AN ANALYTIC FRAMEWORK FOR THE SUPERCRITICAL
LANE-EMDEN EQUATION AND ITS GRADIENT FLOW

SIMON BLATT AND MICHAEL STRUWE

ABSTRACT. The natural setting for the Lane-Emden equation —Au = |u|P~2u
on a domain Q C R"™, n > 3, for supercritical exponents p > 2* = 2n/(n — 2)
is identified as the space of functions u € H}NLP () with finite scale-invariant
Morrey norms. We show that this Morrey regularity is propagated by the heat
flow associated with this equation, and we study the blow-up profiles.

1. INTRODUCTION

Consider the Dirichlet problem for the Lane-Emden equation
(1.1) —Au = |u|P2uon Q, u=0on N,

where  is a smoothly bounded domain in R™, n > 3. A challenging question
attributed to Paul Rabinowitz is whether for domains 2 with nontrivial topology,
in particular, for domains sufficiently close to an annulus, there exists a solution
u > 0 to (LI) for any p > 2 (see [2], p.S19, and [37] for further background).
Formally, solutions to (LT correspond to critical points of the functional

_ 1/ Vuldz — 1/ lulPde, u e HL N LP(Q).

2 Ja pJo

The purpose of the present paper is to identify a functional analytic framework
for dealing with problem (1)) in the “supercritical” case when p > 2* := 2n/(n—2)
and to discuss the corresponding heat flow

(1.2) g — Au = |ulP?u on Q x [0,T[, u=0o0n N x [0,T[, T < oo,

for given initial data ug € H* N LP(Q) as a suitable gradient flow for E,,.

Much of our work has been inspired by Pacard’s paper [29], where he presents a
remarkable monotonicity formula and a partial regularity theory for “stationary”
solutions to (), the notion of “stationary” solution being modelled on Evans’
[10] notion of a stationary weakly harmonic map. In Proposition 5.1l moreover, we
extend Pacard’s [29] partial regularity result to the full range of exponents p > 2*

Pacard’s work motivates the study of (LI) in the Morrey space Hg N LPH(Q)
defined below, where y = %. By combining Pacard’s ideas with the arguments
giving monotonicity and partial regularity for the heat flow of harmonic maps de-
veloped in [36], we obtain a monotonicity formula similar to Pacard’s for the flow

([C2) from which we deduce Morrey estimates and partial regularity results. Our
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Proposition shows that — up to a constant — the Morrey LP*#-bounds of the
data are preserved along the flow, even when the solution to (I.2]) blows up in finite
time. In the latter case the Morrey estimates hold on domains whose size naturally
decreases as we approach the blow-up time, which is sufficient to recover partially
regular blow-up profiles as “tangent cones” to the flow by rescaling the solution
suitably around blow-up points; see Theorem The Pacard-type monotonicity
formula in PropositionB]in Section 3 and the e-regularity result for weak solutions
of ([I2), Proposition Bl in Section 4, also may be of interest in themselves.

A particular consequence of our estimates is that classical solutions of (L2 on
a convex domain always either blow up in finite time or uniformly decay to 0 as
t — 00, as shown in Proposition[6.6] which agrees with results of Matano and Merle
[23] for global radially symmetric solutions of ([L.2]).

For so-called “borderline solutions” u > 0 of ([2) in the sense of [28] partial
regularity results similar to ours previously were obtained by Chou et al. [6],
however, exploiting the additional global bounds available in that case.

2. MORREY SPACES

Recall that (in Adams’ [I] notation) a function f € LP(2) on a domain 2 C R"”
belongs to the Morrey space LP*(Q) if

(2'1) ||f||Z[)/p,>\(Q) = sup 'f')\_n/ |f|pd$C < 00,
zoER™, r>0 By (20)NS

where B, (o) denotes the Euclidean ball of radius r > 0 centered at .

Similarly, a function f € LP(E) on a subset E of the spacetime R"*! belongs to
the parabolic Morrey space LP*(E) if

@2 Wlprgyi=  sp A [ e,
PT(Z())QE

zo=(z0,to) ER™ 1 r>0

where P,(x,t) denotes the backwards parabolic cylinder B, (z)x]t — r?, t].

For either problem (IIl) or (I2)) the number u = % turns out to be the
relevant Morrey exponent. In fact, by work of Adams [I] for u € H}(Q2) satisfying
Vu € L**(Q) we have u € LP*(Q) with continuous embedding; similarly, for

any u € W>51 N H}(Q) with Au € L7 1#(Q) there holds Vu € L2#(Q) and
Vull 2.0y < OHAU”L;%#(Q). We revisit these estimates in Section 5, which, in

particular, imply a threshold result for weak solutions u € H} N LP#(Q) of ([IIl);
see Proposition[5.71 As we shall see, similar local and global threshold results hold
true for blow-up of the heat flow (2]

3. THE HEAT FLOW

Let © be a smoothly bounded domain in R", n > 3, and let ug € C§°(Q2). For
given p > 2 we consider the flow (L2)) with initial data

(3.1) u=1ugy at t =0.

Given a smooth solution u to (L2)), BI]), upon multiplying (L2) by u; and inte-
grating by parts, for any T' > 0 we obtain the familiar energy identity

T
(3.2) E(u(T)) +/0 /Q lug|? da dt = E(ug)
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for E = E,. In particular, the function ¢ — E(u(t)) is non-increasing; in fact, the
flow (L2), (3I) defines the L?-gradient flow for E.

For “small” data ug € C'(f2) it is not hard to show that the solution to (L2),
BJ) exists for all time. On the other hand, if E(ug) < 0 the flow (L2), B.I)
will blow up in finite time 7' > 0 in the sense that [|u(t)||p~) — oo as t T T}
see for instance Fujita [12] or Kaplan [20]. Given 0 < ug € C*(Q) \ {0}, thus the
Cauchy problem for (I2) with initial data Aug will have a global classical solution
u? for small A > 0, and u* will blow up in finite time when X\ > 0 is large. Letting
A = sup{\;u? is global}, one may hope that on a suitable domain for suitable
data ug the “borderline” solution u* = lim g« u” introduced by Ni et al. [28] will
converge, as t — 00 to a solution us > 0 of the time-independent problem ().
However, A* might be smaller than the number where supy~oFE(Aup) is achieved,
which sparks our interest also in solutions to (I.2) blowing up in finite time.

3.1. The Giga-Kohn analysis. In a seminal paper Giga-Kohn [I6] studied the
asymptotic behavior of bounded solutions to (LL2]) on the space-time cylinder P :=
B1(0)x]—1,0[C R" xR blowing up at the origin of space-time. Note that a solution
u to (L2) on P; induces a family

(3.3) up(z,t) = R¥P~2y(Rx, R*), R >0,

of solutions to this equation on the scaled domains P,r = By/r(0)x] — 1/R2,0].
In the case when n > 3, p < 2*, and when

(3.4) [t/ ®P=D |y (x, )| < C uniformly on Py,

Giga-Kohn were able to derive a precise characterization of the blow-up profile,
improving previous results of Weissler [39] and Friedman-McLeod [II]. Their tech-
nique relies on the introduction of self-similar variables

(3.5) s=—log(—t), y =x/vV—t, w(y,s) = (—t)'gu(:zz, t) = e_Bsu(e_s/2y, —e 7)),

where 8 = 1/(p — 2). The function w then satisfies the equation
1
(3.6) ws — Aw + ot Vw + Bw = |w[P~ 2w,

and an energy-type inequality for solutions of ([B.0]) allows to conclude that the
functions w(-, s) as s — 400 converge to limits w* independent of s, corresponding
to self-similar solutions u* = u; for any R > 0 of (L2) on R"x] — oo, 0[, much in
the same way as blowing up a minimal surface around a singular point produces
a tangent cone. The paper [16] thus provides the first instance of a “monotonic-
ity formula” being employed in the analysis of a nonlinear flow problem. Later,
analogous monotonicity formulas were discovered also for the harmonic map heat
flow by Struwe [36] and for the mean curvature flow by Huisken [19]. Ultimately,
monotonicity formulas for the Ricci flow played a key role in Perelman’s [32] proof
of the Poincaré conjecture.

In the latter geometric applications, monotonicity formulas either involve the
Dirichlet energy, the area, or curvature; in contrast, the quantity in the Giga-Kohn
monotonicity formula is the difference of two non-negative terms related to energy
and is non-coercive.
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3.2. Pacard-type monotonicity. Our first goal in this paper is to develop an im-
proved monotonicity formula for the flow (L.2), similar to the monotonicity formula
found by Pacard [29] for the time-independent problem. We achieve this through
a combination of Pacard’s ideas with the approach to the heat flow of harmonic
maps presented in [36].

Let Q be a smoothly bounded domain in R™, n > 3. Fix a point zg € 2 and a
time ¢y > 0. Given a solution u to (L2)), for R > 0 let

(3.7) up(z,t) = R¥P=Dy(zy + Rx, to + R*t) on Qg x | o[,

to
e
similar to B.3), where Qr = {z; xo + Rz € Q}. Also let

1
(4n|t])m/2

G(z,t) = e T xreR"t<0,

be the fundamental solution to the heat equation with singularity at (0,0), and set

1

Jal?/4
(4m)/? €

G(I07t0)(:17, t) = G(x — xo,t — tp), Gi(x)=G(z,-1)=

for brevity. We sometimes also write z = (z,t) for a generic point in space-time.
It will be useful to be able to work with localized quantities, in particular, when

the domain € is non-convex. For this purpose let ¢ = p(|z]) € C*(R") be a

compactly supported cut-off function such that 0 < ¢ <1, and for R > 0 let

¢r(r) = p(Rz).

Define
1
D#?(R) = 5/ Vur (@, 1)k (2)Gx () du
Qr
12 2 2
— ZR7-3 |V’LL| ® (fE - IO)G(107t0) dx.

QX{to*RQ}
For g > 2 we also let
1
FE(R) =+ [ Jun(e.~1)[1h(@)G. (o) do
Qr

1 2¢
= / [ul?® (2 — 20) G (z0,1) da.
q QX{to—R2}

Observe the identities

d 2
IR RzluR(:zr,—l): (z-Vu—2u + _2u)(a:0—|—:1:,t0—1)
and
4 / fdx*—/ (x —x0) - vfdo
dR R=1JQr o0 0

for any f € C°(Q), where v is the exterior unit normal along 9.
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Shift coordinates so that o = 0. Integrating by parts and using the equation
([C2) then we compute

d d
—D?(R = VurV (- %G d
ar "l /QRX{l} urV (gRur) #aGe Ay
1
+ —/ |Vug|?z - Vp? (Rz)G. d;v’Rfl - B¥
2 Japxi-1y =

1
= / (—Au—l— —gj.Vu) (3:~Vu—2ut—|— u)(sz(m07t0) dr + I¥
Qx{to—1} 2

p—2

1/ 2 2 4
= - z-Vu—2u; + u) 9 G gy 1) AT
2 Qx{toq}( "Tp-2 ) (zo-to)

2
2u) @QG@MO) dr + I,

+/ (JulP~?u — L)(:z:-Vu—2ut—|—
Qx{to—1} p—2

with I¥ = B¥ + L%, where B¥ is the boundary term
1

(3.8) B? = 5/ v - 2|Vul?0* Gy 1) do
BQX{to—l}

and where L% is the error term

LY = / | V> - VoG (34.10) d
(3 9) QX{to—l}

2
2u) OG (20,t0) dT

—2/ Vu-Vgp(x-Vu—2ut—|—
QX{to—l}

induced by localization. Similarly, for ¢ > 2 we have

d d

—F?(R)|,_, = / lur|? 2ur(==ur)pnGy dz|,,_

dR ¢ ’Rfl Qnx{-1} (dR ) R ‘Rfl

1 / 9
+ - ugr|iz - Vo (Rx)G, dx|
q Jopx{-1} | | ( ) ’R_l
= / |u|q_2u(:v -Vu — 2u; + u) 902G(101t0) dzx + LY,
Qx {to—1} p—2
where
1
(3.10) Lf = —/ [ul?z - Vo? Gy, da.
q Jax{to—1}
In particular, we can now write
d 1 2 2
ﬁD“"(R)‘Rzl = 5/ (3: -Vu — 2us + — 2u) @2G(10)t0) dx
(3'11) QX{to—l} p
d 1 d
+ (B ey — " TRIF(B) oy + 4D + B,
where
1

(3.12) AY =LY — Ly + ——L3,

p—2
which is the identity corresponding to the monotonicity formula of Giga-Kohn [16],
Proposition 3.



6 SIMON BLATT AND MICHAEL STRUWE

On the other hand, using ([L2), we find the equation

d 2
—Ff (R = -Vu —2 2Gleo.to) dv + LY
dR 2 ( )’Rzl /Qx{tol}U(x u Ut + p_ 2“‘)%0 ( O,t[)) fI:+ 2
2
= / u(z - Vu—2Au = 2JuP?u + ——u)9? G4y 10) dz + LY
Qx {to—1} p—2
= 2/ |Vu|2902G(m07t0) dx
QX{to—l}
- 2/ u(fulPu — L)@QG(%%) dr + AY
Qx {to—1} p—2
4
=4D%(1) — 2pF¢ (1) + —2F2“’(1) + A%,
p—
where
(3.13) AY =L5 + 2/ uVu - V» G 1 10) da.
QX{to*l}
This scales
d 4
RﬁFg’(R) =4D?(R) — 2pF7(R) + mFg’(R) + A% (R)
and may be combined with (BI1) to give
d 2 d 1 d d
—F?(R =—-—D% — — —(R—=FJ(R) - AY(R
2 d
+———F7(R
rp—2ar

1/ 2 2 2 2
" 2 Vu = 2uy + ——u) 9" Clay ) dz + = (B? + Ap)
p Qx{to—1} ( t p— 2 ) (xo,to) » D

2d 1 d d
+ EEF’?(R”R:l - %E(REFQP(R) — AS(R))| o, -
Collecting terms, we conclude the following result.

Proposition 3.1. Let u be a smooth solution of (L2l) and let ¢ be a cut-off function
as above. Then there holds

% (1%2}7;;7(}3) 4 %(R%Ff(fz) - Ag(R)))

R=1
(3.14) .

2 2 o 2
=- - Vu—2u; + U G dx + = (A% + B¥),
p~/£2><{t01}( t p—2 ) © G (wo,to) p( D )

where AY is defined in BI3), and with A, B¥ as defined in 312), B.8), respec-
tively.

Remark 3.2. i) For our later purposes it will be convenient to write the term

H?(R) := ]%F;"(R) 2ip (R%FQ"(R) - Ag(R))
d

=22+ o (SR(RFF(R) - FER) - A5() )
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appearing on the left of (8I4) in a somewhat different manner. Comparing ([B.14))
with the Giga-Kohn formula (BI1]), we also have

%2} fz ¥ _2 » 2
(3.15) HE(R) = S DP(R) = DFP(R) + o

p p
We can therefore eliminate F»(R) from the above expressions in a manner similar
to Pacard [29] to obtain

FY(R).

(3.16) H?(R) = ;g - 3 (D% (R)+ F () + ——= (%(RFQ"(R)) - Af(R))

as an equivalent expression for H¥, which will be very useful later. We also use the
notations

H?(R) R) = H(R) = Hag,10)(R)

u

_ gy
- Hu,(mo,to)(

whenever the solution v and/or the center (zg,%y) of scaling are not clear from the
context, and similarly for D¥, etc.

ii) For any smooth, bounded @ C R™ we can find numbers Cq > 0, pg > 0 such
that for any 0 < p < po and any choice of origin xg = 0 € Q with dist(zq, Q) >
Cqp? there holds z - v > 0 on Bs,(0) N 9Q. We may take Cqo = 0 if Q is convex.
Provided that our cut-off function ¢ is supported in Bs,(0) then also BY > 0 in
(BI4). Also estimating the second term in L%, via Young’s inequality

2
2u) <pG(mO7t0) dx

8/ Vu-Vg)(x~Vu—2ut+
QX{tofl}

2
< / (3: -Vu —2us + 'UJ)2902G(I0¢0) dx
Qx {to—1} p—2
+16/ IVul?|Vel*G g 1) dae
QX{tofl}

from (BI4) we then obtain the bound

d

A (B 5y
iR

340 > 1 (2 Vi — 20 + ——0) 262G 1) d + 2 AF

> — xz-Vu—2u ) 9 G z.0) dx + —Af.

2p Jaxgto-1y "Tp-2 (wo.t0) p?

with error term

Ay = / |Vul?pz - VoG (z4.10) dT
QX{to—l}

1
- 4/ IVul?|Vol? Gz 1) do — L + ——L§
Qx {to—1} p—2

2 1
= / (IVul* = Z|ul? + [ul?) oz - VoG (4o,19) d
Qx {to—1} D p—2

- 4/ VUl Vol G ag o) da-
QX{tofl}
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iii) Still with the choice xg = 0, for general R > 0 formula (3I7) reads

d R+ |z - Vu + 2(t — to)us + aul?
R-=H?(R) > 2—/ - ¢ Gag 1) da
(3.18) P Jax{to—R2} Ito |
2
+ —AZ(R),
p 0 (R)
where a = ﬁ and
2 2
AP (R) = R* Vu2——up+R72M 02 - VoG iz 1) dx
0 (zo,to0)
(3.19) Qx{to—R2} p p—2

- 4R“+2/ VUl |Vl Gag o) da-
QX{to—R2}

Moreover, we have

Ri—?
AY(R) = / ul?x - chQG(zo to)d
2 Jax{t—R?} ’

+ 2R“/ uVu - VO3> G (4 10)d2.
QX{to—R2}
iv) Letting ¢ = 1, from Proposition [B.I] we obtain the identity

d (p—2 1 _d
(2Rt L Rm)

R=1

1 2 2

== / (3: -Vu — 2u; + u)2G(m07t0) dx + - B,
P Jax{to—1} p—2 D

where F,, = F}, etc, and where B = B! is the boundary term

B! — —/ V- 2| Vul*G g1 do.
2 Joax{to—1}

If our domain €2 is convex, for any choice of origin g = 0 € Q we have - > 0 on
all of 9, and hence B! > 0 in this case. With the equivalent expression

1) = "2 )+ o (g (RR() - Fa())

2p \ dR
(3.20) 2p—2) J
p—
= D(R)+ F,(R)) + — (RF>(R)),
pip2) PO+ B(B) + oy o (R ()
for H = H' we then obtain
d 1 2
3.21 —H(R)|,_ 2—/ - Vu —2us + u) Gy dz >0
(8:21) dR ( )’R_l D Qx{toq}( tTp-2 ) Claoto)

for any such xy and .
v) When (zo,t0) = (0,0), in the self-similar variables (B3] we can express

2
(2 Vot 20w + =) (2,1) = ~2™wi(y. 5).
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4. THE e-REGULARITY THEOREM
Given a smoothly bounded domain Q@ C R", for (zg,tp) € R" x R, r > 0 let
Qr(xo0,t0) = Pr(z0,t0) N (2 x R). Also recall that u = %.

Proposition 4.1. There are constants € > 0 and C' < oo with the following prop-
erty: Let u € LPH be a weak solution to equation (L2) on Q1(0,0) and suppose
that

[ull e (@i 0,00 <€
Then

[ullLo(Q, 400,00 T IVull Lo (@, 5(0.0)) < Cllullzon (@i (0,0))-

For f € LY(R™*!) with compact support we set

t
Sf(xz,t) = / f(y,8)G(x —y,s —t)dyds
—00 Rn
so that S'f solves
(SF)i — A(SS) = f on R = R™ x [0, 00].
By adapting the methods of Adams [I] we can show that S is well-behaved on

Morrey spaces.

1

S

Lemma 4.2. For2<A<n+2andanyl <q< % let s be given by % —
Then the map

_2
=2

S - Lq,)\(RnJrl) N LS,A(RnJrl)
is bounded.

Proof. Similar to Adams [I], proof of Proposition 3.1, we first derive pointwise
estimates in terms of the fractional maximal functions

M, f(z,t) = supro=("+2) // |f(y,s)|dyds, a > 0.
r>0 - (x,t)

Note that from Hélder’s inequality we get
(4.1) (Masqf)" < MA(IF1D) < /NG 0n-

For f # 0 we use the well known heat kernel estimate
|G, )] < C(lz| + /%) 7"

and, for § > 0 to be chosen later, we split

: CZ/‘/ o k41 (Z,t)— Py k(mt)(|x_y|+|t_s|§)_n|f(y78)|dyd3

vex ff (1o = o1+t = s14)7"11 0. ) ldds
62k+1 xT t) 2k(:ﬂ,t)
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to obtain the bound

1Sf(z,t)] < OZ (627F) (527 R+ 2 M f (i, t)

+C Z (52F)m(52k Y20 M f(x,1)

< 052M0f(:1;, t) + C8> 9 M f(z,1).
q
Choosing § = 6§(z,t) = (M), f (2,t)/Mo f(z,t))%, we find
2q _ 2g

|Sf (@, )] < C(Mysqf (,)) > (Mo f (1))~
As the spacetime R™t! equiped with the metric

dPU«T((xvt)u (y7 S)) = max{|:1c - y| + |t - S|1/2}
and the Lebesgue measure is a doubling measure space, the maximal function M
satisfies an LP-estimate for 1 < p < oo; see [35], Theorem 1, Chapter 1. Holder’s

inequality together with these LP estimates for our choice of s with 1 — 2—q = 4 then
lead to

2q 124
(4-2) ”Sf”LS(IR”“) < OHM)\/quﬁao(n{nﬂ)||f||Lq(ﬁ{n+1)-

Finally, for (zo,t9) € R"™! we decompose f = f'+ f” where f' = fxp,. (z0.t0)-
By (@), (£2) then there holds
1—29 nt2—X

15 £/ e (P aonton) < ClIMasaf I 2l 15a > < Cr= 57 £l o
Furthermore, for (x,t) € P.(z0,t0) we have

|Sf"(z,t)] < C/ p "t </P( ) If(y,S)Idde> dp

< CM)\/qf(.’L',t)/ pligdp < CT27% ||f||Lq,>\ = CT‘7%

hence
n+2—X

ISF s (P (woste)) < CT I fllza s
which concludes the proof. O

Remark 4.3. For a smoothly bounded domain 2 C R™ we let I" be the fundamental
solution of the heat equation on 2. By the maximum principle we then have
0 < T < G; the analogue of Lemma [£.2] therefore also holds on any domain.

Proof of Proposition [{.1. We may assume e < 1. First suppose that B1(0) C .
Throughout the following we will use the abbreviation P, := P.(0,0) for r > 0.
Decompose u = v + w, where

w = S(|ul""*u xp,).
Note that |u[P~lxp, € L#-1*. Observing that % — % = % from Lemma [4.2] we
conclude

[wll Loy < ClllulP~H] = CllullFp(py < C 2l Lo cry).
(P1)

L7 R ()
Since
v —Av =0on P



THE SUPERCRITICAL LANE-EMDEN EQUATION AND ITS GRADIENT FLOW 11

and

lvllecpy) < llullzep) + lwllLepy < Cllullpen(e)
parabolic regularity leads to the bound
(4.3) [vllLo(py)s) < Cllull Lo (p,)-

Using Holder’s inequality, we hence derive

(4.4) 0l Lo,y < CoPlfull o)

for all o < 1/2.
Therefore, if we choose o, > 0 small enough we get

ull Lo,y < Wl powp,) + [Vl Low(e,) < CEP2+ o/P)||ull Lo (py)
(4.5) 1
< EHUHLP’#(H)'

Applying this for (xo,t0) € Pi/ and 0 < R < 1/2 for the scaled solution
ug(z,t) := R¥®=2y(z¢ + Rz, ty + R?t) which solves (L2) on P;, and using the
invariance of || - || ».» under this scaling, we find that

1
1wl Lo Py (20,t0)) < §||u||LP’“(Pr(1o,t0))

for all (x0,t0) € P12 and r < 1/2.
Iterating this inequality proves that for 8 > 0 small enough we have

(4.6) lull Lon-op, 5) < CllullLrur,),

where C' and 6 do not depend on u. Clearly we may assume that % < ”—;9, and
we may decrease 6 further, if necessary.
For any ¢ > p with -4 < “770 let s > 1 be given by
1 p-1 2

Note that
1 1 2 p—2 2, pu P 2. u 20
PR R =—( _9——)2_(f9_)_ — 7
qg s p q ot q T pp p(p —0)

with a constant v > 0, so that

s2>q/(1—qv) > q/(1—p7).

Let 0 < 7 < R < 1/2 and assume that u € L9*~%(Pg) for some ¢ > p with
n—0

lull La—o(pry < Cllullpr(p) < C. Suppose that —L3 < £5= and let s = s(g) > 1
be given as above. As before we decompose u = v + w where now
w = S(Jul""*u xpp)-
Lemma now gives the bound
—1
0l ooy < Cllulnh o -

Again we may use parabolic regularity to see that

[vllzsw—o(py < Cllvllzee(p,) < Cllullpan-o(py)
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for some C' > 0 independent of u. Thus from (@) we obtain

Len-o(py < C(1+ HUHZ[)‘;?AfG(pR))H’UJHL‘?’*‘*e(PR)

[[ul

< Cllullpaw-opry < CllullLeu(py)-
Choosing qo = p, Ry = 1/2 and letting qz1 = s(qx), Rx = 1/4 + 2772,
ry = Rpy1 for k € Ny, as long as qu < ”—;9 we obtain u € qu“’“*e(PRHl) for

—1
each £ =0,1,... with a uniform bound

lell ooy, , ) < Cllullzerce,

where C' = (Y, is independent of u.
For some number ky € N independent of u then we have
ot _ P =0 _ Gk
p—1 2 T p—1
Hence by Hélder’s inequality, also using the fact that Pr, C P, for each k, for any
Qro—1 < q < gi, we have

a(p—0)

= LQkO’M_G(PRkD) C LY axe (Png) C Lq’”_G(PRkO)

with
||u||L‘?’*‘*9(PRkO) < Cllullpon(py)
for some constant C' independent of u. Letting R := Rj,+1 and choosing a number
q € [qro—1, qr, [ With
2 p—1 2 2
=0 ¢ “u=0 -1

there results u € L**~%(Pg) for some s = s(q) > %, and

[l

Lon—o(ppy < Cllullpesp,)-
Parabolic regularity then gives
w = S(|ulPuxp,) € L(Pr)
with
lwl[oe(py < Cllullpen-opg) < CllullLoucpy),
and the asserted bound for [|up~(p, ) follows upon splitting u = v + w with v
bounded as in (L3 above. The corresponding bound for |Vu| now is a consequence

of parabolic regularity.
In the case when B1(0) \ 2 # () we argue similarly, using Remark O

5. THE TIME-INDEPENDENT CASE

5.1. Partial regularity. By applying Proposition[ &l to a time-independent weak
solution u € H' N LP# of equation (1)) we obtain the following result.
For zo € R™, r > 0 let Q,(x0) = By(zo) N Q.

Proposition 5.1. There are constants € > 0 and C' < oo with the following prop-
erty: If u € H' N LP* is a weak solution to the equation (L) on ©1(0) satisfying

[l oon(0s (0)) <&
then u is smooth in 0 /4(0) and

1wl ooy a00)) + VUl Lo, 5000 < CllullLow(a, 0))-
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For exponents p > 27 = 2(7?—:31) Proposition [5.1] can serve as a substitute for
Pacard’s [29] Proposition 1, which relies on [29], Lemma 5, where the bound p < 2+
is imposed, and thus allows to extend the results of Pacard [29] to the full range
of exponents p > 2*. Note that in Proposition [5.I] in contrast to Pacard we need
not assume that wu is stationary; it suffices to assume that u is small in the natural
Morrey norm.

Adams’ [1] potential theoretic methods also offer a direct approach to the proof
of Proposition B.J] Without going into details we quickly sketch the main ideas.
For f € L(R™) with compact support set

Sof(z) = o f(y)Go(z — y)dy,

where Go(z) = ¢(n)|z|>~" is the Green’s function for the Laplacian on R", so that
—A(Sof) = f on R™.

Then similar to Adams [I], Theorem 3.1, or Lemma[42] above we have the following
result. (The details of the proof can be carried over almost literally.)

Lemma 5.2. For2<A<nandanyl <q < % let s be given by % — % = % Then
the map
So : LM (R"™) — L>(R")

18 bounded.

Remark 5.3. By the maximum principle, we have 0 < I'g < Gg for the Green’s
function I'y of the Laplacian on a domain 2 C R™. Hence the analogue of Lemma
also holds on any domain.

The proof of Proposition 5.1l then can be completed in the same way as the proof
of Proposition 411

5.2. Morrey space embedding. As a second side remark we note the following
results similar to (a special case of) Adams’ [I] Theorem 3.2.

Proposition 5.4. For 1 <A <n and any 1 < g < X let s be given by % — % = %
There is a constant C < oo with the following properties: If u € Wol’q(Q) satisfies
Vu € L9(Q), then u € L) and |Jul|:xq) < ClVull Lo q)-

Proof. Extend u = 0 outside 2. Using the representation
u(e) = [ Vuy)VGale - )iy,
Q

and observing that |[VGo(z —y)| < Clz —y|* =, similar to the proof of Proposition
3.1 in [I] or the proof of Lemma 2] above for any x € ) we can bound

[u(@)] < C(M)q|Vul (2)) % (Mo Vul (2)) '+,

From Holder’s inequality and the L?-estimate for the maximal function in view of

the identity 1 — ¢ = £ then we obtain

S

q 1—4a
Ls(Q) < O|‘M>\/q|vu|Hzoo(Q)Hvu”Lq(?z)-

[[ul
For any zp € R™ and any r > 0 upon decomposing f := |Vu| = f' + f”, where
I = fXBs, (w0), and letting u = v’ + u” from the above estimate then we obtain

1—4

4 n=X
||u/||LS(BT(wo)) < OHM)\/qf/“zoo”f/HLq()\B%(mD)) <Crs HVUHLQ,/\(Q)-
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Furthermore, for z € B, (o) we have

wwlso [ o ( / ( )|w<y>|dy> ap

A _2a _a
< CMA/q|Vu|(x)/ p adp < Cr'Ta VullLor) = Cr s Vull L)
and hence
n—>x
1w\ 2B, (z0)) < Cr= VUl o)
which concludes the proof. O

Similarly, we obtain derivative estimates. Again let I'g be the Green’s function
on 2. Note the following simple consequence of the maximum principle. A proof
can be found in [I3], Theorem 4.7, p.105.

Lemma 5.5. There is C' > 0 such that for any x,y € Q we have
[VEo(z,y)| < Clz —y['7".

We can use this bound to obtain the following result.

Proposition 5.6. For 1 <A <n and any 1 < g < X let s be given by % -1

1

s X

There is a constant C < oo with the following properties: If u € W29 N Wol’q(Q)
satisfies Au € L9N(Q), then Vu € L5NQ) and

[VullLsr @) < CllAul|Lar(q)-

Proof. Extend Au =0 on R™\ Q. Using the representations

u(z) = QAU(y)Fo(I,y)dy, Vu(r) = QAu(yWFo(x,y)dy,

in view of Lemma we can bound
Vu() <€ [ o=yl |Au(y)ldy.
R’n
Again following the proof of Proposition 3.1 in [I] then we find the estimate

|Vu(z)| < C(MA/q|Au|(;v))%(M0|Au|($))17g'

Holder’s inequality together with the L?-estimate for the maximal function and the
identity 1 — § = < then lead to the bound

1—4a

(5'1) HVU| Ls(Q) < C||MA/q|Au|Hzoo(Q)”AUHLq(?z)'

Given zg € R™, we decompose f := Au = f' + f” where f" = fxB,, (z0), and let
u=1u +u", where

w!(z) = /Q £ ()To(z, y)dy,

and similarly for «”. By (G.I) then we have

1—4g

4 n—X
VUl Ls (2, wo)) < CIMnsaf 1 Ee 1 | Lo woyy < €T = NAU[|Lax -
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Furthermore, for « € B, (z) there holds

V' (z)] < C / (/ )|Au<y>|dy>dp
Bpw()

< CMyslaala) [0 bdp

T

< Or' | Aul| gy = Cr

)

and hence .
||VUN||LS(QT(M)) < OTTHAUHLM(Q)-
The proof is complete. O

We conclude that there is a threshold for the scaled energy of nontrivial entire
solutions to () on any bounded domain 2 C R".

Proposition 5.7. There is a constant € > 0 with the following property: Let
u € HYNLP+H(Q) weakly solve (LI). Then either u = 0, or we have ||u||Lp,p.(Q) > e,

Proof. Combining the results of Propositions[5.4and[5.6] recalling that % = %_%7
we find the chain of estimates

[Vullane) < ClAl, o, =

The claim follows. O

OHUHLp () < CHVUHL2 n(Q)"

The above results naturally lead to the question if, analogous to the case of
Sobolev’s embedding H' (R") < L?>"(R™), the best constant for the Morrey es-
timate |[ullLenmrry < C||Vullp2.0mny given by Proposition 5.4l is attained at a
function v > 0, and if the corresponding v induces a solution of (LTJ), which then
might be called a “ground state”.

6. APPLICATIONS

We now apply the results of the preceding sections to the flow (L2)), B.1)). Given
smooth initial data ug, there is a smooth solution v € C*°(Q x [0, 1) of (L2)), B1)),
defined on a maximal time interval [0, T'[ for some T > 0. Our aim is to show that
Proposition B] can be exploited to obtain bounds for w in the natural Morrey
spaces so that the results from Section 4 may be applied. We start by deriving
estimates for the functions H and/or H¥ both at the initial time and close to any
fixed point (zg,t0) € Q2 x [0,T7.

6.1. Upper bounds for H and H¥ at t = 0. Fix any 29 € Q, ¢y > 0, and let
0 < R < Ry = g > 0. We shift coordinates so that zg = 0, as usual. The
expression ([B.13)) is the most suitable for bounding

1 p—2 d

o) H(R) = ;I(zo,to)(R) = TFp(R) + RdRFQ(R)
= E(D(R) — F(R)) + sz(R)

from above. By Holder’s inequality and in view of the fact that G, defines a
probablity measure on R, we can bound

(6.2) Fy(R) < F;/P(R)
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and from (6I]) we obtain the bound

2 1 o
(6.3) H(R) < ];(D —F,+ me/ )(R).

The functions involved behave well with respect to the Morrey norms considered
above. Letting Ry = 2Ry, k € N, upon bounding

|z—=zq|?

Glaoto)(@,0) < CRy™e "6 < CRy"e 2" on Bg, \ B, , (%), k €N,
for any initial data (BI) we find

2D(R0) = Rg/ |VUO|QG(m0,t0)d$
Qx{0}

<Y gk e=2 Y pron / Vo |*da
k=1 B

r \Br;,_, (20)

< C sup R“_"/ |Vug|?dz < C||Vug||2 2.,
R>Ro Br(zo)

Similarly, we can estimate

2Fy(Ry) = 35*2/ |10 |* G (g, 0) A
Qx{0}

<C sup RF2 / fuol2dzx < g2 s
R>Ry Br(zo

Using the fact that 2u/p = 1 — 2 and again using also Holder’s inequality

2/p
RH—2n / lug|*dx < O(R”" / |u0|de) ,
BR(I[)) BR(mO)

we can also bound
[uol|7 22 < Clluol|Zow

to obtain
(6.4) H(Ro) < C||Vuo|| 72 + ClluolZ 202 < Cl[Vuo| 72 + Clluo||Fon-

Of course we can also estimate
H(Ro) < CD(Ry) + CF2(Ro)

(6.5) < CRS/ Vuo|* G g 1) d + CRG”_Q/ [0 [* G (2,10 dx
Qx{0} Qx {0}

< OR|[Vugl[1 + CoRg™[Juo 7,
or simply bound
(6.6) H(Ro) < CRy™"||Vuol[72 + CoRE ™" |[uol[72-

The previous estimates rely on global bounds for the data. For bounding H¥
with a compactly supported cut-off function ¢ only local estimates are needed and
we have bounds similar to the ones above.
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6.2. Lower bounds for H and Morrey estimates. For the derivation of Morrey
estimates we now use the equivalent expressions ([B.20) and B.16]) of H and H?.
First consider the case when the domain € is convex, and let u € C*(Q x [0, T[)
be a solution to ([2), (BI). Fix some point 1 = 0 and let 0 < T/2 < t3 <
T. Observe that for the choice (x1,t2) as center of scaling, letting ug(x,t) =
R =2y (x1 + Rz, ty + R?t), there holds rFy(r) — 0 as r | 0. Thus, for 0 < R <

Ry = /1o by B20), B21), for H = H(,, 4,) we have

2(]9—2) -1 R Pdr
R /O(D+F,,)( dr.

Note that for any such ¢t < T, R < Ry = /2 with an absolute constant ¢y > 0
there holds

H(R)>R! /RH(r)dr >
0

Gz1,t2) > coR™" >0 on Ppjo(x1,ts — R%/4).

Substituting ¢t = t» — r? we thus obtain the estimate

R

Ri—n—2 / (IVul2 + [uP)dzdt < CR™2 [ (D(r) + Fy(r))rdr
Prya(x1,t2—R?/4) R/2

< CH(R) < CH(Ry) = CH 4, 1,)(V12).

But at time ¢t = 0 for any 0 < t2 < T we can bound

| 12

—n _ |z n/2
(6.7) Glarn)(3,0) = Ct"2e™ it < (T/t2)"* Gy 1 (,0).

Hence for any 0 < R? < T//2 < ty < T with a uniform constant C' > 0 there holds
6s) e (Vul? + [ul?)dedt < CH, 1y (VT),
Prya(x1,t2a—R?/4)

where the right hand side is now independent of ¢5.

Fixing o €  and any time to €]ZT,T[ we let ro = /T — to. For any (z1,t1) €
P, (70,t0)) and any 0 < R < 2rg we set to = t; + R?/4. Since R? = 4r? < 4r} =
4(T — to) < T/2 we may then use (6.8]) and (G.6]) to obtain the bound

IVl L2y (wo,t0)) + 10l Lo (Pry (20,20))

(6.9) <C sup  He,n(VT) < OT = (||Vuol[F2 + T~ luol[72),

|z1—z0|<ro

or we may use (6.8)) and ([6.4)) to find
(6.10) [ Vull L2 (g (zorto)) + lullLoi(pry oty < CUIVUOl T2 + luollFsun);

that is, up to a uniform constant C' > 0 the flow (I.2) preserves the Morrey bounds
of the data, however, on domains that naturally shrink as we approach the blow-up
time.

6.3. Lower bounds for H¥. For an arbitrary smoothly bounded domain €2, we
choose pg > 0, Cq > 0 as in Remark such that for any 0 < p < pg we have
(x —z0) - v > 0 on QN By, (z9) whenever zo € P, where

QF = {z € Q; dist(z, Q) > Cap?l.
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Recall that if € is convex we may let Cq = 0 so that Q° = Q for any 0 < p < po.
With no loss of generality we may assume that pg < 1. Also set

—-n —p2 .
5(p5R)_{R ¢ m’ lfRSp’

p (14 R?p*=2), else.

Fix a smooth cut-off function 7 such that xp, ) <7 < XB,(0), |Vn| < 4 and for

any number 0 < p < pg let ¢(x) = ¢”(x) = n(x/p). For the function H¥" then we
have the following perturbed monotonicity result.

Proposition 6.1. For any smooth solution u of [L2) on Qx[0,T], any0 < p < po,
any 1 € QP any 0 < R< Ry < VT there holds

(6.11) H(g;l,T)(R) < H(Sjgl,T)(Rl) + Cé(p, Ry).

Moreover, the following analogue of (6.9) holds. Recall that Q,.(z) = QN B,(z).

Proposition 6.2. Let u be a smooth solution of ([L2) on Qx[0,T[, and let xy € Q.
Then for any 0 < p < pg, any Ri,m9 > 0 such that 2rg < p, Q. (x0) C QF,
87"3 < R% < T, letting to =T — T% we have
2 P

||vu||L2vH(Pm(zo,t0)) + ||“||ip,u(pm(mo7t0)) <C \11—Sllfl)<ro Héh:r)(Rl) +C4d(p, R1).

For the proof of these results we fix 0 < p < pp and again write ¢ instead of ¢”
for brevity.

For any choice of origin 0 = 21 € Q” and any 0 < T/2 < to < T, with (x1,t2)
as center of scaling as before we have rEy (r) — 0 as r | 0. Proposition B.1] (3.16),
and (I8) then yield

1 [R c (F
— (D¥(r) + F?(r))dr < = (HS"(T)+|AV’(T)|)CZT
(6.12) RA RA :

c [P r
ccm )+ [ 1asmlar+c [ gt
0 0
and
Ry
(6.13) H¥(R) < H*(R;) +C/ |AE (r)[r~dr
R

for any 0 < R < Ry < \/s.

In view of the exponential decay of G(,, ;,) we can easily bound the error terms
given by Af and A by means of the following estimate. Observe that this bound
agrees with the blow-up rate v?(t) ~ (T —t)~7-2 of a solution v = v(t) > 0 to the
ordinary differential equation v; = v?~! blowing up at time 7' > 0.

Lemma 6.3. Let u € C°(Q x [0,T[) be a smooth solution to (L2) for smooth
initial data ug. There exist a uniform constant C7 > 0 and a constant C > 0
depending only on E(ug) such that for any 0 < t; < T, letting to = (T +t1)/2 we
have the bound

t2 2
/ / (IVul® + [uP)dzdt < CL(T —t1) 72 + C(1+ T — t1).
tl Q
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Proof. Multiplying (IEI) by w and integrating by parts, for any 0 < ¢ < T we obtain

M /|u Pdr) + / (IVul? — ul?)dz = 0.

Comparing with the expression for E(u(t)) and recalling the energy identity ([B.2])
we find the equation

p—2 » p—2/
=== — 2B (u(t) > —= Pda — 2E (ug).
2dt /Iu Idl‘ ’ /QIUI dx (u(t) = » QIul dx (uo)

Hence by Hoélder’s inequality for any 0 < ¢t; < ¢ < T we obtain the bound
Cllu)o () 2 llu(®) 122

6.14 t
(o1 = u(t) 320 +4 / (25 s oy = Bl ).

For t1 <t < T set

9=00)= [ (2521~ B ).

Then from (6.14]) with a uniform constant ¢ > 0 we find that
d p/2
(6.15) wd = —” (s )HLP(Q E(uo) = 2¢0g”"* = E(uo),

and the latter is larger than cogp/2 for all tg <t < T, where tg € [t1, T is minimal
with the property that cog?/?(to) > E(up) = max{E(ug),0}. (We let to = T if
cog?’?(t) < Ei(up) for all t € [t;,T].) Recalling that p = 2—, in the case that
t2 = (T+t1)/2 S to we have

= / ()2 s = glt2) + (82 — 1) E(uo)
< (Ey(uo)/co)*’? + (T — t1) E(uo).

On the other hand, if t5 > g, upon integrating (G.I5]) from ¢2 to T we obtain

20T — 1) 7 < (P =2(T — 1)) 77,

g(t2) < (co2=

which gives

to 2
u‘l/ [u($)IIp gy ds < CL(T — t1)" 7= + (T — t1) E(uo).

t1

The corresponding bound for ||[Vu(t)||z2(q) follows from combining the bound for
llu(t)]|Lr (@) and the uniform energy bound. O

Lemma 6.4. For any 0 < R < +/t5 there holds

1 R R B
& | 1450l + [ 1ag i < csto. ).



20 SIMON BLATT AND MICHAEL STRUWE
Proof. Let A = Ay(z1) := QN (Bop(x1) \ Bp(z1)). With the help of Young’s
inequality r*~2|u|? < r#|ulP + C we can easily bound

1

2
Af(r) = / <7"”|Vu|2 — S|P 4 i ) |u|2> o -V G(g, 1,)dT
Qx{ta—r2} p

— 4/ (T“+2|V’UJ|2|V¢|2G(Il7t2)dz
Qx{ta—r?}

<O+ er*Q)/ (IVul® + [ul") Gz, 1z do
Ax{ta—r2}
+ C G(ml,t2)d$'
Ax{to—r2}

Similarly we have
Af(r) = / (r“_2|u|2:v -V + 4r*uVu - Vgo) © Gz, tp)d
QX{tz—’I‘2}
< C’/ (7"”_2|u|2 + T“+2|Vu|2|V<p|2) G (2 ,)d7
Ax{ta—r2}

<O+ er*Q)/ (IVul® + [uf") Gz, 1z da
Ax{ta—r2}

+ C/ G(ml,tg)dx
Ax {tz—r2}

for all r < R;. Since we can bound

2
Glar,ts) < Cr~"e 4% on A x {ty — 1?1,

for 0 < R </t we have

1R ® f ® -1 f ® ® -1
& [ aselar+ [l tar < [T agol+ 147 @)t

(6.16) R ! )
= C/ Tﬂinil/ (14 (=)) (IVul® + |[uP)e” 2= dwdr + CI,
0 Ax{tz—r2} P
where
R R P 02 p 2
- / / Glorinyder™dr < C/ (5)"e e ldr < C(5)" e an2.
0 .A><{t27'r‘2} 0 r R

If R<p <1, letting r, = 20-k/2R | e N, and substituting t = t5 — 72, we have

R
[ [ P9 e e
0 Ax{ta—r2} p

[e'e] Th 2
(6.17) < 22/ / 26757 (Wl + [ulP) do rdr
k=1 Th+1 .A><{t27r2}
2

> _ 2
< CZ’I‘Z_"_26 4 / (IVul® + |uf?)dzdt.
k=1 .A><[t277"i,t2fri+l]
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But by Lemma 63l with ¢, = to — r2, T =t5 for all r;, < 1 there holds

(6.18) r5‘2/ (IVul® + |uf?)dzdt < C.
Ax[tgfri,ibfr

2
k+1]

Hence, if R < p <1 we have
1 B R P \n -t Pn o?
& [ aelar+ [C1asolar < o 30 (L) v o(f)e e

/J2 /J2
<C(L+p ") () e i < CR e e,

For the case R > p we can argue in similar fashion to bound the remaining integral,
also using that by Lemma [63] for any p < rp < R there holds

Ax[t2—rﬁ,t2—r2+l]

to obtain

R
[ [ T e e
p AX{tzf’l’Q} p
ko 2

<Cp 2y gl iR / (1Vul? + [uf?)dedt
k=1 AX[tQ—’I‘z,tQ—T§+1]

]i}() 7&
< O(l —|—p27“ —|—R2)p72 ZTgfne ar? < C(p27u +R2)pufn72,
k=1

where kyp € N is chosen such that ri,+1 < p < rg,, as claimed. [l

Proof of Proposition[6.1]. Coupling ([G.I3) and Lemma [6.4], for any fixed z; € Q7,
any to € [T/2,T[ and any 0 < R < Ry < /ts we find
H? (R)< H?

(o1,t2) < (wl,tg)(Rl) + Cé(p, Ry).
Passing to the limit ¢ 1 7', we conclude the proof of Proposition O
Proof of Proposition[6.2 Fix any point o € Q and suppose that Q,,(zg) C Q°
and 83 < R? < T. Set to =T —r¢ > 7T/8.
For any (71,t1) € Qr,(70,t0)) and any 0 < R < 2rg < p we let to = t; + R%/4 >

to—r2 =T —2r¢. With (x1,12) as center of scaling and observing that ¢ = ¢ =1
on By, (1), for any r > 0 with R/2 < r < R/v/2 we can bound

R‘“n/ (IVul]® + [ulP)dz < C(D#(r) + F?(r)).
(T(Il)X{tzf’r‘z}

Integrating in R/2 < r < R/+/2, substituting ¢t = t5 — 2, and dividing by R?, from
(612), and Lemma [6.4] we then obtain the bound

C R/V?2
R / (IVul? + JulP)dedt < < / (D?(r) + F#(r)) dr
Qry2(z1,t2—R?/4) R Jo

< CHE, ., (R/V2) + C3(p, RIV2) < CHE, ., (Ra) + Cé(p, Ro)
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for any R < 2rg < Ry < \/T, where 0 < Ry < R is such that t2—R§ :T—Rf;
in particular,
R =R? — (T —t2) > R? — 22 > 2r2 > R?/2.
Here we also used the bound
P2 n *i
(Bye e <o(Lye
for 0 < R/v/2 < Ry. An estimate similar to (6.7) then gives

Ru—n—2/Q . )(qu|2 + |ulP)dzdt < H@Z,T)(Rl) + Cé(p, R1)
R/2(T1,l1

for any (x1,t1) € Qr,(z0,%0)) and any 0 < R < 2r. Thus we conclude that

P
[Vl L2(Quy (o.t0)) F Ul Loon(@ry (worto)) < HE,, 1y(B1) + Co(p, R1)
(x1,T)
analoguous to (69, as claimed. O

6.4. Characterization of blow-up and tangent cones. The estimates in the
preceding section allow to characterize blow-up, as follows. First note the following
lower bound on the blow-up time of solutions in terms of the L°°-norm of the data.

Proposition 6.5. For given smooth data ug let w € C°(Q x [0,T[) be the unique
magzimal smooth solution of (L2), BI) as above. Then T > |uol|3"/(p — 2).

Proof. i) Letting
m(t) = stglzp lu(?)],

by ([[2) we have that m(¢) is locally Lipschitz and increases at most at the rate
dm(t)/dt < m(t)P~

that is,

(6.19) m?7P(t) > m*P(0) — t(p — 2),

and our claim follows. O

As usual, in the definition of the functions H,, 1.y, H (“" below we choose the

z0,t0)
origin so that x¢p = 0, and for given 0 < p < pg we let ¢ = ”.

Proposition 6.6. Let Q2 be convex. For given smooth data ug let w € C°(2x[0,T])
be the unique mazimal smooth solution of (L2)), BII).
i) There is eg > 0 such that whenever T < oo for any 0 < p < pg we have

H T) > lim inf HZ . (R)> €.
sup Hgo,)(VT) 2 liminf sup HE 1y (R) 2 &0

i) If T = oo, there holds ||[u(t)||g1nLe() — 0 ast — oc.

Proof. i) By Proposition [l for any é > 0 there exists ¢ = ¢(§) > 0 such that
whenever for some 29 € @ and 0 < R? <to < T there holds [[u[|7, .. (zo.10)) < &

then we have
(6.20) HUHLOO(QR/g(mo,to)) < SR™/P=2),

For a suitable number § > 0, to be determined below, we now fix the associated
number € > 0. Suppose that there holds

6.21 lim sup sup |jul|?,. oy < E.
( ) 10 wOEQH ||LPM(QT(1O)T r2))
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In view of (6.20) then there is 7o > 0 such that for any t =T —r?* > T — r¢ we
obtain the bound

m(t) = sup |u(t)] < 57~*2/(p72);
Q

that is, we have
m(t) < §(T — )Y P2 for any T — 13 <t < T.
But then for any sufficiently large tg < T from (6.19)), after shifting time by ¢o, we
obtain
mt)* P > 8 P(T —tg) — (t—to)(p—2) forallty <t <T,
and the latter is strictly positive at time t = T if 0 < § < (p — 2)~/(®=2) is fixed
sufficiently small, contradicting maximality of 7. Thus we must have

3 p
limsup $up [l[zs.(q, (uo,r-r2) 2 € > 0

Since 2 is convex, for any fixed 0 < p < pg we have Qf = ). Thus we may invoke
Proposition to obtain the bound
0 < e < limsup sup [jul|?,. 2y < Climinf sup H? R).
500 51 4]0 12  C it sup HE, (0

Moreover, clearly HéT)(R) < H(,,)(R) for any R > 0, any = € 2. Monotonicity

B21) then yields the claim. Note that the number £y := ¢ > 0 may be chosen
independent of v and T'.
ii) If we assume that T' = oo by (6.6]) for any € > 0 we may choose T, > 0 such
that for t > T, we have
sup H(m07t)(\/f) <Ot <.
€N
Our claim then follows from (G9]) (with ro = 1) and Proposition E1] O

In fact, we can characterize blow-up more precisely.

Lemma 6.7. Let 2 be convezx. Given smooth data ug, let u € C*°(2x[0,T]) be the
unique mazimal smooth solution to (L2), B.I). Then there exists a point xo €
such that HE‘;O’T)(R) > e0/2 for any sufficiently small R €]0,V/T), where g > 0 is
as defined in Proposition [G.0.
Proof. By Proposition[6.6] for any fixed 0 < p < pg and any sufficiently small R > 0
there exists © = 2(R) € Q such that HéT)(R) > e, where ¢ = . For a suitable
sequence Ry | 0 then we may assume that z; = x(Rx) — xo.

We claim that g has the desired property. Since € is convex and hence * = Q,
from Proposition for suitably small R; > 0 we obtain the uniform bound

H(“‘;T)(r) < H&T)(R)—i—soﬂ

for all 0 < r < R < Ry, uniformly for all z € Q2. Suppose by contradiction that
H(“‘;O ) (1) < £0/2 for some 0 < R < Ry. Fix ko € N such that Ry < R for k > ko.
Then for k£ > ky we have

chk,T)(Rk) < HE@%,T)(R) + {:‘0/2 — HE’;()’T)(R) + 60/2 < €&p (k — OO)7
contradicting our choice of () for large k € N. 0

With the help of Lemma we can show the analogue of Lemma on an
arbitrary smooth, bounded domain.
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Proposition 6.8. Let Q C R™ be smooth and bounded. Given smooth data ug, let
u € C®°(Q x [0,T]) be the unique mazximal smooth solution to (L2), BI). Then
for any 0 < p < po, any xy € QP either
i) there is v > 0 such that u extends smoothly to the closure of Q(xo,T), or
it) for any sufficiently small R > 0 there holds HE" T)(R) > €, where ¢ = p*
and where g > 0 is an absolute constant.

Proof. Fix 0 < p < po and let ¢ € Q. Suppose that for a sufficiently small number
€ > 0 to be determined and any sufficiently small Ry > 0 there holds

(6.22) sup H(“‘;I)T) (Ry) <e

|z1—2z0|<R1; z1EQP

By Proposition [6.1] for given 0 < p < po and suitably small Ry > 0 we again have
the uniform bound

(6.23) H(“‘;T) (r) < H(“‘;T)(R) +e/2
for all 0 < 7 < R < Ry, uniformly for all z € Q°. In particular, in view of our
assumption about xy we have

sup chl,T)(R)<2€’ 0<R<R;.

|z1—x0|<R1; 1 EQP

By Proposition [6.2] then, for any 0 < R < R; we have

p
sup Nl . o T—R2 /2y < C€.
|z1—z0|<R1; z1€QP (Qrya(, /)

After scaling with R = 2v/T — t for sufficiently small ¢ > 0 Proposition [£.I] implies
the bound

(6.24) (T — )P/ =2 ||u(t) |2 < Ce.

°(QR, /2(®0)) —

We claim that for sufficiently small € > 0 this bound implies conclusion i) in
the statement of the Lemma. To see this fix a smooth cut-off function n such that
XBg, ja(z0) < N < XBg, ja(xo)- Lhe function v = v(z,t) = (T —t)%un then satisfies
the equation

—Av=o(lul?? — (T 1)) - .
with
f=2(T =t)*VuVn+ (T — t)*uln.
Multiplying by 2v, then we have
(0 — A)ol* + 2Vol* = 2[o* (JulP~? — T — t)71) = 2w,
where
2fv = 2(T — t)**uVunVn + (T — t)**u’nAn
in view of the estimate
[Vauln < (T — )" *[Vo| + |ul[Vn]
can be bounded
2fv(t)] < [V + C(T — t)**u?(nAn + [Vnl?).
Thus we find
(@ — A)o]? + [Vol? = 2/ (JuP ™ — (T = t)"") + g,
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where now
a2
19O (@, aw0)) < O = O* ()| Zoe (2, (woy) < O = )72

For sufficiently large 0 < o < 1/(p — 2) then we see that [[g(t)[|r=(0y, 4(z0)) €
LY([to, T|) for some ty < T while ([6.24) for sufficiently small ¢ > 0 implies that
[P~ < (T — t)~* on Qp, j2(x0) X [to, T[. The maximum principle then gives a
uniform bound for v on [tg, T[; hence

(T — t)apHu(t)Hpoo( < Cfortg<t<T.

QR /4(20))
By iteration, in finitely many steps we can achieve the bound

(T — t)1/2||U(t)||1£°°(QRl/s(wo)) <Cfort; <t<T.

Repeating the above argument with o = 0 we see that u € L>(Qg, /9(20,T)). By
parabolic regularity then u smoothly extends to the closure of Qg /10(z0,T)).

Negating (6.22)), for any sufficiently small R > 0 we can find z = x(R) € Q°
such that |z — xo| < R and HéT)(R) > €. We may then proceed as in the proof of
Lemmal[67l For a suitable sequence Ry | 0 we let z = x(Ry) — xo. It is now easy
to show that xy has the desired property. Indeed, suppose by contradiction that
H@O,T) (R) < €/2 =: gg for some 0 < R < R;y. Arguing as above, we may assume
that R; > 0 is chosen such that (G23) holds. Fix ky € N such that Ry < R for
k > ko. Then for k > ko by ([623) we have

H(f%T)(Rk) < H(f%T)(R) +e/2— H(“;O’T)(R) +e/2<e (k— 00),
contradicting our choice of () for large k € N. 0

Theorem 6.9. Let Q2 C R™ be smooth and bounded. For given smooth data ug
let w e C®(Q x [0,T]) be the unique mazimal smooth solution to (L2), BI). Let
(x0,T) be a first blow-up point in the sense of Lemmal6.8.4), where xo € Q. (If
is convez, we also allow xg € ON.) Shift coordinates so that (xg,T) = (0,0). Then
the following holds:

i) There exists a sequence Ry — 0 and a self-similar “ancient” weak solution
for all R > 0 on IR"x] —00,0[ (or on the half-space R’} x] — 00, 0[) which is smooth
away from a set sing(a) of locally finite (n+ 2 — u)-dimensional Hausdorff measure
such that up, = ug, — 4 as k — oo, smoothly locally away from sing(a) and from
t = 0. (Recall that 4 is self-similar if & = ug for all R > 0, where for any R > 0
we let ugp(z,t) = R P~2y(Rx, R?t).)

If (x0,T) = (0,0) is of Type I in the sense that there exist constants C,rg > 0
such that

(6.25) lim sup (|t|1/(p_2) sup |u(:1c,t)|> <C.
t10 € (0)
then u # 0, @ is smooth, and (uy) converges smoothly to u, locally away from t = 0.
i) If (xg, T') = (0,0) is not of Type I in addition to the above there exist sequences
Ry — 0,1t 10, 23z — 0, and an “eternal” solution w # 0 of L2 on R™ x R
(or possibly on the half-space Rl x R, if Q is conver and xo € 0Q) with

[@ll Lo = [w(0,0)] =1

and such that )

ug(z, t) = R572 u(zy + Ry, ty + Rit) — T
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smoothly locally as k — oo.

Proof. Let zp €  with H(“‘;O ) (R) > & > 0 for any sufficiently small R > 0 and
some uniform number e > 0. Shift (z¢,T") = (0,0). Since €2 is open there exists
0 < p < po such that xg € Q°. (Recall that for any convex domain we have ? = Q
for any 0 < p < pg.)

i) If (z9,T) = (0,0) satisfies (6:25)) we may assume that p < r9/4. Moreover, by
assumption ([G.20) there is 7 > 0 such that for any R > 0 the rescaled solution up
is uniformly locally bounded on the domain Qg := Q,,/r(0)x] — 7/R?,0[ with
(6.26) sup |t|ﬁ|uR(x,t)| < 00,

—7/R2<t<0, |z|<ro/R
and up solves (L2) on Qr. By parabolic regularity then after scaling for any
sufficiently small R > 0 we also have the bound
(6.27) sup |72 |Vug(z, t)]? < C.

— /7 <t<O0, |z|< 5%

Therefore a subsequence uy, = up, converges smoothly locally on R™x] — o0, 0[ to
a Cl-solution % of (L2) on R™x] — 0o, 0[. (Similarly, if Q is convex and xg € 99, a
subsequence uy = ug, converges smoothly locally on a half-space R’} x| — 00, 0].)
Moreover, from [B.I8)), (B19), and (612), upon integrating in R and substituting
t = —R?, for any Ry > 0 with ¢ = ¢” we obtain
Ro g

® > e i ® — 2 e
H?(Ry) > H?(Ro) — liminf H?(R) Rl (R)dR

Ro Rr—4
> / / |z - Vu + 2tu; + au|*¢*G dx RAR + I
0 2p Qx{—R2?}

1 0
= 4—/ / [t o - Vu + 2tuy + aul?*@*G dedt + I
P J-R2JQ

where a = 1)%2 and where in view of Lemma [6.4] we have

Ro
£ =2 [ RUAS(R)AR < CS(p, Ro) = 0 (Ro 1 0).
P Jo

Therefore we find

0
/ / [t|°" Y - Va + 2ta; + at*G du dt

L—oo

-1/L?
= lim / [t|°" Y - Va + 2t + aul*G dx dt
BL(0)

| A

1/L?
hm hmsup/ / [t|°" o - Vug + 2tup,; + aug|®*G dx dt
BL(0

L—oco R0
1/(RL)?
= lim hmsup/ / [t|“ o - Vu + 2tuy + aul*@*G dedt = 0,
L—oo R0 L2R2 Brr(0)

and we conclude that df; = 0, so that 4 = upr for any R > 0. Similarly, from

©24), ©27) it follows that
O<5§11r11%1¢ioanf( ) < Hf(Ry) = H@Rk()%H()ask%oo;
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hence @ # 0, as claimed.

If (zo,T) = (0,0) is not of Type I, we can still show existence and partial
regularity of @, as follows. For any compact @ C R" x| — oo, 0] we can find finitely
many parabolic cylinders P, (y;, s;) such that Q C U; Py, (v, s;) and s;+72 = 0. For
any fixed Ry > 0 and sufficiently small R > 0 with 2 max; Rr; < R; by Proposition
we have

||VUR||%2VM(PT (yis)) T ||uR||Z£PvH(PTi(yi7si)) = ||VU”%ZM(PWR(R%,R?SI»))

+||u||I£PvM(PTiR(Ryi)R25i)) < C(Ry) < oo.
Hence we obtain that

IVurllz2@) + lurllr @) < C(Q) < oo,

uniformly for sufficiently small R > 0, and we may assume that for a sequence
Ry, — 0 the rescaled functions uy = ug, — @ locally weakly in LP on R™x] — o0, 0[
as k — oo with Vuy — Vi locally weakly in L2, where @ solves (L.2).

For a suitable number € > 0 to be determined and any given compact set @ C
R™x] — 00, 0[ define

S ={z=(y,s) € Q; liminf liminf r'“fnfz/ (|Vug* + |ug|P)dz > €},
rJ0 k—o0 S, (20)

where for any zo = (20, ) in our new coordinates and any r > 0 now
Sp(20) = {2z = (2,1); |z — x| <7, |t —to| <%}

is a centered parabolic cylinder.
Let rg > 0 such that 67“(2;)+t < Oforall z = (z,t) € Q. For any given 0 < 1y < rg
and each zg = (g, to) € S there is 0 < r = r(2¢) < ro such that

r“*”*Q/ ( )(|Vuk|2 + |ug|P)dz > ¢
(20

for all sufficiently large k € IN.

The family (S,(.)(2)).es covers S. By Vitali’s covering lemma (see Caffarelli-
Kohn-Nirenberg [4], Lemma 6.1, p. 806 for a parabolic version) there exists a
collection z; = (y;,8;) € S, i € N, such that the cylinders S; = S,,(z;) are disjoint
while S C U;en S}, where r; = r(z;) and where S} = Ss,,(2;), i € N. Since
zi € 8§ C Q we have S C Usy, (Q) := Uzc@S5r,(2), and by assumption 7g > 0 is
so small that the closure Qo of Us,,(Q) is contained in R" x] — 00,0[. Hence we
can estimate

52??-’_2_” < /

ieEN UienSi

(Vur]? + [usl?)dz < / (Vug|? + |us]P)dz

Uien S}

S/ (|Vug|? + |ug[P)dz < C < oo

with a uniform constant independent of 7. Hence H"+27#(S) < C. In particular,
the (n+ 1)-dimensional measure of the cover U;en.S; of S converges to 0 as rg — 0.
Thus, in fact, H"T27#(S) = 0.

To complete the proof in case i) observe that for any zg = (xo,%0) € Q \ S and
any 0 < rg < pg, with a number L € N to be determined below by Proposition [6.1]
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([63), Fubini’s theorem, and the definition of S, there exists 0 < r < 79/3 such that
with ¢ = ¢" for a sequence k — oo there holds
2r/L)

©
|z sgp\<rHuk7(CE1>t0+2T2/L2)(
1—To

<C  inf  shm / (Vul? + |uxl?)dz + Co(r, 20/ L)
r/L<s<2r/L Bs,(20) % {to—2s2}

< CL 2 pyphmn=2 / (|Vug|* + |ug|P)dz + C5(p, 2r/ L)
S3r(20)

< CL" 2 Fe + C§(r,2r/L).

Setting Ry = 2r/L = 2r¢, T = to + 2r?/L? in Proposition [6.2] upon fixing L € N
sufficiently large to guarantee that §(r, 2r/L) < L™~ #e we find |[ug|| Lo.x(p,, (z0)) <
CL"t27#e, Choosing ¢ > 0 sufficiently small, from Proposition 21 we then deduce
a uniform bound for (u) in a neighborhood of z.

Exhausting the domain R™x] — 0o, 0] by compact regions @) = Qj, as above and
passing to a suitable diagonal subsequence (uy) we obtain the claim.

ii) If (20, T") = (0,0) is not of Type I, for all » > 0 we have

lim sup |t|P_i2 sup |u(z,t)| = oo.
10 z€Q,-(0)

Following Hamilton [17], for £ € N and any 7 > 0 we let (zx,tx) € Q, x [T, —]
such that

Mi= s fu(@)|(—F =07 (r = o)) 7
(@,)€Q X [T, ~ 1]

_1 _2
= |u(@p, te)|(—F — te) 772 (r — |ap]) 772

Since for any (x,t) we have

1
lim [u(e, t)](—1 — )72 = [u(z, t)]|t| P2

k—o0

from our assumption we deduce that My — oo and t; T 0 as k — oo.
Set Ry, = |u(:1ck,tk)|2%p > 0 and scale

(;vk + Rrx,ti + R%t)
[u(z, tr)| '

_2
up(z,t) = RY >u(wg + Ry, ty + Rit) = 4

Note that as k — oo we have
-2 1 2 1 _1_ 2 \P—2
Bi2(—3 = t)(r = [oal)? = (Ju(an, t)[(—F = 0) 72 (0 = )77 )~ = 00

and hence

(6.28) R (=4 —tr), Ry (r — |ax]) — o0
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For (z,t) € R™ x R and any sufficiently large k € IN so that R,;l(r —|zk]) > ||
and t € [—R; 2(T + ty), R,:2(—% — t1)] in view of ([6.28)) as k — oo we then find

|uk(a: t)| _ |u(a:k + Ryx,tx + Rit”
’ (g, ti)]

1 = 2
(ke N r—lml )7
T\ —%—ti— R2t r—|rr + Ry

1 2
A BEE =\ (lnh Y
R (=3 —te) —t Ryt (r = |axl) = ||
uniformly on compact subsets of R™ x R.

For sequences r,, | 0, L,, — oo by the argument above we can then find a
sequence of points (T, tm) € Qp,, x [—+,0) and radii 0 < Ry, < L,;' — 0 such
that the rescaled solutions

2
U (2, 1) = RE2w(, + R, tm + R2t) =

Wy + Rpn@yty + R2 1)
[w(Zms tm)|
solve (I2) on By, (0) X [—Lm, Ly] with |u,(0,0)] = 1 and such that

lumllLoe(By,, (0)% [~ L,Lm]) < 1+ oo

Hence, (un,) converges smoothly locally to an “eternal” solution @ of (IL2]) on R xR
as k — oo, which satisfies

[@l| Lo =1 = [u(0,0)].
(]

Remark 6.10. In certain situations the possible blow-up profiles @ arising in The-
orem have been classified completely. Giga-Kohn [16] showed that Type I
blow-up, as defined in Theorem [6.9] in the subcritical and critical cases p < 2*
always is associated with a spatially constant profile. Moreover, Merle-Zaag [24],
[25] established that in the subcritical case non-negative solutions u of (L2) on a
convex domain can only have blow-up of Type I and that ancient solutions u on
R™x] — 00, T] necessarily are of ode-type (spatially constant). For p > 2* however,
examples of self-similar Type I blow-up with spatially non-constant profile were ob-
tained by Troy [38], and Herrero-Velazquez [I8] demonstrated that for sufficiently
large n and p also Type II blow-up may occur. Matano-Merle [21], [22], [23], and
Mizoguchi [26] characterize the different possible blow-up regimes in the radially
symmetric case. (See [23] for a more exhaustive list of references.)

If we assume that @ = @(z) > 0 is a time-independent, self-similar solution of
(1) on R™, that is, satisfying @ = @ for all R > 0, and if we suppose that in case

n—1

n > 3 we have p < 27—, the critical Sobolev exponent in n—1 dimensions, a result

of Gidas-Spruck [15] implies that @(x) = ci|z|~%, where ¢, = (a(n—2— a))ﬁ; see
[40] or [34] for details. (Any exponent p > 2* is admissible when n = 3.)

6.5. Well-posedness in the Morrey space. The estimates in the preceding
section allow to considerably relax the regularity assumptions on the data. For
instance, Proposition shows that the Cauchy problem (L2), B is locally
well-posed for initial data ug € L>(Q).
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Moreover, if the domain is convex, and if ug € H' N LP#(Q) with Vug € L*#(Q)
for sufficiently small € > 0 satisfies the condition

(6.29) sup TH/ (IVuol® + JuolP)dar < =
zoER™, 0<r<rg Q- (z0)NQ

for some number ry = ro(g) > 0, then ([6.9) and Proposition 1] give the a-priori

L*>-bound

_ 2
luk (t)]| oo () < Ct™ 72

on a uniform time interval 0 < ¢ < T for the solutions u; of ([2) for suitable
smooth data ugr — ug in H' N LP(Q) (k — oo) satisfying the bound (6.29). Thus
we can extend our results to data ug in this class.

The latter reasoning fails, however, when the domain is non-convex, and it is not
clear if the Cauchy problem (I2)), (B)) is locally well-posed on an arbitrary smooth
domain for small data in this class. More generally, we may ask if the Cauchy
problem is locally well-posed even for arbitrarily large initial data ug € H*NLP*(Q)
with Vug € L*#(2). See [3] for a related study.

Concerning the time-independent problem, it seems an interesting question if
any (not neccessarily stationary) weak solution v € H! N LP#(Q) of (1) with
Vu € L*#(Q) is partially regular in the sense of Pacard. Likewise, we may ask if
Pacard’s partial regularity result [29], Proposition 1, and our improvement of this
result in Proposition 5.1 above extend up to the boundary of the domain when the
domain is non-convex.

We thank Frank Merle for bringing to our attention some further references
relevant for our topic.
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