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1 Introduction
Not much is known about non-trivial solutions u to the equation
—Au = |[ulP"?u in Q (1.1)

on a smoothly bounded domain 2 C R™ when n > 3 and when the exponent p in
the nonlinear term is in the “super-critical” range p > 2* = %

Here, in a first attempt to understand this equation more thoroughly, we focus
on solutions of (1.1) on R™\ {0} which either are radially symmetric or self-similar

in the sense that u = ug for all R > 0, where

ugr(z) = R*u(Rx), R > 0, (1.2)
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with a := ﬁ. Note that this scaling of a solution u of equation (1.1) on R™ \ {0}
again produces a solution ug to (1.1), and u = ug for all R > 0 if and only if

T
u(z) = |z| v(m), z #0, (1.3)
where v solves the equation
—Agnv+b-v=|v"?von 8" (1.4)

with b := a(n — 2 — a). Such solutions also might arise from blow-up of singular
solutions of (1.1) on a domain £ C R™ which are stationary in the sense of Pacard
[6].

Conversely, if p > 2* any solution v # 0 to (1.4) of class H! N LP via (1.3)
induces a solution u € H: N LY (R™) of (1.1) blowing up at the origin. Equation

loc loc
(1.4) is similar to equation (1.1), but — unless p = 2% := 2(:7:31)7 the critical Sobolev
exponent in n — 1 dimensions — no longer has any of the invariance properties of the
latter. When p < 2% any solution v to (1.4) of class H! is smooth, and solutions
v > 0 have been classified completely. In contrast, there is a vast abundance of sign-
changing self-similar solutions; see Section 3. When p > 2% we expect equation (1.4)
to admit also singular solutions 0 < v € H* N LP, inducing solutions u € H! of (1.1)
blowing up on a higher-dimensional singular set. In a sequel [8] to this paper we
plan to study this latter case more closely.

Our results thus are most conclusive for solutions « > 0 and may be summarized,
as follows. On the one hand, in Theorem 2.1 we characterize the self-similar solution

w(r) = b2y~ € HL N IP (R") (1.5)
as the strong limit v* = limp_, ur of rescalings of any smooth, radial entire

solution u of (1.1) with w(0) > 0. On the other hand, as a consequence of a result
of Gidas and Spruck [4], for mildly super-critical exponents 2* < p < 2% the solution
u* also is the unique positive, self-similar solution of (1.1) of class H} . N LY on
R™.

Moreover, for arbitrary p > 2* the function u* is the only radially symmetric
solution of (1.1) with a mild singularity at r = 0; indeed, by Theorems 2.1 and 2.3
any radial solution u # £+u* which is singular at » = 0 changes sign infinitely many
times and blows up at the origin with a predetermined rate which, in particular,
implies that u ¢ H} .

2 Radial solutions

For any dimension n > 3 and for any given p > 2* = 2% we consider solutions

n—2
u = u(r) of the equation

U + [uP~?u =0 on ]0, oo[, (2.1)
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corresponding to (1.1). In our first result we study entire solutions u € C2([0, o)
of (2.1) with a well-defined limit

u(0) = ug, ur(0) =0 at r =0, (2.2)

giving rise to classical solutions of (1.1) on R"™. Moreover, we prove that the function
u* defined in (1.5) is the only radial solution of (1.1) with a mild singularity at the
origin.

Theorem 2.1. i) Let u € C?([0,00]) solve (2.1), (2.2) for some ug > 0. Then
u(r) >0, and v'(r) <0 for r > 0. Finally, there holds

rlu(r) — b7 as T — 00,
fora= ﬁ and b =a(n —a —2) as above.

ii) Suppose that u € C2(]0, 00|) solves (2.1) with
P 2 p
llgl_g(r)lfr 2 (Jur? + Jul”) < oo (2.3)

Then either u € C?([0,00[), and u is as in i), or u = +u*.

From Theorem 2.1.i) we immediately obtain the characterization u* = limg_, ug
for any solution 0 < u € C?([0, 00[) of (1.1).

Note that the regular solutions of (2.1) are uniquely determined by the choice
of ug in (2.2). Using (1.2) and invariance of (1.1) under reflection v — —u they can
be obtained by rescaling the solution satisfying (2.2) with initial data uy = 1.

Before giving the proof of Theorem 2.1, we first remark that for equation (2.1)
the classical Pohozaev identity [7] takes the following form.

Theorem 2.2. Let u € C%(|p, R[) be a solution of equation (2.1). Then we have

-2
d z - ﬁ)r"_1|u|p =01in]p,R[. (2.4)

2 p

1 n—2
u

5 uru) + (

A similarly useful identity results if we consider equation (2.1) in scaled coor-
dinates. Introducing s = logr, we define v(s) = r*u(r) so that u(r) = e~ **v(s).
Compute

up(r) =v'(s) — av(s),
20, (r) = 0" (s) — (2a + 1)v'(s) + a(a + 1)v(s).

Hence (2.1) translates into the equation

- -1 _
0" () + ' (s) —b-v(s) + [P 2 u(s) = r2 (up, + L U+ P u) =0 (2.5)
for v, with p=n— 22 =n—2—2a and b= a(n — 2 — a) = a(u + a) as defined

p—2
above. Note that ¢ > 0 if (and only if) p > 2*.
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Multiplying (2.5) with 20" we find the identity

d 2
£(|v’\2 —bv2—|—;?|v|p) +2uv’[* = 0. (2.6)

For later reference, for a solution v to (2.5) we define
72 2, 2
9(s) = (7 = b=+ Z o) (s). (2.7)

By (2.6) then for any such v the function s +— g(s) is non-increasing. Moreover,

g> -t ;2 bz is uniformly bounded from below; we remark that this lower bound is

achieved for the constant solution v = b7-2 of (2.5) which represents the selfsimilar
solution u* of (2.1). We furthermore remark that solutions of (2.1) satisfying the
assumption (2.3) of Theorem 2.1.ii) correspond exactly to those solutions for which
g is bounded.

Proof of Theorem 2.1. 1) As observed earlier, it suffices to consider the case ug = 1.
Integrating (2.4) from p = 0 to r, we find that u,u < 0 on 0, co[. Since u(0) =1 >0
it follows that u(r) > 0, u,(r) < 0 for r > 0.

Next, from (2.2) we see that the corresponding functions v(s) = e**u(e®) and
v’(s) both converge to 0 as s = —o0, S0

C_ = SEIng(s) =0. (2.8)

Recalling that the quantity g defined in (2.7) is non-increasing and bounded from
below we conclude that also the limit

2
= i = 1i N2 g2 4 ZoP) <
Coo : Shm 9(s) Shm (Jv']* = bv* + pv ) <0 (2.9)

exists; moreover, (2.6) yields that v' € L?(R) and

Coo + 2u/ [v'|2ds = O_ . (2.10)
It then follows that
2
. / _ . “.0 2 _
shggov (s) =0, Shggo (pv w?) = Cx, (2.11)

because for any € > 0 by (2.10) we have inffs o [v']*> = 0 (s = o0), and (2.5),
(2.9) limit the rate of change of v'. But (2.11) implies the convergence v(s) — Voo
as s — 0o; moreover, together with (2.5) the relation (2.11) yields that also v”(s)
converges to a limit which must be zero as v’ converges. Therefore

—bv 40Pt 50 as s — oo,
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and we conclude that either voo = 0 and Co, = 0, Or vy = b=z and Oy, —=
2 ;%ﬁ = ming.

But if C = 0, from (2.8) and (2.10) we conclude that v" = 0 and hence

v = limg_,00 v(s) = 0, which implies that also u = 0 and thus contradicts our

assumption that «(0) = 1. Therefore we must have v(s) — b7 as s — oo, that is,
riu(r) — b7 (r — o0), as claimed.

ii) Observe the relation b — a? = a(n — 2 — 2a) = au > 0. Thus, by Young’s
inequality we can estimate

\v’|2 —w? = (r*Mu, 4+ a - ru)? — br*u? < C’rQ(aH)uz = C’r%uf
with a constant C = C(p,n) > 0. If now we assume that
. 12 2 2 P . 2p_ 2 p
Cooo = lim (]'|"=b0® + =[v]") < Climinfro=2 (Ju,|” + [ul") < o0, (2.12)
5——00 p r—0
similar to the above we conclude that v’(s),v”(s) — 0 as s — —oo, and either

v(s) — +£b77 as s — —oo and Oy = ming, or v(s) — 0 as s — —oo. In the
latter case it follows that r%u(r), 7% u,.(r) — 0 as r — 0; in particular,

1
— (|ur > 4 [ulP)dz — 0 as r — 0,
" JB,(0)
since p =n—2—2a =n— % = n — ap. From Pacard’s [6] Proposition 1 and

Lemma 8 then we obtain regularity for u at © = 0, so u must be as in i). (As
observed in [1], any p > 2* is admissible for Pacard’s result.)
Thus we may assume that C_., = ming and thus that s — g(s) is constant. It

follows that v = lim,_,_ v(s) = :I:bzn*b7 and u = f+u*. O

From Theorem 2.1 we know that any solution u € C?(]0,00[) of (2.1) that
vanishes at some point R > 0 must be strongly singular at x = 0. In fact, we
show in the next result that also the converse is true. Furthermore we obtain that
statement ii) of the previous result remains valid under much weaker regularity
assumptions.

Theorem 2.3. Suppose that u € C?(]0, 00[) solves equation (2.1) with
lim inf 772 (Jur|* + |uf?) = 0. (2.13)
r—0

Then u changes sign infinitely many times on any interval 10, R[, R > 0, and there
exists a number cog > 0 such that

2
|Ur\2 + = |ul’ = cor— Mt O(r=) asr — 0, (2.14)
p

whered:l%(n—l)—n>0.
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Since n+d >n > % for p > 2*, we thus see that the only radially symmetric
solutions of (1.1) that are locally in H' are the selfsimilar solutions +u* and the
regular solutions u € C?([0, c0[) described in Theorem 2.1.

Proof. 1) Let u be as above. For brevity in the following we use the shorthand
notation u’' = w, also with reference to r. Consider the quantity

2
o(r) = r" (o |* + = Jul?)
p
from Theorem 2.2 which satisfies

(1) = nr Do (r) + 27 (W + |ufP P w) - u’ = nr T ®g(r) — 2(n — 1) |u'|2 Sl

While not monotone itself, a slight modification of ®y similar to (2.4) will give us
a monotone quantity that can be used to study the asymptotic behaviour of u near
zero.

Writing equation (2.1) in divergence form

(r" W) = = P (2.15)

and letting
O(r) := ®o(r) +c-r" " - u,

with a constant ¢ € R to be determined, we find
o' (r) = oy (r) + e L (ju! P — Jul?)

2
=nr '®y — [(Zn —2—c¢) |1/|2 + % .- |u\p]r”_1.
p

For ¢ = ﬁ(n — 1) chosen so that (2n — 2 — ¢) = 5 we then obtain the identity

' (r) = —dr—*®q(r) (2.16)

for the positive number d defined in the statement of Theorem 2.3.
Remark that for solutions of (2.1) satisfying (2.13) the difference ® — @ is small
compared with ®. Indeed, for any number ¢ €]0, 1[ we may estimate

24p
1B — G| < CD7 1" 173 ™ = O(rdg) 5 < Zedg + Curk, (2.17)
so that by assumption (2.13)
1@ — Do) < ~edp < ——a
=
for sufficiently small » > 0. Hence we also have

1B — &| < 2@ (2.18)
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for 0 < r < r. small enough. Equation (2.16) thus gives the differential inequality
—(d+e)r to(r) < (r) < —(d—e)r to(r)
which results in estimates of the form
Cy-r= 9 < ®(r), do(r) < Cp - 17797, (2.19)

on 10, 7.[, with numbers C; 2 > 0 depending on «.
Inserting the bound (2.19) in (2.17) we can now improve (2.18) to obtain

+p

1B — Bo| < O(ri®g) 2 < Or~ 2 ° < Cr. (2.20)
This bound in turn gives the improved differential inequality
|(ri@(r)) | = r*|® +dr'®| = dr? " [® — ®o| < Cr* ' on |0, 7.
Integrating this inequality for a fixed number e €]0, d] we conclude that there exists
co = ll_)rno rid(r) = }1_1}1(1) 4P (r).

By (2.17) then [® — ®| < C, and we find the improved bound |(r?®(r))'| < Crd=1
from which we obtain that

|7“d<I>0(7") — C()‘ < Oord+ |7“d<I>(r) — 00’ < Core,

as claimed. Observe that the limit ¢y must be positive; otherwise estimate (2.19)
would be violated.

ii) In a second step we now show that any solution w of (2.1) satisfying (2.13),
and therefore also satisfying (2.14), changes sign infinitely many times as r | 0.
Assume by contradiction that some such u does not change sign on an interval
10, 7| for some 71 > 0, say u(r) > 0 for 0 < r < ry.

We first claim that u must be decreasing in ]0,r1[. Indeed, since the maximum
principle implies that solutions of (2.1) cannot achieve non-negative local minima,
the only alternative would be that w is increasing on an interval |0, rz[ for some
0 < ro < r1. However the resulting bound 0 < u < u(ry) and the asymptotics of
®, shown above then imply that u'(r) > ¢ - 5 as r o 0, which contradicts our
assumption that u > 0.

Now recall that co = lim,_,o ®o(r)r? > 0 and consider the sets

(2.21)

whose union contains the whole interval [R, 2R], provided R > 0 is sufficiently small.
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Since v’ < 0 and u > 0 near zero, for the 1-dimensional Lebesgue measure
(U1 (R)) we obtain the inequality

2R
u(R) > —/ W (r)dr > e R-OHD2 (0 (R)),
R

with a constant ¢; > 0 depending on ¢y but independent of R. In view of the
estimate
u(R) < C(R™"®y(R))/? < CR=(n+d)/p

we then find the upper bound

p—2

wUi(R)) < CRY, withy = (n+d) - o

> 1.

On the other hand, upon integrating equation (2.15) we find that
2R 2R .
—/ (u'r"= Y dr = / WP~ e > cRPTI D5 (UL (R)).
0 0

Since u/(r)r"~! — 0 as r — 0 the left hand side is equal to —u/(2R)(2R)"~! and
thus bounded from above by C - R*~1=("+d)/2 We conclude that also the measure
of the second set is bounded by p(Uz(R)) < CRY and thus in total

W(ULR)) + u(Un(R)) < CRY << R = (R, 2R))
for small R > 0, which contradicts the fact that [R,2R] C U1(R) U Uz(R). O

Thus, sign-changing solutions are necessarily oscillatory near the origin. On
the other hand, we now show that the sign of any solution to (2.1) stabilizes near
infinity.

Theorem 2.4. Let u € C?(]0,00[) solve (2.1). Then there exists R > 0 such that
u(r) # 0 for r > R, and either :*((72) — £1 as r — oo, or there exists a number
c1 # 0 such that

u(r) =r= "D (ep + O(r~CHrE=2)), (2.22)

Proof. Let v(s) = r®u(r) be defined as above, satisfying (2.5). As in the proof of
Theorem 2.2, from (2.6) we conclude that the limit

2
Coo := lim g(s) = lim (|/]* —bv* + = |v|’) < 00
§—00 p

S5— 00

exists and that v’ € L?([0, oo[) with

Coo + ZM/ |v'|%ds = g(0) < occ.
0

Still following the proof of Theorem 2.2, we then conclude that

v'(s) = 0 as s — oo,
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and either v(s) — 0 as s — o0, or v(s) — +b77. In the latter case, ;*((TT?) —
+1 and clearly our claim is true. In the following we therefore may assume that
limg_, 00 v(s) = 0.

Let now s; € R be such that |[v["”> < b for s > s;. Then on [s1,00) the
expression v”(s) + v’ (s) = (b— [v|"~?)v has the same sign as v(s), so v can neither
achieve a positive maximum nor a negative minimum on [s1,00). So if there is
any point so > $1 with v(sg) = 0 we thus find that v is monotone on [sg, 00); in
particular, v(s) # 0 for s > sp. If no such sq exists we define s := s; so that again
v(s) # 0 for s > sp.

To see also the claimed asymptotic behavior, for s > s¢ we divide (2.5) by v to
find the identity

v v v v v _
() + () = == ol (2:23)
v v v
for b = a(p + a) as above.
For f :='/v this gives the equation

FHf+uf—b=f+(f-a)(f+uta)=—|vf > (2.24)

We claim that lims_,o f(s) = —(u + a). First of all, if f(s2) < —(u + a) for some
sy then f would be decreasing on [s2,00) and thus satisfy f/(s) < —ef?(s) for some
€ > 0 so that f(s) > —oo as s — s_ for some s_ < oo which is impossible as
v(s) # 0 for s > sg.

On the other hand, inspection of the sign of the nonlinearity combined with the
assumption that v(s) — 0 shows that if limsup,_, . f(s) > —(u + a) then f tends
toa = ])%2 as s — 0o. But then v’ > v/(p—2) for large s, and v(s) = oo as s — o,
contrary to our assumption. We thus conclude that f(s) = —(u+a) as s — oo.

Given any € > 0 we then find that for sufficiently large s > sg(e)

—(n+a) < % <(—p+a+e) (2.25)

which gives
v(sg)e” HHIs=30) < y(5) < p(sg)e (HHa—e)(s=so) (2.26)

as a first estimate on the asymptotics of v. Since u+ 2a = n — 2 this translates into
the bound
u(ro) (r/ro) == < u(r) < u(ro)(r/ro)~("7279) (2.27)

for sufficiently large r > ro(e).
To obtain the more precise asymptotic expansion claimed in Theorem 2.4 we
now consider the function h(s) := f(s) + p+a = f(s) + n — 2 > 0 which satisfies

B —(n—2)h=—h>—|]f"?>—eh—|o]"? (2.28)

for r > ro(e) sufficiently large. Inserting the bound on v derived in (2.26) we find
that

/

=275 (p(s) - e~ (1727)8) > e (P utaze)s (2.29)
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for s large. Since h(s) — 0 as s — oo this gives the estimate
h(s) < Ce~ (P2 (uta=e)s (2.30)
which in turn allows us to improve the differential inequality (2.25) for v to
0 <v' + (u+a)v < vh < CemPDnta=e)s

so that
(e(/ﬂra)sv(s))’ < Qe (P=2(nta=e)s,

Since p > 2 we conclude that the limit

¢y = lim e D5y(s) = lim r"2u(r)
55— 00 r—00

exists, and thus
v(s) < Ce~ W@ for large s. (2.31)

Repeating the above argument with the bound

Wo—(n—2h=—h?—|pff 2> —Ce 2w-2uta=e)s _ co=(p=2)(uta)s
> _Ce—(P—Q)(lH‘a)S’ 5>>1,

resulting from (2.30) and (2.31) we obtain the estimate claimed in (2.22). O

3 Self-similar solutions
Recall that a solution u of (1.1) on R™ \ {0} is self-similar if
u(z) = ur(z) = R*u(Rx) for all x # 0 and any R > 0. (3.1

As we have seen in Section 2, equation (1.1) admits the self-similar radial solution
u*, and u* € H, N LY (R") when p > 2*. By Pacard’s work [6] we also expect
to find not necessarily radial self-similar weak solutions of (1.1) on R™ as limits of
blow-ups of singular “stationary” weak solutions u of equation (1.1) on a domain,
and the question of classifying these singularity profiles is of interest. Self-similar
solutions to (1.1) also may arise as asymptotic profiles of stationary solutions at
infinity, as described in our paper [8], or as singularity profiles of solutions of the
parabolic evolution problem associated with (1.1) at blow-up points of Type I, as
defined in the forthcoming work [1] of Simon Blatt and the second author, which
extends the work of Giga-Kohn [3] to the critical and super-critical range and also
removes the restriction on the range of admissible exponents p in the results of
Pacard [6].

Differentiating relation (3.1) in R for fixed € S"~! = {x € R"; |z| = 1}, we
find the relations

Uy + au/r = 0,u = a(a+ 1)u/r* for r = |z| > 0. (3.2)
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Moreover choosing R = |z|~! for each z # 0, we obtain the representation (1.3)
with a function v: S"~! — R.
Thus, evaluating (1.1) at a point z € S"~1, from (3.2) we obtain the equation

0=Au+ |[ulP2u=1p + (n— Dy + Agnru+ |ufP%u

= Agn1v —a(n —2 — a)v + |v[P~2v;

that is,
~Agnv4b-v=[vf ?von 5", (3.3)

or (1.4). We conclude this paper with the following remarks characterizing the
solutions of (3.3) in the range 2* < p < 2% := %, the critical exponent in
n — 1 dimensions (which almost equals the range covered by Pacard’s [6] results).
Observe that by standard regularity results for p < 2% any solution v € H' of (3.3)
is smooth. If n = 3 we set 27 = oo and allow any finite number p > 2* = 6.

If n > 4, by using the method of Ding [2] one can show that for any p < %,
where n = m + k with 2 < k < m, equation (3.3) possesses infinitely many distinct
solutions of changing sign, giving rise to infinitely many distinct sign-changing solu-
tions of (1.1) which blow up at the origin at the rate |#|~*. Choosing the minimal

number m with the above property, for even dimensions n we have m = 3 and
2m  _ 2n_ +. 7 fep 2m _ 2(n+1) + _ 1 s
S = 2 > 27 likewise M5 = =22 > 27 when n = 2m — 1 is odd. Thus, in

general there is a huge multitude of self-similar solutions of (1.1). If n = 3 standard
minimax arguments give the same conclusion for any p > 2.

However, the picture changes if we restrict our attention to positive solutions.
In fact, by a result of Gidas and Spruck [4] for p < 27 any positive solution of
(3.3) is constant. Indeed, for n = 3 and any p > 6 we can set 8 = p%?) to satisfy
condition (B.2b) of Theorem B.1 in [4] and then check that with this choice also
their condition (B.2a) holds true. If n > 4, we define v > 0 as in (B.11) in the
Remark following [4], Theorem B.2, thereby taking care to replace n by n — 1.
Recalling that there holds R;; = (n — 2)g;; for the Ricci curvature of S"~! in the
standard metric g = (g,5), condition (B.10) in the Remark mentioned above then
is satisfied, and the conclusion follows from [4], Theorem B.2.

Finally, in the critical case p = 27 = =1 n >4, we have

_(n=1)(n-3) _ 1
b= 4 ~c(n— 1)1%95”71

with Ry, the scalar curvature and c(k) = 4% the constant appearing in the con-
formal Laplace operator
Lp = —c(k)An+ Rp

on a k-dimensional manifold (M, h), and (3.3) is the Yamabe equation on S"~1,
with infinitely many positive solutions u exactly arising as the coefficient in the
conformal factor u=-s gsn—1 of the metric obtained by pulling back the standard
spherical metric ggn-1 with a Mébius transformation; see Obata [5].
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In a sequel [8] to this paper we plan to investigate (1.4) also in the super-critical

range p > 21 and, in particular, construct weak solutions 0 < v € H' depending
only on the distance p(q) = dist(q, N) of the point ¢ € S"~! from the North pole

N and blowing up at the rate v(p) ~ p~

@ as p — 0, similar to u*.
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