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Abstract. By a classical result of Kazdan-Warner, for any smooth sign-
changing function f with negative mean on the torus (M,gb) there exists
a conformal metric g = e2ugb with Gauss curvature Kg = f , which can be
obtained from a minimizer u of Dirichlet’s integral in a suitably chosen class
of functions. As shown by Galimberti, these minimizers exhibit “bubbling”
in a certain limit regime. Here we sharpen Galimberti’s result by showing
that all resulting “bubbles” are spherical. Moreover, we prove that analogous
“bubbling” occurs in the prescribed curvature flow.

1. Background and results

1.1. The Kazdan-Warner result. Let (M, gb) be a closed surface of genus zero.
A classical result of Kazdan-Warner [18] characterizes those smooth functions f on
M for which there exists a conformal metric g = e2ugb on M with Gauss curvature
Kg = f . By the uniformization theorem, with no loss of generality we may assume
that the background metric gb is flat with Kgb = 0 and has volume vol(M, gb) = 1.
In view of the Gauss equation

(1.1) Kg = e−2u(−∆gbu + Kgb) = −e−2u∆gbu

we are then led to study the equation

(1.2) − ∆gbu = fe2u on M.

Theorem 1.1. (Kazdan-Warner [17]) There exists a solution u of (1.2) if and
only if either f ≡ 0, or if the function f changes sign and satisfies

(1.3)

∫

M

fdµgb < 0.

Leaving aside the trivial case when f ≡ 0 with corresponding solution u ≡ 0 of
(1.2), in the case when f changes sign and satisfies (1.3) a solution u to (1.2) may
be obtained by minimizing the Liouville energy (or Dirichlet integral)

E(u) =
1

2

∫

M

|∇u|2gb dµgb

in the class of functions

C = Cf = {u ∈ H1(M, gb) ;

∫

M

fe2u dµgb = 0}.

Observe that the constraint

(1.4)

∫

M

f dµg =

∫

M

f e2u dµgb = 0,
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where g = e2ugb, is natural in view of (1.2) or the Gauss-Bonnet theorem.
Since both the energy E(u) and the constraint (1.4) are left unchanged if we

replace a function u ∈ C with u + c for any c ∈ R, in order to show existence of
a minimizer for E in C traditionally one restricts attention to comparison func-
tions u ∈ C with vanishing mean; see for instance Chang [8], pp. 2-4. However,
normalizing the volume

(1.5) vol(M, g) =

∫

M

dµg =

∫

M

e2u dµgb = 1 = vol(M, gb)

of comparison functions will work equally well.

1.2. “Bubbling” metrics. Following the argument of [3] for surfaces of genus
larger than one, Galimberti [15] showed “bubbling” of the Kazdan-Warner metrics
in a certain limit regime. To describe his results, let f0 be a smooth, non-constant
function with maxp∈M f0(p) = 0, and for any λ ∈ R let fλ = f0 + λ. Then for
any sufficiently small λ > 0 the function fλ changes sign and satisfies (1.3). By
Theorem 1.1 therefore there exists a solution ûλ of (1.2) which can be obtained as
ûλ = uλ + cλ from a minimizer uλ of E in the set Cλ = Cfλ satisfying (1.5).

Setting
βλ := E(uλ) = min{E(u); u ∈ Cλ},

then it follows from Theorem 1.1 that βλ → ∞ as λ ↓ 0; see also (4.3) below.
Moreover, with a delicate argument Galimberti is able to show that βλ is non-
increasing as a function of λ, which as in [3] then allows to control the total curvature
of the metrics ĝλ = e2ûλgb for suitable λ ↓ 0 and to show that after rescaling the

metrics suitably near local maximum points p
(i)
λ of ûλ one or more “bubbles” may

be extracted from ĝλ; see [15], Theorem 1.1.
One of our goals in the present paper is to better understand this “bubbling”

behavior and to obtain the following more precise characterization.

Theorem 1.2. Let f0 ≤ 0 be a smooth, non-constant function with max f0 = 0
having only non-degenerate maxima p0 where f0(p0) = 0. Then for suitable λk ↓ 0,

for uk = uλk
as above and suitable i0 ∈ N, r

(i)
k ↓ 0, p

(i)
k → p

(i)
∞ ∈ M with f0(p

(i)
∞ ) =

0, 1 ≤ i ≤ i0, as k → ∞ the following holds.

i) We have uk → −∞ locally uniformly on M∞ = M \ {p(i)∞ ; 1 ≤ i ≤ i0}.
ii) For each 1 ≤ i ≤ i0 there holds r

(i)
k /

√
λk → 0, and in local Euclidean coordi-

nates x around p
(i)
k = 0 with constants c

(i)
k → ∞ we have

w
(i)
k (x) := uk(r

(i)
k x) − c

(i)
k → w∞(x) = log(

2

1 + |x|2 ),

in H2
loc on R2, where w∞ induces the standard spherical metric g∞ = e2w∞g

R

2 on
R

2 of curvature Kg∞ ≡ 1, and 1 ≤ i0 ≤ 2.

Theorem 1.2, which is a special case of our Theorem 4.4 below, improves Galim-
berti’s [15] Theorem 1.1, in particular, by ruling out the “slow blow-up” allowed in
Galimberti’s theorem. This is achieved with the help of the following Liouville-type
result.

Theorem 1.3. Suppose A is a negative definite and symmetric 2×2-matrix. Then
there is no solution w ∈ C∞(R2) of the equation

−∆w = (1 + (Ax, x))e2w on R2
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with w ≤ C and such that the induced metric h = e2wg
R

2 has finite volume and
integrated curvature

∫

R

2

e2w dx < ∞,

∫

R

2

(1 + (Ax, x))e2w dx ∈ R.

Section 4 of this paper, where we give the proof of these results, also contains a
simplified proof of the crucial monotonicity property of βλ.

In the same way as it improves Galimberti’s result, Theorem 1.3 gives rise to
an improvement of our earlier results in [3] on “bubbling” metrics of prescribed
curvature on surfaces of genus > 1 by showing that also in the higher genus case
all blow-ups must be spherical. The construction of “bubbling” solutions for the
latter problem by del Pino-Roman [12], prompted by [3], thus might give a complete
description of the set of all prescribed curvature metrics in that case. It would be
nice to see if “bubbling” metrics of prescribed curvature could be constructed in
analogous fashion via matched asymptotic expansion also in the genus zero case.

Our method for proving Theorem 1.2 is so robust that it may be applied also
in the presence of perturbations. In particular, we are able to show analogous
“bubbling” as λ ↓ 0 also for a family of prescribed curvature flows for fλ with
suitably chosen initial data in Cλ. This is our second goal in this paper.

1.3. Prescribed curvature flow. Given a function f satisfying the assumptions
of Theorem 1.1, for any u0 ∈ C = Cf we study the equation

(1.6) ut = αf −K on M × [0,∞[

with initial data u
∣

∣

t=0
= u0, where K = Kg with g = g(t) = e2u(t)gb at any time

t ≥ 0 and where the function α = α(t) is determined so that u(t) ∈ C for all t ≥ 0;
that is, we require the condition

(1.7)
1

2

d

dt

(

∫

M

f dµg

)

=

∫

M

utf dµg =

∫

M

(αf −K)f dµg = 0.

Solving for α then we find

(1.8) α =

∫

M

fK dµg

/

∫

M

f2 dµg.

The flow (1.6)-(1.7) is the negative L2-gradient flow for E on C with respect
to the evolving metrics. Indeed, for a sufficiently smooth solution u = u(t) of
(1.6)-(1.7) on an interval [0, T ] by (1.1) there holds

(1.9)
d

dt
E(u(t)) = −

∫

M

ut∆gbu dµgb =

∫

M

(αf −K)K dµg = −
∫

M

|ut|2 dµg ≤ 0.

Hence we also have the uniform a-priori bound

(1.10) E(u(T )) +

∫ T

0

∫

M

|ut|2 dµg dt ≤ E(u0)

for any T > 0. Also note that by (1.4) and the Gauss-Bonnet theorem for a solution
u of (1.6)-(1.7) the volume is preserved with

(1.11)
1

2

d

dt
vol(M, g(t)) =

∫

M

ut dµg = α

∫

M

f dµg −
∫

M

K dµg = 0.
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Normalizing the initial data g0 = e2u0gb to satisfy vol(M, g0) = 1, then we have

(1.12) vol(M, g) =

∫

M

dµg =

∫

M

e2u dµgb = 1

for all t > 0, and we see that (1.6)-(1.7) induces a flow in the space

C∗ = C∗
f = {u ∈ H1(M, gb) ;

∫

M

fe2u dµgb = 0,

∫

M

e2u dµgb = 1}.

We then have the following result, which is parallel to yet unpublished, indepen-
dent results of Ngô and Xu [21].

Theorem 1.4. Suppose that f is smooth, changes sign, and satisfies (1.3). Then
for any smooth u0 ∈ C∗ there exists a unique, global smooth solution u of (1.6)-
(1.7) with initial data u|t=0 = u0 and satisfying u(t) ∈ C∗ as well as the energy
bound E(u(t)) ≤ E(u0) for all t. Moreover, we have u(t) → u∞ in H2(M, gb) (and
smoothly) as t → ∞ suitably, where u∞+c∞ is a smooth solution of (1.2) for some
c∞ ∈ R.

While Theorem 1.4 shows that for fixed f as in Theorem 1.1 there is a global,
smooth solution of the flow (1.6)-(1.7) for any given smooth u0 ∈ C∗ = C∗

f , in
Section 5 below we observe that, similar to the time-independent case described in
Theorem 1.2, for suitable λk ↓ 0 and suitable initial data u0k ∈ C∗

fλk
the family

of flows (1.6)-(1.7) with prescribed curvature functions fλk
exhibits “bubbling” as

k → ∞ when t is large in the following sense.

Theorem 1.5. Let f0 be as in Theorem 1.2 above. Then for suitable λk ↓ 0,
suitable u0k ∈ C∗

fλk
with E(u0k)− βλk

≤ δ2k ↓ 0, and sufficiently large tk ≥ Tk → ∞
as k → ∞ the conclusions of Theorem 1.2 hold for uk = uδk

λk
(tk), where uδk

λk
(t) is

the solution to (1.6)-(1.7) for fλk
with data uδk

λk
(0) = u0k, k ∈ N.

1.4. Related work, open problems. Our interest in the study of (1.6)-(1.7) is
inspired by a recent preprint of Ngô and Xu [22] on a flow approach to the results
of Escobar-Schoen [14] on the Kazdan-Warner [18] problem of prescribed scalar
curvature on a closed Riemannian manifold of dimension n ≥ 3 with vanishing
Yamabe invariant.

Also in n = 2 dimensions many open questions remain. For instance, in Section
6, we speculate about possible consequences of “bubbling” for the nature of conver-
gence of the flow (1.6)-(1.7). To put this question into perspective, recall that in
the case when f ≡ 0 the flow (1.6) corresponds to the 2-dimensional Ricci flow on
(M, gb) for which Hamilton [16] established global existence and exponentially fast
convergence. 1 Also in the setting of Theorem 1.4 our Theorem 3.2 below shows
that the convergence is exponentially fast when u∞ is a strict relative minimizer of
E in C∗, which nicely complements the result of Hamilton for f ≡ 0 (where for a flat
background metric we have u∞ = 0). Not surprisingly, we also have unconditional
convergence of the flow when the solution of (1.2) is unique; see our Theorem 3.3
below. Moreover, with the help of the  Lojasiewicz-Simon inequality Ngô and Xu
[21] showed unconditional convergence of the prescribed curvature flow on the torus
for any given analytic sign-changing function f with negative average.

1In fact, Hamilton [16] shows global existence and exponentially fast convergence of the nor-
malized Ricci flow on any closed surface (M, g0). For the sphere his work was completed by Chow
[11]; see also [26] for a simpler proof of exponentially fast convergence in this case.
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In contrast, the nature of convergence is not clear if f is only assumed to be
smooth (or even less regular), and spiralling “bubbles” might give rise to infinitely
many different subsequential limits of the prescribed curvature flow for fλ as t → ∞
for suitable f0 having degenerate maxima and sufficiently small λ > 0. As a first
step towards a better understanding of this case, in Theorem 6.1 we apply our
methods from Section 4 to analyze “bubbling” in such a degenerate case.

Moreover, it would be interesting to investigate “bubbling” of prescribed curva-
ture metrics and of the prescribed curvature flow also in the case when f consists of
a regular part and a sum of Dirac masses, where solutions of (1.2) would correspond
to conical metrics of prescribed curvature with prescribed opening angles, as in the
work of Troyanov [30], Bartolucci-De Marchis-Malchiodi [1], Malchiodi-Ruiz [19],
and Carlotto-Malchiodi [7]; or in the case of Chern-Simons vortices, as in the work
of Bartolucci and Tarantello [2], [28]. Likewise, it would be of interest to investi-
gate “bubbling” of metrics of prescribed Q-curvature in arbitrary even dimensions
n ≥ 4, or in the corresponding, higher order prescribed Q-curvature flow introduced
by Brendle [4].

1.5. Outline. In the following Sections 2-3 we first complete the analysis of the
flow (1.6)-(1.7) and give the proof of Theorem 1.4 as well as of the convergence
results alluded to above. The main Section 4 then contains the details of our
“bubble” analysis, and in Section 5 we show that these results may be applied to
yield corresponding results on “bubbling” of the flow (1.6), (1.7). Finally, Section
6 contains a first study of the degenerate case.

1.6. Acknowledgement. I wish to thank Anh Ngô for helpful comments regarding
the prescibed curvature flow, in particular, for pointing out the simple proof of
Lemma 2.3. I also thank the referees for valuable comments.

2. Global existence of the prescribed curvature flow

Given a function f as in Theorem 1.4 and smooth initial data u0 ∈ C∗ we now
show that we can find a unique smooth solution u of (1.6)-(1.7) defined for all time.

Note that for any u ∈ C∗ Jensen’s inequality gives the bound

(2.1) 2ū : = 2

∫

M

u dµgb ≤ log
(

∫

M

e2u dµgb

)

= 0

for the average of u.
Next recall the following result of Trudinger [31], sharpened by Moser [20].

Theorem 2.1. Let Ω ⊂ R2 be bounded. For any β ≤ 4π there holds

sup{
∫

Ω

eu
2

dx; u ∈ H1
0 (Ω), ‖∇u‖2L2 ≤ β} < ∞,

and the constant β0 = 4π is best possible.

In fact, for any bounded domain Ω ⊂ R2, any u ∈ H1
0 (Ω) with ‖∇u‖2L2 ≤ β < 4π

it is not hard to see that

1

µ(Ω)

∫

Ω

eu
2

dx ≤ 4π

4π − β
.

Using a partition of unity one can obtain a similar result on any closed surface;
see the lecture notes of Chang [8], or [6], Theorem 4.4, for reference.
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Theorem 2.2. Let (M, g0) be closed and orientable. Then for any β < 4π there
holds

CTM (β) = sup{
∫

M

eu
2

dµg0 ; u ∈ H1(M, g0), ‖∇u‖2L2 ≤ β, ū = 0} < ∞.

Applying the bounds in Theorem 2.2 to a function u ∈ H1(M, g0), and estimating

2|p(u− ū)| ≤ 2π(u− ū)2/‖∇u‖2L2(M,g0)
+

p2

2π
‖∇u‖2L2(M,g0)

via Young’s inequality, for any p ∈ R we then find

(2.2)

∫

M

e2p(u−ū) dµg0 ≤ CTM (2π)e
p2

2π ‖∇u‖2
L2(M,g0) .

In particular, on the torus (M, gb) for any u ∈ H1(M, gb) satisfying (1.12) we
can bound

1 =

∫

M

dµg =

∫

M

e2u dµgb = e2ū
∫

M

e2(u−ū) dµgb ≤ Ce2ū

with a constant C = C(E(u)), and we conclude the uniform lower bound

(2.3) ū ≥ −m0

for the average of u with some m0 = m0(E(u)) > 0. Moreover, for any p ∈ R the
bounds (2.1) and (2.3) together with (2.2) give

(2.4)

∫

M

e2pu dµgb = e2pū
∫

Ω

e2p(u−ū) dµgb ≤ C(p,E(u)).

Throughout the remainder of this section suppose that u = u(t) solves (1.6)-(1.7)
with initial data u

∣

∣

t=0
= u0 ∈ C∗ = C∗

f for some smooth, sign-changing function f

on M satisfying (1.3). Note that by (1.10) the bounds (2.3), (2.4) then hold with
uniform constants m0 = m0(E(u0)) > 0, C(p,E(u0)), respectively.

Lemma 2.3. There exists a constant m1 > 0 such that for all t > 0 there holds
∫

M
f2 dµg ≥ m1.

Proof. By Hölder’s inequality, assumption (1.3), and (2.4) we have

0 <
∣

∣

∫

M

f dµgb

∣

∣

2 ≤
∫

M

e−2u dµgb

∫

M

f2e2u dµgb ≤ C

∫

M

f2 dµg,

uniformly in t > 0. �

As an immediate consequence we obtain the following result.

Lemma 2.4. There exists a constant α0 > 0 such that for all t > 0 there holds
|α| ≤ α0.

Proof. By (1.1) and (1.10) we can estimate

∣

∣

∫

M

fK dµg

∣

∣ =
∣

∣

∫

M

f(−∆gbu) dµgb

∣

∣ ≤
∫

M

|∇f |gb |∇u|gb dµgb

≤ C‖f‖C1E1/2(u) ≤ CE1/2(u0) =: C0.

From (1.8) and Lemma 2.3 it then follows that

|α| ≤ C0m
−1
1 =: α0,

as claimed. �
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The above bounds suffice to show existence of a unique solution u to (1.6), (1.7)
for all time. Indeed, using (1.1) to write equation (1.6) in the form

(2.5) ut = αf −K = αf + e−2u∆gbu = αf + ∆gu,

from Lemma 2.4 we conclude that

|ut − ∆gu| = |αf | ≤ |α0| ‖f‖L∞ =: C1,

uniformly in t > 0, and by the maximum principle, applied to the function u±C1t,
it follows that

(2.6) sup
M

|u(t)| ≤ sup
M

|u0| + C1t

for all t > 0. In particular, equation (1.7) is uniformly parabolic on any finite time
interval; therefore, the unique local solution u to (1.6), (1.7) that we can construct
with the help of a standard fixed point argument (as explained in detail for instance
in [6], Proposition 6.3) may be extended globally.

In fact, with the help of (1.10) we can turn (2.6) into a uniform estimate for all
time. For convenience, let

F = F (t) =

∫

M

|K − αf |2 dµg, G = G(t) =

∫

M

|∇(K − αf)|2g dµg.

Then we have the following result.

Lemma 2.5. There holds supt>0 ‖u(t)‖L∞ < ∞.

Proof. By (1.10) we have
∫ ∞

0

F (t) dt ≤ E(u0) < ∞.

Hence for any T > 0 we can find tT ∈ [T, T + 1] such that

F (tT ) = inf
T<t<T+1

F (t) ≤ E(u0).

But then in view of the uniform bound ‖eu‖L6(M,gb) ≤ C(3, E(u0)) from (2.4), and
writing (1.1) in the form

−∆gbu = Ke2u = (K − αf)eu · eu + αfe2u,

at time tT , with uniform constants C > 0 by Hölder’s inequality we have

‖∆gbu‖L3/2(M,gb) ≤ ‖(K − αf)eu‖L2(M,gb)‖eu‖L6(M,gb) + C

≤ CF (tT )1/2 + C ≤ C.

Elliptic regularity then yields

‖u− ū‖L∞ ≤ C‖∇2u‖L3/2(M,gb) ≤ C‖∆gbu‖L3/2(M,gb) ≤ C,

and in view of (2.1) and (2.3) we conclude the uniform bound ‖u(tT )‖L∞ ≤ C.
Upon shifting time by tT , from (2.6) we now find that

(2.7) sup
T+1≤s≤T+2

‖u(t)‖L∞ ≤ sup
tT≤s≤T+2

‖u(t)‖L∞ ≤ ‖u(tT )‖L∞ + 2C1 ≤ C.

Since T > 0 is arbitrary, the claim follows. �

Thus, in particular, the metrics g(t) will be uniformly equivalent to the back-
ground metric gb for all t > 0.



8 MICHAEL STRUWE

3. Convergence

In order to study convergence of the flow we consider the evolution of curvature.
From (1.1) and (1.6) it follows that

(3.1) Kt =
d

dt
(−e−2u∆gbu) = −2utK − ∆gut = 2K(K − αf) + ∆g(K − αf).

Thus, and again using (1.6), we obtain

1

2

d

dt

∫

M

|K − αf |2 dµg =

∫

M

(

(Kt − αtf)(K − αf) − (K − αf)3
)

dµg

= −
∫

M

|∇(K − αf)|2g dµg + 2

∫

M

K(K − αf)2 dµg −
∫

M

(K − αf)3 dµg

= −
∫

M

|∇(K − αf)|2g dµg + 2α

∫

M

f(K − αf)2 dµg +

∫

M

(K − αf)3 dµg,

(3.2)

where we observe that the term involving αt vanishes due to (1.7). Using (1.6) to
write αf −K = ut for brevity, by Hölder’s inequality we can bound the last term

‖ut‖3L3(M,g) ≤ ‖ut‖L2(M,g)‖ut‖2L4(M,g).

In view of Lemma 2.5, by the Gagliardo-Nirenberg inequality then with uniform
constants C > 0 for any t > 0 we have

‖ut‖2L4(M,g) ≤ C‖ut‖2L4(M,gb)
≤ C‖ut‖L2(M,gb)‖ut‖H1(M,gb)

≤ C‖ut‖L2(M,g)‖ut‖H1(M,g).

Recalling the notation

F (t) =

∫

M

|ut|2 dµg, G(t) =

∫

M

|∇ut|2g dµg =

∫

M

|∇ut|2gb dµgb ,

by Young’s inequality finally we can bound

‖ut‖3L3(M,g) ≤ C‖ut‖2L2(M,g)‖ut‖H1(M,g) ≤ CF 2 +
1

2
(F + G).(3.3)

Together with the uniform bound |αf | ≤ C1 from Lemma 2.4, equation (3.2) then
gives the differential inequality

dF

dt
+ G ≤ C2F + C3F

2 on [0,∞[(3.4)

with uniform constants C2 = 4C1 + 1, C3 > 0.

Lemma 3.1. We have F (t) → 0 uniformly as t → ∞.

Proof. Recalling the bound

(3.5)

∫ ∞

0

F (t) dt ≤ E(u0)

from (1.10), we have lim inft→∞ F (t) = 0. Hence there exist ti → ∞ with F (ti) → 0
as i → ∞. Upon integrating (3.4) over any interval [ti, t] ⊂ [ti, T ] we then find

sup
ti<t<T

F (t) ≤ F (ti) + (C2 + C3 sup
ti<t<T

F (t))

∫ ∞

ti

F (t) dt.
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But by (3.5) we also have
∫∞
ti

F (t) dt → 0 as i → ∞. Hence, for sufficiently large

i ∈ N we can absorb the last term on the right on the left hand side of this inequality
and let T → ∞ to find

sup
t>ti

F (t) ≤ 2F (ti) + 2C2

∫ ∞

ti

F (t) dt → 0 as i → ∞,

proving our claim. �

Proof of Theorem 1.4. In view of (1.10) and Lemma 2.4 for suitable ti → ∞ we
have ui = u(ti) → u∞ weakly in H1(M, gb) and strongly in L2(M, gb), as well as
αi = α(ti) → α∞ (i → ∞). Moreover, in view of Lemmas 2.5 and 3.1 we then also
have convergence e2ui → e2u∞ in Lp(M, gb) for any p < ∞, as well as e2uiut(ti) → 0
in L2(M, gb). Thus, passing to the limit i → ∞ in the equation

e2uut − ∆gbu = αfe2u

equivalent to (1.6) at t = ti, we find the identity

−∆gb u∞ = α∞fe2u∞ on M.

In fact, since at t = ti by Lemmas 2.5 and 3.1 with L2 = L2(M, gb), etc., we can
estimate

‖∆gb(ui − u∞)‖L2 ≤ ‖eui‖L∞F (ti)
1/2 + ‖αife

2ui − α∞fe2u∞‖L2

≤ ‖eui‖L∞F (ti)
1/2 + |αi − α∞|‖fe2ui‖L∞

+ ‖α∞f‖L∞‖e2ui − e2u∞‖L2 → 0 (i → ∞),

(3.6)

we even have strong convergence ui → u∞ in H2(M, gb) and uniformly.
Note that α∞ 6= 0; else u∞ would be constant, and from (1.3), (1.4) we obtain

the contradiction

0 = lim
i→∞

∫

M

fe2ui dµgb =

∫

M

fe2u∞ dµgb = e2u∞

∫

M

f dµgb < 0.

In fact, α∞ > 0. Otherwise, if we assume that α∞ < 0, using (1.3) and computing

0 ≤ 2

∫

M

|∇gb u∞|2e−2u∞ dµgb

=

∫

M

∆gbu∞e−2u∞ dµgb = −α∞

∫

M

f dµgb < 0

we again find a contradiction. We thus may let c∞ = 1
2 logα∞ ∈ R. Setting

û∞ = u∞ + c∞ then the metric ĝ∞ = e2û∞gb has curvature Kĝ∞ = f .
This completes the proof of Theorem 1.4. �

In general we cannot say whether we have uniform convergence u(t) → u∞ as
t → ∞. However, we have the following result.

Theorem 3.2. Suppose that u∞ is a strict relative minimizer of E in C∗ in the
sense that with a constant c0 > 0 there holds

(3.7) d2Lu∞(h, h) =

∫

M

(

|∇gbh|2 − 2α∞fh2e2u∞
)

dµgb ≥ 2c0||h||2H1

for all h ∈ Tu∞C∗, where for u ∈ C∗ we let

TuC∗ = {h ∈ H1(M, gb);

∫

M

fhe2u dµgb = 0 =

∫

M

he2u dµgb},
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and where for u = u(t) or u = u∞ with α = α(t) or α = α∞ we let

Lu(v) = E(v) − α

2

∫

M

fe2v dµgb

be the Lagrange functional associated with u. Then u(t) → u∞, α(t) → α∞ expo-
nentially fast as t → ∞; that is, with constants C > 0 there holds

F (t) = ‖αf −K‖2L2(g) ≤ Ce−2c0t,

and hence

|α(t) − α∞| + ‖u(t) − u∞‖H2(M,gb) ≤ Ce−c0t.

Proof. First observe that by (3.2) and a variant of (3.3) on account of Lemma 3.1
with error o(1) → 0 as t → ∞ there holds

1

2

dF

dt
≤ −(1 + o(1))

∫

M

|∇(K − αf)|2g dµg + 2α

∫

M

f(K − αf)2 dµg + o(1)F

= −(1 + o(1))d2Lu(ut, ut) + o(1)F,

where

d2Lu(ut, ut) =

∫

M

(

|∇ut|2gb − 2αfu2
t e

2u
)

dµgb .

Moreover, by (1.7) and (1.11) we have ut = αf −K ∈ TuC∗ for any t > 0.
Suppose that for some 0 < ρ < 1 and some t > 0 we have

(3.8) |α(t) − α∞| + ‖u(t) − u∞‖H2(M,gb) ≤ 2ρ.

Then there exist constants γ, δ ∈ R such that ut + γ + δf ∈ Tu∞C∗, and with
g∞ = e2u∞gb the equations

0 =

∫

M

(ut + γ + δf) dµg∞ =

∫

M

ut

(

e2(u∞−u) − 1
)

dµg + γ,

0 =

∫

M

(ut + γ + δf)f dµg∞ =

∫

M

utf
(

e2(u∞−u) − 1
)

dµg + δ

∫

M

f2 dµg∞ ,

respectively, give the bounds

|γ| + |δ| ≤ C‖u(t) − u∞‖L∞F 1/2(t) ≤ CρF 1/2(t).

Here we also use equations (1.7), (1.11), as well as the identities
∫

M

dµg∞ = 1,

∫

M

f dµg∞ = 0,

and Lemma 2.3. In consequence, setting h0 = ut + γ + δf for brevity, we have

d2Lu(ut, ut) =

∫

M

(

|∇ut|2gb − 2αfu2
t e

2u
)

dµgb

= d2Lu∞(h0, h0) + I + II ≥ 2c0||h0||2H1 + I + II

with error terms

I =

∫

M

(

|∇ut|2gb − |∇h0|2gb
)

dµgb = −δ

∫

M

∇f · ∇(2ut + δf) dµgb

= 2δ

∫

M

ut∆gbf dµgb − δ2
∫

M

|∇f |2gb dµgb = O(ρF ),
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where a · b = (a, b)gb , and

II = 2

∫

M

(

α∞fh2
0e

2u∞ − αfu2
te

2u
)

dµgb

= 2α∞

∫

M

f
(

h2
0e

2u∞ − u2
te

2u
)

dµgb + O(ρF )

= 2α∞

∫

M

f
(

(h2
0 − u2

t ) + u2
t (1 − e2(u−u∞))

)

dµg∞ + O(ρF ) = O(ρF ).

Moreover, similar computations give

||h0||2L2 = ||ut||2L2 + O(ρF ), ||∇h0||2L2 = ||∇ut||2L2 − I = ||∇ut||2L2 + O(ρF ).

Hence for sufficiently small ρ > 0 and all sufficiently large t > 0 satisfying (3.8) we
have

(3.9)
1

2

dF

dt
≤ −(2c0 + o(1))||ut||2H1 + O(ρF ) + o(1)F ≤ −c0F.

Having fixed such ρ > 0, now assume that for some t0 > 0 there holds

(3.10) |α(t0) − α∞| + ‖u(t0) − u∞‖H2(M,gb) ≤ ρ.

Then, if t0 > 0 is sufficiently large, from (3.9) we find

(3.11) F (t) ≤ F (t0)e−2c0(t−t0)

for all t > t0, as long as there holds (3.8). We claim that if t0 > 0 is sufficiently
large, the bound (3.8) and hence also (3.11) will, in fact, hold true for all t > t0.

Indeed, from (1.8) and (3.1) we have the equation

αt

∫

M

f2 dµg =

∫

M

f(Kt + 2Kut) dµg − 2α

∫

M

f2ut dµg

= −
∫

M

f∆gut dµg − 2α

∫

M

f2ut dµg.

Integrating by parts, we have
∣

∣

∣

∫

M

f∆gut dµg

∣

∣

∣
=

∣

∣

∣

∫

M

∆gfut dµg

∣

∣

∣
≤ C‖f‖C2‖ut‖L2(M,g) ≤ CF (t)1/2.

Moreover, by Hölder’s inequality we can bound
∣

∣

∣
α

∫

M

f2ut dµg

∣

∣

∣
≤ C‖ut‖L2(M,g) ≤ CF (t)1/2.

Thus, from Lemma 2.3 and (3.11) we have

|αt| ≤ CF (t)1/2 ≤ CF (t0)1/2e−c0(t−t0),

and for any t > t0 we obtain

(3.12) |α(t) − α(t0)| ≤
∫ t

t0

|αt(s)| ds ≤ CF (t0)1/2

as long as there holds (3.8). Similarly, also using Lemma 2.5, with a constant
C = C(E(u0)) we can bound

(3.13) ‖u(t) − u(t0)‖L2(M,gb) ≤
∫ t

t0

‖ut(s)‖L2(M,gb) ds ≤ CF (t0)1/2.
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From a computation analogous to (3.6) we then obtain

‖∆gb(u(t) − u(t0))‖L2(M,gb) ≤ C|α(t) − α(t0)| + C‖e2u(t) − e2u(t0)‖L2(M,gb)

+ CF (t)1/2 + CF (t0)1/2 ≤ CF (t0)1/2,

and together with (3.12), (3.13) we conclude that

(3.14) |α(t) − α(t0)| + ‖u(t) − u(t0)‖H2(M,gb) ≤ CF (t0)1/2.

But the latter will be strictly less than ρ if t0 > 0 is sufficiently large. Together
with (3.10) this shows that the barrier 2ρ in (3.8) will never be achieved for any
t > t0, if t0 > 0 is sufficiently large, and for such t0 > 0 the bound (3.8) and hence
(3.11) hold for all t > t0, as claimed.

Finally, passing to the limit t = ti → ∞ in (3.14) we see that we have

|α∞ − α(t0)| + ‖u∞ − u(t0)‖H2(M,gb) ≤ CF (t0)1/2

for all sufficiently large t0 > 0. Renaming t0 as t, and choosing t0 > 0 such that
(3.11) holds for all t > t0, we then obtain the claim. �

Moreover, we have uniform convergence of the flow (1.6), (1.7) whenever the
solution to (1.2) is unique.

Theorem 3.3. Suppose that (1.2) has a unique solution. Then u(t) → u∞ in
H2(M, gb) as t → ∞.

Proof. Suppose by contradiction that there exists ρ > 0 and a sequence ti → ∞
such that

‖u(ti) − u∞‖H2(M,gb) ≥ ρ for all i ∈ N.

Then, as in the proof of Theorem 1.4, by (1.10) as well as Lemmas 2.4 and 2.5 there
exists a subsequence Λ ⊂ N and a function v∞ such that vi = u(ti) → v∞ weakly
in H1(M, gb) with e2vi → e2v∞ in Lp(M, gb) for any p < ∞ as i → ∞, i ∈ Λ,
and such that, in addition βi = α(ti) → β∞. Still following the proof of Theorem
1.4, with the help of Lemma 3.1 we then conclude strong convergence vi → v∞ in
H2(M, gb), and v∞ ∈ C∗ solves the equation

(3.15) − ∆gb v∞ = β∞fe2v∞ on M.

Again, (1.3) and (1.4) imply that β∞ > 0 and, with d∞ = 1
2 log β∞ ∈ R, the

function v̂ = v∞ + d∞ solves (1.2).
But by assumption the function û constructed in the proof of Theorem 1.4 is

the unique solution of equation (1.2). It follows that v̂ = û = u∞ + c∞, and
v∞ = u∞ + c∞ − d∞. But then from (1.12) we obtain

1 =

∫

M

e2v∞ dµgb = e2(c∞−d∞)

∫

M

e2u∞ dµgb = e2(c∞−d∞).

Hence c∞ = d∞; that is, v∞ = u∞, and vi → u∞ in H2(M, gb) contrary to our
initial assumption. �

Our next goal is to analyze the “shape” of the metrics g(t) and to establish
“bubbling” of the prescribed curvature flow analogous to [27] in a certain limit
regime. We first consider the static (time-independent) case.
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4. “Bubble” analysis in the static case

4.1. Bounds for total curvature. Let f0 be a smooth, non-constant function
with maxp∈M f0(p) = 0, and for any λ ∈ R let fλ = f0 + λ as in [13], [3], or [15];
also set Cλ = Cfλ , C∗

λ = C∗
fλ

.

Fix some sufficiently small λ0 > 0 so that fλ0 changes sign and satisfies (1.3).
For any 0 < λ < λ0 then by Theorem 1.1 there exists a solution ûλ = uλ + cλ of
(1.2), where uλ minimizes E in the set C∗

λ and thus satisfies the equation

(4.1) − ∆gbuλ = αλfλe
2uλ

with a constant αλ > 0, and where cλ = 1
2 logαλ. Moreover, setting ĝλ = e2ûλgb

we have

(4.2) vol(M, ĝλ) =

∫

M

e2(uλ+cλ) dµgb = e2cλ = αλ.

Note that by Theorem 1.1 we must have

(4.3) βλ := E(uλ) = min{E(u); u ∈ C∗
λ} → ∞ as λ ↓ 0.

Indeed, if we assume βλ ≤ C1 and express |f0| = −f0 = λ− fλ, condition (1.3) and
the Gauss-Bonnet identity (1.4) together with (1.12) and the bound (2.4) give

0 <
(

∫

M

|f0|dµgb

)2 ≤
∫

M

|f0|e−2uλ dµgb ·
∫

M

|f0|e2uλ dµgb

≤ C‖f0‖L∞

∫

M

(λ− fλ)e2uλ dµgb = Cλ‖f0‖L∞ ,

with a constant C > 0 depending only on C1, which is only possible if λ ≥ λ1 for
some λ1 > 0.

On the other hand, as shown by Galimberti [15] with the help of the method
introduced in [3] for surfaces of genus larger than one, for suitable λ ↓ 0 the total
curvature of the metrics ĝλ = e2ûλgb is uniformly bounded. The crucial ingredient
in the derivation of this bound is the following monotonicity property established
by Galimberti [15], Proposition 3.7 and Corollary 3.8.

Lemma 4.1. The function λ 7→ βλ is non-increasing in λ for 0 < λ < λ0, and for
every such λ we have the bound

lim sup
µ↓λ

βλ − βµ

µ− λ
≥ αλ

2
.

The argument by Galimberti [15] is rather long and technical. For our later
convenience we therefore include the following short proof.

Proof. Fix 0 < λ < λ0, and let uλ ∈ C∗
λ be a minimizer of E as above. Then by

(1.4) for δ < 0 close to zero with suitable numbers δ′, δ′′ ∈]δ, 0[ we have
∫

M

fλe
2(uλ+δfλ) dµgb = 2δ

∫

M

f2
λe

2(uλ+δ′fλ) dµgb = 2δ

∫

M

f2
λe

2uλ dµgb + O(δ2),

while also using (1.12) we find
∫

M

e2(uλ+δfλ) dµgb = 1 + 2δ

∫

M

fλe
2(uλ+δ′′fλ) dµgb = 1 + O(δ2).

Thus, if 0 < |δ| ≪ 1 is sufficiently small it follows that

uλ + δfλ ∈ Cµ
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with

(4.4) µ = λ− 2δ

∫

M

f2
λe

2uλ dµgb + O(δ2).

In particular, µ > λ for δ < 0 sufficiently close to zero, and δ = O(µ − λ).
On the other hand, we have

E(uλ + δfλ) = E(uλ) + δ

∫

M

∇uλ · ∇fλ dµgb + O(δ2),

where
∫

M

∇uλ · ∇fλ dµgb =

∫

M

(−∆gbuλ)fλ dµgb = αλ

∫

M

f2
λe

2uλ dµgb

in view of (4.1), and by (4.4) there holds

βµ ≤ E(uλ + δfλ) ≤ E(uλ) + δαλ

∫

M

f2
λe

2uλ dµgb + O(δ2)

= βλ − αλ

2
(µ− λ) + O((µ − λ)2) < βλ

for δ < 0 sufficiently close to zero. Hence, the map λ 7→ βλ is non-increasing, and

lim sup
µ↓λ

βλ − βµ

µ− λ
≥ αλ

2
,

as claimed. �

Moreover, using the same comparison function as in [3], Lemma 3.1, also used
by Galimberti [15], we find the following bound on βλ.

Lemma 4.2. There holds

lim sup
λ↓0

βλ

log(1/λ)
≤ 4π.

Galimberti [15], Proposition 3.3, obtains a similar bound with an unspecified
constant instead of 4π.

Proof. Let p0 ∈ M be such that f0(p0) = 0. We may assume that we have local
Euclidean coordinates x near p0 = 0. Letting A = 1

2Hessf0(p0), for a suitable
constant L > 0 we have

f0(x) = (Ax, x) + O(|x|3) ≥ −λ/2 on B√
λ/L(0),

and fλ ≥ λ/2 on B√
λ/L(0). As in [3] we then set wλ(x) = zλ(Lx/

√
λ), where

zλ ∈ H1
0 (B1(0)) is given by zλ(x) = log(1/|x|) for λ ≤ |x| ≤ 1 and zλ(x) = log(1/λ)

for |x| ≤ λ, satisfying

‖∇wλ‖2L2 = ‖∇zλ‖2L2 = 2π log(1/λ).

Extending wλ(x) = 0 outside B√
λ/L(0), for sufficiently small λ > 0 and any s > 0

we obtain
∫

M

fλe2swλdµgb =

∫

M

fλdµgb +

∫

B√
λ/L(0)

fλ(e2swλ − 1)dx

=

∫

M

f0 dµgb + λ +

∫

B√
λ/L(0)

fλ(e2swλ − 1)dx.
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Note that after substituting y = Lx/
√
λ for s > 1 we have

λ

∫

B√
λ/L(0)

e2swλdx =
λ2

L2

∫

B1(0)

e2szλdy =
πλ4−2s

L2
+

2πλ2

L2

∫ 1

λ

r1−2s dr

=
πλ4−2s

L2
+

πλ4−2s

(s− 1)L2
− πλ2

(s− 1)L2
.

Since we have λ/2 ≤ fλ ≤ λ on B√
λ/L(0), for 3/2 ≤ s ≤ 3 we can estimate

3π

4L2
λ4−2s − 3π

L2
λ2 ≤

∫

B√
λ/L(0)

fλ(e2swλ − 1)dx ≤ 3π

L2
λ4−2s − 3π

4L2
λ2.

Hence for s = 2 + O(1/ log(1/λ)) we can achieve that
∫

M fλe2swλdµgb = 0; that is,
swλ ∈ Cλ with

‖∇(swλ)‖2L2 = s2‖∇wλ‖2L2 = 8π log(1/λ) + O(1).

Thus, for any K > 4π and sufficiently small λ > 0 there results

βλ ≤ K log(1/λ),

as desired. �

Applying the monotonicity trick from [23], [24] as in [3] or [15], we observe that
the monotone function βλ is almost everywhere differentiable and then use the
bounds from Lemmas 4.1, 4.2 to obtain that

(4.5) lim inf
λ↓0

(λαλ) ≤ 2 lim inf
λ↓0

(

λ
∣

∣

dβλ

dλ

∣

∣

)

≤ 8π.

Indeed, if we assume that for some 0 < λ1 < λ0 and some c0 > 4π for almost all
0 < λ < λ1 the absolutely continuous part of the differential of βλ satisfies

|β′
λ| =

∣

∣

dβλ

dλ

∣

∣ ≥ c0
λ
,

then for K = 2π + c0/2 > 4π and any sufficiently small 0 < λ < λ1 we obtain

βλ − βλ1 ≥
∫ λ1

λ

|β′
s| ds ≥ c0

∫ λ1

λ

ds

s
≥ c0 log(1/λ) + C > K log(1/λ),

contradicting the bound in Lemma 4.2.
Estimating

(4.6) |Kĝλ | = |fλ| ≤ λ− f0 = 2λ− fλ,

from (4.5) and (4.2) together with (1.4) we then conclude the bound

(4.7) lim inf
λ↓0

∫

M

|Kĝλ | dµĝλ ≤ 2 lim inf
λ↓0

(λαλ) ≤ 16π

for the total curvature of the metrics ĝλ. For the normalized metrics gλ = e2uλgb
we have Kgλ = αλKĝλ and

∫

M |Kgλ | dµgλ =
∫

M |Kĝλ | dµĝλ .
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4.2. Concentration of curvature. Motivated by (4.7) in the following for a se-
quence λk ↓ 0 we consider functions vk ∈ C∗

λk
with corresponding metrics gk =

e2vkgb such that

(4.8) − ∆gbvk = Kgke
2vk = αkfλk

e2vk + hke
2vk

with αk satisfying lim supk→∞(λkαk) ≤ 8π, and with functions hk on M such that
‖hke

2vk‖L2(M,gb) =: εk → 0 as k → ∞. In particular, for suitable λk ↓ 0 in view of
(4.5) we may choose vk = uλk

∈ C∗
λk

, satisfying (4.8) with hk = 0, k ∈ N. However,
by allowing the “error term” hk we later will be able to apply the results below
also in the flow context, where vk = u(tk) for a solution u = u(t) to (1.6), (1.7) and
hk = ut(tk) for a sequence of times tk → ∞.

Set s± = ±max{±s, 0} for any s ∈ R. Note that similar to (4.6), upon writing
|Kgk | = −Kgk + 2K+

gk
and estimating K+

gk
≤ αkλk + |hk|, from the Gauss-Bonnet

identity (or by integrating (4.8)) we obtain the bound

lim sup
k→∞

∫

M

|Kgk | dµgk = 2 lim sup
k→∞

∫

M

K+
gk
e2vk dµgb

≤ 2 lim sup
k→∞

(αkλk + ‖hke
2vk‖L2(M,gb)) ≤ 16π

(4.9)

similar to (4.7) for the total curvature of the metrics gk, k ∈ N.

Lemma 4.3. Given (vk) as above we have αk → ∞ as k → ∞. Moreover, there is
a sequence of radii Rk → 0 such that with error o(1) → 0 as k → ∞ there holds

(4.10) sup
p0∈M

∫

BRk
(p0;gb)

K+
gk dµgk = π/2 + o(1).

Proof. Suppose that there exists a sequence Λ ⊂ N and a number R > 0 such that
for all k ∈ Λ there holds

(4.11) sup
p0∈M

∫

BR(p0;gb)

K+
gk

dµgk < π.

In particular, by (4.9) condition (4.11) will be satisfied if lim infk→∞ αk < ∞.
We will show that (4.11) leads to a contradiction. Hence there exist radii Rk → 0

with (4.10); moreover, αk → ∞ (k → ∞), as claimed.
After passing to a subsequence we may assume that (4.11) holds for any k ∈ N;

in addition, we may assume that R > 0 is so small that we can introduce Euclidean
coordinates on BR(p0) = BR(p0; gb) for any p0 ∈ M and we henceforth omit gb.

i) We claim that the functions vk are uniformly bounded on M from above. Fix a
point p0 ∈ M . In Euclidean coordinates around p0 = 0 we then obtain the equation

−∆vk = Kgke
2vk on B = BR(0).

Split vk = v
(0)
k + v

(+)
k + v

(−)
k , where ∆v

(0)
k = 0 in B with v

(0)
k = vk on ∂B, and

where v
(±)
k ∈ H1

0 (B) solve

−∆v
(±)
k = K±

gke
2vk on B.

Then ±v
(±)
k ≥ 0 by the maximum principle. Moreover, in view of the uniform

L1-bound (4.9) we also have uniform bounds

‖v(±)
k ‖W 1,p(B) ≤ C for any 1 ≤ p < 2.
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Hence a subsequence (v
(±)
k ) converges weakly in W 1,3/2(B) and pointwise almost

everywhere. Finally, from (4.11) and [5], Theorem 1, we have the uniform bound

(4.12) ‖ev
(+)
k ‖Lp(B) ≤ C for any 1 ≤ p < 4.

Likewise, if we choose γ = 1/20 > 0 so that

γ

∫

M

|Kgk | dµgk ≤ π

for all sufficiently large k ∈ N, from [5], Theorem 1, we find

(4.13) ‖e−γv
(−)
k ‖Lp(B) ≤ C for any 1 ≤ p < 4.

Thus, by Jensen’s inequality and in view of v
(0)
k ≤ vk − v

(−)
k , on any disc D ⊂ B

the average of γv
(0)
k can be bounded

exp
(

−
∫

D

γv
(0)
k dx

)

≤ −
∫

D

eγv
(0)
k dx ≤ C

(

∫

B

e2γvk dx ·
∫

B

e−2γv
(−)
k dx

)1/2

≤ C
(

∫

M

e2vk dµgb

)γ/2
= C,

where we used Hölder’s inequality in the second and in the final estimate.
By the mean value property of harmonic functions there results a uniform bound

v
(0)
k ≤ C1 on B2R/3(0) for all k ∈ N. Harnack’s inequality, applied to the functions

C1 − v
(0)
k ≥ 0, k ∈ N, then shows that either for a subsequence we have |v(0)k | ≤ C

on BR/2(0) for all k ∈ N, or v
(0)
k → −∞ uniformly on BR/2(0) as k → ∞.

Covering M with finitely many balls BR/2(xi), 1 ≤ i ≤ I, we note that for each
Bi = BR(xi) we have

∫

Bi

K+
gk

dµgk ≤ π, 1 ≤ i ≤ I,

and bounding vk ≤ v
(+)
k + v

(0)
k ≤ v

(+)
k + C on each ball, from (4.12) we conclude

‖evk‖Lp(M,gb) ≤ C for any 1 ≤ p < 4.

Recalling the equation

−∆vk = Kgke
2vk = αkfλk

e2vk + hke
2vk

with αkfλk
≤ αkλk ≤ 8π + o(1) up to an error o(1) → 0, and recalling that by

assumption we have ‖hke
2vk‖L2 → 0 as k → ∞, we then obtain a uniform bound

v
(+)
k ≤ C‖v(+)

k ‖W 2,3/2 ≤ C on BR(xi), uniformly in 1 ≤ i ≤ I, and hence vk ≤ C
on M , uniformly in k ∈ N.

In addition, we now conclude the uniform bound |v(0)k | ≤ C on every ball
BR/2(xi), 1 ≤ i ≤ I, for some C independent of i and k ∈ N. Indeed, if we

suppose that v
(0)
k → −∞ and hence vk ≤ v

(+)
k + v

(0)
k ≤ C + v

(0)
k → −∞ uniformly

as k → ∞ on some ball BR/2(xi), by considering the decompositions of vk in the

overlap regions of adjacent balls, we must have v
(0)
k → −∞ uniformly as k → ∞ on

every BR/2(xi), 1 ≤ i ≤ I. But then vk → −∞ uniformly on M as k → ∞, contra-

dicting (1.12). Thus, |v(0)k | ≤ C on every ball BR/2(xi), and by harmonicity of v
(0)
k

a subsequence (v
(0)
k ) smoothly converges locally on every ball BR/2(xi), ensuring

that vk → v∞ weakly in W 1,3/2(M) and pointwise almost everywhere.
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ii) It now follows that αk → ∞ as k → ∞. Indeed, suppose by contradiction
that we have a uniform bound αk ≤ C < ∞. Then by i) with a constant C > 0
independent of k we have the uniform bound vk ≤ C on M , and together with
the bound ses ≥ −1 for s ≤ 0 we find that αkfλk

evkvk ≤ C, uniformly on M .
Moreover, we have ‖vk‖L2 ≤ C‖vk‖W 1,3/2 ≤ C. But then upon multiplying (4.8)
with vk we obtain the bound

βλk
≤

∫

M

|∇vk|2 dµgb ≤
∫

M

αkfλk
e2vkvk dµgb +

∫

M

hke
2vkvk dµgb

≤ C + C‖hke
2vk‖L2‖vk‖L2 ≤ C,

contradicting (4.3).
iii) Finally, recall that a subsequence vk → v∞ weakly in W 1,3/2(Ω). Fatou’s

lemma then gives

lim inf
k→∞

∫

M

|fλk
|e2vk dµgb ≥

∫

M

|f0|e2v∞ dµgb > 0,

and with ii) we obtain
∫

M

αk|fλk
|e2vk dµgb → ∞ (k → ∞).

But estimating
∫

M

αk|fλk
|e2vk dµgb ≤

∫

M

|Kgk | dµgk + ‖hke
2vk‖L2 ≤ 16π + o(1)

with error o(1) → 0 (k → ∞) we then arrive at the desired contradiction. �

In particular, by Lemma 4.3 and (4.9) with error o(1) → 0 as k → ∞ there holds

(4.14) π/2 − o(1) ≤ αkλk ≤ 8π + o(1) for all k ∈ N.

Note that so far we did not need to assume that all maxima p0 where f0(p0) = 0
are non-degenerate.

4.3. Blow-up analysis. In this section we partially complete Galimberti’s analysis
of the shape of the metrics gk in the time-independent case and extend his result
to the more general case above. Like Galimberti’s work, our analysis follows the
outline of our previous joint work with Borer [3].

Theorem 4.4. Let f0 ≤ 0 be a smooth, non-constant function with max f0 = 0
having only non-degenerate maxima p0 where f0(p0) = 0. Then for any (vk) as

in (4.8) above for suitable i0 ∈ N, r
(i)
k ↓ 0, p

(i)
k → p

(i)
∞ ∈ M with f0(p

(i)
∞ ) = 0,

1 ≤ i ≤ i0, for a subsequence k → ∞ the following holds.

i) We have vk → −∞ locally uniformly on M∞ = M \ {p(i)∞ ; 1 ≤ i ≤ i0}.
ii) For each 1 ≤ i ≤ i0 there holds r

(i)
k /

√
λk → 0, and in local Euclidean coordi-

nates x around p
(i)
k = 0 with constants c

(i)
k → ∞ we have

w
(i)
k (x) := vk(r

(i)
k x) − c

(i)
k → w∞(x) = log(

2

1 + |x|2 ) in H2
loc(R

2),

where w∞ induces the standard spherical metric g∞ = e2w∞g
R

2 on R2 of curvature
Kg∞ ≡ 1, and 1 ≤ i0 ≤ 2.
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Thus we can rule out one of the possible blow-up limits in Galimberti’s [15]
Theorem 1.1; moreover, we obtain the improved bound i0 ≤ 2 for the number of
“bubbles”. However, like Galimberti we are not able to decide whether the metrics
ĝk = e2v̂kgb = αke

2vkgb on the torus converge to a limit metric on M∞ or vanish
as k → ∞.

Proof. By (4.9) and Lemma 4.3 for a subsequence k → ∞ we have

K+
gke

2vk dµgb ⇀ K+ +
∑

i∈I

γiδp(i)
∞

weakly-∗ in the sense of measures, with a measure K+ ≥ 0 on (M, gb) having no
atoms and with at most countably many atoms of weight γi > 0, i ∈ I ⊂ N. Note
that (4.9) gives the bound

∑

i γi ≤ 8π. Hence after relabelling there is i0 ∈ N such
that γi ≥ π/2 if and only if 1 ≤ i ≤ i0.

Also note that for any p with f0(p) < 0 for suitable r > 0 we have
∫

Br(p)

K+
gk
dµgk ≤ ‖hke

2vk‖L2(M,gb) → 0 as k → ∞;

thus, necessarily there holds f0(p
(i)
∞ ) = 0, 1 ≤ i ≤ i0.

i) Given any open set Ω ⊂ Ω ⊂ M∞ := M \ {p(i)∞ ; 1 ≤ i ≤ i0} there exists a
radius R > 0 such that for any p0 ∈ Ω in Euclidean coordinates around p0 = 0 we
have

(4.15)

∫

BR(0)

K+
gk

dµgk < π

for sufficiently large k ∈ N.
Clearly we may assume that Ω is connected and is so large that

∫

Ω
f0 dµgb < 0.

Covering Ω with finitely many balls BR/2(pi), 1 ≤ i ≤ I, and splitting vk =

v
(0)
k + v

(+)
k + v

(−)
k on each B = Bi = BR(pi) as in the proof of Lemma 4.3, with

γ = 1/20 we then have ‖v(±)
k ‖W 1,3/2(B) ≤ C as well as the uniform bounds

‖ev
(+)
k |‖Lp(B) + ‖e−γv

(−)
k |‖Lp(B)+ ≤ C for any 1 ≤ p < 4,

and a subsequence (v
(±)
k ) converges weakly in W 1,3/2(B). Moreover, again arguing

as in the proof of Lemma 4.3, we have uniform bounds v+k ≤ C, v
(0)
k ≤ C1 on

B2R/3(pi), and either for a subsequence we have |v(0)k | ≤ C on each BR/2(pi) for all
k ∈ N, or there holds vk → −∞ uniformly on Ω as k → ∞. (Here we use that Ω
by assumption is connected.)

Suppose that for a subsequence we have |v(0)k | ≤ C uniformly on every ball

BR/2(pi), 1 ≤ i ≤ I. Since v
(0)
k is harmonic, then a subsequence (v

(0)
k ) converges

locally smoothly on BR/2(pi)), and it follows that vk → v∞ weakly in W 1,3/2(Ω)
and pointwise almost everywhere. By Fatou’s lemma then

lim inf
k→∞

∫

Ω

|fλk
|e2vk dµgb ≥

∫

Ω

|f0|e2v∞ dµgb > 0,

and similar to our argument in the proof of Lemma 4.3 from the fact that αk → ∞
as k → ∞, we then derive a contradiction by estimating

∫

Ω

αk|fλk
|e2vk dµgb ≤

∫

M

|Kgk | dµgk + ‖hke
2vk‖L2 ≤ 16π + o(1).



20 MICHAEL STRUWE

Thus vk → −∞ uniformly on Ω as k → ∞, proving the first claim.

ii) Next, consider any point p0 = p
(i)
∞ , 1 ≤ i ≤ i0. In order to be able to follow

our reasoning in [3] as closely as possible, we split vk = wk + zk, where

−∆gbzk = (hk − h̄k)e2vk

with
∫

M zk dµgb = 0 and with

h̄k =

∫

M

hke
2vk dµgb satisfying |h̄k| ≤ εk → 0 as k → ∞.

Since
‖(hk − h̄k)e2vk‖L2 ≤ 2‖hke

2vk‖L2 = 2εk → 0 as k → ∞,

from elliptic regularity theory we have

(4.16) ‖zk‖L∞ ≤ C‖zk‖H2 ≤ C‖∆gbzk‖L2 → 0 as k → ∞.

For any R > 0 now there holds

sup
BR(p0)

wk → ∞ as k → ∞;

otherwise we have
∫

BR(p0)

K+
gke

2vk dµgb ≤ αkλke
2‖zk‖L∞

∫

BR(p0)

e2wk dµgb + εk

≤ CR2 + εk < π/4

for sufficiently small R > 0 and sufficiently large k ∈ N, contrary to our assumption
about p0.

Thus, in view of part i) of this proof there exists R > 0 and pk → p0 such that
wk for sufficiently large k ∈ N attains its maximum on BR(p0) at pk. In local
Euclidean coordinates x near p0 = 0 then pk = xk and ∆wk(xk) ≤ 0. From

(4.17) − ∆wk = αkfλk
e2vk + h̄ke

2vk

it then follows that

αkfλk
(xk) + h̄k = αk(f0(xk) + λk) + h̄k ≥ 0,

and from (4.14) we conclude that

−f0(xk) ≤ λk

(

1 + (αkλk)−1h̄k

)

≤ 2λk

for sufficiently large k ∈ N. Since p0 by assumption is non-degenerate, there exists
a constant C1 > 0 such that −f0(x) > 2λk for |x|2 ≥ C1λk, |x| ≤ R. It follows that
|xk|2 ≤ C1λk; moreover, with error o(1) → 0 as k → ∞ the bound γi ≥ π/2 and
(4.16) give

(4.18) π/2 ≤
∫

BR(0)

K+
gk

dµgk + o(1) ≤ C1παkλ
2
ke

2wk(xk) + o(1).

We are then left with two cases. First consider the case when αkλ
2
ke

2wk(xk) → ∞.

Let r2kαkλke
2wk(xk) = 1 with r2k/λk → 0 as k → ∞, and rescale

w̃k(x) = wk(xk + rkx) − wk(xk) ≤ w̃k(0) = 0, z̃k(x) = zk(xk + rkx)

on Dk = {x; |xk + rkx| < R}. Note that by (4.14) we have |wk(xk) + log rk| ≤ C;
moreover, as k → ∞ the domains Dk exhaust R2.

The function w̃k satisfies the equation

−∆w̃k = r2k
(

αkfλk
(xk + rkx) + h̄k

)

e2(w̃k+wk(xk)+z̃k) = f̃ke
2z̃ke2w̃k on Dk,
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where

f̃k(x) = r2k
(

αkfλk
(xk + rkx) + h̄k

)

e2wk(xk)

= 1 + λ−1
k f0(xk + rkx) + (αkλk)−1h̄k

satisfies f̃k(0) ≥ 0. Since (αkλk)−1|h̄k| ≤ Cεk → 0 as k → ∞ on account of
(4.14), and since in addition we have |xk|2 ≤ C1λk and r2k/λk → 0, a subsequence

λ−1
k f0(xk +rkx) → c0 for some constant −1 ≤ c0 ≤ 0 and f̃ke

2z̃k → 1+c0 =: r20 ≥ 0
locally uniformly on R2.

In view of the uniform volume bound

(4.19) (1 + o(1))

∫

Dk

e2w̃k dx =

∫

Dk

e2(w̃k+z̃k) dx = αkλk

∫

BR(0)

e2vk dx ≤ C,

from [5], Theorem 3, we then conclude that a subsequence w̃k → w̃∞ locally uni-
formly, where w̃∞ with w̃∞ ≤ 0 = w̃∞(0) solves the equation

(4.20) − ∆w̃∞ = r20e
2w̃∞ on R2,

with
∫

R

2 e
2w̃∞ dx < ∞. Hence r0 > 0, and by the Chen-Li [9] classification of all

solutions to this equation we have w∞(x) := w̃∞(2x/r0) + log 2 = log
(

2
1+|x|2

)

, and

our claim follows.
In the remaining case there is C > 0 with C−1 ≤ αkλ

2
ke

2wk(xk) ≤ C for all k ∈ N.
In view of (4.14) we then have |2wk(xk) + log(λk)| ≤ C. Set r2k = λk and rescale

w̃k(x) = wk(rkx) + log(rk).

Then

w̃k ≤ w̃k(xk/rk) ≤ C on Dk = {x; |rkx| < R}, k ∈ N.

Moreover, w̃k satisfies the equation

−∆w̃k = f̃ke
2z̃ke2w̃k on Dk,

where a subsequence

f̃k(x) = αkλ
2
ke

2wk(xk)(1 + λ−1
k f0(rkx) + (αkλk)−1h̄k) → r20(1 + (Ax, x))

for some constant r0 > 0 and with A = 1
2Hessf0(0). As before, from [5], Theorem

3, it follows that a subsequence w̃k → w̃∞ locally uniformly, where w∞(x) :=
w̃∞(x/r0) ≤ C for A0 = A/r20 satisfies the equation

−∆w∞ = (1 + (A0x, x))e2w∞ on R2,

with finite volume and finite total curvature
∫

R

2

e2w∞ dx < ∞,

∫

R

2

|1 + (A0x, x)|e2w∞ dx < ∞.

But Theorem 4.5 below rules out this case.
iii) By the above characterization (4.20) of blow-up and (4.19), at each blow-up

point p
(i)
∞ with some constant 0 < r0 ≤ 1 we must have

4π =

∫

R

2

e2w∞ dx = r20 lim
L→∞

∫

BL(0)

e2w̃∞ dx ≤ r20 lim sup
k→∞

∫

Dk

e2w̃k dx

= r20 lim sup
k→∞

(

αkλk

∫

BR(0)

e2vk dx
)

≤ 8πr20 ≤ 8π.

Thus there can be at most i0 ≤ 2 such blow-up points, and the proof is complete. �
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4.4. Ruling out slow blow-up. Entire solutions of Liouville’s equation with cur-
vature functions of polynomial growth have been studied for instance by Cheng-Lin
[10]. Here we establish the following non-existence result, quoted as Theorem 1.3
in the introduction.

Theorem 4.5. Suppose A is a negative definite and symmetric 2×2-matrix. Then
there is no solution w ∈ C∞(R2) of the equation

(4.21) − ∆w = (1 + (Ax, x))e2w on R2

with w ≤ C and such that the induced metric h = e2wg
R

2 has finite volume and
integrated curvature

(4.22) V0 :=

∫

R

2

e2w dx < ∞, K0 :=

∫

R

2

(1 + (Ax, x))e2w dx ∈ R

and hence also has finite total curvature
∫

R

2

|1 + (Ax, x)|e2w dx < ∞.

Proof. Writing (1 + (Ax, x))e2w =: F ∈ L1(R2) for brevity, following Chen-Li [9]
we introduce

(4.23) w̃(x) = − 1

2π

∫

R

2

(

log |x− y| − log |y|
)

F (y) dy

and note that in view of (4.22) we have |w̃| ≤ C log(2 + |x|).
The function v := w − w̃ then is harmonic with v(x) ≤ C + C log(2 + |x|).

Therefore, v must be constant. Indeed, by the mean value property of harmonic
functions and the divergence theorem, in view of the bound

|v| = 2v+ − v ≤ C − v + C log(2 + |x|)
for any partial derivative ∂v and any x0 ∈ R2, R > 0 we have

|∂v(x0)| =
∣

∣−
∫

BR(x0)

∂v dx
∣

∣ ≤ CR−2

∫

∂BR(x0)

|v| do

≤ CR−1
(

C − v(x0) + log(2 + |x0| + R)
)

→ 0 as R → ∞,

where −
∫

denotes the average and do denotes the one-dimensional Hausdorff measure.
Hence w = w̃ + C for some C ∈ R, as claimed.

Next, observing that for any y ∈ R2 there holds log |x−y|/ log |x| → 1 (|x| → ∞).
from (4.23) as |x| → ∞ we obtain

w̃(x)

log |x| = − 1

2π

∫

R

2

log |x− y| − log |y|
log |x| F (y) dy

→ − 1

2π

∫

R

2

F dy = −K0

2π
=: −ν ∈ R.

(4.24)

From (4.24) for any µ > ν we can bound e2w̃ ≥ |x|−2µ if |x| ≫ 1 and then also
∫

R

2\B1(0)

|x|2−2µ dx ≤ C

∫

R

2

|x|2e2w̃ dx + C

≤ C

∫

R

2

|(Ax, x)|e2w dx + C = C(V0 −K0) + C < ∞.

Thus, we conclude that ν ≥ 2 and hence K0 ≥ 4π.
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Multiplying (4.21) with x · ∇w we find the identity

div
(

∇w x · ∇w − x

2
|∇w|2

)

+ div
(x

2
(1 + (Ax, x))e2w

)

= (1 + (Ax, x))e2w + (Ax, x)e2w = 2(1 + (Ax, x))e2w − e2w.

Integrating over a ball BR(0), we note that by finiteness of ‖F‖L1 we have

R

∫

∂BR(0)

(1 + (Ax, x))e2wdo → 0

as R → ∞ suitably. Also writing
∫

∂BR(0)

x

|x| ·
(

∇w x · ∇w − x

2
|∇w|2

)

do =

∫

∂BR(0)

|x · ∇w|2 − |x⊥ · ∇w|2
2R

do,

where for any x ∈ R2 ∼= C we denote as x⊥ = ix ∈ C the vector x rotated by 90
degrees, we then obtain

(4.25)
1

2R

∫

∂BR(0)

(

|x · ∇w|2 − |x⊥ · ∇w|2
)

do + V0 − 2K0 → 0

as R → ∞ suitably.
Differentiating (4.23) we find

(4.26) x · ∇w(x) = x · ∇w̃(x) = − 1

2π

∫

R

2

x · (x − y)

|x− y|2 F (y) dy = −K0

2π
+ I(x),

with

I(x) := − 1

2π

∫

R

2

y · (x− y)

|x− y|2 F (y) dy,

while

x⊥ · ∇w(x) = x⊥ · ∇w̃(x) = − 1

2π

∫

R

2

x⊥ · (x− y)

|x− y|2 F (y) dy

= − 1

2π

∫

R

2

y⊥ · (x− y)

|x− y|2 F (y) dy =: II(x).

(4.27)

We can estimate the error terms

(4.28)
1

2R

∫

∂BR(0)

(

|I(x)|2 + |II(x)|2
)

do → 0

as R → ∞ suitably. Postponing the proof of (4.28), from (4.26) and (4.25) upon
letting R → ∞ suitably we then have

(4.29) 0 =
K2

0

4π
+ V0 − 2K0 =

K0 − 8π

4π
K0 + V0,

and in view of 4π ≤ K0 ≤ V0 we conclude that K0 = 4π = V0. Hence A = 0, which
contradicts our assumptions and proves the claim.

It remains to show (4.28). Given any ε > 0 there exists R0 > 1 such that
∫

R

2\BR0(0)

|F (y)| dy < ε.

Let |x| = 2R ≥ 2R0. Observing that |y| ≤ |x− y| + |x| gives

|y|
|x− y| ≤ 3 for y /∈ BR(x),
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we can bound

∣

∣2πI(x) +

∫

BR(x)

y · (x− y)

|x− y|2 F (y) dy
∣

∣ +
∣

∣2πII(x) +

∫

BR(x)

y⊥ · (x− y)

|x− y|2 F (y) dy
∣

∣

≤ C

∫

R

2\(BR(x)∪BR0(0))

|y|
|x− y| |F (y)| dy + C

R0

2R−R0

∫

BR0 (0)

|F (y)| dy

≤ Cε +
CR0

2R−R0
≤ Cε

if R ≥ R0 is sufficiently large. Moreover, we have

∣

∣

∫

BR(x)

y · (x− y)

|x− y|2 F (y) dy −
∫

BR(x)

x · (x − y)

|x− y|2 F (y) dy
∣

∣ ≤
∫

BR(x)

|F (y)| dy ≤ ε

and
∫

BR(x)

y⊥ · (x− y)

|x− y|2 F (y) dy =

∫

BR(x)

x⊥ · (x− y)

|x− y|2 F (y) dy

Next, changing coordinates to z = x− y we obtain
∫

BR(x)

x · (x − y)

|x− y|2 F (y) dy =

∫

BR(0)

x · z
|z|2 F (x− z) dz

=
1

2

∫

BR(0)

x · z
|z|2 (F (x− z) − F (x + z)) dz,

where we observe that
∫

BR(0)

x · z
|z|2 (F (x − z) + F (x + z)) dz = 0

by symmetry. Similarly we have
∫

BR(x)

x⊥ · (x− y)

|x− y|2 F (y) dy =
1

2

∫

BR(0)

x⊥ · z
|z|2 (F (x− z) − F (x + z)) dz.

Expanding

(A(x ± z), x± z) = (Ax, x) + (Az, z) ± 2(Ax, z)

we then have

F (x− z) − F (x + z)

= (1 + (A(x− z, x− z))e2w(x−z) − (1 + (A(x + z, x + z))e2w(x+z)

=
(

(1 + (Ax, x) + (Az, z))
)(

e2w(x−z) − e2w(x+z)
)

− 2(Ax, z)
(

e2w(x−z) + e2w(x+z)
)

.

Note that we can bound
∫

BR(0)

|x · z|
|z|2

(

|(Ax, z)| + |(Az, z)|
)(

e2w(x−z) + e2w(x+z)
)

dz

≤ C

∫

BR(0)

|x|2
(

e2w(x−z) + e2w(x+z)
)

dz ≤ C

∫

BR(x)

|F (y)| dy ≤ Cε.

From (4.24) we also can bound e2w̃ ≤ |x|−2µ for any µ < ν when |x| ≫ 1 is
sufficiently large. Recalling that ν ≥ 2 and choosing µ = 3/2 we find

∫

BR(0)

|x · z|
|z|2

(

e2w(x−z) + e2w(x+z)
)

dz ≤ R1−2µ

∫

BR(0)

dz

|z| ≤ CR2−2µ → 0
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as |x| = 2R → ∞. Thus we obtain

∣

∣4πI(x) +

∫

BR(0)

x · z
|z|2 (Ax, x)

(

e2w(x−z) − e2w(x+z)
)

dz
∣

∣ ≤ Cε,

and similarly

∣

∣4πII(x) +

∫

BR(0)

x⊥ · z
|z|2 (Ax, x)

(

e2w(x−z) − e2w(x+z)
)

dz
∣

∣ ≤ Cε,

if R ≥ R0 is sufficiently large. But letting z = rζ with ζ = eiθ ∈ S1 and integrating
for each z0 = reiθ0 ∈ BR(0) from θ0 to θ0 + π along a semi-circle with radius r, we
have

∣

∣e2w(x−z0) − e2w(x+z0)
∣

∣ ≤
∣

∣

∫ π

0

2z⊥ · ∇w(x + z)e2w(x+z) dθ
∣

∣

≤ C sup
|z|=r

|∇w(x + z)|
∫

∂Br(0)

e2w(x+z) do.

Hence for any |x| = 2R and sufficiently large R ≥ R0 there results

|I(x)| + |II(x)| ≤ C sup
|z|≤R

|∇w(x + z)|
∫

BR(0)

|x|3e2w(x+z) dz + Cε

≤ C sup
y∈BR(x)

|y||∇w(y)|
∫

BR(x)

|F (y)| dy + Cε

≤ Cε sup
y∈BR(x)

|y||∇w(y)| + Cε.

(4.30)

But from (4.24) for any α < 1 for any sufficiently large |x| = 2R ≥ 2R1 = 2R1(α)
and any y ∈ BR(x) we can bound |F (y)| ≤ C|y|2e2w̃(y) ≤ CR2−2ν+1−α to obtain

|∇w(x)| = |∇w̃(x)| =
∣

∣

∫

R

2

x− y

|x− y|2F (y) dy
∣

∣

≤
∫

R

2\BR(x)

|F (y)|
|x− y| dy +

∫

BR(x)

|F (y)|
|x− y| dy ≤ CR−1 + CR4−2ν−α ≤ CR−α.

Thus, for any 0 < α < 1 the number supy∈R2 |y|α|∇w(y)| is attained. But from
(4.26), (4.27), and (4.30) for any 0 < α < 1 with a constant C2 > 0 independent of
α we have

|x|α|∇w(x)| ≤
(K0

2π
+ |I(x)| + |II(x)|

)

|x|α−1

≤
(K0

2π
+ Cε sup

y∈BR(x)

|y||∇w(y)| + Cε
)

|x|α−1

≤
(K0

2π
+ C2ε

)

|x|α−1 + C2ε sup
|y|≥R

|y|α|∇w(y)|,

(4.31)

where ε → 0 as |x| = 2R → ∞. Choose R2 > R0 such that C2ε < 1/2 ≤ K0

4π for
R ≥ R2 and set

Φα(R) = sup
|y|≥R

|y|α|∇w(y)|, R ≥ R2.

Then, upon taking the supremum with respect to |x| ≥ 2R2 we obtain

Φα(2R2) ≤ 3K0

4π
+

1

2
Φα(R2) ≤ 3K0

4π
+

1

2
Φα(2R2) +

1

2
sup

R2≤|y|≤2R2

|y|α|∇w(y)|.
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Absorbing the second term on the right on the left side of this inequality and passing
to the limit α ↑ 1, finally, we find the uniform bound

|y||∇w(y)| ≤ lim
α↑1

Φα(2R2) ≤ 3K0

2π
+ sup

R2≤|y|≤2R2

|y||∇w(y)| < ∞

for every |y| ≥ 2R2, which in view of (4.30) concludes the proof of (4.28). �

5. “Bubbling” along the flow

Of course it is unreasonable to expect that Theorem 4.4 also holds true for non-
minimizing critical points or even for Palais-Smale sequences of E in C∗

λ for small
λ > 0. However, our derivation of the bounds (4.7) for total curvature is sufficiently
flexible to allow obtaining similar bounds for metrics evolving under the prescribed
curvature flow for fλ when t → ∞ in this limit regime. Moreover, the bounds from
Lemmas 2.5 and 3.1 yield precisely the control on the error terms resulting from
the presence of the time derivative that is required in Theorem 4.4.

5.1. Bounds for total curvature along the flow. Let f0 ≤ 0 be a smooth, non-
constant function with max f0 = 0 having only non-degenerate maxima p0 where
f0(p0) = 0, and for 0 < λ < λ0 let fλ = f0 + λ as above where λ0 > 0 is such that
fλ0 changes sign and satisfies (1.3).

For any 0 < λ < λ0 and any δ ∈] − δ0, 0[, with a number δ0 = δ0(λ) > 0 to be
determined below, we then consider initial data uδ

0λ ∈ C∗
λ with

(5.1) E(uδ
0λ) ≤ βλ + δ2,

and let uδ
λ = uδ

λ(t) with αδ
λ = αδ

λ(t) be the smooth solution of (1.6), (1.7) for fλ
with data uδ

λ(0) = uδ
0λ guaranteed by Theorem 1.4. Also let gδλ = e2u

δ
λgb.

Lemma 5.1. We have

lim inf
λ↓0

lim sup
δ↑0

lim sup
t→∞

∫

M×{t}
|Kgδ

λ
| dµgδ

λ

≤ 2 lim inf
λ↓0

lim sup
δ↑0

lim sup
t→∞

(λαδ
λ(t)) ≤ 4 lim inf

λ↓0
(λ|β′

λ|) ≤ 16π.

Proof. We claim that for any 0 < λ < λ0, any δ ∈] − δ0(λ), 0[, similar to the proof
of Lemma 4.1 above, for each t ≥ 0 we have uδ

λ + δfλ ∈ Cµ for some µ = µ(t) > λ,
where C−1|δ| ≤ |µ− λ| ≤ C|δ| when δ0 = δ0(λ) > 0 is sufficiently small.

Indeed, for each t ≥ 0 by (1.4), (1.12), and the mean value theorem there are
numbers δ′, δ′′ ∈]δ, 0[ such that

∫

M

fλe
2(uδ

λ+δfλ) dµgb = 2δ

∫

M

f2
λe

2(uδ
λ+δ′fλ) dµgb

and
∫

M

e2(u
δ
λ+δfλ) dµgb = 1 + 2δ

∫

M

fλe
2uδ

λ dµgb + 2δ2
∫

M

f2
λe

2(uδ
λ+δ′′fλ) dµgb

= 1 + 2δ2
∫

M

f2
λe

2(uδ
λ+δ′′fλ) dµgb .

Thus, uδ
λ + δfλ ∈ Cµ with µ = µ(t) given by

(5.2) µ = λ− 2δ
∫

M f2
λe

2uδ
λ+δ′fλ) dµgb

1 + 2δ2
∫

M
f2
λe

2(uδ
λ+δ′′fλ) dµgb

> λ.
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Note that in view of the energy bound (5.1) the argument used to prove Lemma
2.3 gives a uniform in time lower bound
∫

M

f2
λe

2(uδ
λ+δ′fλ) dµgb ≥

(

∫

M

fλ dµgb

)2/
∫

M

e−2(uδ
λ+δ′fλ) dµgb ≥ c = c(λ, δ) > 0

for any 0 < λ < λ0 and any δ < 0, uniformly in δ′ ∈]δ, 0[. In addition, clearly we
can bound

∫

M

f2
λe

2(uδ
λ+δ′fλ) dµgb ≤ ‖fλ‖2L∞e2δ‖fλ‖L∞

∫

M

e2u
δ
λ dµgb = ‖fλ‖2L∞e2δ‖fλ‖L∞

for all such 0 < λ < λ0 and δ < 0, uniformly in t ≥ 0 and δ′ ∈]δ, 0[. In consequence,
for any 0 < λ < λ0 we can find δ0 = δ0(λ) > 0 such that with a uniform constant
C > 0 independent of t ≥ 0 and δ ∈] − δ0, 0[ there holds

C−1|δ| ≤ |µ− λ| ≤ C|δ|,
as desired. Moreover, for any 0 < λ < λ0 we obtain uniform in time bounds for
αδ
λ(t) and uδ

λ(t) as in Lemmas 2.4 and 2.5 independent of δ ∈] − δ0, 0[.
Next, as in the proof of Lemma 4.1 we expand

E(uδ
λ + δfλ) = E(uδ

λ) + δ

∫

M

∇uδ
λ · ∇fλ dµgb + δ2E(fλ)

with E(fλ) = E(f0). Using (1.6) to write
∫

M

∇uδ
λ · ∇fλ dµgb =

∫

M

(−∆gbu
δ
λ)fλ dµgb =

∫

M

Kgδ
λ
fλe

2uδ
λ dµgb

= αδ
λ(t)

∫

M

f2
λe

2uδ
λ dµgb −

∫

M

uδ
λ,tfλe

2uδ
λ dµgb ,

and recalling that with F (t) = F δ
λ(t) on account of Lemma 3.1 and (1.12) we can

bound
∣

∣

∫

M

uδ
λ,tfλe

2uδ
λ dµgb

∣

∣ ≤ ‖fλ‖L∞F 1/2(t) → 0 as t → ∞,

with error o(1) → 0 as t → ∞ for each t ≥ 0 we find

βµ ≤ E(uδ
λ + δfλ) ≤ E(uδ

λ) + δαδ
λ

∫

M

f2
λe

2uδ
λ dµgb + δ2E(f0) + o(1)

≤ βλ + δαδ
λ

∫

M

f2
λe

2uδ
λ dµgb + δ2(1 + E(f0)) + o(1).

where we also used (5.1) in the last inequality. But from (5.2) we obtain

2δ

∫

M

f2
λe

2uδ
λ dµgb = λ− µ + 2δI,

where I =
∫

M f2
λhe

2uδ
λ dµgb with

h = 1 − e2δ
′fλ

1 + 2δ2
∫

M
f2
λe

2(uδ
λ
+δ′′fλ) dµgb

satisfying ‖h‖L∞ ≤ Cδ by (1.12) may be bounded

|I| ≤ ‖g‖L∞‖fλ‖2L∞ ≤ Cδ ≤ C|µ− λ|
for a uniform constant C > 0 independent of t ≥ 0 and δ ∈] − δ0, 0[.
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Thus, with error o(1) → 0 as t → ∞ we finally arrive at the estimate

βµ ≤ βλ − αδ
λ

2
(µ− λ) + O((µ − λ)2) + o(1)

analoguous to the time-independent case, from which we conclude the bound

lim sup
t→∞

αδ
λ(t) ≤ 2 lim sup

t→∞

(βλ − βµ

µ− λ
+ O(µ − λ)

)

.

Letting δ ↑ 0 we have µ ↓ λ uniformly in t > 0, and for almost every 0 < λ < λ0

we obtain

lim sup
δ↑0

lim sup
t→∞

αδ
λ(t) ≤ 2 lim

µ↓λ

βλ − βµ

µ− λ
= 2|β′

λ|.

Multiplying with λ > 0, as in (4.5) we find

lim inf
λ↓0

lim sup
δ↑0

lim sup
t→∞

(λαδ
λ(t)) ≤ 2 lim inf

λ↓0
(λ|β′

λ|) ≤ 8π.

But from (1.6) and recalling that we may bound |fλ| ≤ −f0 + λ = −fλ + 2λ, with
the help of (1.4) we obtain the bound

∫

M

|Kgδ
λ
| dµgδ

λ
≤

∫

M

|uδ
λ,t| dµgδ

λ
+ αδ

λ

∫

M

|fλ| dµgδ
λ
≤ F 1/2(t) + 2λαδ

λ(t)

at any time t ≥ 0, and our claim follows. �

5.2. “Bubbling” of the prescribed curvature flow. We now have all the in-
gredients required for proving Theorem 1.5.

Proof of Theorem 1.5. By Lemma 5.1 there is a sequence λk ↓ 0 such that

sup
k∈N

lim sup
δ↑0

lim sup
t→∞

(

λkα
δ
λk

(t) − 1/k
)

≤ 8π.

We may then fix a sequence δk ↑ 0 satisfying

sup
k∈N

sup
δk≤δ<0

lim sup
t→∞

(

λkα
δ
λk

(t) − 2/k
)

≤ 8π.

Choosing δ = δk for each k ∈ N, finally, for suitable Tk → ∞ also satisfying
Fk(t) = F δk

λk
(t) ≤ 1/k for t ≥ Tk we find the uniform bound

(5.3) sup
t≥Tk

∫

M×{t}
|K

g
δk
λk

| dµ
g
δk
λk

≤ 2 sup
t≥Tk

(

λkα
δk
λk

(t) + Fk(t)1/2
)

≤ 16π + 6/k

for all k ∈ N.
Thus, if for each k ∈ N for any tk ≥ Tk we let vk = uδk

λk
(tk), satisfying (4.8)

with αk = αδk
λk

(tk) and hk = uδk
λk,t

(tk), our Theorem 4.4 applies and we find that

the flows
(

uδk
λk

(t)
)

t≥Tk, k∈N exhibit (at most 2) spherical “bubbles” as k → ∞. �

6. The degenerate case

Conceivably, as in the analysis [27] of “bubbling” solutions to the prescribed
curvature flow on S2, also the prescribed curvature flow for fλ on the torus for
sufficiently small λ > 0 will only exhibit a single “bubble”; moreover, similar to
[27], Proposition 4.9, we expect the center of this “bubble” to move approximately
in direction of the negative gradient of the prescribed curvature function fλ. 2 If,

2Note, however, that in [27] we only consider flows that blow up as t → ∞ and hence do not
even subsequentially converge.
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finally, one could establish such a result even in the case when the maxima of f0
are allowed to be degenerate, by following the construction of Topping [29], p. 609,
for the heat flow of harmonic maps one could then use this to give an example
of a prescribed curvature flow with non-unique subsequential limits as t → ∞ (in
contrast with the analytic case studied by Ngô-Xu [21]).

6.1. Topping’s example. Recall that Topping [29] considered the heat flow of
harmonic maps from the standard 2-sphere S2 to R2 × S2 or T 2 × S2, where the
target is endowed with the warped metric dµ

R

2(x)+f(x)dµS2 (y) for suitable f ≥ 1.
With the fixed harmonic component u0 = id : S2 → S2 and with z = z(t) satisfying
dz/dt = −∇f(z) then u(x, t) = (z(t), u0(x)) is a solution to the flow. Letting
f = 1− f0, where in polar coordinates (r, θ) on a Euclidean disc B2(0) the function
f0 is given by f0(r, θ) = 0 for r ≤ 1 and by

(6.1) f0(r, θ) = −e−
1

r−1
(

sin(
1

r − 1
+ θ) + 2

)

for r > 1, scaled and smoothly extended to the torus, for suitable data z0 = z(0)
Topping then obtains a flow where the “center” z(t) follows a “spiralling groove on
a gramophone record” and thus has non-unique subsequential limits as t → ∞.

6.2. “Bubbling” in the degenerate case. Returning to the prescribed curvature
flow, given a smooth function f0 with f0 ≤ 0 = max f0, let

M0 = {p ∈ M ; f0(p) = 0}
and set d(p) = dist(p,M0). As a possible replacement of the non-degeneracy con-
dition in Theorem 4.4 that also applies when f0 may have degenerate maxima we
propose the following condition.

Condition A: There exist d0 > 0 and A0 > 0 such that, letting

K0 = {x = (x1, x2) ∈ R2; |x1| < x2, |x| < d0},
for any p ∈ M with 0 < d(p) < d0 there is a rotated copy Kp ⊂ R2 of K0 such that
in Euclidean coordinates x around p = 0 there holds

(6.2) A0 inf
x∈Kp

|f0(x)| ≥ |f0(p)|.

Clearly, Condition A is satisfied by any function f0 with only non-degenerate
maximum points. Moreover, the function f0 given by (6.1) satisfies Condition A
(with A0 = 3).

As a first step in the direction outlined above we then have the following result.

Theorem 6.1. Let f0 ≤ 0 be a smooth, non-constant function with max f0 = 0
satisfying Condition A with constants d0, A0 > 0. Then for any (vk) as in Lemma

4.3 above for suitable i0 ∈ N, r
(i)
k ↓ 0, p

(i)
k → p

(i)
∞ ∈ M with f0(p

(i)
∞ ) = 0, 1 ≤ i ≤ i0,

as k → ∞ suitably the following holds.

i) We have vk → −∞ locally uniformly on M∞ = M \ {p(i)∞ ; 1 ≤ i ≤ i0}.
ii) For each 1 ≤ i ≤ i0 in Euclidean coordinates x around p

(i)
k = 0 we have

w
(i)
k (x) := vk(r

(i)
k x) + log r

(i)
k → w∞(x)

in H2
loc on R

2, where w∞ induces a metric g∞ = e2w∞g
R

2 on R2 of locally bounded
curvature, and 1 ≤ i0 ≤ 4.
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Proof. Since non-degeneracy of the maxima p0 where f0(p0) = 0 is not required for
either Lemma 4.3 or (4.9) to hold, as in the proof of Theorem 4.4 we can find a
subsequence k → ∞ such that

K+
gk
e2vk dµgb ⇀ K+ +

∑

i∈I

γiδp(i)
∞

weakly-∗ in the sense of measures, with a measure K+ ≥ 0 on M having no atoms
and with at most countably many atoms of weight γi > 0, i ∈ I ⊂ N, and where
γi ≥ π/2 if only if 1 ≤ i ≤ i0 for some i0 ≥ 1. In particular, with error o(1) → 0 as
k → ∞ we have

(6.3) π/2 − o(1) ≤ αkλk ≤ 8π + o(1) for all k ∈ N.

analogous to (4.14).
i) The proof of statement i) above then is identical with the proof of the cor-

responding statement in Theorem 4.4, and we only have to show that also with
the weaker Condition A on f0 we are able to extract “bubbles” from the metrics
gk = e2vkggb , k ∈ N, and estimate their number.

ii) Thus let p0 = p
(i)
∞ for some i ≤ i0. With h̄k =

∫

M
hke

2vk dµgb satisfying

|h̄k| ≤ εk → 0 (k → ∞) we split vk = wk + zk, where

−∆gbzk = (hk − h̄k)e2vk with

∫

M

zk dµgb = 0,

so that ‖zk‖L∞ → 0 as k → ∞ as before. In Euclidean coordinates around p0 = 0
then for any sufficiently small R > 0 we again can find points xk → 0 and radii
rk → 0 such that

(6.4)

∫

Brk
(xk)

K+
gk

dµgk = sup
x0∈BR(0)

∫

Brk
(x0)

K+
gk

dµgk = π/3.

Define

w̃k(x) = wk(xk + rkx) + log rk, z̃k(x) = zk(xk + rkx)

on Dk = {x; |xk + rkx| < R}, where again we note that the domains Dk exhaust
R

2 as k → ∞. There holds the equation

−∆w̃k =
(

αkfλk
(xk + rkx) + h̄k

)

e2(w̃k+z̃k) = f̃ke
2z̃ke2w̃k on Dk,

where

f̃k(x) = αkfλk
(xk + rkx) + h̄k = αkλk

(

1 + λ−1
k f0(xk + rkx) + (αkλk)−1h̄k

)

.

Note that with xk chosen such that wk(xk) = maxBR(p0)wk and with rk such
that |wk(xk) + log rk| ≤ C as in the proof of Theorem 4.4 above, in the present
degenerate case we are unable to assert a bound for r2k/λk and therefore cannot

show that λ−1
k f0(xk + rkx) is locally bounded from below. However, the choice

(6.4) now allows to proceed with the tools developed in the proof of Lemma 4.3
and come to similar conclusions as in Theorem 4.4.

Indeed, setting γ = 1/20 and splitting w̃k = w̃
(+)
k + w̃

(0)
k + w̃

(−)
k on any ball B =

B1(x0), where ∆w̃
(0)
k = 0 in B with w̃

(0)
k = wk on ∂B, and where w̃

(±)
k ∈ H1

0 (B)

with ∆w̃
(±)
k = (∆w̃k)±, similar to the proof of Lemma 4.3 from (6.4) and (4.9) we

obtain uniform bounds

‖ew̃
(+)
k |‖Lp(B) + ‖e−γw̃

(−)
k ‖Lp(B) ≤ C for any 1 ≤ p < 4,
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as well as

‖w̃(±)
k ‖W 1,p(B) ≤ C for any 1 ≤ p < 2.

Moreover, estimating w̃
(0)
k ≤ w̃k−w̃

(−)
k , for any disc D ⊂ B we again find a uniform

bound

exp
(

−
∫

D

γw̃
(0)
k dx

)

≤ −
∫

D

eγw̃
(0)
k dx ≤ C

(

∫

B

e2γw̃k dx ·
∫

B

e−2γw̃
(−)
k dx

)1/2 ≤ C.

Continuing to argue as in the proof of Lemma 4.3 then we have a uniform bound

w̃
(0)
k ≤ C1 on B2/3(x0), and either |w̃(0)

k | ≤ C on B1/2(x0) for all k ∈ N, or there

exists a subsequence such that w̃
(0)
k → −∞ uniformly on B1/2(x0) as k → ∞

suitably. In any event, for any ball B, upon covering B with finitely many balls

B1/2(xj), 1 ≤ j ≤ J , and estimating w̃k ≤ w̃
(+)
k + w̃

(0)
k ≤ w̃

(+)
k + C1 on each ball,

we find

‖ew̃k‖Lp(B) ≤ C
∑

1≤j≤J

‖ew̃
(+)
k ‖Lp(B1/2(xj)) ≤ C for any 1 ≤ p < 4.

Choosing p = 3, as before we conclude that w̃
(+)
k ≤ C‖w̃(+)

k ‖W 2,3/2 ≤ C uniformly
on any B, if k ∈ N is sufficiently large.

In particular, letting B = B1(0) and bounding w̃k ≤ w̃
(+)
k + w̃

(0)
k ≤ C + w̃

(0)
k on

each B1/2(xj) in our cover of B, if we suppose that w̃
(0)
k → −∞ uniformly on some

B1/2(xj0 ) we find that also w̃k → −∞ uniformly on B1/2(xj0 ) and hence on every
B1/2(xj). But then w̃k → −∞ uniformly also on B, and in view of (6.3) with error
o(1) → 0 as k → ∞ there results

∫

Brk
(xk)

K+
gk dµgk ≤

∫

B1(0)

αkλke
2w̃k dx + o(1)

≤ C

∫

B1(0)

e2w̃k dx + o(1) → 0,

(6.5)

contradicting (6.4). Hence we have |w̃(0)
k | ≤ C on B1/2(0) and therefore on every

ball B1/2(x0) for sufficiently large k ∈ N. By harmonicity we then may assume that

a subsequence w̃
(0)
k converges smoothly on every ball B1/2(x0). Since we also have

that ‖w̃(±)
k ‖W 1,3/2(B) ≤ C on every B = B1(x0), we conclude that a subsequence

w̃k ⇀ w̃∞ weakly in W
1,3/2
loc and almost everywhere on R2, where w̃∞ ≤ C is

bounded from above.
Fatou’s lemma now yields that for any L ∈ N we have

∫

BL(0)

e2w̃∞ dx ≤ lim inf
k→∞

∫

BL(0)

e2(w̃k+z̃k) dx ≤ lim inf
k→∞

∫

M

e2vk dµgb = 1.

Passing to the limit L → ∞ we find e2w̃∞ ∈ L1(R2) with

(6.6)

∫

R

2

e2w̃∞ dx = lim
L→∞

∫

BL(0)

e2w̃∞ dx ≤ 1.

For k ∈ N set f̃0k(x) := λ−1
k f0(xk + rkx) ≤ 0 so that

f̃k(x) = αkfλk
(xk + rkx) + h̄k = αkλk

(

1 + f̃0k + (αkλk)−1h̄k

)

.



32 MICHAEL STRUWE

By (6.3) we may assume that αkλk → µ > 0 as k → ∞. Recalling that |h̄k| → 0

and ‖zk‖L∞ → 0 as k → ∞, and writing |f̃0k| = −f̃0k = 1 − (1 + f̃0k), by Fatou’s
lemma and (1.4) for any L ∈ N we have

µ

∫

BL(0)

lim inf
k→∞

|f̃0k|e2w̃∞ dx ≤ lim inf
k→∞

∫

BL(0)

αkλk|f̃0k|e2w̃k dx

= lim inf
k→∞

∫

BL(0)

(αkλk − f̃k)e2w̃k dx ≤ lim inf
k→∞

∫

M

(αkλk − αkfλk
)e2vk dµgb

= lim inf
k→∞

∫

M

αkλke
2vk dµgb = µ ≤ 8π < ∞.

(6.7)

We can use this result together with Condition A to show that (f̃0k) is locally
bounded. Indeed, suppose that for some sequence yk → y0 in R2 there holds
|f̃0k(yk)| = |f0(qk)|/λk → ∞ as k → ∞, where qk = xk + rkyk, k ∈ N. Then
qk → 0; hence d(qk) → 0 as k → ∞, and we may assume that d(qk) < d0 for all k.
By Condition A there exist cones Kqk with vertex qk such that

(6.8) A0 inf
y∈Qk

|f̃0k(y)| = A0λ
−1
k inf

q∈Kqk

|f0(q)| ≥ λ−1
k |f0(qk)| = |f̃0k(yk)| → ∞

as k → ∞, where the cones (with a suitable labelling of coordinates)

Qk = {y; xk + rky ∈ Kqk}
= {y = (y1, y2); |y1 − y1k| < y2 − y2k, |y − yk| < d0/rk}

as k → ∞ suitably exhaust the cone Q0 = {y = (y1, y2); |y1−y10 | < y2−y20}. From
(6.7) and (6.8) there then results a contradiction.

Hence we may assume that f̃ke
2w̃kdx ⇀ µ(1+ f̃0∞)e2w̃∞dx weakly-∗ in the sense

of measures, where f̃0∞ ≤ 0 is locally bounded from below. Setting

F̃∞ := µ(1 + f̃0∞)e2w̃∞

with
∫

R

2 |F̃∞|dx ≤ 16π by (4.7), then w̃∞ weakly solves the equation −∆w̃∞ = F̃∞
on R2.

In order to obtain a lower bound on the volume of the metric g̃∞ = e2w̃∞g
R

2 we
once more follow Chen-Li [9] and set

w∞ = − 1

2π

∫

R

2

(log |x− y| − log |y|)F̃∞(y) dy

with |w∞| ≤ C log(2 + |x|) and satisfying

(6.9)
w∞(x)

log |x| = − 1

2π

∫

R

2

log |x− y| − log |y|
log |x| F̃∞(y) dy → − 1

2π

∫

R

2

F̃∞ dy =: −ν

as |x| → ∞ for some |ν| ≤ 8. The mean value property of harmonic functions
and the bound w̃∞ − w∞ ≤ C + C log(2 + |x|) then again yield the existence of a
constant C ∈ R such that w∞ = w̃∞ + C. Since e2w̃∞ ∈ L1(R2) in view of (6.6),
we then also have e2w∞ ∈ L1(R2). It follows that ν ≥ 1, and we can estimate

µ

∫

R

2

e2w̃∞ dx ≥
∫

R

2

F̃∞ dx ≥ 2π.

Since µ ≤ 8π we conclude that
∫

R

2 e
2w̃∞ dx ≥ 1/4. But the volumes of all bubbles

obtained by rescaling the normalized metrics can add up to at most 1. Hence there
can be at most four points where bubbles form, and i0 ≤ 4. �
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