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ABSTRACT. In these lectures we outline the known results concerning existence,
uniqueness, and regularity for the Cauchy problem for harmonic maps from
(1+ m)-dimensional Minkowski space into a Riemannian target manifold, also
known as o-models or wave maps. In particular, we mark the limits of the
classical theory in high dimensions and trace recent developments in dimension
m = 2, substantiating the conjecture that in this “conformal” case the Cauchy
problem is well-posed in the energy space.
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1. LOCAL EXISTENCE. ENERGY METHOD

1.1. The setting. Let (M, ) be an m-dimensional Riemannian manifold without
boundary, the “domain” of our maps, and let (N, g) be a compact, k-dimensional
Riemannian manifold, with ON = (), the “target”. For simplicity, in these lectures
we only consider the case M = R™; however, many of the results presented below
can easily be extended to the case of a compact domain manifold, for instance,
to the case M = T™ = R™/Z™, the flat torus. Moreover, by Nash’s embedding
theorem, we may assume that N C R? isometrically for some d > k. We denote
as T,N C Tde =~ R? the tangent space of N at a point p, and we denote as
TPLN the orthogonal complement of T, N with respect to the inner product (-, )
on R%. TN, T+ N will denote, respectively, the corresponding tangent and normal
bundles. Moreover, since N is compact, there exists a tubular neighborhood Uss(N)
of width 26 of N in R? such that the nearest neighbor projection 7y : Uss(N) — N
is well-defined and smooth.

For M and N as above we consider smooth maps u: R x M — N < R? on
the space-time cylinder R x M. The space-time coordinates will be denoted as
z = (t,z) = (£%)o<a<m and we denote as a%“ = 04U = Uz« the partial derivative
of u with respect to 2%, 0 < a < m. Also let D = (2,V) = (52 )o<a<m. R x M
will be endowed with the Minkowski metric n = (7.3) = diag(1,—1,...,—1) and
we raise and lower indeces with the metric. By convention, we tacitly sum over
repeated indeces. Thus, for example, 9% = 7?95, where (1%?) = (,5) " (= (1ap)
in our setting). Moreover,

82
O0=0%, = i A

is the wave operator and

1
§<3O‘u,8au> = (|Ut|2 — |Vu|2)

N | =

is the Lagrangean density of u.

1.2. Wave maps. Let u: R x M — N be sufficiently smooth. A (compactly
supported) variation of u is a family of maps u.: R x M — N depending smoothly
on a parameter € €] — €g, €o[ for some €y > 0, with ug = u and such that u. = ug
outside some compact region Q C R x M for all €.

Given a map ¢ € C5°(R x M;R?), an admissible variation may be obtained, for
instance, by letting u. = 7y (u + ep) for |e| < 20||¢|| %, where mn: Uss(N) — N
is the smooth nearest neighbor projection defined in Section 1.1.
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A map u then is a wave map if u is a stationary point for the Lagrangean
1
L(u;Q) = —/ (0%u, D) dz
2Jq

with respect to compactly supported variations u., || < €, in the sense that

d

&L(ue; Q) =0,

where @) strictly contains the support of u, — u.
In particular, for the variation u. = 7y (u-+ep) above we then obtain the equation

0= %E(mv(u +€0);Q) = /Q@a“v Oa(dmn (u) - ¢)) dz

:_/<aaaau,d7m(u)-<p> dz
Q

for all p € C$°(R x M;R%); that is, Du(z) L Tyz)N for all z € R x M, or
Ou L T,N

for short.

To understand this relation in more explicit terms, fix a point zg € R x M and
let vg41,...,vq be an orthonormal frame for T;-N , smoothly depending on p € N
for p near pyp = u(zp). Then we can find scalar functions \': Rx M — R, k <1 < d,
such that near z = zg there holds

Ou = (v - u);
in fact,
M= (Ou, v - u)
= 0%(0au, v o u) — (Oau, 0% (v - w))
= —(Daqu, dvy(u) - 0°u) = — Al (u)(dau, 0%u)

is given by the second fundamental form A! of N with respect to v;. Thus, the
wave map equation takes the form

(1.1) Ou=—A(u)(0qu, 0%) L T,N,

where A = Aly; is the second fundamental form of N. We regard the term on
the right of (1.1) as a Lagrange multiplier associated with the target constraint
u(R x M) C N.

1.3. Examples. In certain cases equation (1.1) takes a particularly simple form.
1.3.1. The sphere. For N = S* C R¥*! equation (1.1) translates into the equation
Ou = (|Vul® = Ju|?)u.

Indeed, since u 1 T,,S* it suffices to check that
(Ou,u) = 0% (Oau, u) — (Do, 0%u) = |Vul|* — |ug?.
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1.3.2. Geodesics. Suppose v: R — N is a geodesic parametrized by arc-length and
u =y o v for some map v: R x M — R. Compute

Ou = 9%(¥ (v)0av) = 7" (v)avd%v ++'(v) Dv.
Note that + is parallel along v; that is, v"(s) L T%5) N for all s € R.

Thus, u satisfies (1.1) if and only if v solves the linear, homogeneous wave equa-
tion v = 0.

1.4. Basic questions. In view of the hyperbolic nature of equation (1.1), in par-
ticular, in view of Example 1.3.1, it is natural to study the Cauchy problem for
equation (1.1) for (sufficiently) smooth initial data

(1.2) (u,ut) |t=0= (ug,u1): M — TN.
The basic questions we shall ask are the following.

Local well-posedness in the smooth category: Does the initial value problem
(1.1), (1.2) for smooth data always admit a unique smooth solution for small time
[t| <17

The smoothness hypothesis on the solution and the data may be weakened. In
fact, for a function u € LE (R x M; N) it is possible to interpret equation (1.1) in
the sense of distributions provided Du € L (R x M).

More specifically, for s € Ng we let H*(M; N) = {v € H*?(M;R%);v(M) C N}
denote the Sobolev space of maps v: M — N such that v possesses square integrable
distributional derivatives of any order up to s. Moreover, we say that u € L (R x
M; N) is a weak solution of (1.1), (1.2) of class H* provided (£)7u(t) € H*~7 (M)
for all o < s, locally uniformly in ¢, and if u weakly solves (1.1) and assumes the
initial data (1.2) in the sense of traces.

Then we can pose the problem of

Regularity: What is the minimal regularity of the data to ensure unique local
solvability of (1.1), (1.2) in the same regularity class?

Global well-posedness: Does there exist a regularity class such that the Cauchy
problem (1.1), (1.2) admits a unique solution in this class for all time?

We do not consider explicitly the issue of stability, that is, continuous dependence
of solutions on the data. However, quite often stability is related to uniqueness.

1.5. Energy estimates. Let ¢(u) = 3|Dul® be the energy density of a map
u: Rx M — N, and let

E(u(t)) = / (c(w)) (1) dx

m

be the total energy of u at time ¢t. Note that, if u solves (1.1), we have the conser-
vation law
d

- (O -2
0= @uu) = 4
d

:£6

|Ut|2
2

> — div(Vu, uy) + (Vu, Vug)

(u) — div(Vu, us).
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Hence, if Du(t) has compact support, upon integrating over R™ we find that

d
EE(u(t)) =0;

that is, total energy is conserved. A similar energy estimate also holds on light
cones. In particular, it follows that the diameter of supp(Du(t)) grows with speed
at most 1 and hence Du(t) has compact support for all ¢ whenever supp(Du(O)) is
compact.

1.6. L?-theory. The above energy inequality may be generalized to obtain a priori
bounds for higher derivatives, as well. Consider the Cauchy problem

Ou=f in RxM
u i=0= g, s |t=0=h,
where f, g, and h are smooth functions such that supp(Dwu(0)) = supp(h, Vg) is
compact and supp(f(¢)) is compact for any ¢. Then we have
d
7€
and hence by Holder’s inequality

(u) = div(Vuug) = fup < | f]]uel

d d
IDu(®)]| 2= | Dut)lz2 = — E(u(t)) S/ | fllue| dx
dt dt {t}XRm’

< NfOllzellue()llzz < [1f @)l 2l Dut)] Lz
It follows that p
i 1Pu®llze < 1f @)l

Similarly, for any multi-index I = (ig,... ,im) € Né+m with |I| = Xuia, letting
0! =T11,0! we obtain

d
(1.3) Z D0 @)Lz < 110" (1)l
for all ¢. Integrating in time, thus we find that for any I € Ncl,er there holds
T
sup || DO u(t)]|z2 < | DO u(0)] 2 +/ 107 f(t)] 2 dt,
0

0<t<T

and similarly for T < 0. Note that, using the equation Ou = f, we can express
any derivative DA'u(0) in terms of spatial derivatives of g, and h of orders |I| + 1,
and |I|, and space-time derivatives of f at ¢ = 0 of order |I — 1|, respectively. For
instance,

uy = Ou+ Au = [+ Ag.
Letting

lollgws = sup_ [lo(t)]z2,

0<t<T

therefore for any s € Ny we obtain the estimate
1D ullpoee < TID* fll 2 + C(ID T FO)ll 2 + IV gl 2 + VORI 12).
with a constant C' = C(s).
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1.7. Local existence for smooth data. The results of the preceding section
apply to obtain a-priori bounds for smooth solutions u to (1.1), (1.2) by letting
f = A(u)(0qu, 0%u), ete.

The class of admissible data for s € Ny is given by

H;H (M5 TN) = {(uo, u1) € Lipo(M; TN):;
ug € HTH(M;RY), uy € H¥(M;RY), supp(u1, Vug) CC R™}.

Note that by Sobolev’s embedding H® — L* for s > . Therefore, and using

interpolation, whenever for some constant Cy the estimate

(1.4) sup || D%+ u(t)]| = < Co
0<t<T

is satisfied for some s > %, then for any s € N we can estimate
|| D?® (A(u)(aau,aau))HLz < s (1 + HDS“uHLz),
uniformly in 0 <t < T []. By (1.3), therefore

d

ZID u®)l2 < Cs(1+ D u(t)]22),

and Gronwall’s inequality yields bounds for D**lu in L°®2, provided (ug,u1) €
HEYY(M;TN). In particular, the estimate (1.4) will be valid for some T' > 0 if we
fix a constant Cy > ||[D*0*14(0)| 12, a constant depending only on wug, u;, and so.

Similarly, by the contraction principle, one can show the existence of a unique
solution u of class H5T! on a small time interval 0 < t < T, provided (ug,u1) €
H:TY(M;TN) for some s > 2. In this way we obtain

Theorem 1.1. Fiz initial data (ug,u1) € HZT (M;TN), where so > 2. There
exists T > 0 and a unique solution u: [0,T] x M — N of (1.1), (1.2) such that

sup ||Do M u(t)| 2 < oo.
0<t<T

Moreover, if (ug,u1) € HSTY(M;TN) for some s > sg, then

sup || DT tu(t)]| 2 < oo.
0<t<T

In particular, if ug,u1 are smooth, also the solution u is smooth on [0,T] x M.

For more details and references, see for instance [26] or [30].
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1.8. A slight improvement. The local existence theorem in the preceding sec-
tion did not use the special structure of the nonlinear term in (1.1) nor its geometric
interpretation.

Using the fact that the term on the right of (1.1) is a “null-form” in the deriva-
tives of the components of u = (u!,... ,u?), that is, the fact that

A(u) (O, 0%u) = Ajj(u)Opu'0*u’
is a sum of bilinear forms whose symbol
Aij(w)éan'€n’ = Au)(n, n)€at”
vanishes on the null cone
{€= (&) e R X R™ &£ =0},

Klainerman-Machedon [31] obtained the following slight improvement of Theorem
1.1 in low dimensions.

Theorem 1.2. Suppose m < 3. Then for any data (ug,u1) € H2(M;TN) there
exists a unique local solution u of class H?. If (ug,u1) € H®,s > 2, then so is u.

The proof in [31] uses special L2-estimates for null forms and is quite involved.
A very simple proof, based on energy estimates alone, however, can be given if one
uses the geometric interpretation of (1.1). This observation is due to [48].

Proof. (i) First we derive local a-priori estimates for D?u for smooth solutions u.
Let 0 be any first order derivative. Differentiating equation (1.1), we obtain

O(0u) = 0A(u)(0qu, 0%u) = dA(u)(Ou, Opu, 0%u) + 2A(u)(9n0u, 0%u)
with data
(Ou |¢=0, Ouy =) € HY(M;TRY).
Note that, by orthogonality {(u;, A(u)(:,-)) =0,
(Out, A(u)(0q0u, 0%u)) = —(us, dA(u)(Ou, 0o 0u, 0%u)).
Hence we obtain

d

EE(au(t)) = /{t}XM<D(8u),8ut> dz

< CllaA@lu=- [ [DuvF|Du(t) do.

Since N is compact, dA is uniformly bounded on N. Moreover, by Sobolev’s em-
bedding, if m = 3 we can estimate

/ | Du(t)]P|D*u(t)| dz < || Du(t)|[76[|D*u(t)] L2
M

< C||D*u(t)||%. = CE(Du(t))’.
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Similarly, if m = 2 we estimate

/MIDU(t)IP’ID%(t)I dz < C||Du(t)|| 2| D*u(®)]7-
< CE(u(t))"*E(Du(t))*?.

Thus, in both cases we arrive at a Gronwall type inequality

%E(Du(t)) < CE(Du(t))”

with some 7 > 1. A local-in-time H2-bound follows.

(i) To show uniqueness in the class H? let u and v be solutions of (1.1) on
[0,T] x M sharing Cauchy data

(u |t=0= " |t=0, ut [t=0= vy |1=0) € HZ(M;TN).
Observe that, since (ut, A(u)(+,-)) = 0, etc. we have

(ug — v, Ou — Ov) = (uy — v, A(w) (0o, 0%u) — A(v)(0gv, 0%v))
= (ut, (A(u) — A(0)) (0o, 0%v)) — (vt, (A(u) — A(v)) (Oau, 0%u))
< Clu—v||D(u —v)|(|Dul* + |Dv|?).

Thus, if m = 3, the energy inequality and Sobolev’s embedding give

d
EE((U —v)(t)) = /{t}><1M<Ut — vy, Ou — Ov) dzx:

<C {t}XM|u —0||D(u —v)|(|Dul® + |Dv|?) dz

< C(IDu(®)|Ze + 1 Dv(B)1Z6) 1 = v) (O o [ D(w — ) ()] 2
< C(ID*u®)lZ2 + ID*0(®)[|22) 1D (u — v) ()]|72

< C(ID%ul|fc + D0 2) B((u = )(2)),

and uniqueness follows. For m = 2 the argument is similar.

(iii) An H?2-solution preserves higher regularity of the data. Indeed, by Theorem
1.1 it suffices to show this for data (ug,u1) € H3(M;TN). Let u: [0,T] x M — N
be a local H2-solution of (1.1), (1.2). We claim that u is of class H? on [0, T] as well.
For this, by Theorem 1.1 it suffices to prove an a-priori estimate for | D3u(t)||zz. As
before let 0 be a first order differential operator. For simplicity, at first we consider
only spatial derivatives.

Note that
(0%uy, 0% (A(u) (Oau, 0%u))) = 2(0%uy, A(u)(0a0®u, 0%u) + A(u)(0adu, 0*Ou))

+ 4(0%uy, dA(u) (u, Do Ou, 0*u)) + (0%us, d* A(u)(Ou, Ou, Do, 0u)
=14 1T+ III.
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Clearly, by Sobolev’s embedding theorem we can bound

/ |TIT| do < C’/ | Dul*| D3u| dx
{t}xM {t}xM

< O Du(t)]| o~ [ Dut) 3| Du(t)] 12
< D)3 (1 + | D*u(t) 32) < C(1+ E(D?u(t))).

/ 1T} dx < C’/ | Du|?| D*u|| D?ul| da
{t}xM {t3x M

< C|Du®)||Ze | D*u(t)l| o | D u(t)]| 2
< C|D*u(t)l[72]| D ult)l[7> < CE(D?u(t)).

Before we can estimate the first term in a similar fashion we need to express I in a
more convenient way. Using orthogonality (u;, A(u)(-,-)) again, we have

(0*ug, A(1)(060%u, 0%u)) = 0{0us, A(u)(000?u, 0*u)) — (Ous, A(u)(0n0®u, 0%u))
— (Oug, A(u) (00 0%u, 0%0u)) — (Dug, dA(u)(Ou, Ded?*u, 0“u))
= 0{0uy, A(u)(050%u, 0%u)) + (ug, dA(u)(Ou, 00 0%u, 0%u))
+ (ug, dA(u) (Ou, 0,0%u, 0%0u)) — (Quy, dA(u)(Ou, 0n0?u, O%u));
moreover,
(ug,dA(u) (0w, 0,0%u, 0%u)) = d{uy, dA(u)(Ou, Ded*u, 0%u))
— (O, dA(u) (Ou, 0,0%u, 0%u)) — (us, d* A(u)(Ou, Ou, 0nd*u, 0“u))
— (ug, dA(u)(0*u, 00 0?u, 0%u)) — (uz, dA(u)(Ou, Dnd*u, 0*Ou)).
Similarly,
(0%ug, A1) (00 0u, 0%0u)) = 0{Our, A(u)(0nlu, 0*Ou))
— (Oug, dA(u) (Ou, 0y 0u, 0%0u)) — 2(0us, A(u)(0a0%u, 0%0u)),
and
(Oug, A(u)(000%u, 00u)) = —(ug, dA(u)(Ou, 0,0%u, 0%0u)).

Thus, as above we conclude that
/ [dz<C (IDuP|D%u| + |Dul*)| D% + | Dul | D*uf* do
{t}x M {t}x M

< C(1+ E(D*u(t))).
Hence there holds
4 p(vu(n) < O+ E(D%uln).

For 0 = % we use the fact that 9%u; = (Cu); + Aug. Repeating the previous

computations, we can estimate

/{ 0P A @, 07 < {1+ B(D*u(v)



10 MICHAEL STRUWE

Moreover, by Young’s inequality

(Oug,0% (A(u)(Oau, 0°u))) = (O(A(w)(Dau, 0%u)), 0 (A(u)(Dau, 0*u)))
< C(|Duf® + |Du||D?ul) (|Du|* + | Dul?|D?u| + | D?ul?)
< C(|Du|" + |Dul’|D*u| 4+ |Dul?| D*u|* + | Du||D*ul?)
< C(|Dul" + | Du||D?ul?)

and

/{t} MIDUI7dw < C||Du(t)l| = [ Du(t) L6
X

< D282 (1 + [ Du(t) | 12) < C(1 + B(Du(t)))"?,

/ |Dul|D?*ul® dz < C||Du(t)| s || D*u(t)|| L2 | D*u(t) |7
{t}xM

< O|ID*u(t)]|7: 1D u(t) (|72 < CE(Du(t)).
Thus we also find that

d
EE(utt(t)) < C(1+4 E(D?u(t)))
and hence that

d

ZE(Du(t) < C(1+ E(D?u(1)),

which yields the desired a-priori bound.

(iv) Existence of local H?-solutions can now be obtained as follows. Approximate
the given data (ug,u1) € H2(M;TN) by smooth data (uly,u?) € H2(M;TN) in
the topology of H2(M;TN). The approximate solutions 4™ exist on a uniform time

interval 0 <t < T and || D?u™(t)]| 2 is uniformly bounded forn € Nand 0 < ¢t < T..
Hence as n — oo a sub-sequence

u" —u  weakly in H2([0,T] x M)
and by Rellich’s theorem u™ — u strongly in H*([0,7'] x M). In particular,
A(u™)(Oau™, 0%u™) — A(u)(Oou,0*u) in L',

and hence u solves (1.1) in the distribution sense. O

It is conjectured that the initial value problem for (1.1), (1.2) is locally well-posed
for data of class H:T*(M;TN), where s > de In particular, in the “conformal
case” m = 2, we expect the initial value problem to be locally well-posed for finite
energy data, and hence, since energy is conserved (by classical solutions), we expect
the existence of global unique solutions in this case. In Lecture 3 we will give some
partial results in this regard.
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1.9. Global existence, the case m = 1. If m = 1, as observed by Shatah [40]
we can exchange the roles of x and ¢ in our derivation of the conservation law

d d

Ee(u) — £<ut,um> =0
in Section 1.5 to obtain

d d
—%e(u) + £<um, ug) = (Ou, u,) = 0.

Taking the t-derivative of the first and the xz-derivative of the second equation and
adding, we thus find that e(u) solves the linear homogeneous wave equation

0? 0?
From this fact we easily deduce:

Theorem 1.3. Suppose m =1 and let (ug,uy) € HS(M;TN), s > 2. Then (1.1),
(1.2) admits a unique global solution u of class H®.

Proof. By Sobolev’s embedding, H' < L for m = 1. Hence, if (ug,u;) €
H2(M;TN)
d
e(u) =o€ H}, ﬁe(u) crL?
and the energy inequality applied to (1.5) yields the a-priori bound

E(e(u)(t)) < E(e(u)(O)) < 00,

uniformly in ¢ € R. Hence, by Sobolev’s embedding again, e(u) is uniformly a-priori
bounded on space-time in terms of the data. The assertion of the Theorem then
follows by the same reasoning as used in the proof of Theorem 1.1. O

2. BLOW-UP AND NON-UNIQUENESS

2.1. Overview. In Lecture 1 we convinced ourselves that the initial value problem

(2.1) Ou=—A(u)(0qu,0%) L T,N onR x M,

(2.2) U |t=0= ug, Ut |t=o=u1; on M,

is locally well-posed for sufficiently regular initial data (ug,u1) € H:tY(M;TN),

s > %, see Theorem 1.1. In this lecture we now investigate the behaviour of
solutions for large time. In particular, depending on the dimension m of the domain
and geometric properties of the target, we shall observe a decay of regularity, blow-
up of higher derivatives and non-uniqueness of weak solutions beyond such blow-up
points. These results indicate the limits of a regularity theory for (2.1) in dimensions
m > 3 and raise the question whether there exists a class of weak solutions for which
the initial value problem for wave maps is well-posed in a global sense. For better
perspective and comparison, in the next section we give a brief survey of the known
regularity results for harmonic maps in the elliptic (stationary) case and for the

associated parabolic flow.
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2.2. Regularity in the elliptic and parabolic cases. In the elliptic case we
consider weak solutions u € HL _(M; N) of the equation

(2.3) — Au = A(u)(Vu, Vu) L T,,N
with finite static energy

1 2

Es(u) == | |Vuldr < co.

2
Here, M may be a smooth, compact m-manifold, possibly with boundary, or M =
R™.

Associated with (2.3) is the heat flow

(2.4) uy — Au = A(u)(Vu, Vu) L T, N,

(2.5) U |t=0= uo,

which is the L2?-gradient flow for Ey,; in the space H'(M; N).

2.2.1. Geometric constraints. If the sectional curvature Ky of N is non-positive,
the Bochner identity for (2.3) implies that

—Ae(u) <0

and hence an a-priori C'-bound for smooth solutions. The same is true for the
heat flow (2.4), (2.5). Hence the family w(¢,-) of maps generated by (2.4), (2.5) is
relatively compact in any C'-topology and accumulates at a smooth limit u.: M —
N.
Note, moreover, that (2.4) implies the identity
|Vl — (T, )+ [ = 0
= —|Vu|* — div(Vu,u ug|* = 0.
2 dt s Ut t

Upon integrating this equation over [S,T] x M, we deduce that for any T'> S > 0
there holds

(2.6) /S M|ut|2 dedt + Eg (u(T)) < Eg (u(S)).

Letting S — 0, T'— oo, we find the a-priori estimate

(2.7) / |ut|2 dx dt < Eg(ug), sup Eg (u(t)) < Eg(uo);
0o JMm t

in particular, uy — 0 smoothly, as t — oc.
From this observation, Eells-Sampson [10] derived their fundamental existence

result:

Theorem 2.1. Suppose Ky < 0. Then for any smooth map ug: M — N there
erists a smooth harmonic map us: M — N homotopic to ug.
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In fact, for Ky < 0 every weakly harmonic map v € H*(M; N) is smooth. The
curvature constraint on the target can be replaced by the condition that the range
of u is contained in a strictly convex geodesic ball on the target N or that the range
u(M) is the domain of a strictly convex function; see Hildebrandt [25] or Jost [27],
[28] for a survey.

Theorem 2.1 may be false if the condition Ky < 0 is violated. The following
result by Lemaire [32] and Wente [49] shows that, for instance, maps ug: B? =
B1(0;R?) — S? of degree # 0 and which are constant on the boundary of B cannot
be represented by harmonic maps.

Theorem 2.2. Ifu € H'(B?;S?) is harmonic with u |sp= const., then u = const.

Proof. Let u |sgp=p € S? and let 7: S?\ {p} — R? denote stereographic projection
from the antipodal point of p. Also let i: R? — R? denote the involution i(z) = —z.
Extend u to a map @ € H'(R?; S?) by letting

i) = (i) b > 1.

Since 771 - i - m induces an isometry of S? and since @ and Vi are (weakly)
continuous along 0B, 4 is weakly harmonic and hence smooth by Hélein’s result,
Theorem 2.4 below.

From (2.3) it follows by direct computation that the Hopf differential associated
with ,
Ozt +ix?) = gt |* — |tig2|* — 26 Ugr - U2
is a holomorphic function on R? 2 C.

Moreover, by conformal invariance of Dirichlet’s integral, ® € L'(R?), and hence,
by the mean value property of holomorphic maps, ® = 0. That is, @ is conformal.
Since @ = p on JB, therefore Vit = 0 on dB. But, by results of Hartman-Wintner
[22], the branch points (where V& = 0) of @ are isolated or @ = const. [

2.2.2. Partial Regularity. If we drop all geometric constraints on the target, for m >
3 there is no hope of proving regularity for weakly harmonic maps u € H'(M; N).
In fact, Riviere [36] constructed examples of weakly harmonic maps with finite
energy which are everywhere discontinuous.

On the other hand, for maps v that minimize £ among maps v € H!(M;N)
with the same boundary data, partial regularity results are available. Indeed, by
results of Schoen-Uhlenbeck [38], [39] and Giaquinta-Giusti [17], energy-minimizing
maps are smooth on the complement of a closed “singular set” of finite (m — 3)-
dimensional Hausdorff measure. In particular, as was shown earlier by Morrey [35],
energy-minimizing maps in dimension m = 2 are smooth. The example of the map
u(z) = i M =B" = B1(0;R™) — S§™~! = N, which is energy minimizing if
m > 3 [3], [33], shows that the above results cannot be improved.

Halfway between weakly harmonic maps and energy-minimizing maps lies the
class of stationary maps u € H'(M; N) which, by definition, are weakly harmonic
and, in addition, are critical points of Ey; also with respect to variations of the
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independent variables. By results of Evans [11] and Bethuel [2] these latter maps
are smooth away from a singular set of dimension < m — 2.

There are analogous global existence and partial regularity results for the evolu-
tion problem (2.4), (2.5). In particular in the “conformal” case m = 2 we have the
following result of Struwe [46], (which was extended to the case OM = ¢ by Chang

[4])-

Theorem 2.3. For any initial map ug € H(M; N) there exists a unique, global,
weak solution u: [0,00[xM — N of (2.4), (2.5), satisfying the energy inequality
(2.6) for all S < T, and which is smooth away from finitely many points (t;,%;),1 <
i < I < CEgx(ug). FEach singularity (t,z) is related to a smooth, non-constant
harmonic map @: S% — N in the sense that for suitable sequences R, — 0,t, /1,
T, — T we have

Un () = u(ty, Rpz + x,) — @ in H22(R?; N)

loc

as n — 0o, where i: R2 — N is smooth, harmonic and extends to a smooth, non-
constant harmonic map ii: S*> — N. (We refer to this “bubbling-off” process as
“separation of spheres”.)

Originally, uniqueness was only established among partially regular solutions as
in the statement of Theorem 2.4. By results of Freire [13], [14] and Riviere [37], in
case N = S* (and probably also for general targets) uniqueness also holds among
weak solutions of class H'! satisfying the energy inequality (2.6) for all 0 < S < T.

By an example due to Chang-Ding-Ye [5], singularities actually may develop
in finite time, even if the initial data are smooth. Theorem 2.3 therefore is best
possible.

If m > 3, the existence of global, partially regular solutions to (2.4), (2.5) was
derived in [6], based on the monotonicity formula and a-priori estimates for (2.4),
(2.5) from [45]. However, there is no uniqueness in the energy class [9].

Also in the time-independent case the situation improves drastically if m = 2.
In fact, we have the following beautiful result of Hélein [23].

Theorem 2.4. Any weakly harmonic map v € H*(M; N) is smooth.

2.3. Regularity in the hyperbolic case. In short, one can say that all the
problems with regularity of weakly harmonic maps and/or well-posedness of the
evolution problem (2.4), (2.5) in the class of H!-solutions are present in the hyper-
bolic regime, as well. Thus, contrary to the title of this section, in the sequel we
will not discuss any regularity properties of wave maps. Instead, we will show the
break-down of regularity and loss of uniqueness for the initial value problem (2.1),
(2.2) in dimensions m > 3. The examples we discuss indicate that there is hardly
any regularity to be gained (in high dimension) from geometric conditions that we
may impose on the target. Moreover, in order for (2.1), (2.2) to be well-posed in
a suitable class, one still needs to identify a further “entropy condition” that will
ensure uniqueness of weak solutions in this class. The situation in this regard thus
is analogous to the situation for the parabolic evolution problem (2.4), (2.5) in
dimensions m > 3.
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With techniques available at this time we can therefore only hope to prove well-
posedness of the initial value problem (2.1), (2.2) in case m = 2, analogous to
Theorem 2.3 for the parabolic problem (2.4), (2.5) in this case. Some recent results
in this regard will be presented in Lecture 3 .

2.3.1. Blow-up. The simplest way to produce blow-up is to show the existence of
self-similar solutions

x
u(t, z) = v(7)
|t
to (2.1) with non-constant smooth Cauchy data

U =v, U3 =2 Vv
at t = —1. Introduce similarity coordinates
T=VESTR 6=
in the backward light cone from 0 and denote |z| = r, || = p, z = rw, £ = pw with
w € 8™~ 1. The Minkowski metric
ds* = dt? — dr* — r’dw?
then can be expressed as

2 2
d52d727'2< dp2 5 + p 2dw2).
(1=p2)2 1-p

Hence u is stationary for the standard Lagrangean L if and only if v(§) = v(p,w)
is stationary for the reduced Lagrangean

1 17P2 pmfl
ﬁSim(v)i/{(1p2)2|’0p|2+ o |vw|2}mdpdw

at 7 = 1. That is, u solves (2.1) if and only if v solves the equation

m—1 (m—3)p 1
(28) — ’Upp — ( P + 17 p2 ) ’Up + mAw’U 1 TUN

Remark that equation (2.8) is an elliptic harmonic map equation on the unit m-ball
B with the hyperbolic metric
d 2 2
PP
=2 1=
We seek solutions v of equation (2.8) that extend smoothly to the “boundary”

p =1 of B and hence can be continued smoothly to all of R™. Since information
propagates with speed < 1 the unique solution u of (2.1), (2.2) with initial data

(2.9) dw?.

U =v,uy = > Vv att=-1

then will coincide with U(‘T””l) inside the backward light cone |z| < —t and, if v #
const. on B, we obtain blow-up at ¢t = 0.
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2.3.1.1. The case m = 2. If m = 2, equation (2.8) becomes

—( 1-— p2vp)p + A,v L T,N.

1
pV/1—p?

Multiplying by p/1 — p?v, and integrating with respect to w € S1, we obtain
d 2 2 2 2
S = Poprde— [ Juulde) =0,
dp St S1

[ =l o~ [ Jouf dw= o
S1 S1

Inspection at p = 0 shows that Cy = 0. Hence for p = 1 we obtain v,, = 0; that is,
v(1,-) = const.

Recall that by the Riemann mapping theorem the metric (2.9) on B = B;(0; R?)
is locally conformal to the standard metric. In fact, define

o(p) = exp (/ ﬁ)

and observe that the metric

and hence

2
do* +o?dw? = o* <2d7p22 +dw2> = (f) (1—p%) ( dp22 5 + v 5 dw2)
p*(1—p?) p (I—p%)2 1-p

is conformal to the metric (2.9) on B.

That is, the map (p,w) — (o,w) is a conformal diffeomorphism ¢ from B,
endowed with the metric (2.9), to B with the standard metric.

By conformal invariance of Dirichlet’s integral and hence of the harmonic map
equation (2.3) in m = 2 dimensions, thus v induces a harmonic map v =v - =1 €
H'NC°(B; N) on the standard disc with © |gp= const. By Lemaire’s result Theorem
2.2, therefore we obtain the following result from [48].

Theorem 2.5. If m = 2 and if u(t,x) = v(l%‘) solves (2.1) for |x| < |t|, where v
extends to a smooth map on a neighborhood of B1(0), then v = const.

2.3.1.2 The case m > 3. In high dimensions, following Shatah-Tahvildar-Zadeh
[44], we can obtain self-similar solutions to (2.1) as follows. We consider as target
a surface of revolution NV with metric

ds* = dh® + g*(h) dw?

in spherical coordinates h > 0, w € S™~! and we attempt to find solutions to (2.1)
of the special form

u(t,rw) = h(t,r)w,

where we also express © = rw € R™ in terms of spherical coordinates. Moreover,

we make the ansatz u(t, x) = v(ﬁ), that is, h(t,r) = w(ﬁ), v(€) = p(p)w.
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The reduced Lagrangean then becomes

Com) = 5 [0 Plenl + L = g ) dp
sem 2 P P2 (1- /)2)7"7+1 ’
and equation (2.8) takes the form
m—1 (m3)p> (m—1)f(¢)
2.10 - ( + Qp+ g =0.
(210 i p L—p2 )77 p2(1-p?)

where

f(@) = g(9)g'(0)-
For special target metrics g, equation (2.10) admits non-constant solutions ¢ for

0 < p < 1 that extend smoothly to all of Ry. In fact, we may take

1
92(50):50275504 for 0 < ¢ < o

for some fixed number g > 0 such that 1 < p3 < 2, and we extend g smoothly to
R,. If follows that

for 0 < ¢ < @p. The linear function

(p) = cp,
where ¢ = |/—25 then solves (2.10) for 0 < p < ¢ rpo = /Z51po = po, and
po > 1 if m > 3. Note that for g as above, the radius of convexity of N around 0 is

@*:15

which is larger than ¢ for m > 4 and equals ¢ if m = 3. By changing the metric g(¢)
on N suitably for ¢ > ¢, and by changing the initial data for h off B1(0), we may
thus construct solutions to (2.10) which blow up in finite time, with initial data
having compact support and such that the target manifold is convex, if m > 4, and
only slightly fails to be convex, if m = 3.

A more detailed analysis shows that in 3 space dimensions blow-up may occur
also for more general metrics on the target surface:

Theorem 2.6 (Shatah—Tahvildar-Zadeh [44]). Suppose g € C satisfies g(0)
=0, ¢'(0) = 1 and suppose g’ has a smallest positive zero @,. Also suppose that
9" () # 0. Then there is a class of reqular initial data such that the corresponding
Cauchy problem for equivariant harmonic maps from M3t into N has a solution
that blows up in finite time.
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2.3.2. Non-uniqueness of weak solutions. In particular, Theorem 2.6 applies to the
sphere, where g(¢) = sing, ¢, = 7. Shatah-Tahvildar-Zadeh construct a solution
© to (2.9) on [0, oo, satisfying

p(1) = ¢«
and having the asymptotic expansion for p — oo:
wlp) = a+—+;+0(—3)
b 1
!/
o - 3eo(3)
(p) e =

They consider the corresponding function h(t, r)w = ¢ (%) w as a weak solution of
(2.1), that is,

2 sin2h
2.11 hee — h/rr - _hr o502 Y%
(2.11) " r + 2r2 0
with singular initial data at ¢t = 0, given by
(2.12) h(O,) = ho(r) = a = lim o () (r#0)
. ,7) =ho(r) =a= tl\?%@ T ,

ht((),r):hl(r)fl;fh d (”) (r #0) .

£\0 dt
Thereby, h is a weak solution of (2.11) say, on [0, 1] x R3, if there holds

1 o] o]
(2.13) / / {hﬂ/}t + hpt)r + %1/} sin Qh} r?drdt = / (0, 7’)97"2 dr
o Jo 2r 0 r

for any 1 € C*° ([0,1] x R3) such that ¢ (¢, z) = ¥(t,7), ¥(1,-) = 0, and supp ¢ (t) C
Bpr(0) for some R > 0. Moreover, h assumes the initial data (2.12) in the sense
that

Ih(t7) — all o sy 0 (£ 0),
loc
b
Ihe(t,7) = ~llz2gsy =0 (€= 0).

Note that hg € Hloc, hi € L?
On the other hand, also the function

= { 2 T2

P r<t

loc*

weakly satisfies (2.11), (2.12) on [0,1] x R?, with Dh € L* ([0,1]; L?(Br(0))) for
any R > 0, showing that weak solutions are in general not unique. To verify that
h solves (2.13), for any ¢ we split

// {hﬂ/}ﬂrhﬂ/}r 1/)81n2h}r dr dt — /wor)br dr
{//{ 2 drdtf/ $(0,7) rdr} //{ Ar?drdt=T+11.
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Clearly, since Dﬁ(t, r) = 0 for r < ¢, the second integral I = 0. Moreover, since
h = h for r > t, and since h satisfies (2.13) the first integral reduces to the boundary
term

1t )
I ﬁ/o (he (£ ) + ho (1, £)) (t, )22 dt

which also vanishes on account of

r r 1 r
=g ()12 ()
et 2? \7) TP 3

:%(172)50/(%):0 for r = t.

Observe that & induces a solution @ of (2.1) with E(a(t); B1(0)) > E(u(t); B1(0))
for any ¢ €]0, 1], where w is the solution corresponding to h. Hence there may be a
chance of restoring uniqueness by some entropy principle.

3. THE CONFORMAL CASE m = 2

3.1. Overview. The results presented in Lecture 2 leave little hope for the de-
velopment of a satisfactory theory of existence, uniqueness, and stability for wave
maps in high dimensions m > 3, even under very stringent geometric conditions on
the target and/or very restrictive symmetry assumptions on the maps involved.

By contrast, as is illustrated by the absence of self-similar solutions, Theorem
2.5, the situation seems to be much better in dimension m = 2, due to confor-
mal invariance of Dirichlet’s integral in this dimension. Thus, we are tempted to
conjecture that a result analogous to Theorem 2.3 for the “heat flow” related to
harmonic maps of surfaces M also holds for the Cauchy problem for wave maps
u:Rx M — N.

In this last of three lectures we will show that this conjecture is true for equivari-
ant maps to surfaces of revolution and we sketch some recent developments towards
a general theorem of well-posedness of the Cauchy problem in dimension 2.

3.2. The equivariant case. The results that follow are mostly due to Shatah-
Tahvildar-Zadeh [43], [44] and Shatah-Struwe [41], [42].

3.2.1. Co-rotational maps. Asin Lecture 2, Section 2.3, again we consider as target
a surface of revolution N with metric

ds* = dh® + g*(h) dw?

written in terms of polar coordinates h > 0, w € S'. We assume that g is smooth
with g(—h) = —g(h) and ¢'(0) = 1. Moreover, we either suppose that

(3.1) g(h) >0 if h>0

and

h
(3.2) / lg(s)|ds — oo as h — oo,
0
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or that there exists g1 > 0 such that

(3.3) g(g1) =0, g(h)>0 for0<h<q

and g is odd around ¢; as well as around go = 0 (and hence periodic of period 2¢1).
In the latter case, for ease of exposition only, in the following we will also assume
that g is even around 4.

Case (3.1), (3.2) corresponds to a non-compact target surface N, including the
standard plane g(h) = h or metrics of negative curvature like g(h) = sinh(h);
condition (3.2) rules out sharp cusps “at infinity”. Case (3.3) corresponds to a
compact target, including the standard sphere g(h) = sin(h). Remark that (3.3)
also implies (3.2).

Moreover, we consider maps u: RxR? — N such that, expressing a point = € R?
in polar coordinates x = rw, the angle w € S* is preserved by u and h(t, ) = h(t, 7).
Such maps will be called co-rotational.

For such u we have
1 2 2 92(h)

and u is stationary for £ if and only if h: R x [0, co[— R satisfies

f(h)

r2

1
(34) hit — hpr — ;h’r + = 07

where
f(h) = g(h)g'(h).
Moreover, for smooth solutions the energy (scaled with a factor 27)

B(u(t) = %/Ooo {IW Py %} rdr = Bogus (h()

1
2
is conserved.
Lemma 3.1. If u is a co-rotational map with E(u(t)) <const. for all t € R, then

the associated map h is continuous on Rx 10, 00[ and h(t,-) extends continuously to
[0, 00[ for every t € R, where g(h(t, 0)) =0 for all t.

Proof. Since for any rg > 0 the integral
/ oy (6,7 dr < 205 Bgui (h(1))
To

is uniformly bounded, by Sobolev’s embedding H'? < C'/2? we conclude that
h(t,-) is locally Holder continuous on ]0,c0[, uniformly in ¢ € R. Since h; €
L2 (RX]O, oo[), moreover, h(-,7) is continuous in ¢ for almost every r > 0. Hence,
the map ¢ — h(t,-) € C°(]0, 0c]) is continuous by the theorem of Arzéla-Ascoli.

In order to prove continuity at r = 0, let

h
G(h) = / l9(5)| ds.
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Then, by Holder’s inequality, for any ¢ € R we have
(3.5)
"’ "’ "l N )
/ IG(h), | dr < / L) [ | dr < (/ loth) dr) (/ 1| rdr)
0 0 0 r 0
< 2Ecqui (h(t); Bro(0)) =0 (19 — 0).

It follows that lim,_,o G (h(t, T)) exists for any ¢ and hence, by strict monotonicity
of G, that lim,_,o h(t,r) = h(t,0) exists for any ¢. Finally, since

oo 2
/ g—(h)dr<oo,
0

r

it follows that g(h(t,0)) =0 for any t. O
In case (3.1) Lemma 3.1 implies the boundary condition
(3.6) h(t,0)=0  for all t.

In case of assumption (3.3), from Lemma 3.1 we only deduce that h(t,0) = kq; for
some k € Z.

Lemma 3.2. There is a constant ey > 0 with the following property. If there exists
ro > 0 such that

(3.7) E(u(t); B, (0)) < € for all ¢,
then h(t,0) is constant in time.
Proof. From (3.5) we deduce that

|G(h(t,0)) — G(h(t,70))| < Ceo

for all t. Since h(t,ro) depends continuously on ¢ and since G(h(t,0)) = kG(q1)
for some k = k(t) € Z, if Ceg < G(q1) it follows that h(¢,0) is constant in time. O

Finiteness of E(u(t)) and finite propagation speed for (3.4) also implies the
asymptotic boundary condition

(3.8) h(t,r)=qo €R for r > Ro + |¢|

for some number Ry > 0 and some ¢y € R such that g(go) = 0. We may normalize
go = 0. Together, (3.5) and (3.8) imply the uniform bound

sup G (h(t,7)) < Tli_r}noo G(h(t,10)) + 2Eequi (h(t)) = G(0) + 2Ecqui (h(t)).
From assumption (3.2) we then obtain

Lemma 3.3. If h: R x [0,00[— R corresponds to a co-rotational wave map u with
data (ug,u1) € HL, then h is uniformly bounded.
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For later reference we also introduce the set

H([0,00]) = {(ho, h1);ho € H2 N C°([0,00]), ho(0) = dogi ~ for some dy € Z,

loc
ho(r),hi(r) =0 for large r}.

The initial value problem for co-rotational wave maps u with data (ug,u;) €
H!(R?%;,TN) at t = 0 then corresponds to the initial-boundary value problem (3.4),
(36) for data (h |t:0; ht |t:0) S Hcl([(), OOD

Due to energy conservation and the semi-linear character of (3.4) it is not hard to
show the existence of a global weak solution to the initial-boundary value problem
(3.4), (3.6) of class H}. However, it is not clear whether this solution is unique and
whether the solution preserves any additional regularity properties of the data.

Fortunately, we can transform equation (3.4) to a form where these questions
can be answered.

3.2.2. The transformed equation. To eliminate the singularity in (3.4), instead of h

we introduce the map
h(t,r) — h(t,0)
o(t,r) = %
Recall that, by Lemma 3.2, h(t,0) = dgqi, where d € Z is independent of ¢ € R for
maps h corresponding to wave maps u which depend continuously on time in the

H'-topology.
Note that formally ¢ satisfies

3 flro) —re
Pttt — Prr — ;()07‘ + ( 23 = 0.
Expanding
g/// 0 g/// 0
f(ro) = g(ro)g (re) = (re + #(w)3 +o )1+ 2( Loy +..)
2
=re+ 29" (0)re) +...,
we can express the nonlinear term as
flro) —re
— s - K (re)e’,
where K is smooth, K (h) = K(—h), and
2
K(0) = ~24"(0)

equals 2/3 the curvature of N at 0.
Also regarding
3
pre — prr — —tpr = e,

as the wave operator on R x R?*, acting on the radially symmetric function o(t, z) =
o(t,r) for € R* with |z| = r, thus we arrive at the equation

(3.9) g — K(re)p® =0 on R x R%.
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In case (3.1), moreover, (3.8) translates into the boundary condition
(3.10) o(t,r) =0 for r > Ry + |t|.

Finally, in case (3.1), (3.2) hold, using boundedness of h (Lemma 3.3) we infer that
there exists a constant C', possibly depending on h, such that

h(t,r) < Cg (h(t, r)) )

Hence

Y

1 [ h?
Eequi (h(t)) 5/0 {|ht|2 + |hr|2 —|— CQTQ } TdT

L[> ¥ ¥?
5/0 {|@t|2+|@r+?|2+m}T3dr

and it follows that (¢, ¢;) is bounded in the energy space H!(R*; TR).

Thus, solutions h of (3.4), (3.6) of class H! with data (ho,h1) € H} correspond
to solutions ¢ of (3.9) of class H! with data in H!, and conversely.

For a compact target surface, with g satisfying (3.3), condition (3.8) translates
into

_dqy
T

(3.11) o(t,r) = for r > Ro + |t|.

Remark that d = dy € Z corresponds to the degree of the initial map
ho: R2Z 8% 5 N 2 82,

Hence for initial degree dg # 0, from (3.11) we conclude that

orlt,r) = P ¢ 12((0, 00))

for any t. H!'-solutions h of (3.4), (3.6) with dy # 0 therefore do not correspond to
solutions ¢ of (3.9) of class H!, but only to solutions which are locally of class H*.

3.2.3. Well-posedness, a model case. To set the stage for the general result first
consider the model case

1
Equation (3.9) in this case reads
(3.12) Op+¢*=0 onRxR*

with Cauchy data

(3.13) @ li=0= o, @t |t=0= ¥1,
where (g0, ¢1) € H} (R*; TR).

Equation (3.12) is a special case of a class of semi-linear wave equations involv-
ing critical growth exponents for which a full theory of existence, uniqueness and
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regularity has been developed in the past years, starting with the work of Struwe
[47] on radial solutions of the equation

Op+¢>=0 onRxR3

in 1988. The symmetry condition in [47] was removed by Grillakis [19], still in 3
space dimensions.

The insight how to treat the higher-dimensional cases, in particular the case m =
4 which is relevant here, came from the work of Kapitanskii [29] who pointed out
the use of the Strichartz inequalities for the analysis of semilinear wave equations
like (3.12).

Grillakis [20] then was the first to realize that the Strichartz estimates and the

crucial decay estimate from [47] could be combined to prove regularity for the
equation

(3.14) Op+oele> 2=0 in R x R™

in dimensions m < 5, where 2* = % is the “Sobolev exponent” in dimension m.

More efficient use of the Strichartz estimates was then made by Shatah-Struwe
[41], [42] who extended the regularity results for (3.14) to dimensions m < 7 and,
moreover, proved that the initial value problem for (3.14) with finite energy data
(po,¢1) € H! is well-posed in all dimensions m > 3.

In particular, the result from [42] applies to the Cauchy problem for (3.12),
(3.13).

Theorem 3.4. For any (¢o,p1) € H} there exists a unique solution ¢ of (3.12),
(3.13) such that (p,¢1) € CO(R; HL) N L‘Z(IR;B;/2 X 3;1/2), where ¢ = 42 and
L1(R; B;/Q) is the Besov space of functions ¢ with “half a spatial derivative” in
LI(R x RY). If (¢o, p1) € C™, then p € C™, as well.

Remark that by Sobolev’s embedding ¢ € L (R; L*(R*))NL*% (R; L7 (R*)) and
hence by interpolation

o € L°(R x R*).

The proof of uniqueness now follows easily from the Strichartz estimate

(3.15) <) O]

HwHL%(RxRﬁi) = L% (RxR4)
for ¢: R x R* with vanishing Cauchy data

Y lt=0= 0=y |¢=0 .

For simplicity we assume that the initial data have small energy. Then the square
of the LP-norm of any solution ¢ of (3.12), (3.13) as in Theorem 3.4 is bounded by
the energy of the initial data. Let ¢, be two solutions of (3.12) as in Theorem
3.4 sharing Cauchy data (¢o,p1) € H} at t = 0. Then ¢ = ¢ — ¢ satisfies

09| = * = &°| < Clyl(¢® + &)
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and hence by (3.15) and Hoélder’s inequality

160,28 ey S CIN, 28 ey (191 Rty + 18030 ncen) )

< CE(U(O))HwHL%(]RX]R“)’

which implies that ¢ = 0, if E(u(0)) is sufficiently small. OJ

The slightly improved space-time integrability of the solutions obtained in The-
orem 3.4 (that is, u € L® instead of L%, only) also suffices to propagate further
regularity of the data; in particular, ¢ is smooth if the data are smooth; see also
[18] for corresponding results in higher dimensions.

The Strichartz inequality can be localized to light cones; moreover, for small
energy the estimates relevant for the proof of Theorem 3.4 in the model case (3.12)
continue to be valid for the general equation (3.9) with data (¢o,p1) € H}; see
[41]. Hence it seems that this problem and therefore the Cauchy problem for co-
rotational wave maps into surfaces of revolution satisfying (3.1), (3.2) is globally
well-posed for small initial energy. If the energy is large, it is conceivable that
concentration may occur at a finite number of points (¢;,0), just as in the case of
the heat flow for harmonic maps of surfaces; see Theorem 2.3. However, a curvature
condition or a “small range” condition can prevent energy from concentrating; see

(7], [21], [41], [43].

Under assumption (3.3), energy estimates for ¢ always need to be localized;
moreover, the degree of the corresponding map w may change at concentration
points.

We close this section by stating the following result implied by this reasoning.

Theorem 3.5. i) Suppose N satisfies (3.1), (3.2). Then for any co-rotational data
(ho,h1) € H} corresponding to data (po,¢1) € H} for (3.12), there exists a unique
global weak solution h(t,r) = ro(t,r) of (3.4), respectively (3.12), in the following
class:

There are numbers 0 = tg < t1 < ta < ... < t; < try1 = 00, such that (o, ) €

CO([ti,tiJrl[; Hcl) N Lq ([ti,ti+1[; B;/Q(R4)) fOT 0 S ) S I, and

loc
Eequi (h(t)) = Ez m [ti, ti+1 [,

where E;11 < E; — €q for each i for some e = €g(N) > 0. In particular, I < Ey/e.
(Similarly for negative time.)

it) If N is compact, the same result holds; however, the estimates for ¢ are only
local in space. At each singularity, the topological degree of the corresponding map
u may change.

Details will be given in the forthcoming thesis of Wilhelmy. We conjecture that
concentration, as described in Theorem 3.5, can in fact only occur for compact
targets as in part ii). Whether concentration of energy ever occurs in finite time,
however, still remains as one of the most challenging open problems in this field.
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3.3. Towards well-posedness for general targets. Now that we have found
confidence that the Cauchy problem for wave maps may, indeed, be well-posed in the
energy space for a (1 + 2)-dimensional space-time domain, we drop the symmetry
assumption on N and the map w and return to the general setting. Thus, for given
Cauchy data

(uo,u1) € HX(M;TN)
we hope to show the existence of a unique, global, weak solution u: R x M — N
of the Cauchy problem
(3.16) Ou = —A(u)(0pu, 0%u) L T, N,
(317) u |t:O: Up, Ut |t:0: Uuq.
While we cannot yet solve this problem, we will discuss an approximation method

to prove existence and we present some partial results on the relevant convergence
problem.

3.4. Approximate solutions.

3.4.1. Penalty method. Suppose as in Section 1 that N is compact, isometrically
embedded in R?, and there is a tubular neighborhood Uss(NN) of width 26 of N with
smooth nearest neighbor projection mn: Uss(IN) — N. Also let x € C*°(R) be a
function such that y(s) = s for s < §2, x(s) = const. for s > 262, X’ > 0, ¥ <0,
and let dist(p, N) be the distance from a point p € R? to its nearest neighbor on
N. Note that

1.
D §X(d18t2(p, N))
then extends to a smooth function on R? whose gradient is given by
X' (dist?(p, N)) (p — 7 (),
if p € Us5(N), and 0 otherwise.

For L € N consider solutions u”: R x M — R? of the Cauchy problem
(3.18) Ou” + Ly (dist*(u”, N)) (u* — 7n (")) =0 on R x M
with data (ug,u1) € HX(M;TN) at t = 0.

Equation (3.18) implies the conservation law

d

(3.19) -

L
(e(uL) + §x(dist2(uL, N))) — div(Vul, uf) =0,
where )
e(u®) = §|DuL|2

is the energy density for the free wave equation. Let

L

eL(uL) = e(uL) + Ex(distQ(uL, N))

and let

Ep(u"(t)) :/ er(u”(t)) da.

M
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Upon integrating (3.19) over M, thus we find that

d oo
—EL(wh (1) =0;

in particular,
1
M
for all L and all ¢. It follows that, as L — oo, a sub-sequence
Du" — Du  weakly—* in L (R; L%(M)).

Moreover, since u”(0) = ug for all L, and in view of the compactness of the restric-
tion (trace) operator H?(R x M) < L?({t} x M) for any ¢,

ub = u  in L?(M), locally

uniformly in time. Hence, by Fatou’s lemma, also

L—oo

/ x (dist*(u, N)) dz < lim inf/ x (dist*(u”, N)) dx
{t}xM {t}xM
< %EL (u"(t)) =0 (L — o)

for any ¢, and it follows that u: R x M — N. Finally, since (3.18) has propagation
speed < 1, for data (ug,u1) € H} also Dul(t) has uniformly compact support for
any t and thus

(u,ue) € L®(R; HY (M;TN)).
However, while (3.18) implies that
Ou® L Ty uryN

~N(u

at all points in space-time, it is not clear that this relation, and hence (3.16), persists
in the limit L — oco. In special cases, the analysis is, in fact, quite simple.

3.4.2. The sphere. We slightly modify the approximation scheme if N = S*.

For L € N, following Shatah [40], we consider solutions u’: R x M — R%
d =k + 1, of the equation

(3.20) Ou®+ L(ju*> - 1)ul =0 onRx M

with Cauchy data (ug,u1) € H(M;TN) at t = 0. The initial value problem for
(3.20) admits global weak solutions u’ such that

Er (u"()) = E(ut (1)) + % /M||uL|2 1P dr = By (uM(0))

— B(u™(0)) = %/M{mlﬁ + Vgl d,
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uniformly in ¢, for all L. A sub-sequence (u”) hence converges to a limit u in the
sense that, as L — oo,

ut = u in L?(M) for all ¢,
Du* — Du  weakly-* in L®(R; L?>(M)),

and for any ¢, by Fatou’s lemma.

/ (|u|2 — 1)2 dr < 1iminf/ (|uL|2 —1)dz =0.
M L—oo Jar
Hence u: R x M — S*.

In order to pass to the limit in (3.20), observe that the nonlinear term always
points in the direction of u”. Taking the exterior product with u*, thus from (3.20)
we obtain the equation

(3.21) O%(Oaul Aut) =Oul Aut =0
for all L. In the limit L — oo, therefore also the equation
(3.22) 0% (Oquhu)=0uAu=0

is valid in the sense of distributions, which implies that u weakly solves (3.16).

Moreover, multiplying (3.21), (3.22) with a 2-vector ¢ € C§°(R x M) and inte-
grating by parts on [0, co[ x M, we obtain

/ ((Oau® Au") = (Oau A w)) 0% dx dt
M

—/ (u1 Aug —ug A ug)pda
{0} x M

In the limit L — oo, the left hand side vanishes. Since (0, -) is arbitrary, thus we
conclude that

(ut(()) — ul) A ug = 0;
that is, u;(0) = uy in the sense of traces. Here we used the fact that both w; and
u;(0) are tangent to S* along ug, that is,
(u1,u0) = (ut(0), ug) = 0.

Therefore, as t — 0, u(t,-) — u1 weakly in L? as t — 0. On the other hand

1 1
limsupa/Mth( I da + 2/M|Vu0|2 dx Slir?_%lpE(u(t))

t—0
< lim sup lim inf Er (uL (t))

t—0 L—o
1
< E(u"(0)) = 5/ (Jua]? + |Vuo|?) de
M

It follows that
111?sup|\ut( Mz = [lual e
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Together with the fact that u(t,-) — u1 weakly in L2, this implies strong conver-
gence ut(t,-) — uy in L? as t — 0. That is, u attains the prescribed initial data
continuously in H}!(M;TN). Hence we have proved:

Theorem 3.6. Suppose N = S*, and let (ug,u1) € HX(M;TN). Then there exists
a global weak solution u of (3.16), (3.17) of class H'.

Remark that u need not be unique; see Section 2.
The above method can be generalized to the orthogonal group N = SO(n), as
was observed by Freire [14]. The approximating equation is

(3.23) Ou+ LV, F(u) =0,

where
F(u) = / lutu — 1% du,
M

and where u! denotes the transposed matrix u and |-| is the norm induced by the
scalar product

(A, B) = trace (A'B).
Given Cauchy data (ug,u1) € H}(M,TSO(n)) at t = 0, for any L there exists a
solution ul: R x M — R™ ™ of (3.23) with

u lt=0= o, UtL lt=0=u1.
Moreover, (u”,uf) is bounded in L (R; H}(M; TR™ ")) with Du”(t) having uni-
formly compact support and, as L — oo, a sub-sequence
ul = u in L?(M), locally uniformly in ¢,
Du" — Du  weakly-* in L= (R; L3(M)),

where u: R x M — SO(n) and (u,u;) € L= (R; HX(M;TSO(n))).
Remark that
T.SO(n) = uT1SO(n),

where T1.50(n) = so(n) denotes the Lie algebra of SO(n). Recall that so(n)
consists precisely of the anti-symmetric matrices 4, A* = —A. Moreover, the or-
thogonal complement of T;,SO(n) with respect to (-, ),

T:50(n) = uTi-SO(n),

where Ti-SO(n) = (so(n))L, consists precisely of the symmetric matrices B = B'.
Indeed, any matrix M may be split

1

2

into its symmetric and anti-symmetric part and we have

M = (M+Mt)+%(M—Mt)

(A, B) = trace (A'B) = —trace (AB)
= trace (B'A) = trace (BA) = trace (AB) =0

whenever A = —A*, B = B
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Similarly, since F(u) = F(u'), we have
u'V,F(u) = (VUF(u))tu
for any u. Thus, from (3.23) we obtain
0" (") 0au® — O (u™)u®) = (u") Ou” — O@")'u* =0
for every L. Passing to the limit L — oo, then we find
0% (u'Oqu — Opu'u) = u' Ou — Ou'u = 0;
that is, u! Ju € (SO(U))L. Since u € SO(u), we have uu! = 1 and thus, finally,

Ou € u(so(u))L =TL50(u),
as desired.
It is conceivable that Theorem 3.6 extends to any homogeneous space as target.

Observe that the condition u; € T,,, N is crucial in showing that the initial data
are attained continuously in L?. If u; ¢ T.,N one can show that as t — 0 we
have convergence u;(t) — dmy (ug)ui, the projection of uj to T, N, weakly in L2.
However, due to the loss of the energy of the normal component, we cannot show
strong convergence.

3.5. Convergence. For general targets the problem of convergence is more diffi-
cult. Let us first consider the stationary case.

3.5.1. The stationary case. Suppose, for simplicity, that M is a compact surface
without boundary; for instance, M = T? = R?/Z?. Moreover, let N be a com-
pact k-dimensional manifold, without boundary, isometrically embedded into some
Euclidean R¢, and suppose, for simplicity, that TN admits a smooth orthonormal
frame field (€1, ... ,€;). That is, at each point p € N the collection (él (p)y... €k (p))
is an orthonormal basis for T, N, smoothly varying with p.

By a construction due to Hélein [24] this latter hypothesis can be made without
loss of generality in the context of harmonic maps. Indeed, if the original target NV
does not have a parallelizable tangent bundle we can embed N as a totally geodesic
submanifold of a compact manifold N that has this property by taking two copies of
a tubular neighborhood of N in R¢, endowed with the product metric of N x R4=F,
and gluing them together along their boundaries. The standard basis of R? then
yields the desired frame field for TN, at least near the range N of our maps.
Moreover, since N C N is totally geodesic, for any map u: M — N C N c R the
component orthogonal to T,, N of the Laplacian Au in T, N vanishes. In particular,
a harmonic map u: M — N will be harmonic, regarded as a map u: M — N.
Henceforth, therefore we replace N by N and assume N = N.

Consider a sequence (ul) of maps ul € HY2(M; N) such that u” — u weakly
in H! and suppose

(3.24) Aul + fF 1L TN,

where
ff—=o strongly in H~1!,
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the dual of HY2(M;R%).

Theorem 3.7. Under the above assumptions, u is (weakly) harmonic.

This result is due to Bethuel [1]. A drastically simplified proof was recently given
by Freire-Miiller-Struwe [15], which we present below.

From now on, moreover, it is conventient to use the language of differential forms.
Thus, we let d,§ be the exterior differential and co-differential, respectively. For
a 1-form ¢ = p, dz® we have dp = %(pl + %(‘02, for a 2-form b = Bdx! A da?
we have 6b = —%ﬁ dat + %6 dx?. Moreover, we define the Hodge Laplacian on
forms as A = dd + dd, acting as the standard Laplacian on the coefficients of the
forms. (We always assume M = T? = R?/Z?, so that we can use the standard
1-forms dz', dz? as basis.) Finally, we contract 1-forms ¢ = @, dz®, 9 = 1, dz®
using the metric on M = T2 by letting ¢ - ¥ = @111 + V21bs.

Let é1,...,€é; denote the orthonormal frame for TN. Then for each L the
collection &y - ul,... & - u” is a frame for the pulled back bundle (u’)~1TN;
that is, at each € M, the collection &1 (u”(z)),... e (u”(2)) is an orthonormal
base for T,z (,)IN. Other such frames may be obtained by rotating this frame; that
is, by letting

Ka) = RZ-LJ- (x)e; (uL(ac)), where RF = (Rfj) € SO(k).
We express du (respectively dul) in terms of e; (respectively el) as
du = 6;e;, 0; = {(du,e;).
Also denote the connection 1-form of a frame field (e;) as
wi; = (de;, e;).

Note that
(Au, €i> = 591 — Wij - Hj.

Hence u is harmonic if and only if
(3.25) 80, = w;j - 0, for any 4

in the distribution sense.

Note that the frames (e;), (e£) are only determined up to rotation, that is, up
to a gauge transformation in the bundle of frames. In particular, by choosing
e; = R;;(€; - u) such that (e;) minimizes

21/ |V€i|2 dl‘,
M

we obtain the following result of Hélein [24].

Lemma 3.8. For any u € HY?(M; N) there exists a frame (e;) for u=*TN such
that the associated connection satisfies the Coulomb gauge condition

5wij:0, 1§’L,]§l€
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Moreover,

Ei/ |Vei|* dx < Ei/ V(& - u)]*dx < CE(u).
M M

In the following we assume that (e;), (ef) are in Coulomb gauge. Hence, in par-
ticular, (eF) is bounded in H! and, passing to a further sub-sequence, if necessary,
we may assume that e}’ — e; weakly in H' and w); — w;; weakly in L?, as L — oo.
By Hodge decomposition, for w;; (respectively, wZL]) we have

wij = daij =+ 5b” =+ Hij;

where a;; and b;; are normalized by the condition

/ aideC:/ bij:07
M M

and where H;; is a harmonic 1-form (a constant linear combination of dx!, dz? if
M = T?). By mutual orthogonality,

I daijl|Z2 + 16bi; 1122 + [1Hij |72 = llwijlZ2-
In particular (bZL]) is bounded in H', (H, 5) is bounded in any smooth topology, and

we may assume that biLj — b;; weakly in H' as L — oo, while HZLJ — H;; smoothly.

Moreover, the Coulomb gauge condition implies
5wij = Aaij = O;

L

hence a;; = 0, and similarly for a;;

Consider the term
8by; - 0F — 6bij - 0.

Let us fix, say, ¢ = 1 and consider only the term involving j = 2 in this sum. For
brevity we write 0, 0¥ instead of 0y, 0F, etc. Let

b= Bdx' Adz?, bE = pEdat Ada®.

Then

0 0
ox? ox?
has the structure of a Jacobian determinant. Due to this particular structure, a

special weak compactness property holds. In fact, from [34], Lemma IV. 3 we have
the following lemma.

9] 0
(SbL . eL — <ﬁBL ’LLL BLﬁuL’eév

Lemma 3.9.
Sb" - 0% — b0+ Sjcyv;i0y,

weakly in the sense of distributions, where J is an at most countable set.
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Since J is countable, the capacity of the set X = {z;};cs vanishes and there
exists a sequence of functions ¢; € C*°(M), 0 < ¢; < 1, such that ¢; = 0 in a
neighborhood of X for each [ and ¢; — 1 in HY2(M) as | — oo.

Hence for any ¢ € C* we have

/M((WZ — wij . Hj)go dl‘ = hm (591 — wij . Hj)gogol dl‘

l—oo Jar

and for the proof of (3.25) it suffices to show that

M

for any ¢ € C'*° vanishing near X.

Now we use our assumption that
L L oL L L L L
807 — w07 = (Au”,e;) = (f",e;') — 0
as L — oo in the sense of distributions.

Moreover, since 8 — 6; weakly in L2, we also have weak convergence §0% — §0;
in the distribution sense. Thus, with error terms o(1) — 0 as L — oo, we have

/ (691 — Wij * Gj)go dr = / ((SHZL — Wjj - Gj)go dr + 0(1)
M M
= /M(wiLj -HJL —wi; - 0;)pdr + o(1)

= /M((Sbfj 0% — 6bij - 0;)pdx + o(1)

and the latter tends to 0 as L — oo by Lemma 3.9, on account of the fact that ¢
is supported away from X. This proves (3.26) and the Theorem.

3.5.2. The time-dependent case. We consider the following model situation. Let
(ul) be a sequence of wave maps u”: R x M — N with E(u”(t)) < E(u*(0)) < C,
uniformly in ¢ and L. We may assume that, as L — oo,
ul = u in L2(M), locally uniformly in time
Du" — Du  weakly-* in L*°(R; L*(M)).
Then, by a result of Freire-Miiller-Struwe [15] there holds

Theorem 3.10. Under the above assumptions, the limit map u: R x M — N
weakly solves the wave map equation (3.16).

Below, we indicate the main steps in the proof of Theorem 3.10.

Again, as in the stationary case, we may assume that T'N is parallelizable. Let
€1,... € be an orthonormal frame field for TN and for u, respectively v”, consider
corresponding rotated frames for the pull-back bundle © TN, given by

ei(z) = Rij(2)e; (u(z)) for z = (t,z) e Rx M,
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where
R=(R;j): Rx M — SO(k).
Note that (3.16) is equivalent to the relation
(Ou,e;) = 0%0; o — wi0j.0 =0
in the distribution sense. (Recall that we raise indeces with the Minkowski metric.)

That is, for the proof of Theorem 3.10 we have to show that for any ¢ € C§°
and any e > 0 there holds

(3.27) | (0%0i,0 — wij0j.a)pdz| <.
Rx M

Fix such ¢ and € > 0. The energy inequality for (3.16) implies:

Lemma 3.11. There is a sub-sequence (u®) such that the e-concentration set of

(u®),

Se = {ZO = (to,xo); VR > 0: 1imsup/ | Dul (to)|* dz > e}
BR(CE();RZ)

L—oo

has vanishing HY2-capacity; that is, there exists a sequence of cut-off functions
o € HY2 N L (R x M) such that 0 < ¢; <1, ¢; = 0 in a neighborhood of S. and
o = 1in HY? as | — oo.

Since

/ (0%0;.0 — wii0j.)prpdz — (0%0; 0 — w%9j7a)@ dz

Rx M Rx M

as | — oo, it hence suffices to prove (3.27) for testing functions ¢ that vanish
in a neighborhood of S.. Scaling suitably, we may assume that the support of

¢ is contained in a fundamental domain @ for T3 = R3/Z3. Extending u”,el

etc. suitably outside @, we may also regard ul, el etc. as functions on T3. (The
modified functions u”, of course, only satisfy (3.16) in Q.) On T° we impose the
Coulomb gauge condition (with respect to the Fuclidean background metric) by
choosing R: T% — SO(k) such that

Zi/ |DeF|? dz:minEi/ |D(Ri;(e; - u"))|? dz.
T3 R T3

In this gauge, we have
aozwij,a = 6euclwij =0
and (eF) is bounded in H?(T?) with

zi/ |Del|?dz < 21-/ |D(g; - u")|*dz < CE(u"(0)) < C.
Q Q

Hence we may assume that e/ — e; weakly in HI{,)CQ (R x M) and
0f = (du",ef) = 0f, dz™ — 0; = (du,e;),

wij = (def, ef) = wi; o dz® — wij = (dei, ¢;)
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weakly in L2 as L — oo.

Moreover, by a simple measure-theoretic argument, the set of concentration
points zg of (e;), satisfying

1imsupr_1/ ¥i|De;|? dz > 0,
BT(ZU)

r—0

has vanishing H'2-capacity and we also may assume that ¢ vanishes near such
points.

Finally, since u solves (3.16) and since
00‘95(1 — 0%;.q (L — o)
in the distribution sense, for the proof of Theorem 3.10 it suffices to show:

Lemma 3.12. For L € N sufficiently large there holds

L,apnL
| . M(wij aej,a *wi‘}%a)s&dZI <e
X

Proof. By weak convergence wiLj — w;j in L3(Q),

L—oo L—oo

lim inf/ (wij’QGjL,a —wiilja)pdz = lim inf/ wiLj’a(Hﬁa —0ja)pdz
T3 T3

In the following, again we consider some fixed pair of indices 4, j and we omit these
indices for brevity.

Next, let
wl = da® + Sopub® + HE

be the Hodge decomposition of w’ (= wls), normalized by the requirement that

/aLdz:/ bEANdz® =0, a=0,1,2.
T3 T3

By mutual orthogonality
[8euctb™ |22 + I1H |2 < llw®[|7- < C.

It follows that H” — H smoothly as L — oo.

Moreover, the Coulomb gauge condition implies a” = 0. Finally,
AbY = dw' = det A dek

exhibits the crucial determinant structure. [

In the time-dependent setting we will need the following result on Jacobian
determinants, due to Coifman-Lions-Meyer-Semmes [8].

Lemma 3.13. If v, € HY? then dp A dip belongs to the Hardy space H' and
lde A d¥llan < Clldel|p2||dy| 2
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Decompose

(0% — )¢ = (d((u" — u)p),e") +o(1)
= (d(u” —u)p,e” —e) + d((u” —u)p,e) + o(1)
= AL 4 AL +0(1),

where o(1) — 0 in L? as L — co.

Denote by al,i = 1,2, the solution to
Aa’iL - 5:uclAiL7

where 67, is the adjoint of deue With respect to the Minkowski metric. By using
a result of Campanato and Giaquinta [16], we show that the functions (af,) are
bounded in BMO(T®). In fact, using precise estimates in Morrey spaces and our
definition of S, we can show that

Lemma 3.14.

lim supHalLHBMO < Ce,
L—oco

lim sup||ad || gm0 < C/e.
L—oco

By H!-BMO duality (Fefferman-Stein [12]) then we have, with error o(1) — 0
as L — oo,

/ wh - (0F —0)pdz = Sbr - (ALY 4+ AbYdz 4 o(1)
T3 T3
= / bE - Alak + al)dz +o(1)
T3

= / def Ndek - (ab + al)dz + o(1)
T3

< C|ldet A deg |3 ([lat IBnmo + [laZ[|Bvo) + o(1)
< CVe+o(1),

as desired.

Concluding remark: Observe that the proof of Theorem 3.10 might be adapted
to show that the weak H!-limit of approximate solutions u’ to (3.16) with range on
N is a wave map. However, for the sequence (u’) defined by the penalty method
in Section 4.1 it is difficult to control the energy of the functions u” in direction
normal to N. For this reason we cannot (yet) use Theorem 3.10 to obtain existence
of global weak solutions.
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