈x〉)

“usually”
=

1
/
V
〈T
,F

〉.
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S
tatistician

chooses
m
inim

ax
strategy:

M
axim

ize
the

m
inim

al
payoff

=
m
inim

ize
the

m
axim

al
variance

A
ssum

e
that

N
ature

gives
you

the
w
orst

distribution.

C
hoose

the
b
est

estim
ator

for
this

distribution.

M
ake

sure
that

it
is
at

least
as

good
for

other
distributions.

N
eed

saddlep
oint

K
〈ψ

0 ,F
0 〉

such
that

K
〈ψ

0 ,F
0 〉≤

K
〈ψ

0 ,F
〉

∀
F

∈
F

and

K
〈ψ

0 ,F
0 〉≥

K
〈ψ
,F

0 〉
∀
ψ

∈
Ψ
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5.1c

H
u
b
e
r’s

T
h
e
o
re
m

(1
9
6
4
,
A
n
n
.
M
a
th
.
S
ta
tistics)

A
ssum

ptions:F
is
convex,

has
densities,

fi
nite

F
isher

Inform
ation

I〈F
〉
=

∫
( f

′〈x〉
/
f〈x〉)

2
f〈x〉

d
x

T
hen,

(i)
If
there

is
F
0 ∈

F
such

that
I〈F

0 〉≤
I〈F

〉
∀
F

∈
F

and
ψ
0 〈.〉

:=
f
′0 〈.〉

/
f〈.〉

∈
Ψ
,
then

[ψ
0 ,F

0 ]
is
the

saddlep
oint

of
the

gam
e,

K
〈ψ
,F

0 〉≤
K

〈ψ
0 ,F

0 〉
=
I〈F

0 〉≤
K

〈ψ
0 ,F

〉

∀
F

∈
F

and
∀
ψ

∈
Ψ
.
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(ii)
C
onversely,

if
[ψ

0 ,F
0 ]

is
a
saddlep

oint,
and

∃
c

:
c·
f
′0 /
f
0 ∈

Ψ
,
then

I〈F
0 〉≤

I〈F
〉

∀
F

∈
F
,
F
0
is
unique

and
ψ
0
=
c·
f
′0 /
f
0 .

(iii)
...
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5.1d

L
o
ca

tio
n
M
o
d
e
l

A
ssum

e:
G

has
convex

supp
ort,−

lo
g〈g〉

is
convex.

T
〈F

〉
M
-estim

ator
given

by
ψ
: ∫

ψ
〈x

−
T
〈F

〉〉
d
F
〈x〉

=
0

a
sv

a
r
F 〈T

〉
=

∫
ψ
〈x

−
T
〈F

〉〉
2
d
F
〈x〉

(∫
ψ

′〈x
−
T
〈F

〉〉
d
F
〈x〉 )

2

“N
eighb

orhood”
U
ε 〈F

〉
=

{
(1

−
ε
)F

+
εH

}
L
oss

=
asvar.“S

addlep
oint”

[ψ
0 ,F

0 ]:

a
sv

a
r
F 〈T

〉
m
inim

ax
only

am
ong

dist.s
F
for

w
hich

E
F 〈ψ

0 〉
=

0

S
olution

defi
nes

the
problem

!

−→
R
estriction

to
sym

m
etric

F
and

H
is
natural

...
but“non-robust”

!
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ψ
0
is
the

b
ounded

version
of

the
m
ax.li.

scores

ψ
0 〈x〉

=
m
in〈s〈x〉

,m
a
x〈s〈x〉

,−
b〉
,
b〉

s〈x〉
=

−
f
′〈x〉

/
f〈x〉.

“T
uning

constant”
b
is
a
function

of
allow

ed
contam

ination
ε

(1
−
ε
) −

1
=

∫
−
b≤
f〈x〉≤

b f〈x〉
d
x
+

(f〈x
0 〉

+
f〈x

1 〉)/
b
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5.1e

R
e
su
lt

fo
r
th
e
n
o
rm

a
l
lo
ca

tio
n
m
o
d
e
l

W
hen

F
=
U
ε 〈N

〈µ
,1〉〉,

then
the

saddlep
oint

is
given

by
the

H
ub
er

function
w
ith

a
tuning

constant
b

that
is
a
function

of
ε,

and

F
0
is
the

corresp
onding

distribution,
see

(3.2.e)

T
uning

constants
and

a
sv

a
r
Φ
〈T

〉:

ε
b

a
sv

a
r
Φ

0.4417
0.5

1.263
0.1428

1.0
1.107

0.0498
1.4

1.047
0.0064

2.0
1.010
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b

as. Varianz

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

1
.2

1
.4

1
.6

1
.8

2
.0

0.0 1.0 1.2 1.4 1.6
0

.8
0

0
.5

0
0

.2
0

0
.1

0
0

.0
5

0
.0

1

e
p
s
ilo

n
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5.1f

C
o
n
se
q
u
e
n
ce
s

•
E
xact

treatm
ent

of
the

robustness
question:

“B
ehavior

under
the

assum
ption

that

X
i
follow

approxim
ately

the
distribution

F
”

•
1
/
K

m
easures

the
asym

ptotic
variance.

W
hat

ab
out

bias?

B
ias

dom
inates

for
large

n
.

A
sym

ptotic
bias:

T
〈G

〉−
T
〈F

〉,
G

=
εF

+
(1

−
ε
)H

.

•
M
inim

ax
R
esult

for
B
ias

is
also

treated
in

H
ub
er

(1964)!

R
esult:

...
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•
T
rick

for
m
inim

ax
variance

result:

restriction
to

sym
m
etric

distributions
!

−→
m
isunderstanding:

R
obust

m
ethods

are
for

sym
m
etric

distributions
only.

•
A
sym

m
etric

contam
ination

allow
ed

−→
“unavoidable

bias”

−→
R
obust

estim
ator

defi
nes

quantity
to

b
e
estim

ated

for
contam

inated
distributions

S
till

w
ant

to
b
e
(F
isher)

consistent
=

asym
pt.

unbiased

at
the

“nom
inal

m
odel”

F
θ .
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5
.2

H
a
m
p
e
l’s

O
p
tim

a
l
E
stim

a
to
rs

a
A
sy
m
p
to
tic

b
ia
s

...
in

gross
error“neighb

orhood”:

G
=

(1
−
ε
)F

+
εH

=
F

+
ε
(H

−
F
)

T
〈G

〉
=

T
〈F

〉
+
ε ∫

IF
〈x

;
T
,F

〉
d
(H

−
F
)〈x〉

=
T
〈F

〉
+
ε ∫

IF
〈x

;
T
,F

〉
d
H

〈x〉−
0

|T
〈G

〉−
T
〈F

〉|
≤

ε
G
E
S
〈T
,F

〉
G
E
S
〈T
,F

〉
=

γ
∗〈T

,F
〉
=

su
px
〈|IF

〈x
;
T
,F

〉|〉

R
obust

estim
ator

−→
b
ounded

G
E
S
.
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5.2b

O
p
tim

a
lity

p
ro
b
le
m

A
m
ong

all
(M

-)estim
ators

w
ith

G
E
S
≤

a
constant

γ
,

fi
nd

the
one

that
m
inim

izes

a
sv

a
r〈T

,F
〉
=

∫
IF

〈x
;
T
,F

〉
2
d
F
〈x〉

S
earch

in
the

class
of

M
-estim

ators
−→

class
of
ψ
-functions.

=
H
am

p
el’s

optim
ality

problem

−→
V
ariational

problem
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5.2c

H
am

p
el’s

optim
ality

problem
as

approxim
ate

m
inim

ax
problem

:

a
sv

a
r
G 〈T

〉
≈

a
sv

a
r 〈[T

〈F
〉
+

1n ∑
i IF

〈X
i ;
T
,F

〉 ]〉

=
∫
IF

〈x
;
T
,G

〉
2
d
G
〈x〉≈

∫
IF

〈x
;
T
,F

〉
2
d
G
〈x〉

=
(1

−
ε
)
a
sv

a
r
F 〈T

〉
+
ε ∫

IF
〈x

;
T
,F

〉
2
d
H

〈x〉
≤

(1
−
ε
)
a
sv

a
r
F 〈T

〉
+
εγ

∗〈T
,F

〉
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5.2d

H
a
m
p
e
l’s

L
e
m
m
a
5

M
odel

and
assum

ptions:

•
P
aram

etric
m
odel

{
F
θ |
θ
∈

Θ
},

Θ
op
en,

convex
⊂

|R

•
D
ensity

f
θ
>

0
on

set
of

p
ossible

observations
x
.

•
F
ix
θ
0 .

D
enote

F
0
:=

f
θ
0 .

s〈x
,θ

0 〉
=
∂〈lo

g〈f
θ 〈x〉〉〉

/
∂
θ|
θ
0
exists,

and

•
∫
s〈x

,θ
0 〉

d
F
0 〈x〉

=
0

•
F
isher

Inform
ation

J
〈F

0 〉
=

∫
s〈x

,θ
0 〉

2
d
F
0 〈x〉

exists



77

L
e
m
m
a
5

C
hoose

b
>

0
.

(a)
T
here

exists
a
constant

a
such

that

ψ̃
〈x〉

:=
m
in〈m

a
x〈s〈x

,θ
0 〉−

a
,−

b〉
,
b〉

satisfi
es

∫
ψ̃
〈x〉

d
F
0 〈x〉

=
0
and

d
:=

∫
ψ̃
〈x〉

s〈x
,θ

0 〉
d
F
0 〈x〉

>
0
.
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(L
em

m
a
5,

continued)
T
his

ψ̃
m
inim

izes
∫
ψ
〈x〉

2
d
F
0 〈x〉 /

(∫
ψ
〈x〉

s〈x
,θ

0 〉
d
F
0 〈x〉 )

2

am
ong

all
m
appings

ψ
that

satisfy
∫
ψ
〈x〉

d
F
0 〈x〉

=
0

∫
ψ
〈x〉

s〈x
,θ

0 〉
d
F
0 〈x〉

>
0

and

su
p
x ∣∣ψ

〈x〉 /∫
ψ
〈x〉

s〈x
,θ

0 〉
d
F
0 〈x〉 ∣∣

≤
γ
:=

b/
d

A
ny

other
solution

of
this

extrem
al

problem
coincides

w
ith

a

nonzero
m
ultiple

of
ψ̃
alm

ost
everyw

here
(w

ith
resp

ect
to

F
0 ).
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5.2e

In
te
rp
re
ta
tio

n

•
L
ike

H
ub
er’s

T
heorem

,
the

“L
em

m
a”

is
ab
out

functions.

N
o
probabilities,

estim
ators...

Interpretation
for

statistical
purp

oses
com

es
now

.

•
O
ptim

ality
is
determ

ined
for

a
fi
xed

θ
0 .

O
nly

m
akes

sense
if
true

for“all”
θ

(at
least

a
in

neighb
orhood

of
θ
0 ).

•
∫
ψ
〈x〉

d
F
0 〈x〉

=
0

m
eans

F
isher

consistency.

(W
e
need

such
a
condition,

since
otherw

ise,

the
non-random

“estim
ator”

θ̂〈F
〉
=
θ
is
optim

al

under
all

asp
ects

...)
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•
T
he

quantity
m
inim

ized
is

a
sv

a
r〈T

〉,
w
here

T
is
the

M
-estim

ator
defi

ned
by

ψ
.

•
T
he

expression
su

p
x
...

is
the

G
E
S
of

the
estim

ator

and
b/
d
is
the

G
E
S
of

the
constructed

estim
ator.

•
W
e
w
ould

prefer
to

start
w
ith

a
given

b
ound

γ
.

B
ut

then,
the

construction
is
m
ore

diffi
cult,

b
ecause

γ
needs

to
b
e
large

enough
for

a
solution

to
exist.
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5.2f

P
ro
o
f

•
a
exists

since
∫
m
in〈s〈x

,θ
0 〉−

a
,m

a
x〈s〈x

,θ
0 〉−

a
,−

b〉
,
b〉

d
F
0 〈x〉

is
continuous

in
a
and

→
b
>

0
for

a
→

−
∞

and
→

−
b
<

0
for

a
→

∞
.

•
d
>

0
technical,

see
H
am

p
el
et

al.
(1986,

p.118)
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•
O
ptim

ality:
L
et
ψ
b
e
a
function

satisfying
the

conditons.
T
hen,

w
e
can

replace
ψ
by

d
·
ψ /∫

ψ
〈x〉

s〈x
,θ

0 〉
d
F
0 〈x〉,

that
is,

w
e
can

assum
e
∫
ψ
〈x〉

s〈x
,θ

0 〉
d
F
0 〈x〉

=
d

and
need

to
m
inim

ize
∫
ψ
〈x〉

2
d
F
0 〈x〉.

D
enote

s〈x
,θ

0 〉−
a
=
:
s̃〈x〉.

N
ote

that
∫
( s̃〈x〉−

ψ
〈x〉)

2
d
F
0 〈x〉

=
∫
s̃〈x〉

2
d
F
0 〈x〉−

2
d
+

∫
ψ
〈x〉

2
d
F
0 〈x〉

S
ince

the
fi
rst

2
term

s
on

the
r.h.s.

do
not

dep
end

on
ψ
,

w
e
m
inim

ize
the

l.h.s.
T
he

integrand
is
m
inim

ized
p
ointw

ise
by

ψ̃
.

•
T
his

also
proves

uniqueness
(up

to
values

on
sets

w
ith

0
probability)
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5.2g

A
p
p
ro
x
im

a
te
ly

m
in
im

a
l
M
S
E

M
ean

S
quared

E
rror

M
S
E

=
bias

2
+

v
a
r≈

(T
〈G

〉)
2
+
n
−
1·as.var〈T

,G
〉

≤
G
E
S
〈T
,F

〉
2
+
n
−
1·

( as.var〈T
,F

〉
+
...)

F
or

given
ε
and

n
,
ne

can
choose

b
of

the
H
ub
er

est.

such
that

this
approxim

ate
M
S
E
is
m
inim

ized.

−→
“O

ptim
al”

choice
of

the
tuning

constant,
dep

ending
on

n
.

M
ore

precise
treatm

ent
needs“C

hange
of

V
ariance

F
unction”

and
resp

ective“sensitivity”,
see

H
am

p
el
et

al
(1986,

C
h.

2.7).
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5.2h

E
x
a
m
p
le
:
L
o
g
-W

e
ib
u
ll
d
istrib

u
tio

n
W
eibull:

O
ften

used
in

reliability
studies

F
ailure

tim
e
or

survival
tim

e
Y

∼
W

0
.5

1
.0

1
.5

2
.0

2
.5

3
.0

0.0 0.4 0.8 1.2

1
3
.1

5

 2
.6

8

 1
.1

4

 0
.6

3

G
a

m
m

a

0
.5

1
.0

1
.5

2
.0

2
.5

3
.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2

3
.8

0

1
.7

1

1
.0

8

0
.7

6

W
e

ib
u

ll

−
2

−
1

0
1

2
3

4

0.0 0.1 0.2 0.3 0.4

G
u

m
b

e
l

x

x

f〈x〉
f〈x〉

η
=

η
=

µ
=

0
,τ

=
1
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F
ailure

tim
e
or

survival
tim

e
Y

∼
W

T
hen,

X
=

−
lo
g〈Y

〉∼
G
um

b
el
or“extrem

e
value”

distribution

C
um

.d.f.
F
µ
,τ 〈x〉

=
1
−

e
x
p〈−

e
z〉

,
z
=

x−
µ
τ

D
ensity

f
µ
,τ 〈x〉

=
τ
−
1e
z
e
x
p〈−

e
z〉

L
ocation-S

cale
fam

ily.
C
onsider

fi
xed

scale
τ
=

1
.

O
ptim

al
estim

ators
for

µ
?

−→
exercise!

lo
g〈f

µ
,1 〈x〉〉

=
z−

e
z.

S
cores:

s〈x
,µ〉

=
e
z−

1
.

M
ax.li.: ∑

i e
x
i −
µ̂−

n
=

0
−→

e
x
p〈µ̂〉

=
1n ∑

i e
x
p〈x

i 〉.
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O
ptim

al
estim

ators
for

µ
?

G
iven

b,
determ

ine
a
such

that
(general

form
ula!)

∫
m
in〈m

a
x〈s〈x

,θ
0 〉−

a
,−

b〉
,
b〉

d
F
0 〈x〉

=
b
( 1

−
F
0 〈c

1 〈a
,b〉〉−

F
0 〈c

0 〈a
,b〉〉)

−
(f

0 〈c
1 〈a

,b〉〉−
f
0 〈c

0 〈a
,b〉〉)

−
a
(F

0 〈c
1 〈a

,b〉〉−
F
0 〈c

0 〈a
,b〉〉)

=
0

c
0 〈a

,b〉
=

s ∗〈a
−
b〉

,
c
1 〈a

,b〉
=

s ∗〈a
+
b〉

w
here

s ∗
is
the

inverse
function

of
s〈.,θ

0 〉.
T
his

defi
nes

the
function

a〈b〉.

F
or

G
um

b
el,

s ∗〈c〉
=

lo
g〈1

+
c〉.



87

F
unction

a〈b〉:
f
.
h
o
.
b
2
a

<
-

f
u
n
c
t
i
o
n
(
b
,

d
i
s
t
r
=
"
g
u
m
b
e
l
"
)

{
#
#

P
u
r
p
o
s
e
:

H
a
m
p
e
l

o
p
t
i
m
a
l
i
t
y
:

c
a
l
c
u
l
a
t
e

a
f
r
o
m

b
#
#

A
r
g
u
m
e
n
t
s
:

b
:

c
h
o
s
e
n

b
o
u
n
d

i
f

(
d
i
s
t
r
=
=
"
g
u
m
b
e
l
"
)

{
f
d

<
-

f
u
n
c
t
i
o
n
(
x
)

e
x
p
(
x
-
e
x
p
(
x
)
)

f
p

<
-

f
u
n
c
t
i
o
n
(
x
)

1
-
e
x
p
(
-
e
x
p
(
x
)
)

f
s
i

<
-

f
u
n
c
t
i
o
n
(
x
)

l
o
g
(
m
a
x
(
1
e
-
2
0
,
1
+
x
)
)

}
e
l
s
e

s
t
o
p
(
"
n
o
t

p
r
o
g
r
a
m
m
e
d

f
o
r

t
h
i
s

d
i
s
t
r
.
"
)

#
#

f
u
n
c
t
i
o
n

f
o
r

u
n
i
r
o
o
t

f
f

<
-

f
u
n
c
t
i
o
n
(
a
,
b
)

{
l
c
0

<
-

f
s
i
(
a
-
b
)

;
l
c
1

<
-

f
s
i
(
a
+
b
)

b
*
(
1
-
f
p
(
l
c
1
)
-
f
p
(
l
c
0
)
)

-
(
f
d
(
l
c
1
)
-
f
d
(
l
c
0
)
)

-
a
*
(
f
p
(
l
c
1
)
-
f
p
(
l
c
0
)
)

}r
r

<
-

u
n
i
r
o
o
t
(
f
f
,

c
(
-
1
,
1
)

,
b
=
b

)
r
r
$
r
o
o
t

}
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1
2

3
4

5
6

7
8

−0.15 −0.10 −0.05 0.00

b

a
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E
stim

ating
function

#
#

f
u
n
c
t
i
o
n

t
h
a
t

e
s
t
i
m
a
t
e
s

m
u

f
r
o
m

d
a
t
a

x
f
.
e
s
t
g
u
m
b
e
l
0

<
-

f
u
n
c
t
i
o
n
(
x
,

b
)

{
l
a

<
-

f
.
h
o
.
b
2
a
(
b
)

l
f
.
p
s
i

<
-

f
u
n
c
t
i
o
n
(
x
,

a
,
b
)

p
m
i
n
(
p
m
a
x
(
e
x
p
(
x
)
-
1
-
a
,

-
b
)
,

b
)

f
f

<
-

f
u
n
c
t
i
o
n
(
m
u
,

a
,
b
,
x
)

s
u
m
(

l
f
.
p
s
i
(
x
-
m
u
,

a
,
b
)

)
r
r

<
-

u
n
i
r
o
o
t
(
f
f
,

c
(
-
1
0
,
1
0
)
,

a
=
l
a
,

b
=
b
,

x
=
x
)

r
r
$
r
o
o
t

}
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S
im
ulation:

#
#

G
u
m
b
e
l

q
u
a
n
t
i
l
e
s

a
n
d

r
a
n
d
o
m

n
u
m
b
e
r
s

f
.
q
g
u
m
b
e
l

<
-

f
u
n
c
t
i
o
n
(
p
)

l
o
g
(
-
l
o
g
(
1
-
p
)
)

f
.
r
g
u
m
b
e
l

<
-

f
u
n
c
t
i
o
n
(
n
)

f
.
q
g
u
m
b
e
l
(
r
u
n
i
f
(
n
)
)

#
#

s
i
m
u
l
a
t
e

d
i
s
t
r
i
b
u
t
i
o
n

o
f

t
h
e

e
s
t
i
m
a
t
o
r

f
.
s
i
m
g
u
m
b
e
l
e
s
t

<
-

f
u
n
c
t
i
o
n
(
n
=
2
0
,

n
r
e
p
=
1
0
0
,

b
=
2
)

{
l
x

<
-

m
a
t
r
i
x
(
f
.
r
g
u
m
b
e
l
(
n
*
n
r
e
p
)
,

n
)

a
p
p
l
y
(
l
x
,

2
,

f
.
e
s
t
g
u
m
b
e
l
0
,

b
=
b
)

}r
.
s
i
m
e
s
t

<
-

f
.
s
i
m
g
u
m
b
e
l
e
s
t
(
n
=
t
.
n
,
1
0
0
0
,

b
=
2
)

c
(
n
=
t
.
n
,

e
x
p
e
c
=
m
e
a
n
(
r
.
s
i
m
e
s
t
)
,
s
d
=
l
s
d

<
-

s
d
(
r
.
s
i
m
e
s
t
)
,

s
e
=
l
s
d
/
s
q
r
t
(
l
e
n
g
t
h
(
r
.
s
i
m
e
s
t
)
-
1
)
)

n
e
x
p
e
c

s
d

s
e

1
0
.
0
0
0
0

-
0
.
0
3
4
5

0
.
3
5
0
8

0
.
0
1
1
1
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S
im

u
la

te
d

 d
is

tr. o
f o

p
t. M

−
e
s
t., b

 =
 0

.5
 , n

 =
 1

0

e
s
tim

a
te

d
 m

u

Frequency

−
1

.0
−

0
.5

0
.0

0
.5

1
.0

0 50 100 150 200
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6
B
re
a
k
d
o
w
n
a
n
d
M
a
xim

a
l
B
ia
s

6
.1

A
sym

m
e
tric

C
o
n
ta
m
in
a
tio

n
,
D
e
fi
n
itio

n
s

a
M
o
re

re
a
listic

co
n
ta
m
in
a
tio

n

•
A
sym

m
etric

contam
ination

•
M
ore

than
“infi

nitesim
al”!

E
xam

ple:
n
=

2
0
observations,

X
i ∼

N
〈5
,1〉.

C
ontam

ination:
add

m
observations

Y
j ∼

N
〈
5
0
,3

2 〉
.

W
hat

happ
ens

to
T
〈X

1 ,...,X
2
0 ,Y

1 ,...,Y
m 〉?
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0
5

1
0

1
5

2
0

2
5

10 20 30 40

m
, n

u
m

b
e

r o
f g

ro
s
s
 e

rro
rs

estimate

m
e

a
n

m
e

d
ia

n
trim

m
e

d
 m

e
a

n
 (0

.2
)

H
u

b
e

r (b
=

1
.5

)

2
0
 o

b
s
. fro

m
  N

(5
,1

^
2
) +

 m
 o

b
s
. fro

m
 N

(5
0
,3

^
2
)
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6.1b

A
sy
m
p
to
tic

v
e
rsio

n

n
→

∞
,
m

=
ε
(n

+
m
),N

〈
2
0
,5

2 〉
replaced

by
arbitrary

H

T
〈X

1 ,...,X
n ,Y

1 ,...,Y
m 〉→

T
〈(1

−
ε
)F

+
εH

〉
(as

b
efore)

M
axim

al
B
ias

M
B
〈ε
;
T
,F

〉
=

su
p 〈|T

〈(1
−
ε
)F

+
εH

〉−
T
〈F

〉||H
arbitrary 〉



95
6.1c

W
h
a
t
d
id

w
e
w
a
n
t
to

e
stim

a
te
?

C
lear

for
sym

m
etric

distributions

G
eneral:

w
e
estim

ate
the

functional
at

the
central

m
odel

F

E
stim

ation
of

the
param

eter
θ
in

a
param

.m
odel

[F
θ ]:

p
ossibly

need
corrected

estim
ator:

L
et
g〈θ〉

=
T
〈F

θ 〉.
R
eplace

T
by

T̃
〈F

〉
=
g −

1〈T
〈F

〉〉.

C
orrection

avoids
asym

ptotic
bias

for“central
m
odel”

F
,
but

under
contam

ination
bias

is
u
n
avo

id
ab
le

M
B
curve

show
s
w
orst

case.



96
6.1d

B
re
a
k
d
o
w
n

F
or

large
ε,

M
B
〈ε
;
T
,F

〉
=

∞
.

U
navoidable!

C
onsider,for

location
m
odelN

〈µ
,1〉,contam

ination
by

N
〈µ̃
,1〉

F
or

ε
>

0
.5
,
T
〈F

〉
m
u
st

b
e
nearer

to
µ̃
than

to
µ
.

W
orst

case
is
then

µ̃
→

∞
=
⇒

T
〈F

〉→
∞

B
reakdow

n
p
oint:

ε ∗〈T
,F

〉
:=

su
p 〈
ε|M

B
〈ε
;
T
,F

〉
<

∞
〉
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B
reakdow

n
p
oint:

ε ∗〈T
,F

〉
:=

su
p 〈
ε|M

B
〈ε
;
T
,F

〉
<

∞
〉

G
eneral

defi
nition:

•
Θ

an
op
en

set
of

param
eters

θ.
T
〈F

〉∈
Θ
.

N
o
“B

reakdow
n”:

T
〈G

〉
is
in

a
com

pact
subset

of
Θ

for
all

G
in

neighb
orhood

•
C
ontam

ination
=

gross
error

m
odel

replaced
by

“P
rokhorov

neighb
orhood”
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6.1e

R
e
la
tio

n
to

th
e
G
ro
ss

E
rro

r
S
e
n
sitiv

ity

If
the

linearization

T
〈(1

−
ε
)F

+
εH

〉≈
T
〈F

〉
+
ε ∫

IF
〈x

;
T
,F

〉
d
H

〈x〉

is
valid,

w
e
get

|T
〈(1

−
ε
)F

+
εH

〉−
T
〈F

〉|
≈

≤
ε ∫|IF

〈x
;
T
,F

〉|
d
H

〈x〉≤
ε
m
a
x〈|IF

|〉
M
B
〈ε
;
T
,F

〉
≈

ε
γ
∗〈T

,F
〉
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100
6.1f

B
ack

from
∞
.

−→
F
inite

sam
ple

B
reakdow

n
P
oint.

S
am

ple
x
1 ,...,x

n .

“C
orrupt”

the
sam

ple:

R
eplace

m
=

εn
observations

by
arbitrary

values
−→

z
1 ,...,z

n .

F
inite

sam
ple

breakdow
n
p
oint:

ε ∗n 〈T
;
x
1 ,...,x

n 〉
:=

m
a
x 〈

mn
|
su

p〈|T
〈z

1 ,...,z
n 〉|〉

<
∞

〉

sup
over

all
p
ossible

corrupted
sam

ples

O
ften,

fi
nite

sam
ple

and
asym

ptotic
breakdow

n
p
oints

conicide.
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6
.2

B
ia
s
a
n
d
V
aria

n
ce

a
M
in
im

a
x
a
s.

B
ia
s

H
ub
er

(1964):
M
inim

ax
solution

is
the

m
edian.

b
C
o
m
b
in
in
g
B
ia
s
a
n
d
V
aria

n
ce

M
S
E
=

bias
2
+

variance
M
S
E
n
≈
asB

ias
2〈F

〉
+

a
sv

a
r〈F

〉
/
n

A
s
n
→

∞
,
bias

b
ecom

es
m
ore

im
p
ortant

than
variance.

H
ub
er

(1964),
P
art

7:
F
or
ε
=

0
.1

−→
c
=

1
.1
4
,
m
ax.bias

=
0.17,

n
r
=

9
,

for
ε
=

0
.0
1

−→
c
=

1
.9
5
,
m
ax.bias

=
0.021,

n
r
=

6
0
0
,

for
ε
=

0
.0
0
1

−→
c
=

2
.6
4
,
m
ax.bias

=
0.0027,

n
r
=

3
5
0
0
0
.

n
r :
bias

is
half

the
standard

deviation.
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7
S
ca

le
E
stim

a
tio

n

7
.1

M
-e
stim

a
to
rs

o
f
S
ca

le

a
T
h
e
S
ca

le
M
o
d
e
l

X
=
σ
Z
,

Z
∼
F
1

F
1 :

D
istribution

w
ith

scale
param

eter
1.

D
efi
nes

σ
.

b
L
o
g
S
ca

le
T
ransform

the
observation

and
the

param
eter!

lo
g〈|X

|〉
=
µ̃
+
lo
g〈|Z

|〉
,

µ̃
=

lo
g〈σ〉

,
lo
g〈|Z

|〉∼
F̃
0

−→
L
ocation

m
odel.

F̃
0
long-tailed

to
the

left.
Z

∼
N

〈0
,1〉

−→
density

of
Y

=
lo
g〈|Z

|〉:
f̃
0 〈y〉

=
c
e
x
p〈−

e
y/
2〉

e
y,

c
=

(2
π
) −

1
/
2
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z

Density

−
7

−
6

−
5

−
4

−
3

−
2

−
1

0
1

0.0 0.1 0.2 0.3 0.4 0.5
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7.1c

M
-E

stim
a
to
rs

(back
to

scale,unlogged)
M
ax.li.for

σ
,
F
1
=

Φ
=

N
〈0
,1〉:

∑
i ((x

i /
σ̂
)
2−

1 )
=

0
σ̂
2
=

1n ∑
i x

2i

C
ut

large
term

s!
∑

i (ψ
〈x

i /
σ̂〉

2−
κ )

=
0

ψ
:
H
ub
er’s

ψ
.

G
eneral:∑

i χ
〈x

i /
σ̂〉

=
0
,

∫
χ
〈x
/
σ̂〈F

〉〉
d
F
〈x〉

=
0

κ
?
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W
e
w
ant

F
isher

consistency!
σ̂〈F

σ 〉
=
σ

∫
χ
〈x
/
σ̂〉

d
F
σ 〈x〉

=
∫
χ
〈z〉

d
F
1 〈z〉

=
0

∫
(ψ

2〈z〉−
κ )

d
F
1 〈z〉

=
0

−→
κ

=
∫
ψ

2〈z〉
d
F
1 〈z〉

...
usually

for
F
1
=

Φ
.
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7.1d

In
fl
u
e
n
ce

F
u
n
ctio

n

G
eneral

result
for

M
-estim

ators:

IF
〈x

;
F
〉
=

1c
ψ
〈x
,θ〉

c
=

−
∫

∂∂
θ
ψ
〈x
,θ〉

f
θ 〈x〉

d
x

ψ
〈x
,θ〉

=
χ
〈x
/
σ〉

−→
∂∂
θ ψ

〈x
,θ〉

=
−
χ
′〈x

/
σ〉

x /
σ
2

IF
〈z

;
F
1 〉

=
1c
χ
〈z〉

c
=

∫
χ
′〈z〉

f
1 〈z〉

d
z

IF
〈x

;
F
σ 〉

=
σ
IF

〈x
/
σ
;
F
1 〉
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7.1e

W
e
ig
h
te
d
S
ca

le

N
ew

!

χ
〈z〉

=
ω
2〈z〉 (z

2−
κ )

κ
such

that
∫
ω
2〈z〉 (z

2−
κ )

d
F
1 〈z〉

=
0

A
dvantage:

A
llow

s
for

easy
defi

nition
of“redescenders”:

If
ω
〈z〉→

0
for

z
→

∞
,
then

outliers
have

vanishing
infl

uence

(since
IF

∝
χ
)
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L
o
g
S
ca

le

A
gain:

T
ransform

the
observation

and
the

param
eter!

lo
g〈|X

|〉
=
µ
+
lo
g〈|Z

|〉
,

µ
=

lo
g〈σ〉

,
lo
g〈|Z

|〉∼
F̃
0

L
ocation

m
odel.

F̃
0
long-tailed

to
the

left.
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7
.2

O
th
e
r
S
ca

le
E
stim

a
to
rs

a
In
te
r-Q

u
artile

R
a
n
g
e

IQ
R

=
γ
(q

0
.7
5 −

q
0
.2
5 )

=
γ
(F

−
1〈0

.7
5〉−

F
−
1〈0

.2
5〉)

γ
to

m
ake

it
F
isher-consistent,

γ
−
1
=

Φ
−
1〈0

.7
5〉−

Φ
−
1〈0

.2
5〉

=
1
.3
5
.

b
M
A
D

M
edian

A
bsolute

D
eviation

M
A
D

=
γ
m
e
d
ia
n〈|X

−
m
e
d
ia
n〈X

〉|〉
γ
to

m
ake

it
F
isher-consistent,

γ
−
1
=

Φ
−
1〈0

.7
5〉

=
0
.6
7
4
5
.
γ
=

1
.4
8
3
.
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7.2c

Q
n

R
ousseeuw

&
C
roux

(1993).
B
asic

idea:“E
lem

ental
subsets”.

M
inim

al
set

of
obs.

that
allow

s
to
“estim

ate”
a
scale:

P
airs

of
observations.

σ̂
ij
=

|x
j −

x
i |.

A
sk

for“robust
consensus”.

σ̂
=
γ
m
e
d
ia
n
i<
j 〈|x

j −
x
i |〉

B
reakdow

n
p
oint

=
0
.2
9
.

−→
U
se

a
low

er
quantile

to
get

breakdow
n
p
oint

0
.5
!

L
et
h
=

[n
/
2
]
+

1
,

Q
n
=
γ
(|x

j −
x
i |)

[k
]
,

k
=

(
h2 )

≈
(
n2 )
/
4

γ
−
1
=

√
2
Φ

−
1〈5

/
8〉,

γ
=

2
.2
2
2
.
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7
.3

L
o
ca

tio
n
a
n
d
S
ca

le

a
T
h
e
m
o
d
e
lX

=
µ
+
σ
Z
,

Z
∼
F
0

F
〈x

;
µ
,σ〉

=
F
〈(x

−
µ
)/
σ
;
0
,1〉

=
F
0 〈(x

−
µ
)/
σ〉

f〈x
;
µ
,σ〉

=
1σ
f〈(x

−
µ
)/
σ
;
0
,1〉

=
1σ
f
0 〈(x

−
µ
)/
σ〉

=
1cσ
e
x
p〈−

ρ〈(x
−
µ
)/
σ〉〉

N
orm

al
distribution

F
0
=

Φ
:
ρ〈z〉

=
z
2/

2
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b
T
w
o
p
ara

m
e
te
rs

−→
M
-estim

ators:
2
equations,

sim
ultaneous

•
M
ax.li.

for
long-tailed

distribution:
M
inim

ize
∑

i ( −
lo
g〈σ〉−

ρ〈(x
i −

µ
)/
σ〉)

or
solve

2
scores

equations.
L
et
ψ

=
ρ ′.

ψ
〈x

;
µ
,σ〉

=
s
µ 〈x

;
µ
,σ〉

=
1cσ
ψ
〈z〉

z
=

(x
−
µ
)/
σ

χ
〈x

;
µ
,σ〉

=
s
σ 〈x

;
µ
,σ〉

=
1cσ
ψ
〈z〉·

z−
1σ

S
olve

∑
i ψ

〈(x
i −

µ
)/
σ〉

=
0
,

∑
i χ

〈(x
i −

µ
)/
σ〉

=
0
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If
ψ
is
m
onotone,

ψ
〈z〉·

z
→

∞
for

z
→

∞
−→

not
robust

If
ψ
〈z〉·

z
b
ounded

−→
ψ
“redescending”

−→
m
ay

lead
to

non-unique
solutions

or
ineffi

cient
est.

of
µ
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•
P
rop

osal
2
(H

ub
er,

1964)
∑

i ψ
〈(x

i −
µ
)/
σ〉

=
0

∑
i ψ

2〈(x
i −

µ
)/
σ〉

=
n ∫
ψ

2〈z〉
d
Φ

〈z〉

N
o
longer

M
ax.li.

for
any

distribution.

−→
“
ψ
style”

of
M
-estim

ators
is
m
ore

fl
exible!

•
U
se

w
eighted

scale!
χ
〈z〉

=
ω
2〈z〉

(z
2−

κ
)
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E
xp
erience

of
P
rinceton

sim
ulation

study
(1970):

N
eed

for
scale

estim
ation

can
seriously

aff
ect

the
robustness

prop
erties

of
the

location
estim

ator

−→
If
location

is
of

prim
ary

interest,
and

scale
is
a
“nuisance”

param
eter,

then

estim
ate

scale
as

robustly
as

p
ossible

−→
M
A
D

W
hen

it
com

es
to

testing,
e.g.

µ
=
µ
0 ,

a
scale

est.
is
needed.

S
hould

b
e
effi

cient
for

achieving
a
good

p
ow

er!

−→
B
etter

scale
estim

ator
needed.

W
eighted

scale.

−→
later!

(w
hen

w
e
treat

regression)
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8
H
isto

rica
l
R
e
m
ark

s
a
n
d
A
lte

rn
a
tive

A
p
p
ro
a
ch

e
s

8
.1

O
ve

rvie
w

(T
his

section,
2
slides,

has
b
een

included
in

the
Introduction.)

S
ee

H
am

p
el
et

al
(1986):

Introduction
by

F
.
H
am

p
el

O
u
tlie

rs

R
ejection

of
outliers:

D
aniel

B
ernoulli

(1770),
astronom

ers

T
rim

m
ed

m
ean:

1821
R
ejection

rules:
P
ierce

(1852),
...:

T
est

extrem
e
observations

(largest
&

sm
allest)

for
b
eing

an
outlier,

R
eject

if
test

is
signifi

cant,
average

the
rem

aining
ones.
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R
o
b
u
stn

e
ss

o
f
T
e
sts

F
isher’s

exact
theory

for
the

norm
al
distr.

−→
“m

onop
oly”.

E
.S
.
P
earson

(1931):
N
on-robustness

of
F
-test

for
variances

−→
F
ocus

on
robustness

of
the

level,
som

etim
es

neglecting
p
ow

er

N
on-param

etric
tests:

P
ow

er
of

W
ilcoxon

test
is
very

good!

R
o
b
u
st

e
stim

a
tio

n

N
on-robustness

of
the

m
ean:

T
ukey

(1960)
M
inim

ax
theory:

H
ub
er

(1964)
Infl

uence
F
unction

and
B
reakdow

n
p
oint:

H
am

p
el
(1968)



118

8
.2

O
th
e
r
A
p
p
ro
a
ch

e
s
a
n
d
R
e
su
lts

a
R
e
je
ctio

n
ru
le
s

see
ab
ove

b
L
-e
stim

a
to
rs

P
rototyp

e:
T
rim

m
ed

m
ean

W
eighted

average,
w
eight

based
on

rank:

T
n
=

∑
i a

i X
[i]
,

X
[1
] ,...,X

[n
]
ordered

,
∑

i a
i
=

1

F
unctional:

D
efi
ne

a
i
by

a
function

h
:

[0
,1

]→
|R

a
i

=

∫

[(i−
1
)/
n
,i/
n
] h〈z〉

d
z /

∫

[0
,1
] h〈z〉

d
z

T
〈F

〉
=

∫
x
h〈F

〈x〉〉
d
F
〈x〉

∫
h〈z〉

d
z
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R
-e
stim

a
to
rs

P
rototyp

e:

H
odges-L

ehm
ann

estim
ator,

derived
from

S
igned

R
ank

T
est

T
est

statistic
−→

p-value.
C
hoose

µ
such

that
p-value=

1.

−→
µ̂
=

m
e
d
h≤

i 〈(X
h
+
X
i )/

2〉,
m
edian

of“W
alsh

averages”

G
eneral

form
:
F
or

a
given

skew
sym

m
etric

function
h〈.〉,

T
〈F

〉
is
solution

of
∫
h 〈

12
F
〈y〉

+
12
(1

−
F
〈2
t−

y〉) 〉
d
F
〈y〉

=
0

for
t.
T
he

integral
gets

0
w
hen

the
sam

ple
X

1 ,..,X
n
and

its
m
irror

im
age

ab
out

t,
2
t−

X
1 ,..,2

t−
X
n
have

their
ranks

“m
ixed”

as
w
ell

as
p
ossible.
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A
d
a
p
tiv

e
e
stim

a
to
rs

F
or
n
→

∞
,
the

distribution
can

b
e
estim

ated
from

the
data

−→
asym

ptotically
fully

effi
cient

estim
ators!

N
eed

large
sam

ples.

e
R
o
b
u
stn

e
ss

to
w
ard

s
d
e
p
e
n
d
e
n
ce

long
range

dep
endence:

H
am

p
el
(1987),

B
eran

(1992),
...

f
O
th
e
r
A
sp

e
cts

o
f
R
o
b
u
stn

e
ss

R
obustifi

ed
L
ikelihood

R
atio

T
est,C

onfi
dence

Int.:H
ub
er
(1968)

C
apacities:

H
ub
er

&
S
trassen

(1973)
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8.2g

F
u
rth

e
r
D
e
v
e
lo
p
m
e
n
ts

P
rinceton

R
obustness

Y
ear

1970:

S
im
ulation

for
m
any

location
and

scale
estim

ators

F
irst

results
on

regression:
H
ub
er

(1971)

C
ovariance

M
atrix:

M
aronna

(1976)

T
im
e
S
eries:

M
artin

(1979),
K
ünsch

(1981)

R
obust

tests
(infi

nitesim
al):

R
onchetti

(1980)

C
om

binatorial
estim

ators:
R
ousseeuw

and
his

students
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8.2h

M
a
in

R
e
se
arch

G
ro
u
p
s

•
T
ukey,

B
ell

L
abs

&
P
rinceton

−→
S
t.M

orgenthaler
(L
ausanne),D

avid
T
yler

(R
udgers)

•
H
ub
er
and

H
am

p
elin

Z
urich

−→
A
lfi
o
M
arazzi(L

ausanne)

R
onchetti,

R
ousseeuw

,
S
tahel,

K
ünsch,

M
ächler

(E
T
H
)

M
-estim

ation,
H
am

p
el’s

A
pproach

“based
on

the
Infl

uence

F
unction”

•
E
lvezio

R
onchetti,

G
eneva

−→
M
aria-P

ia
V
ictoria-F

eser,

E
va

C
antoni,

S
tephane

H
eritier

•
P
eter

R
ousseeuw

,
B
elgium

−→
M
ia
H
ub
ert,

C
.
C
roux
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•
A
rgentina:V

ictor
Y
ohai,

R
icardo

M
aronna

(&
D
oug

M
artin,

S
eattle)

H
igh

breakdow
n
est.,

M
inim

ax
B
ias,

sound
theory!

−→
B
ook

•
P
enn

S
tate:H

ettm
ansp

erger
−→

S
hrader

&
M
cK

ean
(A
us)

R
-estim

ators

•
O
ja,

F
inland

(connected
to

B
erne):

M
ultivariate

com
binatorial,

nonparam
etric

•
C
hicago:

P
ortnoy,

K
oenker,

X
.
H
e

R
egression

Q
uantiles,

sound
theory

•
...
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8.2i

B
o
o
k
s

H
ub
er

(1981
(2009))

H
am

p
el,

R
onchetti,

R
ousseeuw

,
S
tahel

(1986)

R
ousseeuw

&
L
eroy

(1987):
R
egression

M
aronna,

M
artin,

Y
ohai

(2006)

C
o
n
fe
re
n
ce
s

R
obustness

Y
ear

in
P
rinceton

(1970)

M
inneap

olis
(1989)

L
1
norm

(N
euchatel,

1987
ff
)

Int.
C
onference

on
R
obust

S
tatistics

(IC
O
R
S
)
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9
M
u
ltid

im
e
n
sio

n
a
l
P
ara

m
e
te
r

9
.1

G
e
n
e
ra
liza

tio
n
o
f
B
a
sic

N
o
tio

n
s

a
W
e
have

treated
m
ostly

a
single

param
eter

(location)

som
etim

es
in

presence
of

a
nuisance

param
ter

(scale)

M
ost

notions
generalize

easily
to

the
m
ultidim

ensional
case.

S
ince

w
e
w
ill
deal

w
ith

regression
in

an
exam

ple
and

later
on,

I
w
ill
call

the
random

variable
Y
,

and
allow

it
to

b
e
m
ultivariate:

Y
=

[Y
(
1
),...,Y

(j
),...,Y

(m
)]
T.
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M
o
d
e
l

P
aram

etric
fam

ily
F
θ
w
ith

density
f 〈
y
;
θ 〉

y
:
m
ultivariate,

θ:
m
ultidim

ensional
param

eter

S
am

ple:
Y

1 ,...,Y
n

i.i.d.∼
F
θ 〈
y 〉

(should
b
e
F
)

c
M
u
ltiv

aria
te

L
o
ca

tio
n

“E
xam

ple”!
M
ultivariate

N
orm

al
D
istr.

w
ith

given
C
ov.m

x.

Y
i ∼

N
m

〈
µ
,
I 〉

f 〈
y
;
µ 〉

=
(2
π
)
m
/
2
e
x
p 〈−

12
(y

−
µ
)
T(y

−
µ
) 〉

(C
ovariance

m
atrix:

N
ext

C
hapter)
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W
ill
also

look
at

non-iid.
observations,

Y
i ∼

F
i,θ ,

e.g.
(sim

ple)
regression,

Y
i ∼

N
〈
η
i ,σ

2 〉
η
i
=
β
0
+
β
1 x

i

x
i
not

random
,
but

fi
xed

(som
etim

es
treated

as
random

later
on).
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9.1e

In
fl
u
e
n
ce

F
u
n
ctio

n
,
A
sy
m
p
to
tic

D
istrib

u
tio

n

F
unctional

T
〈F

〉,
Infl

uence
function

IF
〈
y
;
T
,F

〉
=

lim
ε→

0
T〈

(
1−

ε
)
F
+
ε
∆

y 〉 −
T 〈F

〉
ε

A
sym

ptotic
distr.

T
〈
F̂
n 〉

≈
∼

N
〈T

〈F
〉
,V

〈T
,F

〉
/
n〉

V
〈T
,F

〉
=

∫
IF

〈
y
;
T
,F

〉
IF

〈
y
;
T
,F

〉
T
d
F
〈
y 〉
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9.1f

M
a
x
im

u
m

L
ik
e
lih

o
o
d

M
inim

ize
∑

i ρ 〈
y
i ,θ 〉

,
ρ 〈
y
,θ 〉

=
−

lo
g 〈
f 〈
y
;
θ 〉〉

(“E
ffi
cient”)

S
cores:

s
k 〈
y
,θ 〉

=
∂∂
θ
k

lo
g 〈
f 〈
y
i ;
θ 〉〉

=
−
∂∂
θ
k

ρ 〈
y
i ,θ 〉

−→
vector

s 〈
y
,θ 〉

=
−

∂∂
θ
ρ 〈
y
i ,θ 〉

.

E
stim

ator:
∑

ni=
1
s 〈
y
i ,θ̂ 〉

=
0
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g
M
ultivariate

L
ocation:

M
inim

ize
∑

i
12
(y

i −
µ
)
T(y

i −
µ
).

S
cores

s 〈
y
,µ 〉

=
y
−
µ

E
stim

ator:
∑

i (y
i −

µ̂
)
=

0
=
⇒
µ̂
=

1n ∑
i y

i .

h
M
-e
stim

a
to
rs

M
inim

ize

argm
in
θ 〈∑

i ρ 〈
y
i ,θ 〉 〉

M
L
E
:

ρ 〈
y
,θ 〉

=
−

lo
g 〈
f 〈
y
;
θ 〉〉

or
solve

im
plicit

equation
∑

i ψ
〈
y
i ,θ 〉

=
0
,

ψ
〈
y
,θ 〉

=
∂∂
θ
ρ 〈
y
,θ 〉

Im
p
ortant:

W
e
do

not
require

that
ψ
is
∂
ρ
/
∂
θ
for

any
ρ

(in
case

of
m
ultidim

ensional
θ)

S
econd

typ
e
is
m
ore

fl
exible!
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M
ultivariate

L
ocation:

B
ound

the
scores!

−→
M
ultivariate

H
ub
er

F
unction:

h
c 〈x〉

=
x

m
in〈c

/‖
x‖
,
1〉

−→
E
stim

ator
∑

i h
c 〈
y
i −

µ̂ 〉
=

0



132
9.1j

In
fl
u
e
n
ce

F
u
n
ctio

n
o
f
M
-e
stim

a
to
rs

C
alculation:

T
ε
:=

T
〈
(1

−
ε
)F

+
ε
∆

y 〉
fulfi

lls

(1
−
ε
) ∫
ψ
〈x
,T

ε 〉
d
F
〈x〉

+
ε
ψ
〈
y
,T

ε 〉
=

0
(∗

)

A
pproxim

ate:
L
inearization

around
T

0
=
T
〈F

〉:
ψ
〈x
,T

ε 〉≈
ψ
〈x
,T

〈F
〉〉

+
∂∂
θ
ψ
〈x
,T

〈F
〉〉

(T
ε −

T
〈F

〉)

W
e
have

∫
ψ
〈x
,T

0 〉
d
F
〈x〉

=
0

P
lug

approxim
ation

into
(∗

)!
–
W
e
need

M̃
=

∫
∂∂
θ ψ

〈x
,T

0 〉
d
F
〈x 〉

and
get

(1
−
ε
)
M̃

(T
ε −

T
0 )

+
εψ

〈
y
,T

0 〉
+

ε
(T

ε −
T

0 )
∂∂
θ
ψ

≈
0

T
ε −

T
0

≈
−

ε

1
−
ε
M̃

−
1ψ

〈
y
,T

0 〉

since
ε
(T

ε −
T

0 )...
is“sm

all 2”.
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T
hus,

IF
〈
y
;
T
,F

〉
=

−
M̃

〈
ψ
,T

0 〉
−
1
ψ
〈
y
,T

0 〉

A
n
alternative

form
ula

for
param

etric
distr.

F
=
F
θ

and
F
isher

consistent
M
-estim

ators
–
m
eaning

∫
ψ
〈x
,θ〉

f〈x
;
θ〉

d
x

=
0

∫
∂∂
θ
ψ
〈x
,θ〉

d
F
θ 〈x〉

+
∫
ψ
〈x
,θ〉

∂∂
θ
f〈x

;
θ〉

T
d
x

=
0

N
ote

that
s〈x

,θ〉
=

∂∂
θ f〈x

;
θ〉
f〈x

;
θ〉

−
1

M̃
=

−
∫
ψ
〈x
,θ〉

s〈x
,θ〉

Tf〈x
;
θ〉
d
x

=
−
M

〈
ψ
,θ 〉

M
〈
ψ
,F

θ 〉
:=

∫
ψ
〈
y
,θ 〉

s 〈
y
,θ 〉

Td
F
θ 〈
y 〉
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F
inally:

IF
for

M
-estim

ators:

IF
〈
y
;
ψ
,F

θ 〉
=

M
〈
ψ
,θ 〉

−
1
ψ
〈
y
,θ 〉

M
〈
ψ
,θ 〉

:=
∫
ψ
〈
y
,θ 〉

s 〈
y
,θ 〉

Td
F
θ 〈
y 〉

k
A
sy
m
p
to
tic

C
o
v
aria

n
ce

M
a
trix

V
〈
ψ
;
F
θ 〉

=
∫
IF

〈
y
;
T
,F

θ 〉
IF

〈
y
;
T
,F

θ 〉
T
d
F
θ 〈
y 〉

=
M

〈
ψ
,θ 〉

−
1
Q
〈
ψ
,F

θ 〉
M

〈
ψ
,θ 〉

−
T

Q
〈
ψ
,F

〉
:=

∫
ψ
〈
y
,T

〈F
〉 〉
ψ
〈
y
,T

〈F
〉 〉

Td
F
〈
y 〉
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M
axim

um
L
ikelihood

E
stim

ator:

M
〈s,θ〉

=
Q

〈s,F
θ 〉

=
J
〈θ〉

:=
∫
s 〈
y
,θ 〉

s 〈
y
,θ 〉

Td
F
θ 〈
y 〉

V
〈s,F

θ 〉
=

J
〈θ〉

−
1

J
〈θ 〉:

F
isher

Inform
ation

M
atrix

l
O
p
tim

a
lity

o
f
th
e
M
L
E

In
1
dim

.,
M
L
E
is
optim

al:
it
has

m
inim

al
variance,

V
〈T
,F

θ 〉≥
V
〈T

M
L
E
,F

θ 〉
for

all
F
isher-consistent

T
.

W
hat

does
this

m
ean

for
m
ultidim

.
estim

ators
T
of
θ?
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L
et
T

∗
b
e
any

F
isher

consistent
est.

of
θ ,

V
〈T

∗,F
θ 〉

=
:
V

∗

T
ake

any
linear

com
bination

φ
=
b
Tθ.

M
L
E
for

φ
?

φ̂
M
L
E

=
b
TT

M
L
E
;
V
〈
φ̂
M
L
E
,F

θ 〉
=
b
TV

M
L
E
b.

F
or

every
T̃

that
estim

ates
φ
the

as.
variance

is

at
least

as
big.

...
also

for
b
TT

∗
,
w
hose

as.var
is
b
TV

∗b.

=
⇒

b
TV

∗b ≥
b
TV

〈T
M
L
E
,F

θ 〉
b

−→
V

∗−
V

〈T
M
L
E
,F

θ 〉≥
0

in
the

sense:
T
he

diff
erence

is“p
ositive

sem
idefi

nite”.

...
a
rather

strong
optim

ality
statem

ent
for

the
M
L
E
!
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9.1m

G
ro
ss

E
rro

r
S
e
n
sitiv

ity

S
traightforw

ard:γ
∗〈T

,F
〉
=

su
py

〈‖
IF

〈
y
;
T
,F

〉‖ 〉

A
fterthought:

B
ias

should
b
e
sm

all
in

directions

that
can

b
e
estim

ated
precisely

(sm
all

as.var.)

and
larger

bias
can

b
e
tolerated

in
directions

w
ith

larger
as.var.

−→
C
hange

norm
.“M

easure
in

the
m
etric

of
as.var.”
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−→
C
hange

norm
.“M

easure
in

the
m
etric

of
as.var.”

•
...

of
the

M
L
E

−→
F
isher

Inform
ation

J
−
1

Inform
ation

standardized
G
E
S
:

γ
∗i 〈T

,F
〉
2
=

su
px

〈
IF

〈
y
;
T
,F

〉
TJ

〈T
〈F

〉〉
IF

〈
y
;
T
,F

〉〉

•
...

of
the

estim
ator

itself:

S
elf

standardized
G
E
S
:

γ
∗s 〈T

,F
〉
2
=

su
px

〈
IF

〈
y
;
T
,F

〉
TV

〈T
,F

〉
−
1
IF

〈
y
;
T
,F

〉〉



139
9.1n

M
u
ltiv

aria
te

L
o
ca

tio
n

T
hings

are
sim

ple!

M
〈
h
b ,N

m

〈
µ
,I 〉〉

=
∫
h
b 〈x〉

x
TdN

m

〈
µ
,
I 〉

=
γ
1
I

γ
1

=
∫
u
m
in〈b/

u
,
1〉
d
χ
2m
〈u〉

Q
〈
h
b ,N

m

〈
µ
,I 〉〉

=
∫
h
b 〈x〉

h
b 〈x〉

TdN
m

〈
µ
,
I 〉

=
γ
2
I

γ
2

=
∫
u
m
in 〈

(b/
u
)
2,

1 〉
d
χ
2m
〈u〉

V
〈
h
b ,N

m

〈
µ
,I 〉〉

=
γ
2

γ
21

I

γ
∗ 〈
µ̂
,N

m

〈
µ
,I 〉〉

=
γ
∗i 〈
µ̂
,N

m

〈
µ
,I 〉〉

=
bγ
1

γ
∗i 〈
µ̂
,N

m

〈
µ
,I 〉〉

=
b

√
γ
2
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9.1o

H
a
m
p
e
l’s

O
p
tim

a
l
R
o
b
u
st

E
stim

a
to
rs

“B
ound

the
scores”:

W
hat

does
this

m
ean

in
>

1
dim

ensions?

G
uess:

–
U
se

the
scores

w
here

they
are

sm
all

enough.

–
C
hange

them
as

little
as

p
ossible

otherw
ise.

−→
M
ultivariate

H
ub
er

F
unction:

h
b 〈x〉

=
x
m
in〈b

/
‖
x‖
,
1〉
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D
erivation

of
the

optim
al
estim

ator:

A
nother

look
at

the
solution

for
a
single

param
eter:

W
rite

h
b 〈x〉

=
m
a
x〈m

in〈x
,b〉

,−
b〉

=
x
m
in〈1

,b/|x|〉
N
ote

that
h
bβ 〈x〉

=
β
h
b 〈x

/
β〉.

IF
for

the
optim

al
estim

ator
w
as

IF
〈x

;
T
o
p
t ,F

θ 〉
=

1d h
b 〈s〈x

,θ〉−
a〉

=
h
b/
d 〈d

(s〈x
,θ〉−

a
)〉

w
here

a
such

that
∫
h
b 〈s〈x

,θ〉−
a〉

d
F
θ 〈x〉

=
0
and

d
=

∫
h
b 〈s〈x

,θ〉−
a〉
s〈x

,θ〉
d
F
θ 〈x〉.

T
he

achieved
b
ound

γ
on

the
IF

(the
G
E
S
)
w
as

γ
=
b/
d
.
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M
ultivariate

version:

IF
〈
x
;
ψ
o
p
t ,F

θ 〉
=
h
γ 〈

M
−
1(s〈x

,θ〉−
a
) 〉

w
here

a
and

M
are

such
that

h
γ 〈

M
−
1(s〈x

,θ〉−
a
) 〉

d
F
θ 〈x〉

=
0

∫
h
γ 〈

M
−
1(s 〈x

,θ〉−
a
) 〉
s〈x

,θ〉
T
d
F
θ 〈x〉

=
I
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L
em

m
a
5,

m
ultivariate:

•
E
xistence

of
a
and

M
...

•
O
ptim

ality:

V
=

∫
IF

IF
T
d
F

=
∫
(IF

〈x
;
T
,F

θ 〉−
M

(s〈x
,θ〉−

a
)) ∗

T
d
F
θ 〈x〉

+
constant

term
s

w
here

a
∗
T
:=

a
a
T.

P
ointw

ise
m
inim

um
outside

‖
IF

‖
=
γ
?
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N
o
sim

ple
answ

er!
C
hoose

tr〈
V

〉
as

a
criterion

to
m
inim

ize.
−→

tr〈V
〉

=
∫
IF

T
IF

d
F

=
∫‖

IF
〈x

;
T
,F

θ 〉−
M

(s〈x
,θ〉−

a
)‖

2d
F
θ 〈x〉

+
constant

term
s

P
ointw

ise
m
inim

um
is
the

m
ultidim

ensional
H
ub
er

function.

O
ther

choices:
E
.g.,

focus
on

V
1
1 .

−→
K
eep

fi
rst

com
p
onent

of
M

(s 〈x
,θ〉−

a
)
w
herever

p
ossible!

(T
his

changes
the

determ
ination

of
M

!)

−→
In

the
m
ultiparam

eter
case,

there
is
no

stro
n
g
ly

optim
al

estim
ator

in
the

H
am

p
el
sense.
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9.1p

V
aria

tio
n
s

•
O
ptim

al
estim

ator
for

Inform
ation

S
tandardized

S
ensitivity:

C
hange

param
eter

by
linear

transform
ation

(or
base

change)

θ̃
=

B
θ

such
that

J
〈
θ̃ 〉

=
I
,

then
fi
nd

optim
alestim

ator
as

ab
ove,fi

nally
transform

back.

•
O
ptim

al
estim

ator
for

the
S
elf

S
tandardized

S
ensitivity:

F
or

M
,
require
∫
h
γ 〈

M
−
1(s 〈x

,θ〉−
a
) 〉

∗
T
d
F
θ 〈x〉

=
I
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9.1q

•
P
artitioned

P
aram

eter

O
ften,

the
param

eter
vector

consists
of

–
a
“prim

ary
part”

θ
[1
] ,
w
hich

is
of

m
ain

interest

–
a
“nuisance

part”
θ
[2
]

T
hen,

it
seem

s
appropriate

to
m
easure

sensitivity
separately.

−→
U
se

corresp
ondingly

m
odifi

ed
H
ub
er

function
(see

F
igure)
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1
0

M
u
ltivaria

te
S
ca

tte
r
M
a
trice

s

1
0
.1

M
o
d
e
ls

a
T
h
e
m
u
ltiv

aria
te

N
o
rm

a
l
D
istrib

u
tio

n

D
ensityf 〈

y
;
µ
,
|Σ 〉

=
c·

e
x
p 〈−

12
(Y

−
µ
)
T|Σ −

1(Y
−
µ
) 〉

1
/
c

=
(2
π
)
m
/
2
d
e
t 〈

|Σ 〉
1
/
2

M
ore

insight
is
provided

by
the

follow
ing

derivation.
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10.1b

N
o
rm

a
l
d
istrib

u
tio

n
a
s
a
tra

n
sfo

rm
a
tio

n
fa
m
ily

Z
∼

N
m
〈0
,
I〉:

centered,
spherically

distributed
observations

=
m

random
variables

Z
(j
),
standard

norm
al,

indep
endent.

C
onsider,

for
any

vector
µ
and

regular
m
atrix

B
,

X
=
µ
+

B
Z

=
linear

(or
affi

ne)
transform

ation
of

Z
.

C
all

the
distribution

of
X

F
〈
µ
,
B

〉
.

T
ransform

ations
generate

a
fam

ily
of

distributions.
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c
G
eneral:

U
se

any
group

of
transform

ations
on

any

“starting”
distribution.

d
E
xp
ectation

and
cov.

m
atrix

for
linear

transform
ations,

ifE〈Z
〉
=

0
and

v
a
r〈Z

〉
=

I
,

E〈X
〉
=
µ
,

v
a
r〈X

〉
=

B
B

T
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e
Id
e
n
tifi

a
b
ility

P
roblem

:
O
rthogonal

transform
ations

X
=
µ
+

Q
Z
,

Q
Q

T
=

I

leave
the

distribution
of
Z

unchanged

(=
defi

nition
of“spherically

sym
m
etric”

distr.)

−→
P
aram

eter
B

is
not

identifyable!

C
ovariance

m
atrix:

v
a
r〈X

〉
=

B
B

T
=
:

|Σ
is

a
suitable

param
eter

instead
of

B
.

(diff
erent

|Σ
−→

diff
erent

distributions)
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10.1f

E
llip

tica
l
d
istrib

u
tio

n
s

L
et

F
0
b
e
any

spherically
sym

m
etric

distribution.
Z

∼
F
0 .

F
〈
µ
,
|Σ 〉

=
distribution

of
X

=
µ
+

B
Z
,

B
B

T
=

|Σ
,

|Σ
regular.

F
am

ily
is
called

the
fam

ily
of

elliptical
distr.

generated
by

F
0 .

|Σ
scatter

m
atrix,

not
covariance

in
general.

–
C
ovariance

m
ay

not
exist,

–
v
a
r〈Z

∼
F
0 〉

m
ay

b
e
σ
20
I

w
ith

σ
0 6=

1
.
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g
D
e
n
sitie

s

D
ensity

of
F
0
m
ust

b
e
a
function

of
the

(squared)“radius”,

f
0 〈z〉

=
f̃
0 〈‖

z‖
2 〉
.

F
or

norm
al:

f̃
0 〈‖

z ‖
2 〉

=
c·

e
x
p 〈−

‖
z ‖

2/
2 〉

G
eneral

µ
,
|Σ
:
L
et

B
such

that
B

B
T
=

|Σ
.

z
=

B
−
1(x

−
µ
)

−→
Jacobian

d
e
t〈

B
〉
=

d
e
t 〈

|Σ 〉
1
/
2

f 〈
x
;
µ
,
|Σ 〉

=
d
e
t 〈

|Σ 〉
−
1
/
2f

0 〈z〉
=

d
e
t 〈

|Σ 〉
−
1
/
2f̃

0 〈‖
z‖

2 〉

=
d
e
t 〈

|Σ 〉
−
1
/
2f̃

0 〈
(x

−
µ
)
T|Σ −

1(x
−
µ
) 〉
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10.1h

E
xam

ples
of

elliptical
distributions:

M
ultivariate

t
distr.

=
distr.

of
B̂

−
1µ̂

for
X
i ∼

N
m
〈0
,
I〉

N
ot“natural”

for
observations!

If
Z

∼
F
0 ,

the
com

p
onents

are
not

indep
endent.

Indep
endent

X
(j
)
cannot

b
e
m
odelled

by
any

ellipticalfam
ily

except
for

the
N
orm

al!
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10.1i

S
ize

a
n
d
S
h
a
p
e

(L
og-)

S
ize

of
the

covariance
m
atrix:

τ
:=

lo
g 〈

d
e
t 〈

|Σ 〉〉
=

1m

∑
k
lo
g〈λ

k 〉
λ
k
=

eigenvalues
of

|Σ
.

S
hap

e:“standard
deviation”

of
the

log
eigenvalues:

η
2
=

∑
k (lo

g〈λ
k 〉−

τ
)
2.

B
oth

size
&

shap
e
are

invariant
under

orth
o
g
o
n
al

transf.
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1
0
.2

E
q
u
ivaria

n
t
E
stim

a
to
rs

a
E
stim

ators
µ̂

and
|̂Σ

should
“resp

ect”
the

transform
ation

nature
of

the
fam

ily:
If
Y
i
=
a
+

C
X
i ,
then

µ̂ 〈Y
1 ,...,Y

n 〉
=

a
+

C
µ̂〈X

1 ,...,X
n 〉

|̂Σ〈Y
1 ,...,Y

n 〉
=

C
|̂Σ〈X

1 ,...,X
n 〉

C
T

as
these

relations
hold

if
µ̂
and

|̂Σ
are

replaced
by

the
param

eters
µ
and

|Σ
.

E
stim

ators
for

w
hich

these
relations

hold
are

called
equivariant

(w
ith

resp
ect

to
affi

ne
transf.s,

the
generating

fam
ily)
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10.2b

O
ther

w
ay

’round:
G
iven

µ̂ 〈X
1 ,...,X

n 〉
and

|̂Σ〈X
1 ,...,X

n 〉
L
et

B̂
b
e
a
“square

root”
of

|̂Σ
,
B̂

B̂
T
=

|̂Σ
.
T
hen,

µ̂ 〈
...,B̂

−
1(X

i −
µ̂
),... 〉

=
0

|̂Σ 〈
...,B̂

−
1(X

i −
µ̂
),... 〉

=
I

−→
equation

determ
ining

µ̂
and

B̂
.

µ̂
and

B̂
B̂

T
=

|̂Σ
usually

uniquely
determ

ined
by

these
eqns.

T
hus,

it
is
suffi

cient
to

defi
ne

w
hen

µ̂
=

0
and

|̂Σ
=

I
.

E
very

such
defi

nition
yields

p
otentially

suitable

estim
ating

functionals
µ〈F

〉
and

|Σ〈F
〉.
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1
0
.3

M
-e
stim

a
to
rs

a
M
a
x
im

u
m

lik
e
lih

o
o
d
fo
r
e
llip

tica
l
d
istrib

u
tio

n
s

W
rite

f̃
0 〈‖

z‖
2〉

=
:
e
x
p〈−

ρ〈‖
z‖

2〉〉.
(N

otice
the

2
in

the
argum

ent!)

ℓℓ 〈
x
;
µ
,
|Σ 〉

=
lo
g 〈
f 〈
x
;
µ
,
|Σ 〉〉

=
−
ρ 〈

(x
−
µ
)
T|Σ −

1(x
−
µ
) 〉

−
12
lo
g
d
e
t 〈

|Σ 〉

∂
ℓℓ

∂
µ

=
ρ ′ 〈‖

z ‖
2 〉

2
|Σ −

1(x
−
µ
)

=
ρ ′ 〈‖

z ‖
2 〉

2
B

−
1z

∂
ℓℓ

∂
|Σ

=
ρ ′ 〈‖

z ‖
2 〉

|Σ −
1(x

−
µ
)(x

−
µ
)
T|Σ −

1−
|Σ −

1

=
B

−
T (ρ ′ 〈‖

z‖
2 〉
z
z
T−

I )
B

−
1
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F
or

the
second

equation,
w
e
have

used
the

form
ulas

∂
(lo

g
d
e
t〈A

〉)
∂
A

=
A

−
T

u
=
x
T
V

−
1x

⇒
∂
u

∂
V

=
−
V

−
1x
x
T
V

−
1

T
hus,

m
axim

um
likelihood

solves

a
v
e 〈
ρ ′ 〈‖

z
i ‖

2 〉
z
i 〉

=
0

a
v
e 〈
ρ ′ 〈‖

z
i ‖

2 〉
z
i z

Ti 〉
=

I

H
ere,

ρ ′
is
a
w
eighting

function,
not

a
ψ
function

(b
ecause

of
the

2
in

the
argum

ent
of
ρ).
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10.3b

M
-e
stim

a
to
rs

a
v
ei 〈

w
(µ

) 〈‖
z
i ‖

2 〉
z
i 〉

=
0

a
v
ei 〈

w
(η

) 〈‖
z
i ‖

2 〉
z
i z

Ti 〉
=

a
v
ei 〈

w
(δ
) 〈‖

z
i ‖

2 〉 〉
I

N
ote

that
for

M
L
E
s,
w

(µ
)
=
w

(η
)
and

w
(δ
)〈u〉

=
1
.

A
s
in

the
location-scale

case,
the

M
-estim

ators
are

m
ore

general
than

M
L
E
for

long-tailed
distributions.

w
(δ
)
is
not

introduced
in

the
usual

literature
(M

aronna+
...).
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A
lternative

form
:
W
eighted

classical
estim

ators
w
ith

im
plicitely

defi
ned

w
eights

µ̂
=

a
v
e
i 〈
w

(µ
) 〈
D

2i 〉
X
i 〉

a
v
e
i 〈
w

(µ
) 〈
D

2i 〉〉

|̂Σ
=

a
v
e
i 〈
w

(η
) 〈
D

2i 〉
(X

i −
µ̂
)(X

i −
µ̂
)
T 〉

a
v
e
i 〈
w

(δ
) 〈
D

2i 〉〉

D
2i

=
(X

i −
µ̂
)
T|̂Σ −

1(X
i −

µ̂
)

W
eighted

classical
estim

ators
can

only
b
e
obtained

w
hen

allo-

w
ingfor

a
w

(δ
),
and

choosing
w

(δ
)
=
w

(η
)
(=

w
(µ

)).

C
om

putation:
Iteratively

rew
eighted

classical
estim

ates.



162

c
In
fl
u
e
n
ce

F
u
n
ctio

n
A
bbreviate

IF
〈z〉

=
IF

〈
z
;
[µ̂
,
|̂Σ
],N

m
〈0
,
I〉 〉

IF
(µ

)〈z 〉
=

a
(µ

)w
(µ

)〈‖
z‖

2〉z
IF

( |Σ
)〈z〉

=
a
(η

)w
(η

)〈‖
z‖

2〉z
z
T−

w̃
(δ
)〈‖
z ‖

2〉I
w
here

w̃
(δ
)
dep

ends
on

w
(δ
)
and

w
(η

)
.

G
eneral

case:

IF
(µ

) 〈
x
;
[µ̂
,
|̂Σ
],N

m

〈
µ
,
|Σ 〉 〉

=
B

IF
(µ

)〈z〉

IF
( |Σ

) 〈
x
;
[µ̂
,
|̂Σ
],N

m

〈
µ
,
|Σ 〉 〉

=
B

IF
( |Σ

)〈z〉
B

T

F
or

all
equivariant

estim
ators,

the
IF

m
ust

have
this

form
.

(not
only

M
-estim

ators)
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C
alculation

of
a
(µ

),a
(η

),a
(τ

):
W
e
need

integrals
of

the
form

D
=

∫
a 〈u〉

b〈u〉
T
d
F̃
0 〈u〉

w
here

a〈‖
z‖〉

=
ψ
〈z

;
0
,
I〉,

b〈‖
z‖〉

=
s〈z

,0
,
I〉

F
or

the
F
isher

Inform
ation

and
the

as.var.
of

an
equivariant

est.
the

sam
e
typ

e
of

integral
is
needed

w
ith

a
=
b
=
s
and

a
=
b
=
ψ
,
resp

ectively.

T
hese

integrals
are

characterized
by

d
(µ

),d
(η

),d
(τ

),
w
here

d
(µ

)
=

∫
um
ω
(µ

)
a

〈u〉
ω
(µ

)
b

〈u〉
d
F̃
0 〈u〉

d
(η

)
=

(1
+

2
/
m
) −

1 ∫
(
um

)
2

ω
(µ

)
a

〈u〉
ω
(µ

)
b

〈u〉
d
F̃
0 〈u〉

d
(τ

)
=

12
m

∫
ψ

(τ
)

a
〈u〉

ψ
(τ

)
b

〈u〉
d
F̃
0 〈u〉



164

P
roof:

S
ee

H
am

p
el
et

al.

D
=
“d-typ

e
m
atrix”

=
sp
ecial

structure!

T
his

show
s
that

ψ
(τ

)〈u〉
=
u
·
ω
(η

)〈u〉−
m

·
ω
(δ
)〈u〉

is
the

function
that

characterizes
the

M
-estim

ator
of

|Σ
together

w
ith

ω
(η

)
—

not
ω
(δ
)!
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10.3d

S
e
n
sitiv

itie
s

M
axim

um
of

the
norm

of
the

IF
.

It
is
natural

to
focus

on
the

standardized
sensitivities.

S
tandardized

sensitivities
−→

invariant
w
.r.t.

affi
ne

transf.

=
indep

endent
of
µ
,

|Σ
.

−→
only

need
to

consider
IF

at
F
0 .

T
he

norm
splits

into
2
parts,‖

IF
‖
2
=

‖
IF

(µ
)‖

2
+

‖
IF

( |Σ
)‖

2
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F
or

the
|Σ
term

,
w
e
get

a
further

split:
L
et

ψ
(τ

)〈u〉
:=

u
·
w

(η
)〈u〉−

m
·
w

(δ
)〈u〉

‖
IF

( |Σ
)〈z〉‖

2
:=

∑
j,k (

IF
( |Σ

)〈z〉 )
2j,k

=
(
a
(η

)w
(η

)〈‖
z ‖

2〉‖
z‖

2 )
2

+
(
a
(τ

)ψ
(τ

)〈‖
z‖

2〉 )
2

=
:‖

IF
(η

)〈z 〉‖
2
+

|IF
(τ

)〈z〉| 2

ψ
(τ

)
&
w

(η
)
connected

to
size

and
shap

e
param

eters,
see

10.1.i.

N
atural

choice
w

(δ
)
=
w

(η
)

−→
‖
IF

( |Σ
)〈z 〉‖

2
=
w

(η
) 〈‖

z ‖
2 〉 (

(a
(η

)
+
a
(τ

))
‖
z‖

2−
a
(µ

)m
)

allow
s
for

easy
defi

nition
of

redescending
estim

ators
w
〈u〉→

0
for

u
→

∞
(cf.“w

eighted
scale”

7.1.e)
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10.3e

O
p
tim

a
l
ro
b
u
st

e
stim

a
tio

n

B
ounded

infl
uence

function,
but

as
effi

cient
for

central
m
odel

(norm
al
distribution)

as
p
ossible!

B
ound

3
“parts”

separately,

‖
IF

(µ
)‖

≤
γ
µ ,

‖
IF

(η
)‖

≤
γ
η ,

|IF
(τ

)|≤
γ
τ .

R
esult:

w
(µ

)〈u〉
=

m
in 〈

1
, √

b
µ /
u 〉

,
w

(η
)〈u〉

=
m
in〈1

,b
η /
u〉,

ψ
(τ

)〈u〉
=
h
b
τ 〈u

−
m
β〉

(H
ub
er

function)
or

w
(δ
)〈u〉

=
u
w

(η
)〈u〉−

(u
−
m
β
)
m
in〈1

,b
τ /
(u

−
m
β
)〉,

β
a
suitable

constant
for

F
isher

consistency,

dep
ending

on
b
η
and

b
τ .
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1
0
.4

B
re
a
k
d
o
w
n

a
B
re
a
k
d
o
w
n
o
f
co

v
aria

n
ce

m
a
trix

e
stim

a
to
rs

N
o
breakdow

n
of

|̂Σ
m
eans

eigenvalues
<

∞
and

>
γ〈

|Σ〉
>

0
(b
ounded

aw
ay

from
0
).

If
|Σ
→

singular,
|̂Σ
→

should
also

b
e
singular

(equalsubspace).

G
oal

of
m
ultivariate

statistics:

S
tudy

relations
b
etw

een
variables

F
or

all
affi

nely
equivariant

estim
ators,

b
oundedness

of
|̂Σ

for
|Σ
=

I
is
suffi

cient.
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10.4b

B
re
a
k
d
o
w
n
o
f
M
-e
stim

a
to
rs

R
esult:

breakdow
n
p
oint

<
1
/
m
.

P
roof:

C
onsider

the
“barrow

w
heel”

distribution:
L
et

F
τ
=

N
〈0
,d

ia
g〈τ

,1
,...,1〉〉,

H
distribution

of
[U
,0
,...,0

]
w
ith

U
∼
χ
2p−

1
C
hisqu.

distr.,
G
ε,τ

=
(1

−
ε
)F

τ
+
εH

looks
like

the
w
heel

of
a
barrow

.



170

L
et
ε
=

1
/
m

and
τ
→

0
.
T
hen,

T
〈G

ε,0 〉
=
c
I

is
a
solution

of
the

M
-estim

ating
equation

for
|Σ
.

−→
B
reakdow

n!

T
he

barrow
w
heel

situation
is
easily

detected
in

practise
–

unless
rotated

such
that

the
fi
rst

axis
is

m
app

ed
to

the
space

diagonal.

T
hen,

the
scatterplot

of
every

pair
of

variables
looks

spherical

if
the

dim
ension

is
not

sm
all.
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10.4c

W
hat

does
this

m
ean?

C
onsider

100
obs.

of
7
variables

=
700

data.

A
ssum

e
2%

gross
errors

−→
ab
out

13-14
(m

ultivar.)
obs.

contain
≥

1
error(s)

−→
breakdow

n
at

2%
of

the
data,

not
1
/
m

=
1
/
7

−→
another“curse

of
dim

ension”
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10.4d

N
o
n
a
ffi
n
e
ly

e
q
u
iv
aria

n
t
e
stim

a
to
rs?

Idea:
E
stim

ate
each

elem
ent

of
the

covariance
m
atrix

robustly!

E
.g.,

G
nanadesikan

and
K
ettenring

(1972):
N
ote

that

c
o
v 〈
X

(j
),X

(k
) 〉

=
14 (v

a
r 〈
X

(j
)
+
X

(k
) 〉

−
v
a
r 〈
X

(j
)
+
X

(k
) 〉)

R
obust

version:

ρ̂ 〈
X

(j
),X

(k
) 〉

=
14

(
σ̂
2 〈

X
(j
)

σ̂〈X
(j
)〉
+

X
(k

)

σ̂〈X
(k

)〉 〉
−

σ̂
2 〈

X
(j
)

σ̂〈X
(j
)〉 −

X
(k

)

σ̂〈X
(k

)〉 〉)

ĉ
o
v 〈

X
(j
),X

(k
) 〉

=
ρ̂ 〈
X

(j
),X

(k
) 〉

·
σ̂ 〈

X
(j
) 〉
σ̂ 〈

X
(k

) 〉
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10.4e

P
roblem

:
T
he

resulting
m
atrix

w
ill
in

general

not
b
e
p
ositive

(sem
i-)

defi
nite.

T
rick

to
m
ake

them
p
ositive

defi
nite:

A
pply

E
igenvalue

analysis|̃Σ
=

Q
D

Q
T

w
ith

diagonal
D

and
orthogonal

Q
.

If
|̃Σ

w
as

a
covariance

m
atrix,

then
D

w
ould

contain

the
variances

D
ii
of

the
uncorrelated

variables
Z

=
Q

−
1X

.

−→
E
stim

ate
robust

variances
v̂
k

of
the

Z
(k

)

T
hen

use
back-transform

ed
m
atrix

as
estim

ate,
|̂Σ
=

Q
T
d
ia
g〈v̂

1 ,...,v̂
m 〉

Q
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10.4f

O
n
the

other
hand:

•
T
hese

estim
ators

are
not

equivariant.

B
ut

they
w
an
t
to

react
to
“outliers

in
single

variables”,

w
hich

is
not

an
affi

nely
invariant

m
odel.

•
S
ingular

covariance
m
atrices

w
ill
m
ost

probably

not
b
e
detected.

(T
hink

of
the

barrow
w
heel!)
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1
0
.5

E
stim

a
tio

n
w
ith

h
ig
h
b
re
a
k
d
o
w
n
p
o
in
t

a
P
ro
je
ctio

n
e
stim

a
to
r

O
utlyingness

of
an

observation:

O
ne-dim

ensional:
|x
i −

µ̂|/
σ̂

µ̂
,σ̂
:
robust

estim
ators

of
location

and
scatter.

M
ulti-dim

ensional:
E
xam

ine
projections

b
TX

i ,
|b|

=
1
.

O
utlyingness:

|x
i −

µ̂〈...,b
TX

h ,...〉|/
σ̂〈...,b

TX
h ,...〉

M
ultivariate

outlyingness:

M
axim

ize
over

projection
directions

b
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U
se

outlyingness
to

defi
ne

w
eights

for
w
eighted

estim
ator:

D
i

=
m
a
x

b :‖
b‖
=
1 〈 ∣∣x

i −
µ̂ 〈
...,b

TX
h ,... 〉 ∣∣

/
σ̂ 〈
...,b

TX
h ,... 〉〉

µ̂
=

a
v
e
i 〈
w
〈
D

2i 〉
X
i 〉

a
v
e
i 〈
w
〈
D

2i 〉〉

|̂Σ
=

a
v
e
i 〈
w
〈
D

2i 〉
(X

i −
µ̂
)(X

i −
µ̂
)
T 〉

a
v
e
i 〈
w
〈
D

2i 〉〉

D
isadvantage:

C
om

putationally
“im

p
ossible”!

W
ay

out:
see

b
elow

.
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10.5b

S
-e
stim

a
to
rs

“B
ackw

ard
defi

nition”:
A
ssum

e
that

|̂Σ
is
the

estim
ate.

S
hap

e
m
atrix

S
=

|̂Σ
/
(d

e
t

|̂Σ
1
/
m
determ

ines
outlyingness

d
2i
=

(x
i −

µ̂
)
TS

−
1(x

i −
µ̂
).

S
cale

estim
ate

σ̂ 〈
d
21 ,...,d

2n 〉
.

M
inim

ize
this

scale!
...

and
use

it
as

the
estim

ate
of

size.

[µ̂
,
Ŝ
]

=
a
rg

m
in 〈

σ̂
2 〈
...,(x

i −
µ
)
TS

−
1(x

i −
µ
),... 〉

|
µ
,
S

:
d
e
t〈S

〉
=

1 〉

|̂Σ
=

Ŝ
σ̂
2 〈
...,(x

i −
µ̂
)
TŜ

−
1(x

i −
µ̂
),... 〉

σ̂
can

b
e
an

M
-estim

ator
of

scale
or

another
robust

estim
ator.

E
arly

exam
ple:

M
inim

al
C
ovariance

D
eterm

inant
(M

C
D
):

uses
trim

m
ed

scale.

C
om

putation:
S
im
ilar

com
plexity

as
P
rojection

estim
ator.
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F
inally,

a
data

exam
ple:

Iris
data,

fi
rst

sp
ecies

=
50

obs.,
fi
rst

2
vars.

–
contam

inated
by

4
gross

errors
(colored).

E
llip

ses
are

sized
su
ch

th
at

th
ey

sh
ou
ld

con
tain

80%
of

th
e
d
ata.

C
lassical

estim
ates

(larger,
red

...)
an
d
M
C
D

(sm
aller,

b
lu
e,

-
-
-).

4
.4

4
.6

4
.8

5
.0

5
.2

5
.4

5
.6

5
.8

2.5 3.0 3.5 4.0 4.5

L
e

n
g

th

Width
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10.5c

C
o
m
p
u
ta
tio

n
o
f
h
ig
h
b
re
a
k
d
o
w
n
p
o
in
t
e
stim

a
to
rs

M
inim

a
needed

–
over

all
directions

in
R
m
or

all
shap

e
m
atrices

cannot
b
e
com

puted
(except

for
very

sm
all

dim
.).

N
eed

an
“intelligent”

selection,
over

w
hich

the
m
inim

um
is

“hop
efully”

close
to

the
global

m
inim

um
.

A
t
least:

B
reakdow

n
should

b
e
avoided.

B
asic

idea:

C
hoose“candidate”

for
m
inim

um
from

a
random

m
inim

alsubset

of
obs.

(called
“ elem

ental
subset”).

H
op
e
for

candidates
that

are
free

of
contam

ination.

T
his

should
give

a
reliable

starting
p
oint

for
som

e
kind

of

local
m
inim

zation,
w
hich

w
ill
defi

ne
the

estim
ate.
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P
rojections:

m
p
oints

determ
ine

a
hyp

erplane.

P
roject

on
the

direction
p
erp

endicular
to

it.

S
hap

e
m
atrices:

need
m

+
1
p
oints.

P
robability

to
get

a
“clean”

elem
ental

subset:

P
=

1
−

(1
−

(1
−
ε
)
m
)
r
for

r
random

choices.

E
xercise:

C
alculate

the
num

b
er

of
replicates

needed

to
obtain

P
=

0
.9
,
say,

for
several

com
binations

of
ε
and

m
!
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10.5d

M
e
ssa

g
e
s

•
N
orm

al
distribution:

T
he

“only
realistic”

m
odel!

f 〈
x
;
µ
,
|Σ 〉

=
c·e

x
p
−

12
d
2,
w
here

d
2
=

(x−
µ
)
T
|Σ −

1(x−
µ
)
T

•
A
ffi
ne

transform
ations,

applied
to

N
m
〈0
,
I〉

defi
ne

the
fam

ily
of

norm
al
distributions,N

m

〈
µ
,
|Σ 〉

−→
transform

ation
fam

ily,
−→

E
lliptical

distributions,

−→
asks

for
equivariant

estim
ators.

•
M
-estim

ators
given

by
only

3
scalar

functions
w

(µ
),
w

(η
),
ψ

(τ
).
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•
B
reakdow

n
of

M
-estim

ators
is
p
oor:

≤
1
/
m

of
the

(vector)
obs.

−→
≤
≈

1
/
m

2
of

the
data!

•
E
stim

ators
w
ith

high
breakdow

n
p
oint:

P
rojection-

and
S
-estim

ators

C
om

putation
is“im

p
ossible”.

T
he

b
est

w
e
can

do
is “elem

ental
subsets”

w
hich

avoids
breakdow

n
w
ith

a
probability

that
dep

ends
on

the
dim

ension
m

and
the

num
b
er

of
replicates

r.
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1
1

L
in
e
ar

R
e
g
re
ssio

n

1
1
.1

E
xa

m
p
le
s

a
E
x
a
m
p
le

N
O

2 -m
e
a
n
s

2
.4

2
.5

2
.6

2
.7

2
.8

2
.9

2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0

J
a

h
re

s
m

itte
l

Tagesmittel 1

2
.4

2
.5

2
.6

2
.7

2
.8

2
.9

2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0

J
a

h
re

s
m

itte
l

Tagesmittel 2
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E
xam

ple
P
ollutants

in
a
tunnel

L
astw

ag
en
-A

n
teil

Ef.NOx

0
.0

0
.0
5

0
.1
0

0
.1
5

0
.2
0

0
.2
5

0
.3
0

0 2000 4000 6000 8000
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E
stim

ated
regression

lines

0
5

1
0

1
5

2
0

2
5

3
0

0 1000 2000 3000 4000 5000 6000

L
a
s
tw

a
g
e
n
−

A
n
te

il (%
)

Ef.NOx
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O
nly

data
w
ith

suffi
cient

air
velocity

0
5

1
0

1
5

2
0

2
5

3
0

0 1000 2000 3000 4000 5000 6000

L
a
s
tw

a
g
e
n
−

A
n
te

il (%
)

Ef.NOx
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1
1
.2

T
h
e
M
o
d
e
l

a
T
he

m
odel

of
linear

regression
is

Y
i
=
β
0
+
β
1 x

(
1
)

i
+
β
2 x

(
2
)

i
+
...

+
β
m
x
(m

)
i

+
E
i

Y
i :
target

or
resp

onse
variable,

ith
observation

x
(j
)

i
:
jth

explanatory
variable

(input
variable)

β
j :
coeffi

cients
(param

eters)

E
i :
R
andom

deviation, “error
term

”

V
ector

notation:
Y
i
=
x
Ti β

+
E
i

M
atrix

notation:
Y

=
X
β
+
E

X
:
D
esign

m
atrix,

each
row

b
elongs

to
1
observation.
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A
ssum

ptions

•
E
i ∼

N
〈0
,σ〉,

indep.
E

∼
N

n 〈
0
,σ

2
I 〉

•
D
esign

X
:
D
iff
erent

approaches

–
not

random
,
but

fi
xed

values
(designed?)

If
also

random
(observational

studies)

−→
conditional

analysis

–
also

random
variables,

x
i ∼

K
indep.

−→
m
akes

asym
ptotics

straightforw
ard

D
istinguish

from
“observed

w
ith

error”

−→
“errors-in-variables”

m
odel



189
11.2b

L
e
a
st

S
q
u
are

s

M
ax.li.

for
norm

al
assum

ption
=

L
east

S
quares.

M
inim

ize

Q
〈
β 〉

=
∑

i r
2i
,

r
i
=
Y
i −

X
Ti β
:
residual

S
coress

(β
) 〈
y
,x

;
β
,σ

2 〉
=
r·
x
/
(2
σ
2)

=
(y

−
x
Tβ

)x
/
(2
σ
2)

c
E
stim

a
tio

n
o
f
th
e
sca

le
σ

σ̂
2
=

1
n−

p ∑
i r

2i .
S
tandard

deviation
of

the
residuals,

up
to

a

fi
nite

sam
ple

correction
n
/
(n

−
p
)

(or
(n

−
1
)/

(n
−
p
)).

S
cores

(w
.r.t

σ
2):

s
(σ

2) 〈
y
,x

;
β
,σ

2 〉
=

(r
2/
σ
2−

1 )
/
(2
σ
2)
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E
q
u
iv
aria

n
ce

•
L
ocation-scale

fam
ily.

•
R
egression

equivariance:
L
inear

transf.
of

the
design,

x
i 7→

x̃
i
=

T
x
i ,
leads

to
β̃
=

T
−
Tβ

In
m
atrix

term
s:

X̃
=

X
T

T
−→

β̃
=

T
−
Tβ

If
the

design
m
atrix

X
contains

a
colum

n
of

1s,
then

all
affi

ne
transf.s

x̃
i
=
a
+

B
x
i
have

the
form

X̃
=

X
T

T.

A
n
estim

ator
β̂
should

react
in

the
sam

e
w
ay:

̂̃β
=

T
−
Tβ̂

C
onsequence:

It
is
suffi

cient
to

consider
the

case
of

orthogonal
regressors,

1n
X̃

TX̃
=

I
.

(L
et

T
b
e
such

that
T

−
1
T

−
T
=

1n
X

TX
!)
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1
1
.3

M
-e
stim

a
to
rs

fo
r
re
g
re
ssio

n

a
M
inim

ize
∑

i ρ 〈
(Y

i −
x
TI
β
)/
σ 〉

or
solve

∑
i ψ

〈
Y
i −

x
Ti
β̂

σ

〉
x
i
=

0
,

ψ
〈r〉

=
ρ ′〈r〉

S
cale:

S
ee

later.

b
In
fl
u
e
n
ce

F
u
n
ctio

n
R
andom

x
i :

IF 〈
x
,y

;
β̂
,F

〉
=

ψ

〈
Y

−
x
Tβ̂

σ

〉
(κ̃

C
) −

1x

κ̃
C

=

∫
ψ
〈u〉

x
x
Tu

F
0 〈u

,x 〉

=
∫
ψ
〈z〉

z
d
Φ

〈z〉·
v
a
r〈X

〉
C

estim
ated

by
1n
X

TX
.
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F
or

fi
xed

x
i ,
it
is
not

clear
w
hat“asym

ptotic”
m
eans.

•
R
ep
etition

of
the

sam
e
design

m
atrix

X
,
w
ith

new
Y
?

V
ery

restrictive.

•
S
equence

X
n
w
ith

1n
X

Tn
X

n
→

C
−→

b
etter

in
principle.

R
esult

as
for

random
x
i
(?)

•
L
et

dim
ension

increase
w
ith

n
.
R
ealistic,

very
dem

anding.

−→
W
e
stick

w
ith

random
x
i !
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G
ro
ss

E
rro

r
S
e
n
sitiv

ity.
infi

nite!
...

unless
x
i s
are

b
ounded

(and
ψ
is
b
ounded)

e
G
e
n
e
ra
lize

d
M
-e
stim

a
tio

n
∑

i η 〈
(Y

i −
x
Ti
β̂
) /
σ
,
x
i 〉
x
i
=

0

“
ψ
function”

dep
ends

on
x
–

b
est

through
“leverage”

=
M
ahalanobis

D
istance

h
i
=
x
Ti C

−
1x

i

•
B
ound

on
ψ
〈r〉

dep
ends

on
h
i ,

η〈r
i ,x

i 〉
=
ψ
c〈h

i 〉 〈r
i 〉

“S
chw

epp
e
typ

e”

•
W
eights

according
to

h
i ,

η〈r
i ,x

i 〉
=
w
〈h

i 〉
ψ
c 〈r

i 〉
“M

allow
s
typ

e”
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E
stim

a
tio

n
o
f
th
e
sca

le
p
ara

m
e
te
r

S
cores

(w
.r.t

σ
2):

s
(σ

2) 〈
y
,x

;
β
,σ

2 〉
=

(r
2/
σ
2−

1 )
/
(2
σ
2)

−→
∑

i (r
2i /
σ̂
2−

1 )
=

0

R
obust

(see
C
hapter

on
scale,

7.1.c,
now

squared
argum

ent)
∑

i χ 〈
r
2i /
σ̂
2 〉

=
0

∫
χ 〈
r
2/
σ̂〈F

〉
2 〉

d
F
〈r〉

=
0

•
H
ub
er,“P

rop
osal

2”:
χ 〈
z
2 〉

=
h
c 〈
z
2 〉

−
κ

•
W
eighted

S
cale

χ 〈
z
2 〉

=
ω
2 〈
z
2 〉(z

2−
κ ),

κ
such

that
∫
ω
2 〈
z
2 〉(z

2−
κ )

d
F
1 〈z〉

=
0
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D
e
sig

n
A
d
a
p
tiv

e
S
ca

le
(D

A
S
)

P
roblem

:R
esiduals

r
i are

not
the

errorsE
i !
–
F
or
L
S
q-estim

ation,

R
i ∼

N
〈
0
,σ

2/
(1

−
h
ii ) 〉

w
here

h
ii
are

the
diagonal

elem
ents

of
the

“hat
m
atrix”

H
=

X
(
X

TX
) −

1
X

T.

R
obust:

v
a
r〈r

i 〉≈
τ
i σ

2.
τ
i
see

b
elow

.
S
olve

∑
i χ 〈

r
2i

τ
2i σ̂

2 〉
=

0

∑
i τ

2i ·
ω
2 〈

r
2i

τ
2i σ̂

2 〉
(

r
2i

τ
2i σ̂

2
−
κ )

=
0

T
he

fi
rst

τ
2i
is
introduced

to
get

usual
σ̂
back

for
ω
=

1
.
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C
alculation

of
τ
i .
W
e
use

C
=

1n
X

TX
,

γ
1
=

E〈ψ
′〉,

γ
2
=

E 〈
ψ

2 〉

r
i
=
Y
i −

x
Ti β̂

≈
Y
i −

x
Ti (
β
+

1n ∑
h
IF

〈
y
h ,x

h ;
β̂
,σ 〉)

=
E
i −

x
Ti
1n
IF

〈
y
i ,x

i ;
β̂
,σ 〉

+
U
−
i

U
−
i

=
x
Ti
1n ∑

h6=
i IF

〈
y
h ,x

h ;
β̂
,σ 〉

=
1n ∑

h6=
i σ
γ
−
1

1
C

−
1x

h ψ
〈E

h /
σ〉

v
a
r〈U

−
i 〉

=
1n
σ
2γ

2 /
γ
21 ∑

h6=
i (x

Ti C
−
1x

h )
2

=
1n
σ
2γ

2 /
γ
21
(h

i −
h
2i )

b
ecause∑

h (x
Ti C

−
1x

h )
2

=
x
Ti C

−
1 (∑

h x
h x

Th )
C

−
1x

i
=
h
i



197

v
a
r 〈
E
i −

x
Ti
1n
IF

〈
y
i ,x

i ;
β̂
,σ 〉〉

=
v
a
r 〈
E
i −

h
i σ
γ
−
1

1
ψ
〈E

i /
σ〉 〉

=
σ
2g〈h

i ,n
,ψ

〉
v
a
r〈r

i 〉
/
σ
2
=
τ
2i

=
g〈h

i ,n
,ψ

〉
+
γ
2 /
γ
21
(h

i −
h
2i )

K
oller

&
S
tahel

(2011)

T
he

scale
is
also

used
for

the
standardization

of
ψ
in

the
estim

ation
of
β
.

−→
R
e-estim

ate
β
!

(but
do

not
use

τ
i s
to

standardize
ψ
,

b
ecause

derivation
w
ould

fail.)
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D
istrib

u
tio

n
o
f
e
stim

a
to
rs

β̂
is
asym

ptotically
norm

al,
w
ith

v
a
r 〈
β̂ 〉

=
1n
σ
2·
γ
C

−
1
,

C
=

1n ∑
i x

i x
Ti

γ
=

∫
ψ

2〈u〉
f
1 〈u〉

d
u

(∫
ψ

′〈u〉
f
1 〈u〉

d
u )

2

O
ften

used:
F
actor

1
/
(n

−
p
)
and

“fi
nite

sam
ple

correction”
introduced

by
H
ub
er

(1972).

R
eplace

by
D
A
S
!
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V
ersions

•
γ
estim

ated
from

the
data:

γ̂
=

a
v
e
i 〈
ψ

2i 〉/
a
v
e
i 〈ψ

′i 〉
2

•
C

“robustifi
ed”by

using
a
w
eighted

version
∑

i w
i x
i x

Ti /∑
i w

i

w
eights

=
robustness

w
eights

ψ
〈r
i /
σ̂〉
/
(r
i /
σ̂
)

i
T
e
sts,

co
n
fi
d
e
n
ce

re
g
io
n
s

W
ald

typ
e:
using

the
asym

ptotic
distribution

just
describ

ed.

O
ther:

see
next

C
hapter
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1
1
.4

B
re
a
k
d
o
w
n
p
o
in
t

a
B
re
a
k
d
o
w
n
o
f
M
-e
stim

a
to
rs

–
W
ithout

leverage
p
oints:

dep
ends

on
design

see
M
aronna,

M
artin,

Y
ohai.

–
R
andom

x
s:
B
reakdow

n
p
oint

0
for

non-generalized
M
-est.

F
or

G
M
:
<

1
/
p

(in
order

to
b
ound

h
i ,
rob.cov.

is
needed!)

A
gain:

It
is
w
orse!

S
ee

m
ultivariate

m
odel

−→
prop

ortion
≈

1
/
p
2
contam

inated
data

values
are

enough!

b
M
-e
stim

a
to
rs

w
ith

re
d
e
sce

n
d
in
g
ψ
.

−→
often

m
ore

than
1
solution

of
the

equation
∑

i ψ
〈r
i 〉
x
i
=

0
.

V
ersion

of
m
inim

izing
∑

i ρ〈r
i 〉

−→
higher

breakdow
n
p
oint.

C
om

putation?
−→

need
initial

value
w
ith

high
breakdow

n
pt.!
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1
1
.5

E
stim

a
to
rs

w
ith

h
ig
h
b
re
a
k
d
o
w
n
p
o
in
t

a
S
-e
stim

a
to
rs

M
inim

ize
robust

scale
estim

ate!

•
L
east

M
edian

of
S
quares:

M
inim

ize

Q
〈
β 〉

=
m
e
d
ia
n 〈

(y
i −

x
Ti β

)
2 〉

•
L
east

trim
m
ed

S
quares:

M
inim

ize

Q
〈
β 〉

=
∑

h
n

k
=
1 ((y

i −
x
Ti β

)
2)

[k
]
,

0
<
h
<

1

[k
]:
sorted.

(S
um

over
h
n
sm

allest
squared

residuals.)
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•
M
ore

general:
M

scale
est.:

S
olve

1

n
−
p

∑
i ρ 〈

r
is 〉

=
κ

for
s!

κ
=

function
of
ρ,

such
that

σ̂
=

1
for

E
∼

Φ
.

−→
s
=
s 〈
β 〉

.
−→

M
inim

ize
s 〈
β 〉

over
β
.

=
S
-estim

ator
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C
o
m
p
u
ta
tio

n
?

s 〈
β 〉

has
bad

prop
erties

(not
sm

ooth,
local

m
inim

a)

−→
E
lem

ental
subsets:

p
observations

determ
ine

coeffi
cients

β̃
(w

ithout
error)

by
linear

equation
system

(linear
algebra)

(unless
they

are
linearly

dep
endent)

T
ake

a
m
any

random
“subsam

ples”
r
of

size
p

−→
s
r ,
β̃
r .

C
hoose

the
β̃
r
w
ith

the
sm

allest
s
r
as

initial
value

for
a
local

m
inim

ization
of
s.
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M
M
-e
stim

a
to
rs

S
-estim

ators
are

ineffi
cient.

−→
com

bination
of

S
-
and

M
-estim

ators
U
se

S
-estim

ator
as

inital
value

for
a
redescending

M
-estim

ator!

R
ecom

m
endation:

U
se
“S
M
D
M
”-estim

ator:
1.

S
-estim

ate
−→

β̂
S
,
σ̂
S

2.
M
-estim

ate
w
ith

redescending
ψ

−→
β̃

(use
β̂
S
as

initial
value,

σ̂
S
to

standardize
resid.)

3.
D
A
S
scale

estim
ate

−→
σ̂

4.
M
-estim

ate
w
ith

redescending
ψ

−→
β̂

(use
β̃
as

initial
value,

σ̂
to

standardize
resid.)

5.
E
stim

ate
v
a
r 〈
β̂ 〉

using
robustness

w
eights

for
estim

ating
C

=
1n ∑

i x
i x

Ti
(see

11.3.h).
T
his

allow
s
for“W

ald
typ

e”
inference

Im
plem

ented
in
R
as

l
m
r
o
b
(
.
.
.
,
m
e
t
h
o
d
=
’
M
S
2
0
1
1
’
,
.
.
.
)
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1
1
.6

R
a
n
d
o
m

E
ff
e
cts

M
o
d
e
ls

a
R
e
p
e
a
te
d
M
e
a
su
re
s

Y
g
h
j
=

β
0

︸︷︷︸
interc. +

β
g

︸︷︷︸
b
etw

.eff

+
β̃
j

︸︷︷︸
w
ithin

eff

+
B
g
h

︸︷︷︸
random

eff

+
ε
g
h
j

︸︷︷︸
error

subject
h
in

treatm
ent

group
g,

m
easured

under
condition

j.

R
egression

form
:



Y
1
1
1

Y
1
1
2

Y
1
2
1

Y
1
1
2

Y
1
3
1

Y
1
3
2

Y
2
1
1

Y
2
1
2

···
Y
2
3
2



=



1
0

0
1

0
1

1
0

0
1

0
1

1
0

0
1

0
1

1
1

0
1

1
1

···
1

1
1



[
β
0
β
g

β̃
j

]
+



1
0

0
0

0
0

1
0

0
0

0
0

0
1

0
0

0
0

0
1

0
0

0
0

0
0

1
0

0
0

0
0

1
0

0
0

0
0

0
1

0
0

0
0

0
1

0
0

···
···

0
0

0
0

0
1





B
1
1

B
1
2

B
1
3

B
2
1

B
2
2

B
2
3



+
ε
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G
e
n
e
ra
l
m
o
d
e
l

Y
=

X
β

︸︷︷︸
fi
xed

eff
ects

+
Z
B

︸︷︷︸
random

eff
ects

+
ε

︸︷︷︸
error

(nugget)

B
∼

N
q 〈0

,V
b 〈θ〉〉

,
ε
∼

N
n 〈

0
,σ

2
I 〉

,
B

⊥
ε

M
odel

includes

•
V
ariance

C
om

p
onents,

•
R
ep
eated

M
easures,

S
plit

P
lot,

•
R
andom

S
lop

es,
crossed

R
andom

E
ff
ects,

•
G
eostatistics:

Z
=

I
,

V
b 〈θ〉

=
η
V

α

w
here

(
V

α
)
ij
=

fctn
(|s

i −
s
j |/
α
).

ε:
nugget

eff
ect.
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M
L
E

M
ore

precisely:
R
E
M
L
(restricted

/
reduced

M
L
)

σ
−
2
Z

Te
=

V
−
1
/
2

b
b ∗

X
Te

=
0

e
Te

=
exp

ectation

b ∗
TQ

ℓ b ∗
=

exp
ectation

,
Q
ℓ
:=

V
−
1
/
2

b

∂
V
b 〈θ 〉
∂
θ

V
−
1
/
2

b

b ∗:“E
stim

ated”
standardized

random
eff
ect.

R
obust

estim
ation:

R
eplace

e/
σ

by
ψ
〈e/

σ〉,
b ∗,

by
ψ
〈b ∗〉.
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1
1
.7

O
th
e
r
R
e
g
re
ssio

n
M
o
d
e
ls

a
Q
u
a
n
tile

R
e
g
re
ssio

n

C
onsider

the
location

problem
.
ψ
-function

ψ
〈z〉

=

{
b
u

for
z
≥

0
−
b
l

for
z
<

0

for
b
u
=
b
l
(=

1
).

−→
M
-estim

ator
=

M
edian.

W
hat

happ
ens

if
b
u 6=

b
l ?

−→
bias

for
sym

m
etric

distributions!
W
hat

bias?

b
l ∫
z
<
µ̂ d

Φ
〈z〉

=
b
u ∫

z
>
µ̂ d

Φ
〈z〉

−→
quantile

q
p ,
p
=
b
l /
(b
l +
b
u ).
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R
egression:

U
se

this
ψ
-function

for
M
-estim

ator
in

linear
regression!

−→
E
stim

ates
the

dep
endence

of
the

quantile
of

the

distribution
of
Y

(instead
of

the
center

of
sym

m
etry)

on
x
!

A
pplications:

m
edical,

risk,
...
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L
o
g
istic

R
e
g
re
ssio

n

R
esp

onse
variable

is
binary

(or
binom

ially
distributed)

−→
logistic

regression.

P
〈Y

i
=

1〉
=
g 〈
x
Ti β 〉

,
g〈η〉

=
e
x
p
η /

(1
+

e
x
p〈η〉)

O
utliers

in
Y

are
diffi

cult
to

conceptualize:

A
success

for
conditions

w
here

its
probability

is
m
inim

al.

If
dow

nw
eighted,

this
m
ust

lead
to

serious
bias!

−→
correction!

−→
w
eights

dep
ending

on
x
i
(or

h
i )
are

natural.
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P
o
isso

n
R
e
g
re
ssio

n
R
esp

onse
variable

is

•
a
frequency

of
an

event
−→

P
oisson

distribution,
P
oisson

regression

Y
i ∼

P
〈λ

i 〉
,

lo
g〈λ

i 〉
=
x
Ti β

F
or
λ
i ≤

3
,
no

outlier
on

the
left,

since
P
〈Y

i
=

0〉≥
0
.0
5
.

•
a
count

(#
individual

plants
on

plot,
anim

als
in

fl
ock,...)

−→
“overdisp

ersed
P
oisson”,“quasi-P

oisson”,
N
egative

B
inom

ial

d
G
e
n
e
ra
lize

d
L
in
e
ar

M
o
d
e
l

...
encom

passes
other

useful
m
odels

b
esides

N
orm

al,
L
ogistic,

P
oisson
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M
e
ssa

g
e
s

R
o
b
u
st

R
e
g
re
ssio

n

•
M
odelfor

linear
regression:

Y
=

X
β
+
E
,
E

∼
N

n 〈
0
,σ

2
I 〉

.

W
ant

regression
equivariance!

•
M
-estim

ation
is
straightforw

ard:

R
eplace

residuals
r
i /
σ
by

ψ
〈r
i /
σ〉.

•
S
cale

est.:
W
eighted

scale
−→

D
esign

A
daptive

S
cale.

U
seful

for
effi

cient
inference

(tests
and

confi
dence

regions)
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•
B
reakdow

n
is
a
problem

!
N
eed

high
breakdow

n
estim

ators

−→
S
-est.

•
C
om

putation
of

S
-estim

ators
is“im

p
ossible”.

−→
P
robabilistic

algorithm
,“elem

ental
subsets”

•
F
or

good
prop

erties,
com

bine
S
-
and

M
-estim

ators
−→

M
M
-,
S
M
D
M
-
est.

•
R
obust

m
ethods

also
exist

for
G
eneralized

L
inear

M
odels.

•
T
ry

them
,
use

them
!
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1
2

T
e
sts

1
2
.1

B
a
sic

C
o
n
ce
p
ts

a
H
o
w

to
co

n
stru

ct
a
te
st

•
M
odel,

here
param

etric,
F
θ .

•
N
ull

hyp
othesis

H
0

and
alternatives

need
exact

m
odel

under
H

0 ,
but

only
general

idea
ab
out

alternatives
C
om

m
on

H
0 :

F
ix
param

eter
value

θ
=
θ
0

(for
scalar

θ)
m
ultidim

.
param

eter:
split

into
tw
o
parts,

θ
=

[θ
T[1
] ,θ

T[2
] ]
T,

θ
∈

R
p,

θ
[1
] ∈

R
q,

θ
[2
] ∈

R
p−
q.

H
0 :

θ
[2
]
=
θ
[2
],0

A
lternative:

θ
[2
] 6=

θ
[2
],0



215

•
Invent

a
“raw

”
test

statistic
U

that
has

m
ore

extrem
e

values
under

the
alternative

than
under

the
H

0

C
om

m
on

choice:
U

=
θ̂
[2
]

•
G
et

the
distribution

of
U

under
the

H
0

T
his

w
ill
often

dep
end

on
“nuisance

param
eters”

(form
ally

contained
in

θ
[1
] )

In
the

light
of

this
distribution,

fi
nd

–
a
suitable

norm
of
U

if
it
is
m
ultivariate

(T
esting

a
m
ultidim

.
test

statistic
directly

is
rare.)

–
a
standardization

that
m
akes

the
distribution

indep
endent

of
the

nuisance
param

eter(s)
in
θ
[1
]

T
his

involves
the

estim
ator

θ̂
[1
]

If
a
scale

param
.is

involved,this
is
called

“S
tudentization”

R
esult:

S
tandardized

test
statistic

T
〈
θ̂ 〉
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•
G
et

the
distribution

of
T
under

the
H

0

–
hop

e
for

a
good

approxim
ation

by
a
w
ell-know

n
distr.

like
norm

al,
t-,

F
-distr.

O
ften

need
“correction

factor”.

–
brute

force:
sim

ulation
of

data
under

the
null

hyp
othesis

w
ith

estim
ated

nuisance
param

eters,
θ
[1
]
=
θ̂
[1
] .

“param
etric

b
ootstrap”

–
if
feasible,

use
random

ization
test

–
nonparam

etric
b
ootstrap

???
has

problem
s
w
ith

testing

unless
(approx.)“translation

m
odel”

−→
b
ootstrap

confi
dence

interval

−→
P
value

p̂
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P
ro
p
e
rtie

s
o
f
te
sts

L
evel:

P
0 〈p̂

<
α〉

=
α

by
construction.

F
unctional

p̂〈F
〉.

–
L
evel

p̂〈F
θ
0 〉:

R
obust?

C
an

get
an

Infl
uence

F
unction,“L

evel
Infl

uence
F
unction”

(N
ote:

T
his

is
diff

erent
from

studying
the

correctness
of

approxim
ations

to
the

distribution
of
T
under

H
0 .)

P
ow

er?
N
eed

to
sp
ecify

alternative
precisely:

F
θ

−→
P
ow

er
P
θ 〈
p̂ 〈
F̂
n 〉

<
α 〉

.
F
or

norm
al
m
odels,

distr.
of
T
under

the
alternative

is
often

know
n.

O
therw

ise:
S
im
ulation!

R
obust?

S
tudy

p̂〈F
θ 〉.

–
A
sym

ptotics?
p̂〈F

θ 〉→
0
for

n
→

∞
.
N
ot

useful!
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A
sy
m
p
to
tics

fo
r
te
sts

A
lternative

m
ust

→
H

0
for

n
→

∞
,

w
ith

the
appropriate

“rate”,
θ
=
θ
0
+

1√n
∆
θ.

“C
ontiguous

alternatives”.

−→
C
an

get
an

Infl
uence

F
unction,“P

ow
er
Infl

uence
F
unction”.

M
essage:

U
se

robust
estim

ator
θ̂
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R
e
cip

e
fo
r
ro
b
u
st

te
sts

•
U
se

robust
estim

ator
θ̂

to
defi

ne
U
.

•
S
um

m
arize

&
standardize

analogously
to

the
classical

case.

•
U
se

correction
factors

to
get

approxim
ately

the
correct

level

w
hen

taking
criticalvalues

from
the“classicaldistribution”

If
feasible,

adjust
degrees

of
freedom

if

a
t
or

F
distribution

is
involved.

e
H
u
b
e
r’s

R
o
b
u
st

L
ik
e
lih

o
o
d
R
a
tio

T
e
st

S
ee

H
istory
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1
2
.2

T
e
sts

fo
r
R
e
g
re
ssio

n

a
N
u
ll
H
y
p
o
th
e
sis

P
aram

eters
to

b
e
tested:

β
[2
]
=

[β
p−
q
+
1 ,...,β

p ]
T.

H
0 :

β
[2
]
=
β
[2
],0 .

N
uisance

param
eter:

σ
(and

β
[1
]
=

[β
1 ,...,β

p−
q ]

T)

M
ore

general:
G
ive

any
m
atrix

of“contrasts”
A
.

N
ull

hyp
othesis

A
β
=
γ
0 .

B
y
transform

ing
X

linearly
−→

back
to

sim
pler

case.

If
regr.equivar.m

ethods
are

studied
−→

no
loss

of
generality.
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“F
ull

m
odel”:

P
aram

eter
space

for
β
unrestricted

all
x
variables

are
“in

the
m
odel”

“R
educed

m
odel”:

P
aram

.
space

for
β
restricted

to
β
[2
]
=
β
[2
],0

If
β
[2
],0

=
0
,
the

last
x
variables

are

“dropp
ed

from
the

m
odel”

If
β
[2
],0 6=

0
:
replace

Y
by

Y
−

X
(
[2
])β

[2
],0

−→
back

to
β
[2
],0

=
0
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W
a
ld

ty
p
e
te
st

U
=
β̂
[2
] ≈

∼
N

p−
q 〈
β
[2
],0 ,

V
/
n 〉

N
atural

standardization:
T

=
U

TV
−
1U

N
eed

V
=
γ
σ
2(
X

TX
/
n
) −

1

−→
S
tudentization

by
replacing

σ
2
by

σ̂
2

D
istribution

under
H

0 :
F
distribution.–

E
xact

for
classicalcase.

R
obust

case:
N
eed

–
correction

factors
–

robust
estim

ator
of
σ
2:

design
adaptive

estim
ator!

–
robust“estim

ator”
of

X
TX

/
n
=

a
v
e
i 〈x

i x
Ti 〉

U
se

w
eighted

average
∑

i w
i x
i x

Ti /∑
i w

i ,
w
here

w
i
are

the
robustness

w
eights

ψ
〈r
i /
σ̂〉 /

(r
i /
σ̂
)
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L
ik
e
lih

o
o
d
ra
tio

ty
p
e
te
st

O
ne

w
ay

to
m
otivate

robust
estim

ators
is
by

M
L
E
w
ith

resp
ect

to
a
long-tailed

distribution

L
ikelihood

for
fi
xed

σ
:
Q
〈
β̂ 〉

=
∑

i ρ〈r
i /
σ〉

,
r
i
=
y
i −

x
Ti β̂

L
R
test

statistic:
U

=
Q
〈
β̂
0 〉

−
Q
〈
β̂ 〉

w
here

β̂
0
is
the

estim
ator

of
β
under

the
restriction

β̂
[2
]
=
β
[2
],0 .

F
or

classical
setup

(ρ〈r〉
=
r
2/

2
),
this

leads
to

T
∼
χ
2p−
q .

W
hen

σ
is
estim

ated
from

the
full

m
odel

−→
T

∼
F
p−
q
,n−

p .

R
obust

ρ:
N
eed

correction
factors.

N
ote:

W
e
w
ant

the
distribution

of
U

under
H

0

for
n
orm

al
data,

not
long-tailed!

(?)
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S
co

re
ty
p
e
te
st

E
stim

ate
only

the
reduced

m
odel!

U
=

∑
i ψ

〈
x
i ,y

i ;
β̂
0 ,σ̂

0 〉

S
tandardization:

T
=
U

TJ
−
1U

=
U

T(
X

TX
) −

1U
/
σ̂
2

σ̂
?

T
his

test
is
currently

under
study.
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1
3

T
im

e
S
e
rie

s,
D
e
p
e
n
d
e
n
t
O
b
se
rva

tio
n
s

1
3
.1

M
o
d
e
ls

a
C
la
ssica

l
co

n
ce
p
ts

fo
r
tim

e
se
rie

s

X
1 ,X

2 ,...,X
t ,...

observations

F
ull

description:
need

joint
distribution

of
all

X
t

E
xp
ectation

E〈X
t 〉,

variance
v
a
r〈X

t 〉,
A
utocovariance:

c
o
v〈X

t ,X
t+
h 〉

−→
autocorrelation.

S
tationary

tim
e
series:

joint
distributions

do
not

dep
end

on
t:

F
〈X

t ,X
t+

1 ,...,X
t+
h 〉

=
F
〈X

1 ,X
1
+
1 ,...,X

1
+
h 〉
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W
eakly

stationary
tim

e
series:

M
om

ents
are

indep
endent

of
t:

E〈X
t 〉

=
µ
,
v
a
r〈X

t 〉
=
σ
2,

c
o
v〈X

t ,X
i+
h 〉

=
...

autocorrelation
function

ρ〈h〉
=

c
o
v〈X

t ,X
t+
h 〉
/
σ
2.

b
G
a
u
ssia

n
tim

e
se
rie

s

Joint
distribution

is
m
ultivariate

norm
al.

−→
F
irst

&
second

m
om

ents
describ

e
distribution

com
pletely.

−→
only

need
µ
(often

assum
ed

=
0
);

σ
2;

ρ〈h〉.
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c
A
u
to
re
g
re
ssio

n

X
t
=
α
X
t−

1
+
E
t ,

E
t ∼

N
〈
0
,σ

2e 〉
indep

endent,
indep.

of
X

1 ,...,X
t

M
ore

general:
A
R
〈p〉:

X
t
=

∑
ph
=
1
α
h X

t−
h
+
E
t

“P
rototyp

e”
of

stationary
tim

e
series

m
odel

S
tationarity

needs
assum

ptions
ab
out

α
1 ,....

µ
=

0
,

σ
2
=
σ
2e /

(1
−
α
2).

F
or
p
=

1
,
ρ〈h〉

=
α
h

d
B
asic

concepts
b
ecom

e
diffi

cult
w
hen

obs.
are

dep
endent:

m
ainly

contam
ination,

Infl
uence

F
unction
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1
3
.2

C
o
n
ta
m
in
a
tio

n

a
O
b
se
rv
a
tio

n
O
u
tlie

rs

R
eplace

X
t
by

gross
error

Y
t
=

replacem
ent

outlier,
or

by
Ỹ
t
=
X
t
+
Y
t
=

additive
outlier

w
ith

Y
t ∼

H

M
odel:

B
inary

variable
Z
t ,

X
t
=
X̃
t
+
Z
t ·
Y
t

X̃
t :
un-contam

inated
tim

e
series.

Z
t
can

b
e
indep

endent
−→

“isolated
outliers”

or

strongly
dep

endent
−→

“patchy
outliers”
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In
n
o
v
a
tio

n
O
u
tlie

rs

...
for

A
R
m
odels:

E
t
is
replaced

by
gross

error

−→
the

follow
ing

observations
w
ill
also

b
e
aff
ected.

E
ff
ect

decays
exp

onentially
for

isolated
outliers.

c
L
e
v
e
l
sh
ift

A
rather

diff
erent

deviation
from

assum
ptions:

E〈X
t 〉

is
only

piecew
ise

constant.

d
M
e
ssa

g
e

T
he

concept
of

contam
ination

/
gross

error
is
am

biguous!
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1
3
.3

In
fl
u
e
n
ce

F
u
n
ctio

n
,
B
re
a
k
d
o
w
n

a
?
?
?

A
n
IF

and
a
breakdow

n
p
oint

for
each

typ
e
of

contam
ination?

−→
M
any

approaches
to
“robustifi

cation”!

S
ee

M
aronna

et
al.,

C
h.

8.
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1
3
.4

O
th
e
r
typ

e
s
o
f
d
e
p
e
n
d
e
n
t
o
b
se
rva

tio
n
s

a
S
p
a
tia

lly
co

rre
la
te
d
d
a
ta

X
i
is
m
easured

at
location

s
i .

C
orrelation

of
X
i
and

X
h
dep

ends
on

s
i −

s
h ,

or,
m
ore

sim
ply,

on
d
ih

=
‖
s
i −

s
h ‖

−→
spatial

autocorrelation
ρ〈d〉.

−→
“spatial

data”,“geostatistics”.

b
M
ix
e
d
E
ff
e
cts

M
o
d
e
ls

see
C
hapter

11.6.
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1
4

O
u
tlo

o
k

1
4
.1

E
xa

m
T
o
p
ics

•
B
asic

notions:
–
G
ross

error
m
odel,

long-tailed
distributions

–
E
stim

ators
as

functionals
–
M
axim

um
likelihood

–
M
-estim

ators
–
H
ub
er’s

M
inim

ax
T
heorem

,
w
ithout

proof
–
Infl

uence
function,

relation
to

asym
ptotic

variance
–
O
ptim

ality
problem

of
H
am

p
el

–
O
ptim

ality
result:

basic
idea,

proof
–
B
reakdow

n:
fi
nite

sam
ple

and
asym

ptotic
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•
L
ocation

and
S
cale:

–
M
odel

–
S
cale:

M
ax.

L
ik.

−→
P
rop

osal
2

−→
W
eighted

S
cale

•
M
ultiparam

eter
P
roblem

:

–
G
eneralization

of
concepts

(M
-estim

ators,
IF
)

–
G
eneralization

of
H
am

p
el’s

optim
ality

problem

•
M
ultivariate

S
tatistics:

–
N
orm

al
and

elliptical
distributions

–
E
quivariance

–
M
-estim

ators
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•
R
egression:

–
M
odel,

M
axim

um
L
ikelihood

–
M
-estim

ators

–
S
-estim

ators
(w

hy?),
M
M
-estim

ators

–
T
ests:

W
ald

typ
e
and

L
ikelihood

R
atio

•
T
im
e
S
eries:

W
hat

is
the

diffi
culty?


