A LIOUVILLE-TYPE RESULT FOR A FOURTH ORDER
EQUATION IN CONFORMAL GEOMETRY

MICHAEL STRUWE

ABSTRACT. We show that there are no conformal metrics g = ezug]Rz; on R*
induced by a smooth function v < C with Au(z) — 0 as |z| — oo having
finite volume and finite total @Q-curvature, when Q(z) = 1 + A(x) with a
negatively definite symmetric 4-linear form A(z) = A(wz,z,z,z). Thus, in
particular, for suitable smooth, non-constant fo < max fo = 0 on a four-
dimensional torus any “bubbles” arising in the limit A | O from solutions to
the problem of prescribed Q-curvature @ = fo + A blowing up at a point pg
with d¥ fo(po) = 0 for k = 0,...,3 and with d*fo(po) < 0 are spherical, similar
to the two-dimensional case.

1. BACKGROUND AND RESULTS

In order to put our results into context we first quickly review some related
results for prescribed curvature problems on surfaces.

1.1. “Bubbling” metrics on closed surfaces. Let (M, go) be a closed Riemann
surface with smooth background metric gy and Euler charcteristic xas < 0. Also let
fo: M — R be a smooth, non-constant function with maxyen fo(p) = 0, and for
any A € R let fy = fo + A. Then, if all maximum points pg of fo where fy(pg) =0
are non-degenerate, it was shown by this author jointly with Borer and Galimberti
[1] that for any sufficiently small A > 0 there exists a conformal metric g) = 2> gq
on M of prescribed Gauss curvature fy, which, as A | 0 suitably exhibits “bubbling”
with finite volume and finite total curvature. Galimberti in [6] extended this result
to the case when yps = 0. Finally, again in the case when xj; = 0, in [II] a
similar “bubbling” behavior in the limit regime when X\ | 0 was also observed for
the corresponding prescribed curvature flow by this author.

The “bubbles” produced in this way are of the form g = e?“gg2, where u < C
either solves the standard Liouville equation

(1.1) — Au = e** on R?
or the equation
(1.2) — Au = (1+ (Az,z))e*" on R?,

where A is a negatively definite symmetric matrix given by A = %H essp, fo for
some pg € M with fo(po) = 0. Moreover, they have finite volume and finite total
curvature

(1.3) / e dx < oo, (1+ (Az,z))e*" dr € R.
R? R?
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All solutions w with (I3) to the Liouville equation (II) have been classified by
Chen-Li [4] and they uniquely correspond to the solution obtained by pull-back of
the round spherical metric on S? under stereographic projection and its rescalings.
Moreover, in [T1] this author was able to rule out the existence of solutions u < C
to equation (2)) satisfying (L3). Thus, in n = 2 dimensions all “bubbles” resulting
from blow-up are spherical.

1.2. “Bubbling” metrics of prescribed Q-curvature. Similar results may be
expected to hold true in the 4-dimensional case for the problem of prescribed Q-
curvature. Let (M, go) be a closed manifold of dimension n = 4 with smooth
background metric go and suppose that the Paneitz operator Py is non-negative with
kernel consisting of constant functions only and with total Q-curvature kp, < 0.
By a result of Chang-Yang [3], later generalized by Djadli-Malchiodi[5], we then
may assume that (M, go) has constant Q-curvature. For this case, and for smooth
non-constant fo < 0 = maxys fo, fx = fo + A as above, Galimberti [7] established
the existence of “bubbling” metrics as A | 0 analoguous to our results in [I], and
Ngo-Zhang [9] obtained “bubbling” results for the case kp, = 0 which are the
analogue of Galimberti’s [6] results for the 2-torus. Ngo-Zhang [9] also studied the
corresponding prescribed @Q-curvature flow and showed “bubbling” analoguous to
the results in [I1]

Similar to the 2-dimensional case, also in dimension n = 4 the “bubble” metrics
g = e?“gR> are related to solutions u < C either of the equation

(1.4) A%y =e* on R*
or of the equation
(1.5) A%y = K(z)e* on RY,

where K (x) results from the Taylor expansion of f; around some py € M with
fo(po) = 0; moreover, the “bubble” metrics again have finite volume and finite
total @-curvature

(1.6) Vo= / et dr < oo, Ky= K(z)e* dz € R.
R* R*

However, as shown by Chang-Chen [2], in contrast to the 2-dimensional case, in
dimension n = 4 there is an abundance of non-spherical solutions to the equation
(T4) and also of solutions to the equation (LH) for any given, smooth function
K which is positive somewhere and satisfies |K(z)| < C|z|* for some s < 0, all
satisfying (LO). This prompted the question whether in n = 4 dimensions for
certain functions fy non-spherical blow-up might be possible.

Here we partially resolve this question and show that, in contrast to expectation,
non-spherical blow-ups do not arise at points po € M with fo(po) = 0, if d* fo(po) =
0 for 1 < k < 3 while d*fo(po)(x,z,z,2) < 0 for any = # 0. Any non-spherical
blow-up solution then would be a solution of (LH) for K(x) = 1+ A(z, z,z, z) with
A = £d*fo(po). A key observation is that, by an argument of Robert and this
author [10], proof of Proposition 2.3, building on the work of C.-S. Lin [g], for the
above blow-up limits there additionally holds the condition that

(1.7) Au(z) = 0 as |z| — oo.

With this extra information then we obtain the following result.
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Theorem 1.1. Suppose that K(x) = 1+ A(x, x, x,x), where A is a negative definite
and symmetric 4-linear map. Then there is no solution u € C®(R*) of equation

[CR) with u < C and satisfying [L6) as well as ([IT).

Indeed, it is not too difficult to carry over the ideas from the proof of the analo-
gous non-existence result Theorem 5.2 in our previous work [I1] to the degenerate
setting of Theorem [[LT} In contrast, it seems to be an interesting question whether
the above result will also hold for the non-degenerate case when d? fo(po) < 0 at all
maximum points pg.

Notation. Throughout the letter C' will denote a generic constant, occasionally
numbered for clarity.

Acknowledgement. To Jiirgen Jost on the occasion of his 65! birthday, with
all best wishes.

2. PrROOF OF THEOREM [I.1]

Let u € C*(R*) be a solution of equation (LH) with u < C and satisfy-
ing Au(z) — 0 as |z|] — oo. Moreover, assume that (L6) holds true. Writing
K(z)e* = (1 + A(z,z,z,2))e* =: F € L'(R*) for brevity, following C.-S. Lin [§]
we introduce

(21) o) = o3 [, (ol = vl ~logly)) F(s)dy

T 82
formally solving the equation
(2.2) A%y = —F(y) on R

Thus the function w = u + v satisfies A?w = 0. In fact, adapting the argument
of [§] to our setting, from our assumptions (L6 and (I7) we see that v is indeed
well-defined and that v can be represented in terms of v, as follows.

Lemma 2.1. The function v is well-defined and with a constant C € R there holds

23)  u(w)=C=vle) = C =gz [ (logle =3l ~lozly) Flu) dv.

Proof. Since u < C' the function F is locally bounded and for any x the integral
/ (log|a —y| —logy|) F(y) dy.
Bl(z)UBl(O)
is well-defined. It thus suffices to bound (log |z —y|—log|y|) for [y| > 1, |z —y| > 1.
If |y| > 2|=| and hence |y|/2 < |z — y| < 2|y| we can estimate
[log |z —y| —logyl| = [log(|z — y[/[yl)| <log2.
On the other hand, if |y| < 2|z|, for |y| > 1, |x —y| > 1 we can bound
log |z —y[ +log |y| < 2log|z| + C,

and v(z) is well-defined for every = € R*.
Likewise we see that we may differentiate under the integral to obtain

AU(;C):#/ F(y)

R [T —yl?
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and A%y = —F. Thus, letting h = Au + Av we find Ah = 0. In view of our
assumption (7)) that Au(z) — 0 as |z| — oo, and estimating

| Avdz| < 2/ / 2d:zcdy—>0 as |xo| — oo,
Bi (z0) 472 JRa Bi(z0) |517 - y|

from the mean value property of harmonic functions we then see that h = 0, and
w = u + v is harmonic. But estimating

/ / (log |z —y| —log|y|) F(y) dy dz
Bl(wo) Bl(iﬂ)

SC/ / |log |z — yl||F(y)| dz dy + Clog |xo| + C
Ba(zo0) J Bi(xo)

< Clog|zo| + C,

we obtain the bound
/ v(z)dx < Clog|zo| + C
Bl(x[))

for |zg| > 1. Thus, since v < C and again using the mean value property of
harmonic functions, we find the bound w(z) = u(z) + v(z) < C'log(2 + |z|) for all
x € R% We conclude that w = C for some C € R, which gives the claim. O

From the representation (23)), LemmaBIland B2 below then are available. Since
the proof of these results is rather technical, we postpone them to a later section
and proceed, following the ideas of [11].

Lemma 2.2. There holds
oy S C L[ dslemyllogh

' log|x| log|z| 8m2 JRa log ||

as x| — oo, where

(2.5) Q—L/IRALF(y)dy—ﬁ.

Fly)dy — —«

82 82
Proof. Recalling that for |y| > 2|z| there holds
|log o —y| —log ly|| = [log(lz — y|/Iyl)| < log2,

we can write

log |x — y| — log |y
/ |z —yl | IF(y)dy
R* log |z|

log |z — y| — log |y
= F(y)dy + o(1)
/|y|<21 ].Og|.’II|

with error o(1) — 0 as |z| — co. Moreover, again using that F' € L' N L (RY) it

loc
is not hard to show that

log |y|
/Iylszz log ||
Also note that Lemma below allows to bound

/ I%M—MN)@<CmmH%NSO/ F(y)|dy,
Bl(m) Bl(z Bl(m)
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where
/ F)ldy =0 (jz] = oo)
Bl(z)

as |z| — oo since F € LY(R*Y).

Finally, we observe that for any y € By;((0) \ Bi(z) we have the uniform bound
0 < log|z — y|/log|z| < log3 while for any fixed y € R* as |x| — oo there holds
log |z — y|/log|z| — 1. Again using that F' € L'(R?*), from Lebesgue’s theorem on
dominated convergence we then obtain the claim. (Il

From (24) and (L.6]), with error o(1) — 0 for any p > 4a — 4 we now can bound

/ |z|7# dx < C'/ |z|*et dx 4+ C
R4\ B (0) R*

< C/ |A(z, z, z,z)|e* do + C = C(Vy — Ko) + C < 0.
R4

It follows that o > 2 and hence
(2.6) Ko > 1672 > 0.
Next, we multiply the terms in (L) with 2 - Vu to find, on the one hand
A’uz - Vu = div(VAuz - Vu) — VAuVu — VAuz - Vu

2
(2.7) =div(VAuz - Vu — AuVu — Auz - VZu) + 2|Auf* + z - V(|Au| )
; 2 |Aul?
=div(VAuz-Vu—AuVu — Auz - Viu+z 5 ),

and on the other
K()z-Vu= (14 A(z,z,2,2))e* z - Vu

= dw(z(l + A(,T, x,x, ;C))e4u) — (1 + A(,T, T, T, $))64u _ A(,T, T, T, $)64u
= div(z(l + Az, 2,2, 7)) + ™ — 2(1 + Az, 3,2, 7))e™™.
Integrating, by finiteness of || F'||1 we have

R (1+ Az, z,z,x))etdo — 0
OBRr(0)

and thus
(2.8) / (1+ Az, z,z,2))e*™ x - Vudr — Vo — 2K,
Br(0)

as R — oo suitably.
Proposition 2.3. As R — oo there holds
Aul? 1
/ £~(VAua:-Vu—AuVu—Aux~V2u+xﬂ)do—> K2
OBRr(0) 2

S 16m2
Proof of Theorem [l Combining ([226]), (Z7)), (Z8]), and Proposition [Z3] we obtain
1 32712 — K
2.9 167% < Ko < Vp = 2K — K§ = Ko;
(29) To=Re=T0 07 T6m2 0 1672 0

thus Ko = 1672 = V. But from the formula for Kj it follows that we must have
Ky < Vp, and the proof of Theorem [I.1] is complete. O
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3. PROOF OF PROPOSITION
We need the following estimate.

Lemma 3.1. There holds

limsup z - Vu(z) = Ko

-3
|z|— 00 8w

moreover, we have
||| Vu(x)] < C < oo,

uniformly in x € R*.

Proof. Differentiating (23] we find

(3.1) 2 Vulz) = —— /]R @) oy gy = — Ko

872 Jpa fz —yP?

I(z) := _8—71T2 /]1{4 %F(y) dy.

with

Also consider the term

xj_ . x J—
(32) I1a) = Vule) = g [ ZE D) ay

for an arbitrary rotation P: z + z* on R* such that - 2+ = 0 for all z € R*.
Given any € > 0 we claim that for sufficiently large R > 0 we can estimate the
error terms

(3.3) sup (H(@)| + [ I(2)| < Ce

with a constant C' > 0 independent of R.
Let € > 0 be given. There exists Ry > 1 such that

/ F(y)] dy < <.
R4\ Br,(0)

Let |z| = 2R > 2Ry. Observing that |y| < |z — y| + |z| gives

ly|
|z -y

<3 for y ¢ Ba(a),
we can bound
}8#21(17) + / wF(y) dy|

Br(z) lz —y[?

Ry

lyl /
< P |F'(y)| dy
2R_ RQ BRO(O)

a /IR‘*\(BR(z)uBRO(o)) |z —y
CRy

< — <

< Ce ot gt < Ce

if R > Ry is sufficiently large. Moreover, for R > Ry, |z| = 2R we have

y-(x—y) - (r—y)
PE D pgyay- [ 2D g) < Fly)|dy < <.
sy To—gp T [ oy F@dl s [ FW)

[F(y)l dy +
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Similarly, observing that

zt - (z— Lo(p—
87211(@——/}}{4#17(1/)@——/]1{4 WF(y)dy,

we can bound

J‘ . ‘r J—
I87211(z) + /B » y_(@-y) . (s y|2y)F(y) dy|

|y Ry
< [F(y)|dy + 55— |F'(y)| dy
/]R“\(BR(z)uBRO(O)) lz -yl 2R — Ro /By, (0)
CRy
< i
< (Ce+ 5R— R < Ce

if R > Ry is sufficiently large, and we have

iR N
y - (z—y) - (z—y)
/BR(z) |z —y[? (@) Br(z) |z —y[? ()

Thus, it suffices to bound the integrals
1
- (x—y - (x—y
[t ey aa [ W),
Br(x) lz -yl Br(x) lz -yl
respectively. Changing coordinates to z = & — y we obtain

/B wp(y)dy_/B T i - 2)de

w(z) [T —yl? R0 121

1/ Tz
= - —(F(zx —2) = F(z + 2)) dz,
2 Br(0) |2]2

where we observe that

/ x—j(F(m—z)+F(m+z))dz=O
Br(0)

||
by symmetry. Expanding
Alx £z, +z,x 2,0+ 2) =A(x, x,x,2) £ 4A(z, 2, 2, 2)
+6A(x,x,2,2) £4A(x, 2, 2,2) + Az, 2, 2, 2)
we then have
Fla—z)—Fla+2)=1+A@@—z2—z1z—z1z—2)e"?)
— A+ A@+z,2+ 2,0+ 2z, @+ 2))e*@+2)
= ((1 + Az, z,z,2) + 6A(z, 2, 2, 2) + Az, 2, 2, z)) (64“(1—/2) _ 64U(w+Z))
—4(A(z,z,x, 2) + Az, 2, 2, Z))(e4u(zfz) + e4u(z+z))'

Note that we can bound

/ | 2z| (|A(gg,x,x, 2)+ Az, 2, z, Z)D (e4u(z—z) + e4u(z+z)) d
Br(0) |7]

<C |x|4(e4“(zfz) + 64“(””“)) dz < C |F(y)| dy < Ce.
Br(0) Br(z)
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Similarly, we have

/ |z .22| }GA(x,x,z,z) —I—A(z7z7z’z)}(e4u(mfz) +e4u(m+z)) dx
Br(0) |2l

< C/ |$|4(64u(zfz) + e4u(z+z>) dz < C/ |F(y)|dy < Ce.
Br(0) Br(x)
By Lemma we also can bound e**(*+2) < R=* for any u < 2 when |z| =
2R > 2|z| with sufficiently large R > 1. Choosing p = 3/2 we find

/ |$ 2Z|( 4u(z—=z) +e4u(m+z )dZ S OR174#/ dz
Br(0) |2

< COR*™ 50
Br(0) |Z|

as |z] = 2R — oo.
Thus we obtain

1 .

‘87r2l(;v) + —/ I—QZA(,T, x,T,T) (64"(9”72) — 64"(9”“)) dz| < Ce,
2 JBro) |l

and by the same type of reasoning also that

1 +.
|872 11 () + uA(gc, x,2,2) (64“(””_2) - 64“(””“)) dz| < Ce
Br(0) |22

if R > Ry is sufficiently large.

But letting 4, j, k € S3 be the usual imaginary quaternions with i2 = j2 = k% =
ijk = —1, and integrating for each zo with |z9] = » < R from 2y to —zp along a
semi-circle S(zp) of radius r, parametrized by 6 € [0, 7], with tangent vector iz at
any z = z(0) € S(z), we have

]64“(””%0) - 64“(”2“)’ < ’ / 4iz - Vu(x + z)et@+2) d9]
0

< C sup |Vu(z + 2)| @2 g,
|z|=r S(z0)

where ds denotes arc-length. Hence for any |z| = 2R and sufficiently large R > Ry
there results

[I(z)|+ sup |II(z)] <C sup |[Vu(z+z | |9c|5 dul@+z) gy 4 Ce
PeO(4) |z|<R

(3.4) <C sup |y|[Vw(y)| [F(y)| dy + Ce
vEBr() Br(x)

<Ce sup |y||[Vw(y)|+ Ce.
yEBR(;E)

But for any pu < 2 for any sufficiently large |z| = 2R > 2R; = 2R1(n) > 2Ry > 2
and any y € Bg(x) we can bound |F(y)| < C|y|*e**®) < CR*~* to obtain

F F
Vulz |_‘/ i (y)dy\g/ |F(y)] dy+/ |F'(y)] i
|z —y| R4\ Bp(z) [T — Yl Br(z) 1T =Y

<CR '+ CR"™* < CR" ",

Thus, for any 0 < v < 1 the number sup, cga [y|"[Vu(y)| is attained.
We claim that this also implies that

sup |y|[Vu(y)| < oco.
yeR*
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Otherwise for v 1 1 there exist points z, € R* with |z, | =: 2R, — oo such that
Yo = |xy|”|Vu(z,)| = sup |z|”|Vu(z)| — oo as v 1 1.
reR*

But from the definitions of I and I and estimate (84]) above, with a constant
C5 > 0 independent of v we have

v Ko ,
W = lw [ Vu(zy)| < (o + H(@)] + LSup 11 ()]) ]!

82 0(4)
KO v—1
<(gz+Ce sw  [yllVuly) + Ce)la|
yEBR,,(Iu)
K v—1
(8 5+ Cae)lay "1 + Coe Sup lyl"|Vu(y)|

where we may let ¢ — 0 as |z,| = 2R, — oo. In partlcular, for sufficiently large
v < 1 (and hence sufficiently large R, > 1) we have C2e < 1/2 and we can bound
Ky _ » 1 v
o < (o 4 o) |+ Coe sup [yl [Vuly)] < (5 +5) + 2.
8 ly|>R, 27 2

Thus for any v < 1 there holds

< Ky
T S ) + 1.

It follows that for every z € R* we can bound
K
2| Vu(@)] < limsup 2| Vu(x)| < limsup, < <+ + 1.
vl vl 4

Together with (8:) this concludes the proof. O

As an immediate consequence of Lemma [3.1] we obtain the following Harnack-
type estimate.

Lemma 3.2. There exists a constant C > 0 such that for any R > 1, any x € R*
with |x| = 2R there holds

sup [F(y)| <C inf [F(y)].
yEBR(z) yEBR(z)

Proof. For any y € Br(x) we can bound
d
TF@+tly—a)| =y —2) VF(z +ty - o)l < RIVF (e + t(y — ).

Moreover, for any z € Bgr(z) in view of the bound |z| > |z| — R > R there holds

RIVA(z)| < 4|A(2)|, where we denote A(z, z,z,z) as A(z) for brevity. Thus, by

Lemma BT for any z € Br(z) we have

RIVF(2)| < 4(1+ [2]|Vu(2)])|F(2)] < C|F(2)].

It follows that

ZP(w+ iy — o) < CIF (@ + 1y — 2))

and
|F(y)/F ()| + |F(2)/F(y)| < C.
The claim follows. O
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Proof of Proposition[Z.3 Differentiating ([23)) further, for z € 9Br(0) we also find
the representations

1 F(y) 1
Au(z) = ——— dy = ———=— Ko+ IIT
) =1 | o p W T e ot (@)
with ) ) )
I11(z) = — (——7)1? dy,
@ =gz [ (Gr ) P s
as well as
1 2|z —yl* = 2|z - (= —y)
e = F(y)d
(@ VPula)a) = ~g3 [ — (v) dy
and
1 z-(x—y)F(y) 1
VAulz) = — | =2 gy K+ T
z- VAu(z) 272 /1114 |z —y|* Y= 9rRe o+ IV(@),
where

IV(z) := # /W (ﬁ - #)F(y) dy.

Note that we can combine the terms
2
T - (IM — AuVu — Auzx- V2u)
= Au(|x|2% —z-Vu— (z-Vu(z),2))
with
|x|2% —x-Vu— (z-Vu(z),z)

_ 1 (w-(w—y)_2Iw-(:v—y)|2)F(y)dy

8 Jpa \ e —yP? |z —y[*
1

where I as in the proof of Lemma [3] satisfies I(x) — 0 as |z| — oo, and where
1 |z (z —y)?
V(z) = -— (1 — 7)F dy.
@ =g [ (- ) Py
Replacing R by 2R for later convenience, we now claim that we can estimate the
error terms

(3.5) S (|21 ()| + |21V ()] + [V (2)]) = 0

as R — oo. From this the asserted convergence follows.
Fix € > 0 and let Ry > 1 such that

(3.6) / F(y)|dy < ¢
R4\ Bg, (0)

as in the proof of Lemma Bl For |z| = 2R, |y| < Ry, for sufficiently large R > Ry
we can bound

| |z — | — y|?
|z —y?

|2gc-y—|y|2\§21~2R0+RgS B8Ry  _
|z —y|? (2R — Ro)*> = 2R — Ry

E.
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Similarly, we have
||:v|2:v (w—y) |z —yl*

R*Ry _ _CRy
|z —y|*

QR-Ro)! “2R—Ro ~°

<c

and

}I:v-(:v—y)lt I:v—yl“’ <o FRo
(2R — Ry)*
for sufficiently large R > Ry. Moreover, we observe that for y ¢ Bgr(z) the terms
on the left in the above three formulas are uniformly bounded. Thus for any x
with |z| = 2R by (3.6)) the contributions on R*\ Bg(x) to the error terms (3.5) are
bounded by Ce.
Finally, for y € Br(z) we can estimate

<€
|z —y[*

2 _ _ 2 2 2 3
||x| |z 2y||S |z| 1< |z| <o |z] N
|z —yl |z -yl |z -yl |z -yl
while ) . 5 s
||96|96-(46—3/)—4|fv—y||S |z| 1< |z| n
|z —yl |z —yl lz -yl
and 2 4 2 2 3
‘I:v-(:v—y)l —4|:v—y| < || r1<2 |z| <o |z| !
lz -yl |z —yl lz -yl lz -yl
to see that
3
P + IV V@ <C [ SR s
R\T
But by Lemma B2 for |z| = 2R we can bound
|| ||
——|F(y)ldy < sup |F(y)] 3
/;R@glw-—yﬁ yEBR(z) BR@3|$—'QP
<CR' sup |F(y)|<CR* inf |F(y)|<C |F(y)|dy < Ce,
yEBRr(w) ye€Br() Br(x)
and
|*[TT1(z)| + |2|*| TV (2)| + |V (z)| < Ce,
as claimed. O
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