“BUBBLING” OF THE PRESCRIBED CURVATURE FLOW ON
THE TORUS

MICHAEL STRUWE

ABSTRACT. By a classical result of Kazdan-Warner, for any smooth sign-
changing function f with negative mean on the torus (M, gp) there exists
a conformal metric g = e?*g;, with Gauss curvature Ky = f, which can be
obtained from a minimizer u of Dirichlet’s integral in a suitably chosen class
of functions. As shown by Galimberti, these minimizers exhibit “bubbling”
in a certain limit regime. Here we sharpen Galimberti’s result by showing
that all resulting “bubbles” are spherical. Moreover, we prove that analogous
“bubbling” occurs in the prescribed curvature flow.

1. BACKGROUND AND RESULTS

1.1. The Kazdan-Warner result. Let (M, g;) be a closed surface of genus zero.
A classical result of Kazdan-Warner [I8] characterizes those smooth functions f on
M for which there exists a conformal metric g = e**g, on M with Gauss curvature
K4 = f. By the uniformization theorem, with no loss of generality we may assume
that the background metric g, is flat with K, = 0 and has volume vol(M, g,) = 1.
In view of the Gauss equation

(1'1) Ky = 672u(_Agbu + Kgb) = _eizuAgbu
we are then led to study the equation
(1.2) — Agu= fe** on M.

Theorem 1.1. (Kazdan-Warner [17]) There exists a solution u of (L2)) if and
only if either f =0, or if the function f changes sign and satisfies

(1.3) /M fdpg, <O0.

Leaving aside the trivial case when f = 0 with corresponding solution u = 0 of
(T2), in the case when f changes sign and satisfies (IL3]) a solution w to (2] may
be obtained by minimizing the Liouville energy (or Dirichlet integral)

B =5 [ 1Vl duy
in the class of functions
C=Cr={uec H'(M,q); / fe* dug, = 0}.
Observe that the constraint .

(1.4) [ g = [ retdn, =0
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where g = e?“gy, is natural in view of ([L2)) or the Gauss-Bonnet theorem.

Since both the energy E(u) and the constraint (I4]) are left unchanged if we
replace a function u € C with u 4 ¢ for any ¢ € R, in order to show existence of
a minimizer for F in C traditionally one restricts attention to comparison func-
tions u € C with vanishing mean; see for instance Chang []], pp. 2-4. However,
normalizing the volume

(1.5) vl(M.g) = [ duy = [y, = 1= vol(31, 1)
M M

of comparison functions will work equally well.

1.2. “Bubbling” metrics. Following the argument of [3] for surfaces of genus
larger than one, Galimberti [I5] showed “bubbling” of the Kazdan-Warner metrics
in a certain limit regime. To describe his results, let fy be a smooth, non-constant
function with max,enr fo(p) = 0, and for any A € R let fx = fo + A. Then for
any sufficiently small A > 0 the function f) changes sign and satisfies (I3)). B
Theorem [IT] therefore there exists a solution @y of ([2]) which can be obtained as
Gy = uy + ¢y from a minimizer uy of E in the set Cy = Cy, satisfying (L.H).

Setting

B = E(uy) = min{FE(u); u € Cx},

then it follows from Theorem [[I] that Sy — oo as A | 0; see also (L3) below.
Moreover, with a delicate argument Galimberti is able to show that () is non-
increasing as a function of A, which as in [3] then allows to control the total curvature
of the metrics §y = 2% g, for suitable A | 0 and to show that after rescaling the
metrics suitably near local maximum points p(;) of i) one or more “bubbles” may
be extracted from §y; see [15], Theorem 1.1.

One of our goals in the present paper is to better understand this “bubbling”
behavior and to obtain the following more precise characterization.

Theorem 1.2. Let fo < 0 be a smooth, non-constant function with max fo = 0
having only non-degenerate maxima po where fo(po) = 0. Then for suitable /\k ¢ 0,
for up, = uy, as above and suitable iy € N, 7“,(C 40, p(l) — pgo) € M with fo( ) =
0,1 <14 <ig, as k — oo the following holds.
i) We have ur, — —oo locally uniformly on My = M\ {poio), 1<i<ip}.
it) For each 1 < i <y there holds Tk)/\/_ — 0, and in local Euclidean coordi-
(4) (4)

nates  around p;,’ = 0 with constants c;” — oo we have
(@) _ (4) (@) _
w =ug(r,’z) — ¢’ = we(z) = log(———=),
g (1) = un(ry z) — ¢ oo () g(1+|x|2)
in HE, on R?, where weo induces the standard spherical metric goo = €= gR2 on

R? of curvature Ky o =1,and1 <ip<2.

Theorem [[.2] which is a special case of our Theorem [£.4] below, improves Galim-
berti’s [I5] Theorem 1.1, in particular, by ruling out the “slow blow-up” allowed in
Galimberti’s theorem. This is achieved with the help of the following Liouville-type
result.

Theorem 1.3. Suppose A is a negative definite and symmetric 2 X 2-matriz. Then
there is no solution w € C*(RR?) of the equation

—Aw = (1 + (Az, x))e*™ on R?
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with w < C and such that the induced metric h = e*“ggr2 has finite volume and
integrated curvature

/ e* dx < oo, (1+ (Az,x))e*” dx € R.
R? R?

Section 4 of this paper, where we give the proof of these results, also contains a
simplified proof of the crucial monotonicity property of 3.

In the same way as it improves Galimberti’s result, Theorem gives rise to
an improvement of our earlier results in [3] on “bubbling” metrics of prescribed
curvature on surfaces of genus > 1 by showing that also in the higher genus case
all blow-ups must be spherical. The construction of “bubbling” solutions for the
latter problem by del Pino-Roman [12], prompted by [3], thus might give a complete
description of the set of all prescribed curvature metrics in that case. It would be
nice to see if “bubbling” metrics of prescribed curvature could be constructed in
analogous fashion via matched asymptotic expansion also in the genus zero case.

Our method for proving Theorem is so robust that it may be applied also
in the presence of perturbations. In particular, we are able to show analogous
“bubbling” as A | 0 also for a family of prescribed curvature flows for f) with
suitably chosen initial data in Cy. This is our second goal in this paper.

1.3. Prescribed curvature flow. Given a function f satisfying the assumptions
of Theorem [[1] for any ug € C = C; we study the equation

(1.6) ur =af — K on M x [0,00]

with initial data u|t:0 = ug, where K = K, with g = g(t) = e>*®g; at any time
t > 0 and where the function a = «(t) is determined so that u(t) € C for all ¢t > 0;
that is, we require the condition

an  ga( [ ran) = [ widn = [ @f =K -0
Solving for « then we find
(18) o= [ 1K/ [ P au,

The flow (L8)-(L1) is the negative L2-gradient flow for E on C with respect
to the evolving metrics. Indeed, for a sufficiently smooth solution u = wu(t) of

(CO)- () on an interval [0, 7] by (II)) there holds
d

(19) ZE) == [ wdyuduy = [ (af = K)Kdpy == [ Juilduy <0,
Hence we also have the uniform a-priori bound

T
(1.10) E(u(T))+/O /M lut|? dpg dt < E(uo)

for any T' > 0. Also note that by (I4) and the Gauss-Bonnet theorem for a solution
w of (L8)-(TXT) the volume is preserved with

1d
(1.11) EE’UOZ(M g(t)) = / Uy ditg :a/ fdug—/ Kdu, = 0.
M M M
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Normalizing the initial data go = e2“0 g, to satisfy vol(M, go) = 1, then we have

(1.12) vol(M, g) :/ dug :/ e* dug, =1
M M

for all ¢ > 0, and we see that (L6)-(I7) induces a flow in the space

C*ZC;Z{uEHl(M,gb); / fe*" dug, =0, / e dug, =1}.
M M

We then have the following result, which is parallel to yet unpublished, indepen-
dent results of Ng6 and Xu [21].

Theorem 1.4. Suppose that f is smooth, changes sign, and satisfies (L3). Then
for any smooth ug € C* there exists a unique, global smooth solution u of (L8)-
@@ with initial data uli—o = uo and satisfying u(t) € C* as well as the energy
bound E(u(t)) < E(ug) for all t. Moreover, we have u(t) — uso in H*(M, gy) (and
smoothly) as t — oo suitably, where us, + oo 18 a smooth solution of [L2) for some
o € R.

While Theorem [[4] shows that for fized f as in Theorem [[] there is a global,
smooth solution of the flow (LB)-(L7) for any given smooth ug € C* = C7, in
Section 5 below we observe that, similar to the time-independent case described in
Theorem [[.2] for suitable A\x | 0 and suitable initial data wox € C;Ak the family

of flows (LA)-([I1) with prescribed curvature functions fy, exhibits “bubbling” as
k — oo when t is large in the following sense.

Theorem 1.5. Let fy be as in Theorem above. Then for suitable A\ | 0,
suitable uoy, € Cj, with E(uor) — B, <6210, and sufficiently large t, > Tj; — 00
k

as k — oo the conclusions of Theorem [L.2 hold for uy, = u‘;’; (tx), where ui’; (t) is
the solution to (LA)-(L1) for fx, with data u‘;’; (0) = uox, k € N.

1.4. Related work, open problems. Our interest in the study of (L8)-(T71) is
inspired by a recent preprint of Ngo and Xu [22] on a flow approach to the results
of Escobar-Schoen [I4] on the Kazdan-Warner [18] problem of prescribed scalar
curvature on a closed Riemannian manifold of dimension n > 3 with vanishing
Yamabe invariant.

Also in n = 2 dimensions many open questions remain. For instance, in Section
6, we speculate about possible consequences of “bubbling” for the nature of conver-
gence of the flow (LO)-(L7). To put this question into perspective, recall that in
the case when f = 0 the flow (L6l corresponds to the 2-dimensional Ricci flow on
(M, gp) for which Hamilton [16] established global existence and exponentially fast
convergence. || Also in the setting of Theorem [[.4] our Theorem below shows
that the convergence is exponentially fast when wu. is a strict relative minimizer of
E in C*, which nicely complements the result of Hamilton for f = 0 (where for a flat
background metric we have uo, = 0). Not surprisingly, we also have unconditional
convergence of the flow when the solution of ([2) is unique; see our Theorem [3.3]
below. Moreover, with the help of the Lojasiewicz-Simon inequality Ngd and Xu
[21] showed unconditional convergence of the prescribed curvature flow on the torus
for any given analytic sign-changing function f with negative average.

ln fact, Hamilton [16] shows global existence and exponentially fast convergence of the nor-
malized Ricci flow on any closed surface (M, go). For the sphere his work was completed by Chow
[I1]; see also [26] for a simpler proof of exponentially fast convergence in this case.
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In contrast, the nature of convergence is not clear if f is only assumed to be
smooth (or even less regular), and spiralling “bubbles” might give rise to infinitely
many different subsequential limits of the prescribed curvature flow for fy ast — oo
for suitable fy having degenerate maxima and sufficiently small A > 0. As a first
step towards a better understanding of this case, in Theorem we apply our
methods from Section 4 to analyze “bubbling” in such a degenerate case.

Moreover, it would be interesting to investigate “bubbling” of prescribed curva-
ture metrics and of the prescribed curvature flow also in the case when f consists of
a regular part and a sum of Dirac masses, where solutions of (L2]) would correspond
to conical metrics of prescribed curvature with prescribed opening angles, as in the
work of Troyanov [30], Bartolucci-De Marchis-Malchiodi [I], Malchiodi-Ruiz [19],
and Carlotto-Malchiodi [7]; or in the case of Chern-Simons vortices, as in the work
of Bartolucci and Tarantello [2], [28]. Likewise, it would be of interest to investi-
gate “bubbling” of metrics of prescribed Q-curvature in arbitrary even dimensions

n > 4, or in the corresponding, higher order prescribed Q-curvature flow introduced
by Brendle [4].

1.5. Outline. In the following Sections 2-3 we first complete the analysis of the
flow ([L6)-(7) and give the proof of Theorem [[4] as well as of the convergence
results alluded to above. The main Section 4 then contains the details of our
“bubble” analysis, and in Section 5 we show that these results may be applied to
yield corresponding results on “bubbling” of the flow (L8], (7). Finally, Section
6 contains a first study of the degenerate case.

1.6. Acknowledgement. I wish to thank Anh Ngo6 for helpful comments regarding
the prescibed curvature flow, in particular, for pointing out the simple proof of
Lemma 23 T also thank the referees for valuable comments.

2. GLOBAL EXISTENCE OF THE PRESCRIBED CURVATURE FLOW

Given a function f as in Theorem [[.4] and smooth initial data uy € C* we now
show that we can find a unique smooth solution u of (L6])- (7)) defined for all time.
Note that for any u € C* Jensen’s inequality gives the bound

(2.1) 2U: = 2/ udpg, <log (/ e d,ugb) =0
M M

for the average of u.
Next recall the following result of Trudinger [31], sharpened by Moser [20].

Theorem 2.1. Let Q C R? be bounded. For any 3 < 4 there holds
sup{/ e dr; u € H(Q), || Vul2: < B} < oo,
Q

and the constant By = 4w is best possible.

In fact, for any bounded domain Q@ C R?, any u € Hj () with ||Vul?. < 8 < 4n

it is not hard to see that
1 / 2 47
—— [ " dzx < .
wQ) Jo T Ar -

Using a partition of unity one can obtain a similar result on any closed surface;
see the lecture notes of Chang [8], or [6], Theorem 4.4, for reference.
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Theorem 2.2. Let (M, go) be closed and orientable. Then for any 8 < 4 there
holds

2
Cru(B) = Sup{/ e dugy; u € H'(M, go), |Vullz2 < 8, a =0} < oc.
M
Applying the bounds in Theorem2.2/to a function u € H'(M, go), and estimating
2 2 p? 2
2p(u —w)| < 2m(u =)/ IV ullzearge) + 5-IVUllLe ar,60)
via Young’s inequality, for any p € R we then find

_ p2 wll?
(2.2) / ) gy < Oy 2m)e BNV 2 000
M

In particular, on the torus (M, g,) for any u € H(M, gp) satisfying (LIZ) we

can bound
1 :/ dﬂq :/ e2u dﬂqb — 6211/ e2(u—ﬁ) dﬂqb < 06211
M M ’ M ’

with a constant C'= C(E(u)), and we conclude the uniform lower bound

for the average of u with some mg = mo(E(u)) > 0. Moreover, for any p € R the
bounds (21 and ([23)) together with [22) give

(2.4) /M P djig, = O / €20 4y, < C(p, Bu)).

Throughout the remainder of this section suppose that u = u(t) solves (LG)-(L1)
with initial data u|t:0 = ug € C* = C} for some smooth, sign-changing function f
on M satisfying (L3]). Note that by (ILI0) the bounds (Z3)), (Z4) then hold with
uniform constants mg = mo(E(ug)) > 0, C(p, E(up)), respectively.

Lemma 2.3. There exists a constant my > 0 such that for all t > 0 there holds
fM f2 dpg > my.

Proof. By Holder’s inequality, assumption (L3)), and (24) we have

2 — U U
0<|/Mfd'“gb‘ S/Me ? dﬂgb/MfQ‘iQ dﬂngC/Mf2d#gv

uniformly in ¢ > 0. (]
As an immediate consequence we obtain the following result.

Lemma 2.4. There exists a constant ag > 0 such that for all t > 0 there holds
la| < ag.

Proof. By (1) and (II0) we can estimate
|/ de:ug‘ = ‘/ f(_Agbu) d:ugb‘ S / |Vf|gb|vu|gb d.“'gb
M M M
< COllflerEYA(u) < CEY?(ug) =: Co.
From (L8) and Lemma [Z3]it then follows that
la| < Comi!' =: ay,

as claimed. O
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The above bounds suffice to show existence of a unique solution u to (L6]), (I17)
for all time. Indeed, using (L)) to write equation (LG) in the form

(2.5) u=af — K =af +e 2Ayu=af + Ayu,
from Lemma [2.4] we conclude that
lut — Agu| = |af| < laol || fllL= = C1,

uniformly in ¢ > 0, and by the maximum principle, applied to the function u+ Cit,
it follows that

(2.6) sup |u(t)| < sup |ug| + C1t

M M
for all ¢ > 0. In particular, equation (7)) is uniformly parabolic on any finite time
interval; therefore, the unique local solution u to (L6]), (I7)) that we can construct
with the help of a standard fixed point argument (as explained in detail for instance
in [6], Proposition 6.3) may be extended globally.

In fact, with the help of (ILI0) we can turn (2.6]) into a uniform estimate for all
time. For convenience, let

F=F(O)= [ |K=affdu, G=GO = [ V(K =apldu,
Then we have the following result.

Lemma 2.5. There holds sup,~q [|u(t)| L~ < cc.
Proof. By (LI0) we have

/OOF(t)dt < E(up) < 0.
0

Hence for any T' > 0 we can find ¢t € [T,T + 1] such that

Fltr) = T<%I<1§’+1 F(t) < E(uo).

But then in view of the uniform bound |e*||zs(ar,4,) < C(3, E(uo)) from Z4), and
writing (II]) in the form

—Agu=Ke* = (K —af)e"-e“+ afe’™,
at time tp, with uniform constants C' > 0 by Hélder’s inequality we have
1Ag,ull psr2(ar,g,) < K — af)e|lLzargnylle”llsar,g,) +C
<CF(tr)?+C<C.
Elliptic regularity then yields
lu— |~ < CIV2ul Lsr2ar,g,) < CllAgull L3201, < O,

and in view of [2I) and ([23)) we conclude the uniform bound |u(tr)||L~ < C.
Upon shifting time by tp, from ([2.6]) we now find that

(2.7) sup )|z < sup  flu(t)l|lze < [Ju(tr)llL~ +2C) < C.
TH+1<s<T+2 tr<s<T+2
Since T' > 0 is arbitrary, the claim follows. ]

Thus, in particular, the metrics ¢g(¢) will be uniformly equivalent to the back-
ground metric g, for all ¢ > 0.
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3. CONVERGENCE

In order to study convergence of the flow we consider the evolution of curvature.
From (1) and (L0) it follows that

d
(3.1) K= E(—e_%Agbu) = =2u K — Aguy = 2K (K — af) + Ay(K — af).
Thus, and again using (L.6]), we obtain

%%/M K — af*dpg = /M (K — arf) (K — af) = (K — af)®) dug

62) == [ VU —onfdu+2 [ KO =afPdu - | (K—ap®du,
— [ 190 —ap)duy+ 20 [ 0 = afPduy+ [ (00 du,

where we observe that the term involving o vanishes due to (7). Using (L6]) to
write af — K = u, for brevity, by Holder’s inequality we can bound the last term

lutllZscarg) < el L2 ar,gy 1wl Fagar,g)-

In view of Lemma 2.5 by the Gagliardo-Nirenberg inequality then with uniform
constants C' > 0 for any ¢ > 0 we have

il Faar,g) < ClluelFacar,gyy < Cllwell 2 (argy) 1wl 11 (a1,
< Clluell 2 (ar,g) 1wtz (ar,g)-

Recalling the notation

F(t) = / ol dpg, G(t) = / Vel day = / Vuel?, dug,.
M M M

by Young’s inequality finally we can bound
1
(3.3) lwillFaar,g) < ClluelFecargluel ararg) < CF? + S +G).

Together with the uniform bound |af| < C; from Lemma 2] equation (3:2) then
gives the differential inequality

dF
(3.4) S HG<GF 4 C3F? on [0, 00|
with uniform constants Cy = 4C7 +1,C35 > 0.
Lemma 3.1. We have F(t) — 0 uniformly as t — oo.

Proof. Recalling the bound

(3.5) /Ooo Pt) dt < E(uo)

from ([LI0)), we have lim inf;_, o, F'(t) = 0. Hence there exist t; — oo with F(¢;) — 0
as i — oo. Upon integrating (84) over any interval [t;,t] C [t;,T] we then find

sup F(t) < F(t;)+ (Co+C3 sup F(t)) /Oo F(t)dt.

ti<t<T ti<t<T s
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But by (3) we also have [ F(t)dt — 0 as i — oo. Hence, for sufficiently large
1 € IN we can absorb the last term on the right on the left hand side of this inequality
and let T'— oo to find

supF(t)§2F(ti)+2CQ/ F(t)dt -0 asi— oo,
t.

t>t;

i

proving our claim. O

Proof of Theorem[I]] In view of (II0) and Lemma [27 for suitable t; — oo we
have u; = u(t;) — uoo weakly in H'(M, g,) and strongly in L?(M, gp), as well as
a; = a(t;) = aw (i = 00). Moreover, in view of Lemmas and B.I] we then also
have convergence e?% — 2% in LP(M, g;) for any p < oo, as well as e*“iu(t;) — 0
in L?(M, g;). Thus, passing to the limit i — oo in the equation

e*uy — Agu = afe*
equivalent to (LO) at ¢t = t;, we find the identity
—Ag, Uoo = Qoo fe?">= on M.

In fact, since at ¢ = t; by Lemmas and B0 with L? = L?(M, gp), etc., we can
estimate

18, (= o) 22 < e |z F ()Y + [laif e — s fe*<]|
(3.6) < e[|z P82 + o — ool fe2

+llace fllzee[le* — e[|z =0 (i = o0),

Sl

we even have strong convergence u; — s, in H2(M, gy) and uniformly.
Note that aee # 0; else us would be constant, and from (L3]), (I4) we obtain
the contradiction

0= lim fe* i dug, = / fe* = du,, = 62“‘”/ fdug, <0.
M M M

i—00

In fact, as > 0. Otherwise, if we assume that as, < 0, using (L3)) and computing

0< 2/ Vg, uoo|2e_2“°° diig,
M

:/ Agbu<>oe_2uOO dpig, = —Oéoo/ fdpg, <0
M M

we again find a contradiction. We thus may let coo = %log Qoo € R. Setting
floo = Uoo + Coo then the metric goo = €2%> g, has curvature K; = f.
This completes the proof of Theorem [[.4 O

In general we cannot say whether we have uniform convergence u(t) — u as
t — oo. However, we have the following result.

Theorem 3.2. Suppose that us is a strict relative minimizer of E in C* in the
sense that with a constant cy > 0 there holds

BT) L) = [ (V= 200 1) di, > 2l
M
for all h € T,,__C*, where for u € C* we let

T.C* = {h € H (M, g); / fhe*" dug, =0 = / he*™ dpug, },
M M
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and where for u = u(t) or u = ue with a = a(t) or a = as we let

L,(v) = ——/ fe*v dug,

be the Lagrange functional associated with u. Then u(t) = teo, a(t) = oo expO-
nentially fast as t — oo; that is, with constants C > 0 there holds
F(t) = |laf = K|jzq) < Cem>",
and hence
—C()t-

|a(t) = ool + [[u(t) = vooll a2 (ar,g) < Ce

Proof. First observe that by (3:2) and a variant of ([B.3]) on account of Lemma B
with error o(1) — 0 as ¢ — oo there holds

d
;d};_ (1+o0(1 / V(K —af)|2dug+2a/f —af)?du, +o(1)F
—(1 4 0(1))d? Ly, (us, us) + o(1)F,
where

d2Lu(ut,ut):/ (|VUt|gb 20 fule 2“) ditg, .
M

Moreover, by (LT) and (LII) we have u; = af — K € T,,C* for any ¢t > 0.
Suppose that for some 0 < p < 1 and some t > 0 we have

(3-8) |a(t) = voo| + [|u(t) — voollH2(r1,g,) < 2p-

Then there exist constants 7,6 € R such that u; + v+ 6f € T, C*, and with
Joo = €2U= g, the equations

0:/ (ut+7+6f)dugoo=/ ut(e2(“°°_“)—1) dpg + 7,
M M

0= [t oD dio. = [ wnf(@= =) dpy +5 [ g
M M M
respectively, give the bounds
7+ 16 < Cllu(t) = uoo|| L= F'/2(t) < CpFY2(2).
Here we also use equations (7)), (IIII), as well as the identities

/dugw:L / J g, =0,
M M

and Lemma In consequence, setting ho = us + v + 0 f for brevity, we have

d? Lo (ug, ug) :/ (IVuel?, — 20fuie®™) dpg,
M
= d?Lo__(ho, ho) + I + IT > 2col|hol|3 + T+ 11

with error terms

I:/ (IVuel?, = IVhol2,) dpg, = —5/ Vf-V(2u,+6f)duy,
M M

=25 [y fdug, — [ (V12 duny, = OoF)
M M
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where a - b= (a,b),, and
1 =2 [ (anfie —afute®) du,
M
=20 / f(hge* = —uie®™) dug, + O(pF)
M
= 2aoo/ F((h2 = u2) + u2(1 — 2="))) dp, + O(pF) = O(pF).
M
Moreover, similar computations give

1hollZz = lludl[Z2 + O(F), IVhollL2 = ||Vud|Zz — I = [[VuillZz + O(pF).

Hence for sufficiently small p > 0 and all sufficiently large ¢ > 0 satisfying (3.8)) we
have

(3.9) 5o < (20 + o1)|ul s + O(pF) + o(1)F < ~coF.
Having fixed such p > 0, now assume that for some ¢y > 0 there holds

(3.10) |a(to) — ool + [[ulto) = toollH2(21,g,) < p-

Then, if ¢y > 0 is sufficiently large, from (B3] we find

(3.11) F(t) < F(tg)e2eolt—to)

for all t > tg, as long as there holds B.8)). We claim that if ¢y > 0 is sufficiently
large, the bound (B8] and hence also B.I1) will, in fact, hold true for all ¢ > .
Indeed, from (L8)) and [B.1]) we have the equation

o / frdp, = / F(K + 2Kuy) dpg — 2a / Py dpy
M M M
= —/ fAgurdpg —2a/ f2utdug.
M M

Integrating by parts, we have

‘/ ngutdﬂg = ‘/ Agfutd//*g
M M

Moreover, by Holder’s inequality we can bound

‘a / fuy dpg
M
Thus, from Lemma [Z3] and BI1) we have

| < CF(t)Y? < CF(t)/2e=eo(t=to),

< Ol fllozllutllzarg) < CF (1)

S C||ut||L2(M,g) S CF(t)1/2

and for any ¢ > ¢y we obtain
t

(3.12) la(t) — alto)| < [ |au(s)|ds < CF(to)'/?

to

as long as there holds (B.8)). Similarly, also using Lemma [2.5 with a constant
C = C(E(up)) we can bound

t
(3.13) [u(t) — u(to)llL2(ar,9,) < /t [e(5) ]| L2 (21,gy) ds < CF(to)'/?.
0



12 MICHAEL STRUWE

From a computation analogous to ([B.6]) we then obtain

[ Ag, (u(t) — uto))|| 22 (ar,g,) < Clex(t) — alto)| + Clle* ™ — e[ 12 py g,
+ CF(t)Y? + CF(tg)/? < CF(to)"/?,

and together with (312), (BI3) we conclude that
(3.14) ja(t) = alto)| + [[ut) = u(to) | 2(arg,) < CF(t0)"/.

But the latter will be strictly less than p if g > 0 is sufficiently large. Together
with (3I0) this shows that the barrier 2p in (88)) will never be achieved for any
t > to, if to > 0 is sufficiently large, and for such tg > 0 the bound (3.8)) and hence
(BI1)) hold for all ¢ > tg, as claimed.

Finally, passing to the limit ¢ = ¢t; — oo in ([BI4]) we see that we have

|atos — atlto)| + [[tioe — ulto) | 2 (at,qy) < CF(t0)'/?

for all sufficiently large to > 0. Renaming ¢o as ¢, and choosing ¢y > 0 such that
(BII) holds for all ¢ > tg, we then obtain the claim. O

Moreover, we have uniform convergence of the flow (L), (I.7) whenever the
solution to (L2)) is unique.

Theorem 3.3. Suppose that [[L2) has a unique solution. Then u(t) — U in
H?(M, gp) ast — oco.

Proof. Suppose by contradiction that there exists p > 0 and a sequence t; — oo
such that

lu(ts) = too |l H2(nr,g,) > p for all i € N.

Then, as in the proof of Theorem[[4] by (LI0) as well as Lemmas [Z4] and 5] there
exists a subsequence A C N and a function v such that v; = u(t;) — v weakly
in H'(M, gy) with €2V — e?¥>~ in LP(M,gp) for any p < oo as i — 00, i € A,
and such that, in addition §; = a(t;) = Sso. Still following the proof of Theorem
[C4] with the help of Lemma [3.I] we then conclude strong convergence v; — vo in
H?%(M, gp), and vs € C* solves the equation

(3.15) — Ay, Voo = Poofe?'™= on M.

Again, (L3) and (L4) imply that B > 0 and, with de = 1logf. € R, the
function ¢ = veo + doo solves ([L2).

But by assumption the function @ constructed in the proof of Theorem [L.4 is
the unique solution of equation (L2). It follows that & = & = wue + €, and
Voo = Upo + Coo — doo- But then from (LI2) we obtain

1 — / ezvoo duqb — 62(Coo—doo)/ e2uoo duqb — 62(Coo—doo)_
M ’ M ’
Hence ¢, = doo; that is, Voo = Ueo, and v; — U in HQ(M, gy) contrary to our
initial assumption. O

Our next goal is to analyze the “shape” of the metrics g(t) and to establish
“bubbling” of the prescribed curvature flow analogous to [27] in a certain limit
regime. We first consider the static (time-independent) case.
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4. “BUBBLE” ANALYSIS IN THE STATIC CASE

4.1. Bounds for total curvature. Let fy be a smooth, non-constant function
with max,en fo(p) = 0, and for any A € R let fy = fo + A as in [13], [3], or [I5];
also set Cx = Cy,, C} =Cj, .

Fix some sufficiently small Ay > 0 so that f), changes sign and satisfies (L3).
For any 0 < A < Ag then by Theorem [I.T] there exists a solution %y = uy + ¢) of
(T2), where u) minimizes E in the set C§ and thus satisfies the equation

(41) - Agbu)\ = Oo\f)\62uA

with a constant ay > 0, and where ¢\ = %log a. Moreover, setting gy = e?% g,
we have

(4.2) vol(M, gy) = / e2nten) gy = e2x = q.
M
Note that by Theorem [Tl we must have
(4.3) Bx = E(ux) =min{E(u); u € Cx} - o0 as A 0.

Indeed, if we assume 8y < C; and express | fo| = —fo = A — f, condition (L3]) and
the Gauss-Bonnet identity (L4) together with (ILI2) and the bound (Z4) give

2 —2aU u
0<( /M|f0|dﬂgb) < /M|fo|e 25y, - /leo|62 djig,

< Ol foll~ /Mu — e dg, = ON| foll e,

with a constant C' > 0 depending only on C7, which is only possible if A > A; for
some A1 > 0.

On the other hand, as shown by Galimberti [15] with the help of the method
introduced in [3] for surfaces of genus larger than one, for suitable A | 0 the total
curvature of the metrics gy = 2™ g, is uniformly bounded. The crucial ingredient
in the derivation of this bound is the following monotonicity property established
by Galimberti [I5], Proposition 3.7 and Corollary 3.8.

Lemma 4.1. The function X\ — By is non-increasing in A for 0 < X\ < Ao, and for
every such A we have the bound

BA_BM ax

lim sup > .
TADY p—=A 2

The argument by Galimberti [I5] is rather long and technical. For our later
convenience we therefore include the following short proof.

Proof. Fix 0 < XA < Ag, and let uy € C§ be a minimizer of I/ as above. Then by
([T4) for 6 < 0 close to zero with suitable numbers ', 6" €]d, 0] we have

[ e dy, =25 [ eI dy, =25 [ g1 dy, 4 O(8°),
M ‘ M ‘ M ‘
while also using (I.12) we find

/M 62(u>\+5f>\) d,Ung =14 25/M f}\62(u>\+5//f>\) d/Lgb -1 +0(52)

Thus, if 0 < |§] <« 1 is sufficiently small it follows that
u) + 5f)\ € C#
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with

(4.4) p=A— 25/ fre?™> dug, + O(6%).
M

In particular, p > A for 6 < 0 sufficiently close to zero, and § = O(u — A).
On the other hand, we have

Euy + (5f)\) = E(U)\) + (5/ Vuy - Vxdpg, + 0(52),
M

where

/ Vuy - Vf)\ d/’Lgb :/ (_Agbuk)fk dﬂgb = O‘A/ f;emh\ dﬂgb
M M M

in view of ([@1l), and by (@A) there holds
B < Blux +8£2) < Eluy) + by / 262 dpig, + O(52)
M

(8PN
= 1= P (= N+ 0l = V) < i
for § < 0 sufficiently close to zero. Hence, the map A — () is non-increasing, and
lim sup 22— Ok 5 O
JTAR = A 2
as claimed. (]

Moreover, using the same comparison function as in [3], Lemma 3.1, also used
by Galimberti [15], we find the following bound on 5.
Lemma 4.2. There holds
B

limsup ————— < 4.
ALO P log(1/A) —

Galimberti [15], Proposition 3.3, obtains a similar bound with an unspecified
constant instead of 4.

Proof. Let py € M be such that fo(pp) = 0. We may assume that we have local
Euclidean coordinates z near po = 0. Letting A = %H esss,(po), for a suitable
constant L > 0 we have

fo(z) = (Az,z) + O(|z|®) > —A/2 on N VIAUL
and fy > A\/2 on Bﬁ/L(O). As in [3] we then set wy(z) = zx(Lz/v\), where

zx € H}(B1(0)) is given by zx(x) = log(1/|z|) for A < |z| < 1 and 2)(x) = log(1/))
for |x| < A, satisfying

[VwallZ: = [[V2all7z = 27 log(1/A).

Extending wx(z) = 0 outside B, /5, (0), for sufficiently small A > 0 and any s > 0
we obtain

/ f)\e2sw>‘dﬂgb :/ f)xdﬂgb +/ f}\(ekwx _ 1)d$
M M B\/X/L(O)

= / fodug, + A —|—/ fA(ezsw* — 1)dz.
M B\/X/L(O)
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Note that after substituting y = Lz/v/A for s > 1 we have

2 1-2s 932 gl
)\/ 2SNy = )\—2/ e dy = ™ s— + —W;\ / 1728 dr
Bs,.(0) L? JB, (0 L L2 )\
7T)\4_25 7T)\4_25 7.‘_)\2

z (s—1)L2 (s—1)L*

Since we have A/2 < fy, < Aon B\/X/L(O)v for 3/2 < s < 3 we can estimate

3_7T)\4—2s _ %)\2 < / f>\(62sw’\ _ 1)dCC < 3_7T)\4—2s _ 3_7T)\2-
B

e — =12 e

Hence for s = 2+ O(1/log(1/\)) we can achieve that [, fre***“*dpug, = 0; that is,
swy € Cy with

IV(swr)lZ> = s*[[VwallZ> = 87log(1/A) + O(1).
Thus, for any K > 47 and sufficiently small A > 0 there results
Bx < Klog(1/A),
as desired. (]
Applying the monotonicity trick from [23], [24] as in [3] or [I5], we observe that

the monotone function By is almost everywhere differentiable and then use the
bounds from Lemmas 1] to obtain that

o o dp
. < —) < 8.
(4.5) hlilil()nf()\a)\) < 211r§\1i10nf (Al N ) < 8w

Indeed, if we assume that for some 0 < A1 < A9 and some ¢y > 47 for almost all
0 < A < A1 the absolutely continuous part of the differential of 3 satisfies

By, 5 <o
dx' 7 A
then for K = 27 4 ¢o/2 > 47 and any sufficiently small 0 < A < A\; we obtain

185 = |

)\1 )\1
B — B, 2/ |BL] ds > co/ % > colog(1/M) + C > Klog(1/)\),
A A

contradicting the bound in Lemma
Estimating

(4.6) Kol = /Al S A= fo=2Xx=fa,
from ([@H) and [@2) together with (I4]) we then conclude the bound

(4.7) 1i1§l¢i()nf /M | K g, | dpg, < 2hr§\1¢ionf(>\aA) <167

for the total curvature of the metrics gy. For the normalized metrics gy = e?“*

we have K, = axKjy, and [, |Kg, |dug, = [, |Kg, | dpug, -

9b
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4.2. Concentration of curvature. Motivated by (£71) in the following for a se-
quence A; | 0 we consider functions vy € C§_ with corresponding metrics gx =
e2vk gp such that

(4.8) —Ag v = ngezv" = ozkakezv" + hye?vr

with ay, satisfying lim supy,_, .o (Arax) < 87, and with functions hy on M such that
ke || L2(ar,g,) =: €k — 0 as k — oo. In particular, for suitable Az | 0 in view of
(L3) we may choose vy = uy, € Cy, , satisfying {@L.8)) with hy = 0, k¥ € N. However,
by allowing the “error term” hj we later will be able to apply the results below
also in the flow context, where vy, = u(tx) for a solution u = u(t) to (6], (L7) and
hi, = ug(tx) for a sequence of times ¢ — oco.

Set s* = + max{+s,0} for any s € R. Note that similar to (6], upon writing
|Kg,| = =Ky, + 2K/ and estimating K < ax\g + |hg|, from the Gauss-Bonnet
identity (or by integrating ([4.8])) we obtain the bound

limsup/ | K g, | ditg, = ZIimsup/ K;;eQ”’“ dprg,
(4'9) k—oo JM k—oo JM

< 2limsup(ap g + [[hke™* | L2 (ar,g,)) < 167
k— o0

similar to (A7) for the total curvature of the metrics gz, & € N.

Lemma 4.3. Given (v) as above we have ay, — 0o as k — 0o. Moreover, there is
a sequence of radii R — 0 such that with error o(1) — 0 as k — oo there holds

(4.10) sup K} dpg, =7/2+ o(1).
Po€M J Br, (po;gn)

Proof. Suppose that there exists a sequence A C N and a number R > 0 such that
for all k € A there holds

(4.11) sup K} dpg, <.
PoEM J Br(po;gs)
In particular, by (£9) condition [@II) will be satisfied if lim infj_,o o < 0.

We will show that (£I1)) leads to a contradiction. Hence there exist radii Ry — 0
with ([@I0); moreover, ay, — oo (k — 00), as claimed.

After passing to a subsequence we may assume that ([@I1]) holds for any k € N;
in addition, we may assume that R > 0 is so small that we can introduce Euclidean
coordinates on Bgr(po) = Br(po; g») for any py € M and we henceforth omit gp.

i) We claim that the functions vy are uniformly bounded on M from above. Fix a
point pg € M. In Euclidean coordinates around py = 0 we then obtain the equation
—Avg = Ky, e** on B = Bg(0).

0)

Split v, = U,(CO) + U,(j) + v(f), where A’UI(CO) = 0 in B with v,(c = v; on 9B, and

where ’U](Ci) € H}(B) solve

—Av](ci) = K;ie%’“ on B.

Then :I:v,(ci) > 0 by the maximum principle. Moreover, in view of the uniform
L'-bound ({@.9) we also have uniform bounds

||v](§i)||W1’p(B) <C forany 1 <p<2.
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Hence a subsequence (v,(gi)) converges weakly in W'3/2(B) and pointwise almost
everywhere. Finally, from ({I1)) and [5], Theorem 1, we have the uniform bound
(4.12) le?s” || o(my < € for any 1< p < 4.

Likewise, if we choose v = 1/20 > 0 so that

7/ |ng|d,ugk <7
M

for all sufficiently large k € N, from [5], Theorem 1, we find

(4.13) ||67'V”’(;) L) < C forany 1 <p < 4.

Thus, by Jensen’s inequality and in view of v,(co) < — o)

the average of 'yvl(CO) can be bounded

e:tp(][ WU;(CO) dz) g][ e dx < C(/ e*1% dy - / e 2 dz) 1/2
D D B B

< C(/ 62’Uk d‘ugb)’>’/2 — 07
M

where we used Holder’s inequality in the second and in the final estimate.

By the mean value property of harmonic functions there results a uniform bound
v,(co) < Oy on Bygy3(0) for all k € N. Harnack’s inequality, applied to the functions
Ch— v,(co) >0, k € N, then shows that either for a subsequence we have |v](€0)| <C

on Bp/s(0) for all k € N, or v,(co) — —oo uniformly on Bg/5(0) as k — oo.
Covering M with finitely many balls Bg/s(2;), 1 <@ < I, we note that for each
B; = Bgr(z;) we have

,on any disc D C B

/Bthdugkgw, 1<i<I,

and bounding vy < U,(j) + v,(co) < U,(j) + C on each ball, from [@I2) we conclude
lle” | Lr(ar,g,) < C for any 1 <p < 4.

Recalling the equation
—Avg = K, %% = ay f, €2 + hje?"

with agfi, < apAr < 8™ + o(1) up to an error o(1) — 0, and recalling that by
assumption we have ||hge?’*||p2 — 0 as k — oo, we then obtain a uniform bound
v,(:) < C’Hv,(:)HWz,s/z < C on Br(z;), uniformly in 1 < ¢ < I, and hence v, < C
on M, uniformly in k € N.

In addition, we now conclude the uniform bound |’U](€0)| < C on every ball

Bgrsa(xi), 1 < i < I, for some C independent of i and k € N. Indeed, if we

suppose that v,(co) — —oo and hence v < v,(j) + v,(co) <C+ v,(co) — —o0o uniformly

as k — oo on some ball Br/s(x;), by considering the decompositions of vy in the

overlap regions of adjacent balls, we must have v,(co) — —oo uniformly as &k — oo on

every Br/o(x;), 1 <i < I. But then vy — —oo uniformly on M as k& — oo, contra-
dicting (LI2). Thus, |U,(€O)| < C on every ball Bg/s(x;), and by harmonicity of v,(co)

a subsequence (v](go)) smoothly converges locally on every ball Bg/y(x;), ensuring

that vy — v weakly in wi3/2 (M) and pointwise almost everywhere.
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ii) It now follows that ap — oo as k — oo. Indeed, suppose by contradiction
that we have a uniform bound «j < C < oo. Then by i) with a constant C' > 0
independent of k we have the uniform bound vy < C on M, and together with
the bound se® > —1 for s < 0 we find that ayfy, e vr < C, uniformly on M.
Moreover, we have |vg||r2 < Cllvg|lwr.s/2 < C. But then upon multiplying (L8]
with v we obtain the bound

B < /M [Vok|* dpg, < /M an fa, € vr dpg, + /M hie® ™ vy dpug,
< O+ Oflhwe®™ || 2 |orll = < C,

contradicting (4.3).
iii) Finally, recall that a subsequence vy — v weakly in W13/2(Q). Fatou’s
lemma then gives

liminf/ | Fa, [€2V% dpag, > / | fole?V> dpg, >0,
k—oo  Jas : M :

and with ii) we obtain

/ a;g|f>\k|62”’c dug, = 00 (k— 00).
M

But estimating

/ ak|f)\k|e2vk dpig, < / |K9k|dﬂgk + ”hkezvk ||L2 < 167 + 0(1)
M M
with error o(1) — 0 (kK — oco) we then arrive at the desired contradiction. (]

In particular, by Lemmal3 and ([@9) with error o(1) — 0 as k — oo there holds
(4.14) /2 —o(1) < agAp < 87+ o(1) for all k € N.

Note that so far we did not need to assume that all maxima py where fo(po) = 0
are non-degenerate.

4.3. Blow-up analysis. In this section we partially complete Galimberti’s analysis
of the shape of the metrics gi in the time-independent case and extend his result
to the more general case above. Like Galimberti’s work, our analysis follows the
outline of our previous joint work with Borer [3].

Theorem 4.4. Let fo < 0 be a smooth, non-constant function with max fo = 0
having only non-degenerate maxima py where fo(po) = 0. Then for any (vg) as
in (E]) above for suitable iyp € N, 7“,(:) 10, p,(f) — pfj.) € M with fo(pf,i)) =0,
1 < <, for a subsequence k — oo the following holds.
i) We have vy, — —oo locally uniformly on M = M\ {p((,i)); 1<i<ip}.
it) For each 1 < i <y there holds r,(ci)/m — 0, and in local Fuclidean coordi-
(@) (4)

nates  around p;,’ = 0 with constants c;” — oo we have
i i i 2 )
w,g)(x) = vk(r,g)x) - c,(c) — Weo(x) = log(m) in HE (R?),

2Woo

where weo induces the standard spherical metric goo = €2V~ gr2 on R? of curvature

Ky =1, and1 <49 <2,
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Thus we can rule out one of the possible blow-up limits in Galimberti’s [I5]
Theorem 1.1; moreover, we obtain the improved bound iy < 2 for the number of
“bubbles”. However, like Galimberti we are not able to decide whether the metrics
r = €2 g, = e g, on the torus converge to a limit metric on M, or vanish
as k — oo.

Proof. By (£9) and Lemma 3 for a subsequence k — co we have
K;;C€2vk d‘ugb -~ K, + Z "yiisp((;’j)
i€l
weakly-+ in the sense of measures, with a measure K > 0 on (M, g;) having no
atoms and with at most countably many atoms of weight v; > 0, i € I C N. Note
that (£3) gives the bound ), ~; < 8. Hence after relabelling there is ig € N such
that v; > 7/2 if and only if 1 < i <.
Also note that for any p with fo(p) < 0 for suitable r > 0 we have

/ K;dugk < ||h;€62”"||Lz(M7gb) — 0 as k — oo;
Br(p)

thus, necessarily there holds fj (p((fo)) =0,1<1i<1.

i) Given any open set 2 C Q C My, :== M \ {pff.); 1 <4 < g} there exists a
radius R > 0 such that for any py €  in Euclidean coordinates around py = 0 we
have

(4.15) / K;; dpg, <m
Br(0)

for sufficiently large k£ € N.
Clearly we may assume that €2 is connected and is so large that fQ fodpg, <O0.

Covering Q with finitely many balls Bgrya(pi), 1 < i < I, and splitting vx =
v,(co) + v,(:) + v\ on each B = B; = Bg(p;) as in the proof of Lemma [£.3] with
~v = 1/20 we then have Hvlij:)||wl,3/2(B) < C as well as the uniform bounds

+) (=)
e Mzagsy + e Nlagpy+ < € forany 1< p <4,

and a subsequence (v,(ci)) converges weakly in W3/ 2(B). Moreover, again arguing

as in the proof of Lemma 3] we have uniform bounds v,‘: < C, v,(co) < Cq on
Bsr/3(pi), and either for a subsequence we have |’U](€0)| < C on each B/ (p;) for all

k € N, or there holds v, — —oo uniformly on 2 as k — co. (Here we use that
by assumption is connected.)

Suppose that for a subsequence we have |v](€0)| < C uniformly on every ball
Bgrya(pi), 1 <4 < I. Since v,(co) is harmonic, then a subsequence (v](go)) converges
locally smoothly on Bps(p;)), and it follows that vy — v weakly in W13/2(Q)
and pointwise almost everywhere. By Fatou’s lemma then

limint [ |6 dig, = [ 1ole®™ diag, > 0
k—=oo  Jo Q

and similar to our argument in the proof of Lemma [£.3] from the fact that ay — oo
as k — oo, we then derive a contradiction by estimating

[ anlfle®™ dug, < [ 1Ko dug, + e 12 < 167+ o(0).
Q M
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Thus v — —oo uniformly on 2 as k — oo, proving the first claim.

ii) Next, consider any point pg = p((,io), 1 < i <ip. In order to be able to follow
our reasoning in [3] as closely as possible, we split vy, = wy + 2, where

—Ag, 21 = (hi — Bk)em)k

with [, zx dpig, = 0 and with

hi = / hye2vx dpg, satisfying || < ep — 0 as k — oo.

M

Since B

Il(h — h)e? || e < 2||hpe®** |2 = 26, — 0 as k — oo,
from elliptic regularity theory we have
(4.16) lzkllLee < Cllzkllagz < C||Ag,zkllr2 — 0 as k — .

For any R > 0 now there holds

sup wg — o0 as k — 00;
Br(po)

otherwise we have
/ K;cezvk dpg, < apge2llzrlie / e2wr dpig, + €k
Br(po) Br(po)

SCR2+€k<7T/4

for sufficiently small R > 0 and sufficiently large k € N, contrary to our assumption
about pg.

Thus, in view of part i) of this proof there exists R > 0 and py — po such that
wy, for sufficiently large k& € IN attains its maximum on Br(po) at pg. In local
Euclidean coordinates x near pg = 0 then pr = 2 and Awg(xi) < 0. From

(4.17) — Awg = ag fr, " + hye?¥*
it then follows that
agfa, (xx) + he = ax(folzr) + M) + hy >0,
and from ([@TI4]) we conclude that
—fo(zk) < X (1+ (pX) " hi) < 2Xk

for sufficiently large k € IN. Since py by assumption is non-degenerate, there exists
a constant C; > 0 such that — fo(z) > 2\ for |z]|?> > C1 Ak, |2| < R. Tt follows that
|zx|? < C1Ag; moreover, with error o(1) — 0 as k — oo the bound v; > 7/2 and

([@.I6) give
(4.18) /2 < /B o K} dpg, +o(1) < CrmagpA2e? @) 4 o(1).
R

We are then left with two cases. First consider the case when axA?e?"+(#r) — oo,
Let riak/\kezwk(mk) =1 with 7Z/\y — 0 as k — oo, and rescale
Wk (z) = wi(z + rex) — wi(zr) < wE(0) =0, Zkx(z) = 25 (zk + rpx)

on Dy = {z; |zk + rrz| < R}. Note that by [@I4) we have |wy(xy) + logry| < C;
moreover, as k — oo the domains Dy, exhaust R2.
The function wy, satisfies the equation

— Ay, = 13 (o g (@ + 73x) + hy ) 2O TwREOTE) = f o2 e20k on D
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where
Fu(@) = 1} (an fa (@ + ) + hy) e )
=1+ folog +rrz) + () hy
satisfies fi(0) > 0. Since (aphp) ‘x| < Cer — 0 as k — oo on account of
([@Id), and since in addition we have |zx|?> < C3 A\ and T%N/)\k — 0, a subsequence
A, fo(wg +7a) — co for some constant —1 < ¢g < 0 and fre?* — 1+co =: 72 >0

locally uniformly on R2.
In view of the uniform volume bound

(4.19) (1+0(1))/ 2 dx:/ e2<“?k+fk>dx:akxk/ 2 gy < C,
Dy Dy Br(0)

from [5], Theorem 3, we then conclude that a subsequence Wy — Wy locally uni-
formly, where Wo, With e < 0 = W (0) solves the equation

(4.20) — Aty = rie*™>= on R?,

with [i. €*”> dz < oo. Hence 79 > 0, and by the Chen-Li [9] classification of all

solutions to this equation we have we () 1= Weo (22 /19) + log 2 = log (ﬁ), and

our claim follows.

In the remaining case there is C > 0 with C~! < ak)\ze%’k(“) < Cforall k € N.

In view of ([&I4) we then have [2wy(z)) + log(Ag)| < C. Set 77 = Ax and rescale
Wi () = wi (i) + log(r).

Then

W < Wi (xg/rr) < C on Dy = {x; |rpz| < R}, k € N.

Moreover, wy, satisfies the equation
— AWy, = fke%kemk on Dy,

where a subsequence

fr(z) = apAZe?wr(@e) (1 4 Mo fo(rim) + (aphi) " thy) — 15 (1 + (Ax, x))

for some constant ro > 0 and with A = $Hessy,(0). As before, from [5], Theorem
3, it follows that a subsequence Wy — W locally uniformly, where woo(z) =
Weo(x/10) < C for Ag = A/r satisfies the equation

—Awe, = (14 (Apz, z))e*™ > on R?,
with finite volume and finite total curvature

/ e dy < o0, |1+ (Apz, x)|e*V= dr < oco.
R? R?

But Theorem below rules out this case.
iii) By the above characterization ([@20) of blow-up and ([@I9), at each blow-up
point pg,) with some constant 0 < 7o < 1 we must have

4t = / e?We dx = r3 lim e?P= dx < r3lim sup/ e* ™k dx
R2 L—00 /B (0) k—oo JDy

k—o0

= 7“(2) lim sup (ak)\k/ 2V d;v) < 871"!‘(2) < 8.
Br(0)

Thus there can be at most 79 < 2 such blow-up points, and the proofis complete. [
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4.4. Ruling out slow blow-up. Entire solutions of Liouville’s equation with cur-
vature functions of polynomial growth have been studied for instance by Cheng-Lin
[10]. Here we establish the following non-existence result, quoted as Theorem [L.3]
in the introduction.

Theorem 4.5. Suppose A is a negative definite and symmetric 2 X 2-matriz. Then
there is no solution w € C*(RR?) of the equation

(4.21) — Aw = (1 + (Az,2))e*™ on R?

with w < C and such that the induced metric h = e*“ggr2 has finite volume and
integrated curvature

(4.22) Vo = / e* dx < oo, Ko:= / (1+ (Az,z))e*” dr € R
R? R?
and hence also has finite total curvature
/ 11+ (Az, 2)|e*” dx < oco.
R2

Proof. Writing (1 + (Ax,z))e** =: F € L*(IR?) for brevity, following Chen-Li [9]
we introduce
- 1
(4.23) w(x) = —5— | (logle —y| —log|y|) F(y) dy
™ JR2

and note that in view of [@22)) we have |w| < Clog(2 + |z|).

The function v := w — @ then is harmonic with v(z) < C + C'log(2 + |z|).
Therefore, v must be constant. Indeed, by the mean value property of harmonic
functions and the divergence theorem, in view of the bound

|v] = 20T —v < C — v+ Clog(2 + |z)
for any partial derivative v and any zo € R?, R > 0 we have

|0v(z0)| = | dvdzx| < C’RfQ/ |v| do

Br(zo) 9BR(zo0)
< CR™'(C —v(zo) + log(2 + |zo| + R)) — 0 as R — oo,

where { denotes the average and do denotes the one-dimensional Hausdor{f measure.
Hence w = w + C for some C € R, as claimed.

Next, observing that for any y € R? there holds log |z—y|/ log |z| — 1 (Jz| — o).
from [@23) as |z| — oo we obtain
w) 1 [ logle—yl—loglyl
log || 27 JRe log ||

1 K
—>——/ de:——ozz—VEIR.
21 JRe2 2w

From (@Z4) for any ;1 > v we can bound e*? > |z|=2# if |z| > 1 and then also

/ || ~2 da < C/ |z|2e*? dx + C
R2\ B, (0) R?

<C |(Az, z)|e*™ dz + C = C(Vy — Ko) + C < 0.
R2

Thus, we conclude that v > 2 and hence Ky > 4.

F(y)dy
(4.24)
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Multiplying (£21)) with x - Vw we find the identity
div(Vwz - Vw — §|Vw|2) + div(g(l + (Az, z))e®™)
= (1+ (Az,z))e®” + (Az,2)e?” = 2(1 + (Az, x))e?” — v,
Integrating over a ball Br(0), we note that by finiteness of || F||: we have

R (1+ (Az,z))e*do — 0
OBRr(0)

as R — oo suitably. Also writing

. 2 _ 1, 2
9B (0) 17 2 9B (0) 2R

where for any € R? = C we denote as - = iz € C the vector = rotated by 90
degrees, we then obtain

BN
2R 9Br(0)

(4.25) (Jz - Vw* — |2+ - Vw[*)do + Vo — 2K — 0

as R — oo suitably.
Differentiating (£23) we find

R PR S N C et ') _ Ko
(4.26) z-Vw(x) =z -Vo(zr)= 5 /IPL2 PP F(y)dy = 5 + I(x),
with ( )
L[ yl-y
while
Lo =
et Vw(z) = 2t - Va(z) = L szy)F(y) dy
o Jpe o -4l
(4.27)

1 yL-(x—y)F

C2m Jge o —yP?

(y) dy =: I1(z).

We can estimate the error terms
1

ﬁ OBRr(0)

as R — oo suitably. Postponing the proof of ({28), from (£20) and (#28) upon
letting R — oo suitably we then have

(4.28) ([I(z)* + [II(z)[*)do — 0

K? Ky—8
(4.29) 0="0 4V — 2Ky = —~—"T Ko + W,

4 4
and in view of 47 < Ky < Vj we conclude that Kg = 47 = V;,. Hence A = 0, which
contradicts our assumptions and proves the claim.

It remains to show [@28)). Given any € > 0 there exists Ry > 1 such that

/ F(y)| dy < <.
R2\ Bg, (0)

Let |z| = 2R > 2Ry. Observing that |y| < |z — y| + |z| gives

|y
|z -y

<3 for y ¢ Br(v),
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we can bound

y-(z—y) yt-(x—y)
27r1;v+/ 7Fydy+27rllx+/ 2= T P(y)dy
| (@) Br(x) |z —y|? ) | ‘ (=) Br(x) |z —yl|? ) ‘
Ro

<C Fy)|dy+C—— F(y)|dy
| ( )l 2R— RO BRO(O) | ( )l

R2\(Bg(z)UBR,(0)) lz -yl

CRy
< — " <
_OE+2R—R0 < Ce

if R > Ry is sufficiently large. Moreover, we have

y-(z—y) z-(r—y)
LD rway- [ T Drga< [ (F@)ldy<e
’ Br(z) |z —y[? Br(z) |z —y[? ’ Br(z)

and N N
y - (@—y) zt - (z—y)
F(y dyz/ F(y)dy
/BR(w) |z —y|? ) Br(x) |z —yl|? )

Next, changing coordinates to z = x — y we obtain

v (r=y) = T EZp(e - 2)dz
/| Py = [ PRECERE

r(z) |z —y]? ||
1 / Tz
= - — (Fx —2)— F(z+2))dz,

2 Jr() |27

where we observe that
/ T (F(x—2)+ Flz+2)dz=0
Br(0) |7l

by symmetry. Similarly we have

xt - (x —vy) 1 zt oz
—F(y dy:—/ Flx—2)—F(z+ 2))dz.
/BR(m) |z —y|? ) 2 JBro) |21 (! ) ( )

Expanding
(A(x £ 2),z + 2) = (Ax,x) + (Az,2) £ 2(Ax, 2)
we then have
Flx—z)— F(z+ 2)
= (14 (A(x — 2,2 — 2))e® @) — (1 4+ (A(z + 2,z + 2))e?v(@+2)
= ((1 + (Az, z) + (Az,2))) (eQw(z*z) - e2w(z+z))
_ 2(14$7 Z) (e2w(m—z) + e2w(m+z))'

Note that we can bound

/ |:L' 2Z| (|(A$=Z)| + |(AZ7Z)|)(e2w(w—z) + e2w(m+z)) dz
Br(0) |2

<C |z (e2w(@=7) 4 2w(et2)) g < C |F(y)|dy < Ce.
BR(O) BR(I)

From ([@24) we also can bound e?? < |z|72# for any u < v when |z| > 1 is
sufficiently large. Recalling that v > 2 and choosing p = 3/2 we find

/ |.I Z| (€2w(z—z) +e2w(z+z)) dz < Rl*Q,u/ % < CR272# =0
Br(0) Br(0) |2l
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as |z| = 2R — co. Thus we obtain

|4nI () +/ x—j(Ax, I)(e2w(w—z) _ e2w(w+z)) dz| < Ck,
Br(0) |2|
and similarly

|4 II(x) + /

Br(0) |22

at -z 2w(z—z) 2w(xz+z)
— (Az,z)(e —e ) dz| < Ce,

if R > Ry is sufficiently large. But letting z = r¢ with ¢ = ¢ € S' and integrating
for each zp = re?o € B r(0) from 6y to Oy + m along a semi-circle with radius r, we
have

|e2w(m_z") - e2w(w+z")| < | / 22 Vuw(z + z)ezw(“'z) d9|
0

< C sup |Vw(z + 2)| e2w(@+2) o,
|z|=r 0B,(0)

Hence for any |z| = 2R and sufficiently large R > Ry there results

[I(z)| +|II(z)] < C sup |[Vw(z+ z)|/ |z[2e?v@+2) dz 4 Ce
|zI<R Br(0)

(4.30) <C sup |y||Vuw(y)l |F'(y)| dy + Ce
yEBR(x) Br(z)
<Ce sup |y||[Vw(y)| +Ce.
yEBR(z)

But from [@24) for any o < 1 for any sufficiently large |x| = 2R > 2R; = 2R1(«)
and any y € Bg(x) we can bound |F(y)| < C|y|?e*>?®) < OCR?*~2+1=% to obtain

Vule) = Vite) = | [ Z=tru)dl

F F
< / |E(y)] dy+/ Mdy <CR '+ CR**? < CR™ ™
R2\Bg(z) [T — Yl Br(a) 1% =Yl

Thus, for any 0 < a < 1 the number sup, g2 |y|*|Vw(y)| is attained. But from
(#24), (@27), and @30) for any 0 < o < 1 with a constant Co > 0 independent of

«a we have

2" [Vw(z)| < (% + ()] + [T ()]) [2]*7

(4.31) < (E +Ce sup )|y||Vw(y)| + Ce)|z|*!

< (2— + Coe)[z]|*™ ! + Cae sup |y|*|Vuw(y)|,
T yI>R
where ¢ — 0 as |z| = 2R — co. Choose Ry > Ry such that Coe < 1/2 < £2 for
R > R5 and set
P (R) = sup |y|*[Vw(y)l, R = Ry.
ly|>R
Then, upon taking the supremum with respect to |z| > 2Ry we obtain

3K, 1 3K, 1 1
Do(2R) < S0 + 2 @a(Ro) < S + 2@ (2R2) + 5 sup  |y[*[Vuw(y)].
T 2 w2 Ro<|y|<2R»
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Absorbing the second term on the right on the left side of this inequality and passing
to the limit « 1 1, finally, we find the uniform bound

. 3K
YlIVeo(y)| < lim@a(2R:) < 52+ sup  Jy||Vu(y)| < oo
ol 2T Ry<ly|<2R,
for every |y| > 2R3, which in view of ([£30) concludes the proof of ([{28). O

5. “BUBBLING” ALONG THE FLOW

Of course it is unreasonable to expect that Theorem [£4] also holds true for non-
minimizing critical points or even for Palais-Smale sequences of F in C} for small
A > 0. However, our derivation of the bounds (7)) for total curvature is sufficiently
flexible to allow obtaining similar bounds for metrics evolving under the prescribed
curvature flow for f) when ¢t — oo in this limit regime. Moreover, the bounds from
Lemmas and [B] yield precisely the control on the error terms resulting from
the presence of the time derivative that is required in Theorem [£.4]

5.1. Bounds for total curvature along the flow. Let fy < 0 be a smooth, non-
constant function with max fo = 0 having only non-degenerate maxima poy where
fo(po) =0, and for 0 < A < Ao let fa = fo + A as above where )¢ > 0 is such that
o changes sign and satisfies ([I3)).

For any 0 < A < A\g and any § €] — d,0[, with a number dy = do(A) > 0 to be
determined below, we then consider initial data uj, € C} with
(5.1) E(uy) < Bx + 67,
and let u§ = u(t) with o} = a$(t) be the smooth solution of (I6), (L7) for fi
with data u3(0) = uj, guaranteed by Theorem [[4 Also let ¢§ = 2ul b

Lemma 5.1. We have

lim inf lim sup lim su / K s|du,s
L0 Mop t—»oop Mx{t}| gkl Hag

< 2lim inf lim sup lim sup(Aa$ (£)) < 4liminf(\|B}]) < 167.
MO st00 oo A0

Proof. We claim that for any 0 < XA < Ao, any 6 €] — dp(N), 0], similar to the proof
of Lemma [I.T] above, for each t > 0 we have u$ + §f\ € C,, for some p = pu(t) > A,
where C71[6| < | — Al < C|6] when dp = dp(\) > 0 is sufficiently small.

Indeed, for each ¢ > 0 by ([4), (I12), and the mean value theorem there are
numbers ¢', 6" €]4, 0] such that

/ f}\e2(u6/\+5.f/\) dptg, = 25/ fAzez(uiJns/fx) dpig,
M M
and

/ e2(u‘i+6fx)dugb =1+25/ f>\62u6’\ dﬂgb+252/ f>\2€2(Ui+6//f’\)dugb
M M M

:1+252/ f§e2(U§+6//f*)dugb.
M

Thus, u$ + 6 fx € C, with pu = u(t) given by
s ’
26 [y Jae? A0 dpg,

— > A
1+ 262 fM f§€2(ui+6//f>\) dugb

(5.2) L=
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Note that in view of the energy bound (5I) the argument used to prove Lemma
gives a uniform in time lower bound

/ f/\262(u‘i+6’fx) dpg, > (/ I dugb)Q// e—2(ud+6" ) dpig, > ¢ = c(\,6) >0
M M M

for any 0 < A < A\g and any 6 < 0, uniformly in ¢’ €]§,0[. In addition, clearly we
can bound

J T L e e

for all such 0 < A < A\p and 6 < 0, uniformly in ¢ > 0 and 6" €]4,0[. In consequence,
for any 0 < A < Ag we can find dy = dp(A) > 0 such that with a uniform constant
C > 0 independent of ¢ > 0 and § €] — dp, 0 there holds

CH8| < |u— Al < Cld),

as desired. Moreover, for any 0 < A < A\g we obtain uniform in time bounds for
a3 (t) and v} (t) as in Lemmas [2.4] and 25 independent of & €] — d, 0]
Next, as in the proof of Lemma [£1] we expand

B +8) = B(u}) + 6 / Vi -V djig, + 8 E(f2)
M
with E(fx) = E(fo). Using (L8] to write

8
/ Va3 -V fr dug, =/ (—Ag,ul) fr dug, =/ K g5 fre® dug,
M M M

) )
=3 (t) / fre> dpg, — / ud o fre®> dpug, ,
M M

and recalling that with F(t) = F{(¢) on account of Lemma 1] and ([LI2)) we can
bound

)
|/ u‘;)tf,\e%* dugb‘ < ||f)\||LooF1/2(t) —0ast— oo,
M

with error o(1) — 0 as t — oo for each t > 0 we find

B < B+ 56) < B(u) + 60, [ B dug, + PE(f) + 0l1)
M

8
< Br+ 5a§/ fRe* dpg, +6°(1 + E(fo)) + o(1).
M
where we also used (&) in the last inequality. But from (52 we obtain
26 / F2e23 dpig, = A — pu + 261,
M
where I = [}, F2he?"S dp,, with
625/fx
1—
1 + 262 fM f§e2(u§+5uh)dugb
satisfying ||h||L~ < C¢é by (LI2) may be bounded
1] < llgllzesll £l < C8 < Clu— Al

for a uniform constant C' > 0 independent of ¢ > 0 and § €] — dp, 0].
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Thus, with error o(1) — 0 as ¢ — oo we finally arrive at the estimate

§
B < B = (=) + 01 = X)) +o(1)

analoguous to the time-independent case, from which we conclude the bound
lim sup o (t) < 2lim sup (ﬁ’\ B +O0(n— )\))
t—00 t—00 Hm— A
Letting 0 1 0 we have p | A uniformly in ¢ > 0, and for almost every 0 < A < Ag
we obtain
Br—B

lim sup lim sup a3 (t) < 2}}{&1 “ = 2|64

510 t—o00
Multiplying with A > 0, as in ([@3H]) we find

lim inf I li (1)) < 2Lminf(A|B4]) < 87.
im inf 1im sup imsup(Aa§ (t)) < im in (AIBy]) < 87

510 t—o0

But from (@) and recalling that we may bound |fy\| < —fo + A = —f) + 2\, with
the help of ([[4]) we obtain the bound

[ 1Rl < [ 1 dding + 0 [ 1 dingg < P2 + 22030

at any time ¢ > 0, and our claim follows. O

5.2. “Bubbling” of the prescribed curvature flow. We now have all the in-
gredients required for proving Theorem

Proof of Theorem[L.3. By Lemma [5.0] there is a sequence A | 0 such that
sup lim sup lim sup (Aka/\k( ) —1/k) < 8.
kEN 510 t—oo

We may then fix a sequence d; 1 0 satisfying

sup sup limsup ()\koz)\k( ) — 2/k) < 8.
kEN §,<6<0 t—00

Choosing § = 4 for each k € N, finally, for suitable 7}, — oo also satisfying
Fr(t) = F)‘f: (t) < 1/k for t > Ty, we find the uniform bound

(5.3)  sup / K g |y <2 sup (el (6 + Fu(t)'/2) < 167 +6/k
>, Jmx{ey P N t>Ty,
for all k£ € N.
Thus, if for each k € N for any tr > T we let v, = ui’z (tg), satisfying (L))

with ap = a " (tr) and hy = u/\,c ((tr), our Theorem A4 applies and we find that

the flows (ui’c (t)) 1>, ke EXhibit (at most 2) spherical “bubbles” as k — co. O

6. THE DEGENERATE CASE

Conceivably, as in the analysis [27] of “bubbling” solutions to the prescribed
curvature flow on S2, also the prescribed curvature flow for f\ on the torus for
sufficiently small A > 0 will only exhibit a single “bubble”; moreover, similar to
[27], Proposition 4.9, we expect the center of this “bubble” to move approximately
in direction of the negative gradient of the prescribed curvature function fy. A If,

2Note7 however, that in [27] we only consider flows that blow up as ¢ — oo and hence do not
even subsequentially converge.
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finally, one could establish such a result even in the case when the maxima of fj
are allowed to be degenerate, by following the construction of Topping [29], p. 609,
for the heat flow of harmonic maps one could then use this to give an example
of a prescribed curvature flow with non-unique subsequential limits as ¢ — oo (in
contrast with the analytic case studied by Ngo-Xu [21]).

6.1. Topping’s example. Recall that Topping [29] considered the heat flow of
harmonic maps from the standard 2-sphere S2 to R? x S? or T2 x S2, where the
target is endowed with the warped metric dugz(z)+ f(x)dusz (y) for suitable f > 1.
With the fixed harmonic component ug = id: S? — S? and with 2z = z(t) satisfying
dz/dt = =V f(z) then u(z,t) = (2(¢),uo(x)) is a solution to the flow. Letting
f =1— fo, where in polar coordinates (r, ) on a Euclidean disc B2(0) the function
fo is given by fo(r,0) = 0 for » < 1 and by

(6.1) folr,0) = —e~ 7 (sin(

1
— +O+ 2)
for r > 1, scaled and smoothly extended to the torus, for suitable data zo = 2(0)
Topping then obtains a flow where the “center” z(t) follows a “spiralling groove on
a gramophone record” and thus has non-unique subsequential limits as ¢ — oo.

6.2. “Bubbling” in the degenerate case. Returning to the prescribed curvature
flow, given a smooth function fo with fy <0 = max fy, let

My = {p e M; fo(p) =0}

and set d(p) = dist(p, Mp). As a possible replacement of the non-degeneracy con-
dition in Theorem (4] that also applies when f; may have degenerate maxima we
propose the following condition.

Condition A: There exist dy > 0 and Ag > 0 such that, letting

Ky={z= (a:l,arz) € R?; |3:1| < 22, |z| < do},

for any p € M with 0 < d(p) < do there is a rotated copy K, C R? of K such that
in Euclidean coordinates x around p = 0 there holds

(6.2) Ay inf | fo(x)| > [fo(p)I-

Clearly, Condition A is satisfied by any function fy with only non-degenerate
maximum points. Moreover, the function fy given by (6.I) satisfies Condition A
(With AQ = 3)

As a first step in the direction outlined above we then have the following result.

Theorem 6.1. Let fy < 0 be a smooth, non-constant function with max fo = 0
satisfying Condition A with constants dg, Ag > 0. Then for any (vg) as in Lemma
[4-3 above for suitable iy € N, T](;) 40, pg) — p((,io) € M with fo(pgo)) =0, 1< <y,
as k — oo suitably the following holds.
i) We have vy, — —oo locally uniformly on M = M\ {p&); 1<i<ip}.
(

i1) For each 1 <1 < iy in Fuclidean coordinates x around pki) =0 we have
w,(f) (z) == vy (r,(f)x) + log T](f) — Weo ()

2Woo

in H . on R?, where weo induces a metric goo = €*=ggrz on R? of locally bounded

curvature, and 1 < ig < 4.
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Proof. Since non-degeneracy of the maxima py where fo(pp) = 0 is not required for
either Lemma or (£9) to hold, as in the proof of Theorem 4] we can find a
subsequence k — oo such that

K;Lkezvk dpg, — K4 + Z "yiépg?
il
weakly-* in the sense of measures, with a measure K > 0 on M having no atoms
and with at most countably many atoms of weight v; > 0, ¢ € I C N, and where
vi > w/2 if only if 1 < i < iy for some ip > 1. In particular, with error o(1) — 0 as
k — oo we have

(6.3) /2 —o(1) < agAp < 87+ o(1) for all k € N.
analogous to (EI4).

i) The proof of statement i) above then is identical with the proof of the cor-
responding statement in Theorem 4] and we only have to show that also with
the weaker Condition A on fy we are able to extract “bubbles” from the metrics
gr = €*"*g,,, k € N, and estimate their number.

ii) Thus let py = pff.) for some i < ig. With hy = fM hie®"k du,, satisfying
|hi| < ep — 0 (k — 00) we split vy = wy + 21, where

_Agbzk = (hk — Bk)€2vk with / 2k dﬂgb =0,
M

so that ||zx||L=< — 0 as k — oo as before. In Euclidean coordinates around py = 0
then for any sufficiently small R > 0 we again can find points z; — 0 and radii
rr — 0 such that

(6.4) / K} dug, = sup / KJ dpg, = /3.
By, (zg) (0) /By (wo)

z0E€EBR

Define

Wk (z) = wi(z + rex) +logrk, Zx(z) = zk(zk + rR2)
on Dy = {z; |zr + rrx| < R}, where again we note that the domains Dy, exhaust
R? as k — oco. There holds the equation

— Ay = (akak(fEk + rew) + Bk)e2(wk+5k) — fkezskemk on Dy,
where
fk(.’L‘) = akf,\k (:Ek + ’I“k:E) + Bk = ap )\ (1 + )\;lfo(.%'k + T‘kCL') + (Oék)\k)ilﬁk).

Note that with xj chosen such that wy(zg) = maxpp(p,) Wk and with . such
that |wg(x) + logrg| < C as in the proof of Theorem [£4] above, in the present
degenerate case we are unable to assert a bound for r7/\; and therefore cannot
show that )\,;1 fo(zk + rrz) is locally bounded from below. However, the choice
(64) now allows to proceed with the tools developed in the proof of Lemma [A3]
and come to similar conclusions as in Theorem L4

Indeed, setting v = 1/20 and splitting wy, = ﬁ),(j) + @,io) +@ 7 on any ball B =
Bi(zp), where Au?,(co) =0 in B with tb,io) = wy, on 0B, and where tb,(f) € H}(B)
with Aw,(f) = (A )*, similar to the proof of Lemma 3] from (6.4) and (@3) we

obtain uniform bounds

~(4+) (5D
e o) + le™™™ llunm) < € forany 1<p <4,
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as well as
le(ci)”Wle(B) <C forany 1 <p<2.

Moreover, estimating w,(j’) < wy —ﬁ),(c_), for any disc D C B we again find a uniform

bound

exp(][ ’Y’li)l(CO) d.’I;) S][ eryﬂ‘,)io) d{L'S C(/ eQ’yﬁjk de'/ 6—2'711';(7) d{[;)l/2 S C.
D D B B

Continuing to argue as in the proof of Lemma then we have a uniform bound
tb,io) < C1 on Bys(xo), and either |u?,(€0)| < C on Byjs(xo) for all k € N, or there

exists a subsequence such that ﬁ),(co) — —oo uniformly on By p(x0) as k — o0

suitably. In any event, for any ball B, upon covering B with finitely many balls
Bija(w5), 1 < j < J, and estimating Wy < ﬁ),(:) + d),(go) < ﬁ),(:) + C1 on each ball,
we find

5 ()
lle“ | LBy < C Z [le™ ||Lp(Bl/2(m].)) < C forany 1<p<4.
1<j<

Choosing p = 3, as before we conclude that 121,(;) < C||ﬁ),(€+) w2372 < C uniformly

on any B, if k € N is sufficiently large.

In particular, letting B = B;(0) and bounding wy, < 711,(:_) + tb,io) <C+ tb,io) on
each By /5(z;) in our cover of B, if we suppose that tb,io) — —oo uniformly on some
Bi /o(x5,) we find that also @y, — —oo uniformly on By /5(z;,) and hence on every
Bi /o(x5). But then @), — —oo uniformly also on B, and in view of (6.3) with error

o(1) — 0 as k — oo there results

/ K;Lk dprg, < / aplpe?®r dx + o(1)

<C e*Pr dz + o(1) — 0,
B1(0)

contradicting (64). Hence we have |1B,(€O)| < C on By 5(0) and therefore on every
ball By 5(20) for sufficiently large & € N. By harmonicity we then may assume that

a subsequence tb,io) converges smoothly on every ball By 5(z0). Since we also have

that H'(Z)](j:)||wl,3/2(3) < C on every B = By(xzg), we conclude that a subsequence
1,3/2

o/ and almost everywhere on R?, where w., < C is

W — Wee weakly in W,
bounded from above.

Fatou’s lemma now yields that for any L € N we have

/ €™ do < limin / I dg < hmmf/ =1
BL(0) B.(0) "

k—o0 k—o00

Passing to the limit L — oo we find e?®= € L!(IR?) with
(6.6) / e?P dr = lim e dy < 1.
R2 L—o0 BL (0)

For k € N set for(z) := A fo(wg + ) <0 so that

fre(@) = arfa, (T + rex) + hie = aphi (1 + for + (arAi) " he).
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By (63) we may assume that ax\r, — g > 0 as k — oo. Recalling that |hg| — 0
and ||zx||p= — 0 as k — oo, and writing |fox] = —for = 1 — (1 + for), by Fatou’s
lemma and () for any L € N we have

u/ lim inf |f0k|62“~’°° dz < lim inf/ ak)\k|f0k|e2w" dx
BL (0) k—o0 k—oc0 BL (0)

(6.7) =lim inf/ (apAr — ka)e%”‘ dx < lim inf/ (apAr — ozkf)\k)ezv" dpg,
Br(0) M

k—o0 k—o0

k—o0

= hrninf/ appevr dpg, = p < 81 < 0.
M

We can use this result together with Condition A to show that ( fok) is locally
bounded. Indeed, suppose that for some sequence yx — yo in R2 there holds
| for(yx)| = |folar)|/Ax — oo as k — oo, where qx = . + rryx, kK € N. Then
qr — 0; hence d(gx) — 0 as k — oo, and we may assume that d(qx) < dp for all k.
By Condition A there exist cones K,, with vertex ¢; such that

(6.8) Ao inf |for(y)| = AoXgt inf |folq)l = N folaw)| = [ for(yr)| — o0
YEQK quqk

as k — oo, where the cones (with a suitable labelling of coordinates)
Qr ={y; zx + 11y € Ko, }
={y=w" ) ly' —wl <v® — i ly —ywl < do/ri}
as k — oo suitably exhaust the cone Qo = {y = (y',%%); [v* — 9| < y? —v2}. From
670) and (68) there then results a contradiction.

Hence we may assume that fke%k dx — p(1 —i—foeo)e%m dx weakly-* in the sense
of measures, where fy < 0 is locally bounded from below. Setting

Foo = lu(l =+ fNOOO)627I}°°

with fW |ﬁ'oo|dx < 167 by (@), then W weakly solves the equation — AWy, = Fy

on R2.
2o

In order to obtain a lower bound on the volume of the metric goo = e*“~gRr2 we
once more follow Chen-Li [9] and set
1 -
woo = ~5- [ (logo — | - loglul) P ) dy
T JR2
with |wee| < Clog(2 + |z|) and satisfying
Woo () 1 log |z — y| —log|y| - 1 / ~
6.9 =—— Fooly)dy = —— Foody=: —
(6.9) log || P log || () dy 27 JRe Y v

as |z| — oo for some |v| < 8. The mean value property of harmonic functions
and the bound We, — weo < C + C'log(2 + |x|) then again yield the existence of a
constant C' € R such that ws, = Wee + C. Since e*?= € L1(R?) in view of (6.6,
we then also have e**= € L!(IR?). It follows that v > 1, and we can estimate

,u/ 2o dazz/ Foodajz 2.
R?2 R?2

Since p < 87 we conclude that [p. €2 dx > 1/4. But the volumes of all bubbles
obtained by rescaling the normalized metrics can add up to at most 1. Hence there
can be at most four points where bubbles form, and iy < 4. O
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