SCATTERING FOR A CRITICAL NONLINEAR WAVE
EQUATION IN TWO DIMENSIONS

MARTIN SACK AND MICHAEL STRUWE

ABSTRACT. We show that the solutions to the Cauchy problem for a wave
equation with critical exponential nonlinearity in 2 space dimensions scatter
for arbitrary smooth, compactly supported initial data.

1. INTRODUCTION

Consider the initial value problem for the equation
(1) utt—Au+u(e“2—1—u2)=OonR><R2.
with smooth Cauchy data
(2) (u, u),_y = (uo,u1) € C°(R?).
Observe that for a classical solution u of (), (2) the energy

1

(3) Bu(t) = /{t}sz (Iuel? + |Vl + F(w))da

. 2 . - .
is conserved, where F(u) = €% — 1 —u? —u?/2 is a primitive of the nonlinear term

flu) = u(e“2 —1—u?).

For the related problem when f(u) is replaced by the nonlinearity n(u) = ue®”
Ibrahim, Majdoub, and Masmoudi in [3] showed that whenever the corresponding
initial energy is at most 2w the Cauchy problem (), ([2) admits a global smooth
solution. Together with Nakanishi, in [5] the same authors also showed that when
f(u) is replaced by I(u) = u(e*” — u2) the solution scatters, again assuming the
associated initial energy to be bounded by 27. The constant 27 is related to the
best constant in the Moser-Trudinger inequality [6], [10], which defines the limit
case of Sobolev’s embedding of the space H'(R?). It was conjectured in [5] that this
number also marks an energy threshold for the onset of “super-critical” behavior in
(@) and its variants. This conjecture was partially confirmed through the examples
given in [4], showing that the solutions no longer depend in a locally uniformly
continuous fashion on the data when the initial energy exceeds the value 2.

In contrast with these expectations, however, Struwe [9] showed that the initial
value problem for equation () has a global smooth solution for smooth Cauchy
data (ug,w1) with arbitrarily large energy. This result was originally demonstrated
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when f(u) is replaced by the nonlinearity n(u) = ue®” but the proof is valid also
for all the above variants of equation (IJ).

Moreover, by building on the techniques developed in [9], Sack [7] was able to
show scattering for any solution u of (), () for arbitrarily large smooth, compactly
supported data with rotational symmetry. Here, by definition, a solution u to (1))
scatters if for the solution v to the homogeneous linear wave equation

(4) vie —Av =0 on R x R?

for suitable “scattering data”

(5) (v,v¢)],_y = (v0,01) € H' x L*(R?)
there holds

(6) [[Du(t) — Dvu(t)||p2@2) — 0 as t — oo,

where Du = (u, Vu) is the space-time differential of u.

Combining the insights of [7] and [9], in the present paper we now establish
scattering in the general (non-symmetric) case.

Theorem 1.1. For any ug,u; € C°(R?) there exist (vo,v1) € H' x L*(R?) such
the solution u to (), @) scatters to the solution v of ), () in the sense of (@).

For the proof of Theorem [[] as in [7] it suffices to show finiteness of the scat-
tering norm

oo = Al = 1) g = [ 0l ey

of the solution u to (), @) for given data. In [7] this already was partially achieved
by applying the techniques of [9] to the function U obtained from u through con-
formal inversion, which satisfies an equation similar to ([Il). Conformal inversion
also is a key element in the proof of Theorem [[1] in the present paper, and we
crucially exploit the fact that the wave operator and nonlinear terms of degree 5
and higher are well-behaved under this transformation. Even though our proof
therefore cannot be extended to the case when f(u) is replaced by the nonlinearity
I(u) = u(e”” —u?), it is to be expected that the analogue of Theorem [T also holds
in this case, since scattering properties should only improve in the presence of a
mass term. However, it is not clear if scattering holds when f(u) is replaced by the
nonlinearity n(u) = ue*” since the cubic term seems difficult to treat even in the
small energy regime.

Note that also when f(u) is replaced by either [(u) or n(u), by [9] the solutions
to the Cauchy problem (), ([2) for smooth data always are globally regular.

2. PRELIMINARIES
2.1. Energy identity. Multiplying (1) by u; we obtain the identity

(7) 0 (u) — div(Vu - uy)

= Ee
for the energy density

e(u) = (|Ut|2 + |Vu|2 + F(u))
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and the density of momentum m(u) = Vu - uy.
If for 0 < S < T < Ty we denote as v(y) = u(|y|,y) the restriction of u to the
lateral boundary
ME ={z=(t,x); S <t <T,|z| =t}
of the truncated forward light cone
Ki={z=(t,x);S<t<T|z| <t}
with vertex at z = (0,0), then upon integrating (7)) over Kg we find the identity
(8) B(u(S), Bs(0)) + Flua(u, MT) = E(u(T), Br(0))
for all 0 < § < T < Tp, where

E(u(t), Br(zo)) := / e(u(t))dz

BR(%())

and where )
Fluz(u, ML) = —/ (Vo> + F(v))dy
2 JBr\Bs(0)

is the energy flux through M7, as in [9]. In particular, energy will spread with
speed at most 1. Identities similar to (8) hold on any region with space-like or null
boundary. For 0 < S < T we also let KT = KI', Kg = Kg°, and so on.

2.2. Normalisation. Given data ug,u; € C2°(R?) with support in B,(0) for some
a > 0, by [8) the solution u to the Cauchy problem (), @) in forward time
is supported inside the light cone with vertex at (—a,0). We may assume that
a > 1/2. Shifting time by tg = 2a > 1 we then may assume that u in forward time
is supported inside the cone

Ki,(a,0) ={(t,2); |z| <t—a, t >t} C K ={(t,2); |z| <t}
with initial data
(u,ut)‘t:m = (up,u1) € O§°(R2)
and with lateral trace
u=0 on My(a,0),
where M, (a,0) is the lateral boundary of the truncated cone K, (a,0).

2.3. Conformal inversion. Following Grillakis [I] we let ®: K — K denote the
conformal inversion given by ®(¢,x) = (T, X) with
t T
T:= Pt X = Pt
where r = |z|. Note that ® is an involution with inverse ®~! = &, and that ® maps
light cones to light cones. Moreover, letting n = diag(—1,1,1) be the Minkowski
metric, we have ®*n = Q%n, where
1
Q:—:TQ—RQ on K
12 — 2
with R = |X|. Finally, as explained in [7], given a solution u of () with support
in K, (a,0) C K, the function U = Q~/2(u o ®) solves the equation

) Urr — AU = —Q 72U (27" — 1 - QU?) =: —g(U).



4 MARTIN SACK AND MICHAEL STRUWE

Recalling that ty = 2a, we observe that the support of U is contained in the region
A= ®(K, (a,0)) = {(T,X) € K; T/(T? = R*) > to, T+ R < 2/to}
bounded within K by a section of the hyperboloid
1, 9 1
2 —R24
2t0) + 4t3}

and the lateral boundary of an incoming light cone with vertex at the point (2/t,0),
which meets ¥ in the circle {(T, X) € K; T = 2R =4/(3t)}.

S ={(T,X)eK; (T

2.4. Bounds for conformal energy. Similar to (@), upon multiplying (@) with
Ur we find the conservation law

d
(10) ﬁé(U) —div(m((U))=TPU) >0
for the conformal energy density

éU) == (|Ur* + |[VU]> + G(U))

N~

with

G(U) = Q3" —1-QU? — Q2U*/2) > US /6,
and with the density of momentum m(U) = VU - Ur. The fact that the lowest
power term in f(u) is of order u® is crucial for the positivity of the term

(Qu)*
Rl

P(U) = Q7302 —1-QU?) - 307 1G(U) = Q1Y (k- 3)
k=4
We have thus set the stage for the proof of Theorem [[L1]

3. PrRoOF OoF THEOREM [I.1]

Recall the following result of Sack [7], similar to [9], Lemma 4.3.

Proposition 3.1. There exists T1 > 0 and a constant C7 > 0 such that

/ AUCAX AT < O .
KT

Proposition 3] allows to partially bound the scattering norm, as follows. Clearly
we may assume that T < 1/(2¢9) < 1/2. Set

D:=oHK™) ={(t,x) € K; t/(t* —r?) <T1} C K,

and for any tg < t; < to let
D(t1) ={(t,z) € D; t =t1}
as well as
D ={(t,z) € D; t; <t < to}.
Note that D is the part of K above the hyperboloid
1
_ 2—T1)2 2 4LT12};

therefore D together with the thickened mantle region
K, (a,0)\ K(d,0) ={(t,z) € Ky,; t —d < |z| < t—a}

H={(tz)eK; (t
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for any d > 1/(2T1) > to = 2a covers the support of u up to a compact domain.
By Proposition B.1] and using that
esw2 —1-QU?< QQU4€QU2,
we can bound
/ |f (u)|*dx dt = / |u(e“2 — 1 —u?)|?dzx dt
Djf Djf

_ / QU2 —1 - QU2PQ3dX dT < / Q2U10220% X g
®(Df2) ®(Df2)

But since T7 <1, we have that 2 <1 on @(Dif) C KT and
L0207 ~ (,4U?

on this region. On the other hand, using that we have |z| < t — a throughout the
support of u, we can also bound

1 < 1
(t = [z[)(t +|z[) ~ at
on the support of u. Hence by Proposition Bl we find that

/ |f(u)|?da dt < Ct1_2/ A dX dT < Ct72.
D;? KT

(11) Q=

After a dyadic decomposition t, = 2¥ty, k € N, of the time interval [ty, oo, from
Holder’s inequality we then obtain

7 VP ) 241 = > | Y (w)dz) 2t
to JDG@ D(t

keNg

12 1/2 _
<Z (2%¢0) / / +|f(u)|2d:1cdt)/ SCZ2’“/2<00.

keNg tk keNy
To complement this estimate, we show the following bound.

Proposition 3.2. There exists a constant Cy > 0 such that

sup Ul <Cy.
supp(U)\KT1

Postponing the proof of Proposition 3.2 we complete the proof of Theorem [l
From Proposition B2 and ([Id]) we conclude that

Ju(t, 2)] = QVU(T, X)| < Coa™ '/ [V
for all (¢,z) € Ki,(a,0)\ D, with (T, X) = ®(t,x). Hence we have the bound
[f (W) = |u (6“2 —1-u?))? < w02 < Ot away from D
and there holds

/ / u)2dz)"*dt
to  J B (0)\D( t)
< / (/ uloezuzdx)1/2dt < C/ +73/2dt < 0.
to Bt(O)\D(t) to
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Splitting f(u) = f(u)xp + f(u)X(x,,\D), Where xar is the characteristic function
of a set M, with the Minkowski inequality we now obtain that
1F @l g2z < 1F@xpllLrz + 11 (WX \pyllLr2 < oo,

as claimed.

4. PROOF OF PROPOSITION
Recall that supp(U) C A = ®(Ky,(a,0)). Fix a point (Tp, Xo) € A\ KT'. By
Duhamel’s formula we can decompose
U(Ty, Xo) = UL(To, Xo) + Un(To, Xo),

where Uy, solves the free wave equation (@) and where V := Uy solves the equation
Vrr — AV 4+ g(U) = 0 on A with vanishing Cauchy data.

Clearly we have Uy = Q~1/2 (ur, o @), where uy, is the solution of the free wave
equation (@) with Cauchy data (2) at time ¢ = t9. By the known decay estimates
for this problem there exists a constant C' = C'(ug, u1) > 0 such that

u(t,x)| < /vt

for sufficiently large t > to; see for instance [8], Lemma 4.2 and (4.9b). Recall that
letting d = 1/T1, for sufficiently large t; > to we have

Ku\DC K\K(d,0) = {(t,) € K; t —d < Ja] < t}.
Hence for (¢t,z) € K \ D with ¢ > t; we can estimate
(t,2) ™" = (¢ = Jal) (¢ + J2]) < 2t

By smoothness of uy, then we can uniformly bound |[(Q~'/2ur)(t,z)| < C every-
where on Ky, \ D, and we obtain the bound

(12) sup |UL(To, Xo)| < C.
(To,X0)EA\KT1

By Duhamel’s formula, moreover, the component Uy is given by the equation
Un(To, Xo) = —/ g(U)T" dX dT,
Ag
where Ay := K(Tp, Xo) N A and where
B 1
2my/|To — T2 — | X — Xo|?
is the fundamental solution to the linear wave equation. Again estimating

2 2
g(U) = 19720 (™ —1-QU?)| < |UPe™,

(T, X) € L**(Ao)

with a uniform constant C > 0 we can then bound
|Un(To, Xo)| < Tl sr2(a)ll9(U) L3 (a0)

13 2
(13) < C sup HU(T)H?:W(AO(T))HeQU |
T>T)

LS(Ap)»

where Ao(T) = {(T, X) € Ao} for any T > T,. The desired bound then will be a
consequence of the following two lemmas.
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Lemma 4.1. With a uniform constant Cy > 0 for any (To, Xo) € A\ K™ there
holds

(14) sup [|U(T)|70(a0(ry) < Ch -
T>To

Proof. For any T > 0 also let A(T) = {(T, X) € A}, where A = ®(Ky,(a,0)) as
above. Set g = 1/(3tg). Note that
QT,X)=(T—-R)(TH+R)>dTh

is uniformly bounded away from zero at points (T, X) € A\ K™t with R < T — d.
All such points are mapped under ® to a fixed bounded region of space-time. Since
u is smoothly bounded on any compact region, we see that also U = Q’l/Q(u o ®)
is smoothly bounded at all such points. Fix

T, =T7/(6to) = 1/to + 1/(6to).
Our choice §y = 1/(3tp) guarantees that for all T > Ty we have A(T) C K (do,0);

hence we have

sup [|U(T)||Zs0a(ry) < 0 -
T>T,

Recalling that U vanishes in a neighborhood of the mantle section
{(T,X) eK; T+R= 2/t0, T > 1/t0},
from the energy inequality (I0) and in view of smoothness of the Cauchy data for
U on X we also have
sup  E(U(T); A(T)) = sup / e(U(T))dX < oo.
T1<T<T, T <T<T> JA(T)

Moreover, for T7 < T < T5 the Sobolev inequality
IU(D) | zsoacry) < CollVUIlLzcacry) + Ul Lscacry) < CEU(T); A(T))

holds with a uniform constant Cy > 0. Since for any (Tp, Xo) € A\ K7 and any
T > Ty there holds Ag(T) C A(T'), we then obtain the uniform bound

sup [|U(T)||7s0(a0(ry) < sup [1U(T)||70(azy) = C1 < 00,
T>To T>T

as desired. O

For the statement of the second lemma we introduce the characteristic coordi-
nates

E=t+r, n=t—r.

Fixing

(15) d=1/T1,

then for any & > 2ty we let

(16) NM&G)={tz)eK;{=t+z|=&, 0<n=t—|z| <d}.

Lemma 4.2. There exists a constant Cy > 0 such that for any & > 2ty there holds

(17) / e do < Cy€ .
I'1(¢)
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The bound () is analoguous to the bound on p. 1822, 1. 3-4, in [9], proof of
Lemma 4.3. In the present context, however, we need to show (7)) in the asymptotic
regime when & — oo instead of £ | 0, as in [9]. For completeness, we therefore give
the proof of ([I7) in detail in the following section.

Proof of Proposition (completed). Recall that there exists a compact set
Dy such that for any (T, Xo) € A\ KTt there holds ®(Ag) C Do Ug>ar, ['1(€). By
Lemma [£.2] and using (II]) as well as the bound ¢ < £ < 2¢ then we can estimate

/ W 41X dT = / S O3 de dt < C =35 dg dt
Ao ®(A0) ®(A0)

2 > dt
<C+C sup (571/ b do)/ d—2§C,
£>2t0 INTE3) o

0

uniformly in (Tp, Xo) € A\ K™t. From (I3) and Lemma FEI] we hence obtain the
uniform bound |Un(Tp, Xo)| < C. Together with (I2)) this completes the proof of
Proposition 3.2 (I

5. PROOF OF LEMMA

The proof of Lemma relies on the following multiplier estimates analogous
to the ones in [9]. Observe that in polar coordinates (r, ¢) the conservation law ()
may be written in the form

(18) O¢(re) — Or(rm) = r716¢(utu¢) ,
where now

e=e(u) = = (uf +ul +r*u + F(u), m=m(u) = uu, .

N | =

We also have the following analogues of the identities (15) and (16) in [9]. Mul-
tiplying (@) by « - Vu we obtain

0= %(ut z-Vu) — div(Vu z - Vu — §(|Vu|2 — |ue|® + F(u))) + ue|* = F(u) ,
which in polar coordinates and with the notation

q=q(u) =r"%ug + F(u) .
reads

(19) O1(r*m) — 0, (e — q)) + r(u? — F(w)) = 9y (uyuy) -

Finally, when we multiply () by u we find

0= %(utu)) — div(uVu) + |Vul* — |u|* + u(e” —1—u?),

that is,

(20) Oy (rueu) — O (rupu) + (| Vul® — Ju|* + u2(6“2 —1—u?) =710, (uuy) .
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From these identities we deduce the conservation laws

r? u o |ul? r? u
O (— —+—)) =0 (—(e— r—
t(t(e+m+ut2r+4rt)) (t(6 g+ mtu 2r>)
r r lul*  w?, e 3
(21) + (L Det+m) + g + (e —1-u?) — ZF(u)
1 u
=t ((ur +uy + ﬂ)%)
and
0 (—2(m—e+u —+w)) 6] (r—z(e—q—m—i-u —))
' “2r " 4rt "t "2r
r r lul>  uw? 3
(22) + (1= De—m)+ gz + 5 (e —1-u?) = JF(u))
_ u
similar to equations (20) and (21) in [9].
It is now crucial to observe that
(23) w(e” — 1 —u?) — 3F(u) = i(k —3) Wl S g
P kKl —
We then obtain the following analogue of [9], Lemma 3.1.
Lemma 5.1. With a constant C' > 0 we have
2\ da dt
/ (a+ Dedm) + %) EE < CB().
K

to

Proof. Integrating the identities [21]), 22)), respectively, over a truncated cone KZ
for to < S < T < oo we obtain

2\ dz dt
[ul ) T L 4TI +VI+V,

I :_/Kg ((1:&%)(e:tm)+ﬁ g

with I'ly, II1, and IV corresponding to the top, lower, and lateral boundary
terms, and with ’error’ term

1 9, w2 9 dx dt
V= 2/K§(u(e 1 —u?) — 3F(u)) ;

on account of [23)). As in [9] we can bound |[I1|+ |II1+| < CEy with a uniform
constant independent of S and T. Moreover, since supp(u) C K, (a,0) the contri-
bution I'V from the lateral boundary vanishes. Setting S = ¢y and letting 7" 1 oo,
we then obtain the claim. O

<0

In particular, given 0 < € < 1 we can find t. > tg so that

(24) /K ((1 + ;)(e £m)+

|ul?\ dz dt
o) 7S¢

Given & > 2t., we set g = &/8. After increasing ¢, if necessary, we may assume
that o > 2d, as defined in ([I3). For & € [£o,4&o] then we let

To(&) ={(t,x) e K™ E=t+ x| =&, n=t—|z] <m} DT1(&),
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as defined in (8], and set

2
U
Q)= [ o+ )i
To(&1) t
Note that
r_§-nm 2n 20 3
25 —:—:1——>1__ —
(25) t &+n §+n— o 4
for any (t,x) € T'g(&1) whenever & > &y > 2t..

Finally, setting
L&) ={(tz) e K; {=t+|z| =&},
and integrating (7)) over the region
{(t,2) € Kips £ =t+|z| <&},
for any & > 2t. we also obtain the bound

2 —m) do u f =:
(26) 2/F(£1)u77 dog/%)(e ) do < E(u(0), By, (0)) =: Eo

as a useful variant of the energy inequality ().

Now note that ¢t > ¢, for any (t,x) € K with £ = ¢ + |x| > 2¢.. Changing
variables (t,2) — (§ =t + |z|, ), then from (24]) we see that for any & > 2t. with
an absolute constant C' there holds

280 |u|2

inf QO<& [ QEOEC | (1+D)(etm) + o)

£0<E<280 £ K. 22

dz dt
t

< Ce.

Thus, given & > 2t. we can choose a number & € [£p, 2£p] such that

(27) Q) <2 if Q) < Ce.

€0<€E<28o

In fact, we can show uniform smallness of @, similar to [9], Lemma 4.1.
Lemma 5.2. There is a constant C > 0 such that for any o > 2t. there holds
sup Q) < CVE.

280<E<4bo

Proof. Given any &, > 2t. we determine & € [£, 2] as above satisfying (21).
For any & € [2€, 4&p] consider the set

R=R(&,&)={(t,x) e KT & <€ < &, 0<n <o}
with boundary R = U?_T';, where
[y ={(t2); & << &, n=0}, Ty=To(&),
L3 ={(t,2); & << &, n=mno}, s =To(&).

as in the proof of Lemma 4.1 in [9]. Integrating the relation (2II) over R, we find
the identity

(28) Ay +As+A3=A1 + A4+ V,

where

r |u|?\ dx dt Sdx dt
29 = - — > >
@) A= [(arperm BT 22 [ @ 0
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satisfies Ay < ¢ in view of (24)), and where the terms A4;, 1 < i < 4 correspond to
integrals over the boundary components I';, 1 < ¢ < 4. As in the proof of Lemma
(1] again the remainder

V= _%/ (u?(e” —1—u?) - 3F(u)) dxtdt <0
R

on account of ([23). Since supp(u) C K, (a,0), we also have A; = 0. Moreover,
using (26) and ([27) we can bound |A4] < C+/e as in [9]. Finally, we find

r u Jul? |ul?
As = 4—u? - do > —Vdo>0,
3 /F3(tu5+u5t+42)) /m( +82)o

as we can see from writing

72 ul? 2 u

B(t(e+m+u2—+4—|)) 8T(?(e—q+m+urg))
& W) s o TP
:8,7(7( (e—l—m)—q—l—u&——i—ﬂ))+35(?(q+un;+m))

in characteristic coordinates and estimating as in [9], formula (29), using (25).

Thus we conclude the bound

Ag:/ (zq—l—ung—l—u— do < Cy/e .
To(¢s) U ¢

42 )
But as in [9], formula (35), by using (29]) we can estimate

2 2 de dt
/ |2|d<C @do—i—c‘/mdzx
To(&s) ¢ To(er) ¢ R t
Hence together with (26]) and (28) we may conclude as in [9] that
3
A2 2 ZQ(§2) - C'\/g )

and Q(&) < Cy/e. Since & > 2t. and 2§ < & < 4€; were arbitrary, the claim
follows. O

<CQ(&)+CAy < Ce.

Proof of Lemma [4.2] completed. Given & > 2t., let 0 < g = po(n) < 1 be
a smooth cut-off function such that ¢g(n) = 1 for |n| < n9/2 and ¢o(n) = 0 for
Inl > no, with |pi| < 4/no, where ng = & /8. Also fix a smooth cut-off function
0 < x = x(¢) <1 satistying x(¢) = 1 for |¢| < 7/8 and x(¢) = 0 for |¢p| > 7/4.
After extending u(&,n,¢) = u(§, —n, ¢) for n < 0, for 2§, < £ < 4¢; also let
Note that for any fixed & € [2£,4&] we have

uk(ga " ) € HOI([_W(JvnO] X [(k - 1)7T/45 (k + 1)71-/4])5
and by (26) and Lemma [5.2] there holds

(k+1)7/4
/ / |8nuk|2 + 7“_2|8¢uk|2)r de dn
k—1)m/4

<C (e—m+-—)do<C(1+Ey), 1<k<8.
To(€) ¢
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In addition, Lemma yields the bound

o p(k+1)m/a
/ / (7‘72|8¢uk|2)7‘ d¢ dn
—no / (k

0 71)71'/4
|ul?
<’ (Q+t—2)d0:OQ(§)SO\/Ea
To(§)

uniformly in & € [2&y,4&] for any & > 2t., 1 < k < 8. After scaling

Uk (57 ) = Uk (57 m, ¢) = uk(ga /\777 A(b)v

where A = /7o, and applying the improved Moser-Trudinger inequality in [9],
Lemma 4.2, to the functions vk (&, ) defined on a domain € of unit area, with

/ (0l0yvk|? + &5 M 0svr|?)de dn < C(1 + Ep)

Qp

and with
| &t osnlas an < ez,
Qp

for sufficiently small € > 0 we deduce the uniform bound

sup (551/ eGuido) =C sup / 5% do <C
260<£<46o Lo (&) 260<€<480 J

for each k. Since d < 1/2 we can pointwise estimate u? < max;<y<su? on I'1(£).
Hence we can bound

—1 6u’ -1 6u?
30 3 / e’ do < E 13 / S do) < C
(30) r'1(8) ( To() )

1<k<8

uniformly in £ € [2&y,4&] for any & > 2t., with a constant C' > 0 independent
of &, and therefore for any & > 4¢.. Since u is smooth and therefore is locally
bounded, (B0) also holds for all remaining £ > 2t(, possibly with a larger constant
C > 0. The claim follows. O
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