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Introduction
Greeks’s search for "optimal form" (as in isoperimetric problems, e.g. problem of Dido) is
part of our classical heritage.

Fermat’s postulate that light rays travel along an optically shortest path is the first analytic
expression of variational principle, allowing to deduce the laws of reflection and refraction.

In 1744 Euler published the first textbook on the Calculus of Variations, where he ex-
presses his belief that "every effect in nature follows a maximum or minimum rule".
At the same time Maupertuis published his famous "least action principle" with the same
claim.

However, extremal properties of solutions to the equations considered were usually de-
duced "a posteriori" after solving the Euler-Lagrange equations.
Conversely, in the 19th century a solution of the Dirichlet problem

−∆u = f in Ω ⊂ Rn

u = 0 on ∂Ω,

arising in Riemann’s proof of his famous uniformization theorem ("Riemann mapping
theorem") was obtained by invoking Dirichlet’s principle assuming the existence of a
minimizer of the associated energy

E(u) =
1

2

∫
Ω

|∇u|2 dx−
∫
Ω

fu dx.

This latter reasoning was finally validated by Weierstrass, Hilbert, and others.

The search for closed geodesics led to the development of tools for finding also non-
minimizing critical points of variational integrals in the work of Birkhoff and later
Lusternik-Schnirelman and Morse.

But a rigorous analytic foundation for a general critical point theory only became available
in the 1960’s through the work of Palais-Smale, which then opened the way to a very
fruitful and increasingly successful development.
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1 THE DIRECT METHOD

1 The direct method

1.1 A general existence result
"Dirichlet’s principle" can be deduced from the following result

Theorem 1.1.1. Let X be a reflexive Banach space, M ⊂ X a weakly sequentially closed (w.s.c.)
subset, and let E :M → R ∪ {∞}, E ̸≡ ∞. Also suppose that E is coercive in the sense

E(u)→∞ (||u||X →∞, u ∈M).

Finally, assume that E is weakly sequentially lower semi-continuous (w.s.l.s.c.), that is,

E(u) ≤ lim inf
k→∞

E(uk)

whenever (uk) ⊂M satisfies uk
w
⇁ u (k →∞).

Then there exists u ∈M such that

E(u) = inf
v∈M

E(v) <∞.

Proof. Let (uk) ⊂M be a minimizing sequence, satisfying

E(uk)→ inf
v∈M

E(v) =: α <∞.

By coerciveness of E, (uk) is bounded. Since X is reflexive, a subsequence uk
w
⇁ u

(k →∞, k ∈ Λ) exists.
Since (uk) ⊂M , and since M is (w.s.c.), u ∈M , and

α ≤ E(u) ≤ lim inf
k→∞

E(uk) = α

by (w.s.l.s.c.) of E. Thus,
α = inf

v∈M
E(v) = E(u) > −∞.

1.2 Dirichlet’s principle.
Let Ω ⊂ Rn be smoothly bounded, and let f ∈ C∞(Ω) (for simplicity).
We seek a (sufficiently smooth) function u : Ω→ R (say, u ∈ C2(Ω)) such that

−∆u = −
n∑

i=1

∂2u

(∂xi)2
= f in Ω, (1.2.1)

u = 0 on ∂Ω. (1.2.2)

Introduce the energy

E(v) =
1

2

∫
Ω

|∇v|2 dx−
∫
Ω

fv dx, v ∈ H1
0 (Ω).

Calculus of variations 5



1.2 Dirichlet’s principle. 1 THE DIRECT METHOD

Note that we can expand

E(v + φ) = E(v) +

∫
Ω

(∇v · ∇φ− fφ) dx+ 1

2

∫
Ω

|∇φ|2 dx (1.2.3)

for any v, φ ∈ H1
0 (Ω), so that∫

Ω

(∇v · ∇φ− fφ) dx = ⟨dE(v), φ⟩H−1×H1
0 (Ω)

is the Fréchet derivative of E at v ∈ H1
0 (Ω), evaluated on φ ∈ H1

0 (Ω).

Proposition 1.2.1. Suppose that u ∈ C2(Ω) ↪→ H1
0 (Ω) solves (1.2.1), (1.2.2). Then there holds

E(u) = min
v∈H1

0 (Ω)
E(v).

Proof. For any φ ∈ H1
0 (Ω), upon integrating by parts from (1.2.1) we have∫
Ω

(∇u · ∇φ− fφ) dx = −
∫
Ω

(∆u+ f)φdx = 0,

and (1.2.3) gives

E(u+ φ) = E(u) +
1

2

∫
Ω

|∇φ|2 dx ≥ E(u),

as claimed.

The argument to conversely solve (1.2.1), (1.2.2) by minimizing E is more subtle. In a first
step we employ Theorem 1.1.1 to find a "weak solution" of (1.2.1), (1.2.2).

Proposition 1.2.2. For any f ∈ L2(Ω) there exists u ∈ H1
0 (Ω) such that

E(u) = min
v∈H1

0 (Ω)
E(v).

Proof. We verify the conditions in Theorem 1.1.1.

i) The space X = H1
0 (Ω) is a Hilbert space, hence also a reflexive Hilbert space;

ii) The set M = X is (w.s.c.);

iii) Since H1
0 (Ω) ↪→ L2(Ω), by Hölder’s inequality for any v ∈ H1

0 (Ω) we have∣∣∣∣∫
Ω

fv dx

∣∣∣∣ ≤ ||f ||L2||v||L2 ≤ L||f ||L2||∇v||L2 ,

and E(v) is finite for every v ∈ H1
0 (Ω), where we use that by Poincare’s inequality

||v||L2 ≤ L||∇v||L2 , v ∈ H1
0 (Ω),

with L > 0 such that Ω ⊂]0, L[×Rn−1.

iv) For v ∈ H1
0 (Ω) then also ||v||H1

0
≤ (1 + L)||∇v||L2 and

E(v) ≥ 1

2
||∇v||2L2 − L||f ||L2||∇v||L2 →∞

if ||v||H1
0
→∞, and E is coercive.
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1.3 Coercive nonlinearities 1 THE DIRECT METHOD

v) If uk
w
⇁ u in H1

0 (Ω) as k →∞, by Rellich’s theorem we may deduce that uk → u in
L2(Ω) and ∫

Ω

ukf dx −→
∫
Ω

uf dx (k →∞).

Moreover, expanding with φk := uk − u
w
⇁ 0 (k →∞), we have∫

Ω

|∇uk|2 dx =

∫
Ω

|∇(u+ φk)|2 dx

=

∫
Ω

|∇u|2 dx+ 2

∫
Ω

∇u · ∇φk dx︸ ︷︷ ︸
o(1)→0 (k→∞)

+

∫
Ω

|∇φk|2 dx︸ ︷︷ ︸
≥0

≥
∫
Ω

|∇u|2 dx+ o(1),

and E is (w.s.l.s.c.).
Theorem 1.1.1 now yields the claim.

Proposition 1.2.3. A minimizer u ∈ H1
0 (Ω) weakly solves (1.2.1), (1.2.2) in the sense that

∀φ ∈ H1
0 (Ω) :

∫
Ω

(∇u · ∇φ− fφ) dx = 0.

Proof. By (1.2.3) for any φ ∈ H1
0 (Ω) and any ε ∈ R we have

E(u) ≤ E(u+ εφ)

= E(u) + ε

∫
Ω

(∇u · ∇φ− fφ) dx+ ε2

2

∫
Ω

|∇φ|2 dx.

Differentiating, we find

0 =
d

dε

∣∣∣
ε=0

E(u+ εφ) =

∫
Ω

(∇u · ∇φ− fφ) dx,

as claimed.

The second step in solving (1.2.1), (1.2.2) via Dirichlet’s principle then is regularity theory,
allowing to assert that the above weak solution actually solves (1.2.1), (1.2.2) classically.

1.3 Coercive nonlinearities
For smoothly bounded Ω ⊂⊂ Rn, f ∈ C∞(Ω) and any 1 < p <∞ consider the problem

−∆u+ u|u|p−2 = f in Ω, (1.3.1)
u = 0 on ∂Ω (1.3.2)

with associated energy

E(u) =

∫
Ω

(
|∇u|2

2
+
|u|p

p
− fu

)
dx u ∈ H1

0 (Ω) ∩ Lp(Ω).
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1.3 Coercive nonlinearities 1 THE DIRECT METHOD

Recall that H1
0 (Ω) ↪→ Lq(Ω) for 1 ≤ q ≤ 2∗ := 2n

n−2
, if n ≥ 3. Thus, if n ≥ 3, when p > 2∗

we may either regard E : H1
0 ∩ Lq(Ω)→ R or view E as E : H1

0 (Ω)→ R ∪ {∞}.
With the latter choice X = H1

0 (Ω) we may invoke Theorem 1.1.1, since a large part of the
proof of Proposition 1.2.2 still applies in the present context.

Proposition 1.3.1. There exists u ∈ H1
0 (Ω) such that

E(u) = inf
v∈H1

0 (Ω)
E(v),

and u ∈ C2,γ(Ω) for some 0 ≤ γ < 1 is a classical solution of (1.3.1), (1.3.2).

Proof. We verify the conditions of Theorem 1.1.1. X = H1
0 (Ω) is reflexive, M = X is

(w.s.c.), and E : H1
0 (Ω)→ R ∪ {∞} is finite for v ∈ H1

0 ∩ Lp(Ω), hence E ̸≡ ∞.
Moreover, by step iv) of the proof of Proposition 1.2.2

E(v) ≥ 1

2

∫
Ω

|∇v|2 dx−
∫
Ω

fv dx→∞ (||v||H1
0
→∞),

and E is coercive.
Finally, if uk

w
⇁ u in H1

0 (Ω) as k → ∞, by Rellich’s theorem a subsequence uk → u in
L2(Ω) and almost everywhere as k →∞, k ∈ Λ, and Fatou’s lemma gives∫

Ω

|u|p dx ≤ lim inf
k→∞

∫
Ω

|uk|p dx.

Together with step v) of the proof of Proposition 1.2.2 this gives that E is (w.s.l.s.c.) on
H1

0 (Ω).
By Theorem 1.1.1 there exists u ∈ H1

0 (Ω) such that

E(u) = inf
v∈H1

0 (Ω)
E(v) <∞;

in particular, u ∈ Lp(Ω) as well.
For any φ ∈ H1

0 ∩ Lp(Ω) then

0 =
d

dε

∣∣∣
ε=0

E(u+ εφ) =

∫
Ω

(
∇u∇φ+ (u|u|p−2 − f)φ

)
dx; (1.3.3)

that is, u ∈ H1
0 ∩ Lp(Ω) solves (1.3.1) in the sense of distributions.

Claim: u ∈ L∞, and ||u||p−1
L∞ ≤ ||f ||L∞ .

Proof. Fix L ≥ 0 with Lp−1 = ||f ||L∞ . Note

φ := (u− L)+ = max{u− L, 0} ∈ H1
0 ∩ Lp(Ω).

Thus, φ is admissible in (1.3.3) and with

∇φ(x) =

{
∇u(x) , for a.e. x ∈ Ω with u > L

0 , else

we obtain

I :=

∫
Ω

(
u|u|p−2 − f

)
(u− L)+ dx

≤
∫
Ω

(
∇u∇φ+ u|u|p−2φ− fφ

)
dx = 0.

But I > 0, if we assume, that u(x) > L in a set of positive measure; so u(x) ≤ L almost
everywhere. Similarly, u(x) ≥ L a.e., and thus we obtain the claim.
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1.4 A non-coercive model problem, constraints 1 THE DIRECT METHOD

In view of the claim now
−∆u = f − u|u|p−2 ∈ L∞;

hence, u ∈ W 2,q(Ω) for any q <∞, and u ∈ C1,α(Ω) for every 0 < α < 1 by the Calderon-
Zygmund estimate and Sobolev’s embedding.
Since p > 2, then u|u|p−2 ∈ Cα for every 0 < α < 11, and Schauder estimates give
u ∈ C2,α(Ω).

1.4 A non-coercive model problem, constraints
For smoothly bounded Ω ⊂⊂ Rn, 2 < p <∞, now consider the problem

−∆u = u|u|p−2 in Ω, (1.4.1)
u = 0 on ∂Ω (1.4.2)

with associated energy

E(u) =

∫
Ω

(
|∇u|2

2
− |u|

p

2

)
dx, u ∈ H1

0 ∩ Lp(Ω).

Note that u0 ≡ 0 is a non-degenerate solution of (1.4.1), (1.4.2) in the sense that the
linearized operator L = −∆− g′(0) = −∆, where

g(u) = u|u|p−2, u ∈ R,

has positive spectrum.
However, u0 does not achieve inf(E); in fact,

E(su) =
s2

2
||∇u||2L2 −

sp

2
||u||pLp

(s→∞)−→ −∞ (1.4.3)

for every u ∈ H1
0 ∩ Lp(Ω) \ {0}, and inf(E) = −∞.

There are now two cases. On the one hand, if n ≥ 3 and p > 2∗, there holds

inf
u∈C∞

c (Ω)

||∇u||L2

||u||Lp

= 0.

Consequently, u0 ≡ 0 is not a local E-minimizer in H1
0 (Ω) and it is unlikely that a non-

trivial solution exists.

Note that by (1.4.3) u0 ≡ 0 is a local minimizer ofE on any line {su : s ∈ R}, u ∈ H1
0∩Lp(Ω),

and achieves a maximum when s = su, where

⟨dE(suu), u⟩ = su||∇u||2L2 − sp−1
u ||u||

p
Lp = 0,

with

E(suu) = s2u

(
1

2
− 1

p

)
||∇u||2L2 =

(
1

2
− 1

p

)(
||∇u||L2

||u||Lp

) 2p
p−2

.

1

|(u|u|p−2)(x)− (u|u|p−2)(y)|
|x− y|γ

≤ |(u|u|
p−2)(x)− (u|u|p−2)(y)|
|u(x)− u(y)|γ︸ ︷︷ ︸
≤C<∞, γ=p−1

·
(
|u(x)− u(y)|
|x− y|

)γ

︸ ︷︷ ︸
≤||∇u||L∞

Calculus of variations 9



1.4 A non-coercive model problem, constraints 1 THE DIRECT METHOD

On the other hand, if p ≤ 2∗ := 2n
n−2

for n ≥ 3, by Sobolev’s embedding H1
0 (Ω) ↪→ Lp(Ω)

there is Cp > 0 with
||u||Lp ≤ Cp||∇u||Lp , u ∈ H1

0 (Ω),

and
E(suu) ≥

(
1

2
− 1

p

)
C

− 2p
p−2

p =: βp > 0.

Moreover, u0 ≡ 0 is a local minimizer of E in the H1
0 -topology.

We may then hope to find a non-trivial solution u ̸≡ 0 of (1.4.1), (1.4.2) along a ray {su :
s ∈ R} where u ∈ H1

0 (Ω) minimizes the Sobolev quotient ||∇u||L2/||u||Lp .

Theorem 1.4.1. Let Ω ⊂⊂ Rn, 2 < p < 2∗ = 2n
n−2

if n ≥ 3, 2 < p <∞, if n ≤ 2. Then there
exists 0 < u ∈ C2(Ω) solving (1.4.1), (1.4.2).

For the proof we apply Theorem 1.1.1 with X = H1
0 (Ω), D(u) = 1

2

∫
Ω
|∇u|2 dx, and

M := {u ∈ H1
0 (Ω) : ||u||Lp = 1}.

Note that M is (w.s.c.) by Rellich’s theorem, and D is (w.s.l.s.c.) and coercive on H1
0 (Ω). By

Theorem 1.1.1 thus exists u ∈M with

D(u) = inf
v∈M

D(v).

Moreover, since ||∇|u| ||L2 = ||∇u||L2 and since u and |u| have identical Lp-norm, we may
assume that u ≥ 0.
Claim 1. The function u = αu weakly solves (1.4.1), (1.4.2), where

α = (2D(u))
1

p−2 > 0.

Proof. Given 0 ̸= φ ∈ H1
0 (Ω), fix ε0 = 1

2||φ||Lp
> 0. Then for |ε| < ε0 we have

||u+ εφ||Lp >
1

2
,

and
uε :=

u+ εφ

||u+ εφ||Lp

∈M, ε < ε0.

Note that ε 7→ uε is of class C1 with
d

dε

∣∣∣
ε=0

uε = φ− u1
p

d

dε

∣∣∣
ε=0

(∫
Ω

|u+ εφ|p dx
)

= φ− u
∫
Ω

u|u|p−2φdx.

By minimality of D(u) then

0 =
d

dε

∣∣∣
ε=0

D(uε) =

∫
Ω

∇u · ∇
(
d

dε

∣∣∣
ε=0

uε

)
dx

=

∫
Ω

∇u · ∇φdx− ||∇u||2L2︸ ︷︷ ︸
=αp−2

∫
Ω

u|u|p−2φdx;

that is, u weakly solves

−∆u = ||∇u||2L2u|u|p−2 = u|u|p−2 in Ω,

and our claim follows after multiplying with α.
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1.4 A non-coercive model problem, constraints 1 THE DIRECT METHOD

For ease of notation, in the following we write u instead of u.

Claim 2. u ∈ C2(Ω) classically solves (1.4.1), (1.4.2); moreover, u > 0 in Ω.

Proof. Set a := |u|p−2 ∈ L
2∗
p−2 (Ω), n ≥ 3, where

s :=
2∗

p− 2
>

2∗

2∗ − 2
=
n

2
.

By Claim 1 then u ∈ H1
0 (Ω) ↪→ L2∗(Ω) weakly solves

−∆u = au in Ω,

u = 0 on ∂Ω.

Suppose u ∈ Lq1(Ω) for some q1 ≥ 2∗. Then au ∈ Lr(Ω), where

1

r
=

1

s
+

1

q1
,

and the Calderon-Zygmund inequality together with Sobolev’s embedding yields u ∈
W 2,r(Ω) ↪→ Lq2(Ω), with

1

q2
=

2

r
− 2

n
=

1

q1
−
(
2

n
− 1

s

)
︸ ︷︷ ︸

=:δ>0

,

or for any q2 <∞, if 1
q1
≤ δ.

Thus, either q1 ≥ 1
δ
, or

q2 =
1

1
q1
− δ

=
q1

1− δq1
,

and after a finite number of iterations starting with q1 = 2∗ we will have achieved that
u ∈ Lq(Ω) for any u ∈ Lq(Ω) for any q <∞ as for n ≤ 2; hence −∆u = au ∈ Lt(Ω) for any
t < s. Choosing n

2
< t < s, we arrive at

u ∈ W 2,t(Ω) ↪→ C0,α(Ω)

for some 0 < α < 1, and −∆u = u|u|p−2 ∈ C0,α(Ω). Schauder theory then yields that
u ∈ C2,α(Ω), proving the first claim.
Since in addition u ≥ 0, −∆u = u|u|p−2 ≥ 0, strict positivity of u follows from the strong
maximum principle.

Is the restriciton p < 2∗ needed?

Theorem 1.4.2. (Pohožaev) Let Ω ⊂⊂ Rn, n ≥ 3, be strictly star-shaped with respect to x0 = 0
in the sense that

ν(x) · x > 0, x ∈ ∂Ω,

where ν(x) is the outward unit normal to Ω at x ∈ ∂Ω.
Then for p ≥ 2∗ problem (1.4.1), (1.4.2) only admits u0 ≡ 0 as classical solution.
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1.5 Concentration - Compactness 1 THE DIRECT METHOD

Proof. Multiplying (1.4.1) with u and x · ∇u we obtain the identities

0 =
(
∆u+ u|u|p−2

)
u = div(u∇u)− |∇u|2 + |u|p

and

0 =
(
∆u+ u|u|p−2

)
x · ∇u

= div(∇ux · ∇u)︸ ︷︷ ︸
=
∑
i,j

∂i(∂iuxj∂ju)

−|∇u|2 − x · ∇
(
|∇u|2

2
− |u|

p

2

)

= div (∇ux · ∇u)− x
(
|∇u|2

2
− |u|

p

2

)
+
n− 2

2
|∇u|2 − n

p
|u|p

respectively.
Thus, we find

0 =
(
∆u+ u|u|p−2

)(
x · ∇u+ n− 1

2
u

)
=div

(
n− 2

2
u∇u+∇ux · ∇u− x

(
|∇u|2

2
− |u|

p

2

))
+

(
n− 2

2
− n

p

)
|u|p.

Integrating, and using that (1.4.2) implies that

∇u = ν ν · ∇u on ∂Ω,

we obtain
0 = n

(
1

2∗
− 1

p

)∫
Ω

|u|p dx+
∫
∂Ω

ν · x︸︷︷︸
>0

|∇u|2

2
dx,

where ν · x > 0 by assumption.
If p > 2∗, then ||u||pLp = 0, and u ≡ 0. If p = 2∗, we find ∇u ≡ 0 on ∂Ω and then u ≡ 0 by
Heinz’ theorem on unique continuation [Hei55].

1.5 Concentration - Compactness
P.-L. Lions’ "Concentration-compactness principle" [Lio84a], [Lio84b], [Lio85a], [Lio85b]
may be invoked to (partially) understand what happens in the case of problem (1.4.1), (1.4.2)
when p = 2∗. We start with the locally compact setting.

1.5.1 The locally compact case
As a model problem consider

−∆u+ au = a|u|p−2 in Rn, (1.5.1)
u(x)→ 0 (|x| → ∞), (1.5.2)

where 2 < p < 2∗ = 2n
n−2

if n ≥ 3, 2 < p <∞ for n ≤ 2, and with a ∈ C0(Rn) satisfying

a(x)→ a∞ > 0 (|x| → ∞). (1.5.3)

Calculus of variations 12
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Following the approach to (1.4.1), (1.4.2) in Section 1.4 we seek to find a solution u > 0 to
(1.5.1), (1.5.2) by minimizing the energy

E(u) =

∫
Rn

(
|∇u|2 + au2

)
dx

in
M := {u ∈ H1(Rn) : ||u||Lp = 1}.

Recall that for n ≥ 3 we have

H1(Rn) ↪→ L2(Rn), L2∗(Rn)

and hence H1(Rn) ↪→ Lp(Rn) for every 2 < p < 2∗ by interpolation, using Hölder’s
inequality.
Likewise, for n ≤ 2 we have H1(Rn) ↪→ Lp(Rn) for every 2 < p <∞.

Lemma 1.5.1. E is (w.s.l.s.c.) and coercive with respect to H1(Rn).

Proof. Let

Ω :=

{
x ∈ Rn : a(x) <

1

2
a∞

}
.

Observe that by (1.5.3) the set Ω is bounded. For u ∈M then

E(u) ≥ 1

2
||∇u||2L2 +

1

4
a∞||u||2L2

+
1

2

∫
Ω

(
a− 1

2
a∞

)
u2︸︷︷︸

∈Lp/2

dx

≥min

{
1

2
,
a∞
4

}
||u||2H1 − Cµ(Ω)

p−2
p ||u||2Lp︸ ︷︷ ︸

=1

→∞ (||u||H1 →∞, u ∈M),

and E is coercive.
Moreover, splitting

E(u) =
1

2

∫
Rn

|∇u|2 dx+ 1

2

∫
Rn\Ω

au2 dx+
1

4

∫
Ω

a∞u
2

+
1

2

∫
Ω

(
a− 1

2
a∞

)
u2dx

and observing that

⟨u, v⟩a :=
∫
Rn

∇u∇v dx+
∫
Rn\Ω

auv dx+

∫
Ω

a∞
2
uv dx

defines an equivalent inner product on H1(Rn). For uk
w
⇁ u in H1(Rn) we have

||uk||2a =⟨uk, ak⟩a
= ⟨uk − u, uk − u⟩a︸ ︷︷ ︸

≥0

+2 ⟨u, uk − u⟩a︸ ︷︷ ︸
→0 (k→∞)

+⟨u, u⟩a

≥||u||2a + o(1),
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1.5 Concentration - Compactness 1 THE DIRECT METHOD

with o(1)→ 0 (k →∞). Since by Rellich’s theorem we may assume that uk → u in L2(Ω),
we also have ∫

Ω

(
a− 1

2
a∞

)
u2k dx

(k→∞)−→
∫
Ω

(
a− 1

2
a∞

)
u2 dx,

and we conclude that

E(u) =
1

2
||u||2a +

1

2

∫
Ω

(
a− 1

2
a∞

)
u2dx

≤ lim inf
k→∞

(
1

2
||uk||2a +

1

2

∫
Ω

(
a− 1

2
a∞

)
u2k dx

)
= lim inf

k→∞
E(uk).

However, the set M is not (w.s.c.). To see this, for u ∈M,x0 ∈ Rn let

ux0(x) = u(x+ xo), x ∈ Rn.

Then ux0 ∈M for every x0 ∈ Rn, but ux0

w
⇁ 0 ̸∈M as |x0| → ∞. Moreover, we have after

substituting y = x+ x0

E(ux0) =
1

2

∫
Rn

(
|∇u|2 + a(x− x0)u2

)
dx

|x0|→∞−→ 1

2

∫
Rn

(
|∇u|2 + a∞u

2
)
dx =: E∞(u). (1.5.4)

We call E∞ the "functional at infinity". Define

I := inf
u∈M

E(u), I∞ := inf
u∈M

E∞(u).

Theorem 1.5.1. (P.-L. Lions)

i) There holds I ≤ I∞.

ii) The condition I < I∞ is necessary and sufficient for the relative compactness of all
minimizing sequences (uk)k∈N ⊂M for E.

iii) In particular, if I < I∞ there exists a solution 0 < u ∈ H1(Rn) of (1.5.1).

Preparations for the proof: For 0 ≤ λ ≤ 1 let

Mλ = {u ∈ H1(Rn) : ||u||pLp = λ}

and set
Iλ = inf

u∈Mλ

E(u), Eλ,∞ = inf
u∈Mλ

E∞(u).

Note that by homogeneity there holds

E(u) = λ
2/pE

(
u

||u||Lp

)
, u ∈Mλ,

and likewise for E∞, 0 ≤ λ ≤ 1. Hence

Iλ = λ
2/pI, Iλ,∞ = λ

2/pI∞, 0 ≤ λ ≤ 1.
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1.5 Concentration - Compactness 1 THE DIRECT METHOD

Lemma 1.5.2. The condition I < Iλ is equivalent to the condition

∀ 0 ≤ λ < 1 : I < Iλ + I1−λ,∞. (1.5.5)

Proof. Suppose (1.5.5) holds. Set λ = 0 to obtain I < I1,∞ = I∞.
Conversely, suppose I < I∞ and fix 0 ≤ λ < 1. Note that I∞ > 0. If I ≤ 0 then

I − Iλ =
(
1− λ2/p

)︸ ︷︷ ︸
>0

I ≤ 0 < (1− λ)2/p I∞ = I1−λ,∞.

If I > 0, observing that the condition p > 2 implies

1− λ ≤ (1− λ)2/p, λ ≤ λ
2/p,

we have

I − Iλ =
(
1− λ2/λ

)
I ≤ (1− λ)2/λI

< (1− λ)2/pI∞ = I1−λ,∞,

as claimed.

Proof of Theorem 1.5.1. i) We show I ≤ I∞. Suppose by contradiction that I > I∞.
Choose u ∈M with

E∞(u) < I.

But then by (1.5.4) we have

I ≤ E(ux0)→ E∞(u) < I ( |x0| → ∞).

ii) Necessity. Suppose I = I∞, and let (uk) ⊂M with

E∞(uk)→ I∞ = I (k →∞).

By (1.5.3) there is (xk) ⊂ Rn such that

|E(uk,xk
)− E∞(uk)| ≤

1

k
, ∀ k;

in addition, we may assume that

vk := uk,xk

w
⇁ 0 in H1(Rn).

Then
E(vk) = E(uk,xk

) ≤ E∞(uk) +
1

k

(k→∞)−→ I∞ = I,

but (vk) is not relatively compact.
Sufficiency. Suppose I < I∞, and let (uk) ⊂M be an arbitrary minimizing sequence
for E. Since E is coercive on M , (uk) is bounded, and we may assume that

uk
w
⇁ u in H1(Rn) as k →∞

for some u ∈ H1(Rn), and pointwise a.e.
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Lemma 1.5.3. Let uk
w
⇁ u in H1(Rn) and a.e. With error o(1)→ 0 (k →∞) then we

have
1 = ||uk||pLp = ||uk − u||pLp + ||u||pLp + o(1).

Proof. Since uk → 0 a.e., for any 0 ≤ t ≤ 1 we also have

fk(t, ·) := |uk − tu|p−2(uk − tu)u
(k→∞)−→ (1− t)p−1|u|p a.e.

Using pointwise convergence a.e. we can bound

|fk(t, ·)| ≤ (|uk|+ |u|)p−1|u| (1.5.6)

uniformly in 0 ≤ t ≤ 1, by dominated convergence then a.e. we have

|uk|p − |uk − u|p = −
∫ 1

0

d

dt
|uk − tu|p dt

= p

∫ 1

0

|uk − tu|p−2(uk − tu)u dt

= p

∫ 1

0

fk(t, ·) dt
(k→∞)−→ p

∫ 1

0

(1− t)p−1|u|p dt

= |u|p.

But by (1.5.6) the functions
∫ 1

0
fk(t, ·) dt are also equi-integrable. Indeed for any

measurable Ω ⊂ Rn∫
Ω

∣∣∣∣∫ 1

0

fk(t, x) dt

∣∣∣∣ dx ≤ ∫
Ω

(|uk|+ |u|)p−1 |u| dx

≤ C
(
||uk||p−1

Lp + ||u||p−1
Lp

)(∫
Ω

|u|p dx
) 1

p

< ε,

if L n(Ω) < δ(ε) or if Ω ⊂ Rn \BR(0), R ≥ R(ε). The claim then follows by Vitali’s
theorem.

Lemma 1.5.4. Let uk
w
⇁ u in H1(Rn). With error o(1)→ 0 we have

E(uk) = E(u) + E∞(uk − u) + o(1).

Proof. Note the identities

||∇uk||2L2 = ||∇((uk − u) + u)||2L2

= ||∇(uk − u)||2L2 + ||∇u||2L2 + 2

∫
Rn

∇(uk − u)∇u dx︸ ︷︷ ︸
→0 (k→∞)

and ∫
Rn

au2k dx =

∫
Rn

a((uk − u) + u)2 dx

=

∫
Rn

a(uk − u)2 dx+
∫
Rn

au2 dx+ 2

∫
Rn

au︸︷︷︸
∈L2

(uk − u) dx︸ ︷︷ ︸
→0 (k→∞)

,
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respectively. Set vk = uk − u, and for ε > 0 let

Ωε = {x ∈ Rn : |a(x)− a∞| > ε} ⊂⊂ Rn.

By Rellich’s theorem we have that vk → 0 in L2(Ωε) for every ε > 0 as k →∞. Hence∣∣∣∣∫
Rn

av2k dx−
∫
Rn

a∞v
2
k dx

∣∣∣∣ = ∣∣∣∣∫
Rn

(a− a∞)v2k dx

∣∣∣∣
≤
∣∣∣∣∫

Rn\Ωε

(a− a∞)v2k dx

∣∣∣∣+ o(1)

≤ ε||vk||2L2 + o(1).

Letting ε = εk ↓ 0 suitably, we obtain the claim.

Returning to the proof of sufficiency of the condition I < I∞, resp. (1.5.5), for
relative compactness of (uk), from Lemmas 1.5.3 and 1.5.4 we conclude that with
o(1)

(k→∞)−→ 0

I = E(uk) + o(1) = E(u) + E∞(uk − u) + o(1)

≥ Iλ + I∞(uk − u) + o(1),

where
λ = ||u||pLp , ||uk − u||pLp → 1− λ (k →∞)

for some 0 ≤ λ ≤ 1.
Suppose λ < 1. Replacing uk − u by

wk =
uk − u
||uk − u||Lp

(1− λ)
1
p ∈M1−λ,

we have
E∞(wk) = E∞(uk − u) + o(1)

and hence
I ≥ Iλ + E∞(wk) + o(1) ≥ Iλ + I1−λ,∞ + o(1),

contradicting (1.5.5) for large k.
Hence λ = 1, and u ∈M =M1. But then

I ≤ E(u) ≤ lim
k→∞

E(uk) = E(u) + lim
k→∞

E∞(uk − u) = I

shows that E(u) = I and ||uk − u||2H1 ≤ CE∞(uk − u)
(k→∞)−→ 0. Hence uk → u in

H1(Rn), as claimed.

iii) Assume I < I∞ and let (uk) ⊂ M be a minimizing sequence. By part ii) we may
assume that uk

(k→∞)−→ u in H1(Rn), where u ∈M , and

E(u) = lim
k→∞

E(uk) = inf
v∈M

E(v).

Thus, following the argument for the proof of Theorem 1.4.1, u weakly solves (1.5.1)
and achieves (1.5.2) in the sense that u ∈ L2(Rn). Since p < 2∗, also the argument
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for regularity may be carried over from Theorem 1.4.1, and u ∈ C2(Rn) solves (1.5.1)
classically.
Observing that E(v) = E(|v|), v ∈ M , we may again assume that u ≥ 0, and strict
positivity follows from the maximum principle, applied on any ball BR(0), R > 0.

Remark 1.5.1. i) If a = a(|x|), we may restrict our attention to functions u = u(|x|) ∈
H1(Rn). If n ≥ 3, then for 2 < p < 2∗ the set

Mrad = {u = u(|x|) ∈ H1(Rn) : ||u||Lp = 1}

is (w.s.c.). Hence there always exists a (positive) minimizer of E in Mrad, corresponding to
a solution 0 < u = u(|x|) ∈ H1(Rn) of (1.5.1), (1.5.2). In particular, for a ≡ a∞ = 1 on
R3, p = 4, there exists a ground state solution u > 0 of the static nonlinear Schrödinger
equation

−∆u+ u = u3 on R3.

Proof. For u = u(|x|) ∈ C∞
c (Rn) we have

|u(x)| =
∣∣∣∣∫ ∞

|x|
ur(s) ds

∣∣∣∣ ≤ (∫ ∞

|x|
|ur(s)|2sn−1 ds ·

∫ ∞

|x|

ds

sn−1

) 1
2

≤ C||∇u||L2|x|
2−n
2 , ∀x ̸= 0.

Hence, H1
rad(Rn) = {u ∈ H1(Rn) : u = u(|x|)} ↪→ Lp(Rn) compactly for any

p ∈]2, 2∗[. Indeed, let uk
w
⇁ u in H1

rad(Rn), and let ε > 0 be given. Then

||uk − u||pLp(Rn) =

∫
BR(0)

|uk − u|p dx+
∫
Rn\BR(0)

|uk − u|p dx

≤ o(1) + ||uk − u||2L2(Rn)||uk − u||
p−2
L∞(Rn\BR(0))

≤ CR− (n−2)(p−2)
2 + o(1) ≤ ε,

if R ≥ R0(ε), k ≥ k0(R, ε).

ii) Note that for a ≡ 1 we have translation invariance of I and I∞. Translation invariance,
however, is removed in the radial setting, and Theorem 1.5.1 does not apply.

1.5.2 The locally non-compact case

As an illustration of the additional difficulties arising in the limit case p = 2∗ = 2n
n−2

when
n ≥ 3 consider the following.

Example. Let 0 ̸= u ∈ H1
0 (B1(0)), n ≥ 3. For k ∈ N scale

uk(x) = k
n−2
2 u(kx), x ∈ B1(0),

where we extend u(x) = 0 for |x| ≥ 1. Note that uk ∈ H1
0 (B1(0)) with

||∇u||2L2 = ||∇uk||2L2 =: A,

||u||2∗L2∗ = ||uk||2
∗

L2∗ =: B,
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for all k ∈ N, and uk
w
⇁ 0 in H1

0 (B1(0)) with

|∇uk|2 dx
w∗
⇁ Aδ{x=0}, |uk|2

∗
dx

w∗
⇁ Bδ{x=0}

weakly in the sense of measures. Moreover, Sobolev’s inequality

S||u||2L2∗ ≤ ||∇u||2L2 , u ∈ C∞
c (Rn)

gives the bound SB2/2∗ ≤ A.

Sobolev’s constant. The number

S = inf
0̸=u∈H1

0 (Ω)

||∇u||2L2

||u||2
L2∗

is the best constant for the embedding H1
0 (Ω) ↪→ L2∗(Ω) for any open Ω ⊂ Rn. By scaling

as above, we see that S is independent of the domain Ω.

Similar to Section 1.5.1 we now again let Ω = Rn. Recall the definition

Ḣ1(Rn) = clos(C∞
c (Rn))

with respect to the norm
||u||Ḣ1 = ||∇u||L2 .

Theorem 1.5.2. (P.-L. Lions)
Let (uk) ⊂ Ḣ1(Rn) with uk

w
⇁ u in Ḣ1(Rn) and suppose that

µk = |∇uk|2 dx
w∗
⇁ µ, νk = |uk|2

∗
dx

w∗
⇁ ν (k →∞).

Then there is an at most countable set J ⊂ N and concentration points x(j) ∈ Rn with weights
µ(j), ν(j) > 0, j ∈ J , such that

µ ≥ |∇u|2 dx+
∑
j∈J

µ(j)δ{x=x(j)},

ν = |u|2∗ dx+
∑
j∈J

ν(j)δ{x=x(j)}.

Moreover, we have
S(ν(j))2/2∗ ≤ µ(j), ∀ j ∈ J,

and ∑
j∈J

(ν(j)
2
2∗ <∞.

Remark. An analogous result holds true for the embeddings

Ẇ k,p(Rn) ↪→ Lq(Rn), kp < n,
1

q
=

1

p
− k

n
, p > 1,

where Ẇ k,p(Rn) is the homogeneous Sobolev space obtained as closure of C∞
c (Rn) w.r.t.

||u||Ẇk,p =
∑
|α|=k

||∂αu||Lp , u ∈ C∞
c (Rn).
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Proof. i) It suffices to consider u = 0. Indeed, let vk = uk − u with vk
w
⇁ 0 in Ḣ1(Rn).

By Lemma 1.5.4 with error o(1) w∗
⇁ 0 we have

|vk|2
∗
dx =

(
|uk|2

∗ − |u|2∗
)
dx+ o(1)

= νk − |u|2
∗
dx+ o(1)

w∗
⇁ ν − |u|2∗ dx ≥ 0,

|∇vk|2 dx =
(
|∇uk|2 − |∇u|2

)
dx+ o(1)

= µk − |∇u|2 dx+ o(1)
w∗
⇁ µ− |∇u|2 dx ≥ 0,

and it suffices to consider the case u = 0.

ii) Suppose now that uk
w
⇁ 0 in Ḣ1(Rn), and uk → 0 in L2

loc(Rn) by Rellich’s theorem.
For any ξ ∈ C∞

c (Rn) then we obtain

S
(∫

Rn

|ξ|2∗ dν
) 2

2∗

= S lim
k→∞

(∫
Rn

|ξ|2∗ dνk
) 2

2∗

= S lim
k→∞

(∫
Rn

|ukξ|2
∗
dx

) 2
2∗

≤ lim inf
k→∞

(∫
Rn

|∇(ukξ)|2 dx
)

= lim inf
k→∞

(∫
Rn

|ξ|2|∇uk|2 dx
)

=

∫
Rn

|ξ|2 dµ. (1.5.7)

Let
ν = ν0 +

∑
j∈J

ν(j)δ{x=x(j)},

with ν0 free of atoms and ν(j) > 0, j ∈ J . Since∫
Rn

dν <∞,

the set J is at most countable.
For any j ∈ J , upon choosing ξ ∈ C∞

c (Rn) with 0 ≤ ξ ≤ 1, ξ(x(j)) = 1, from (1.5.7)
we obtain

S(ν(j))
2
2∗ δ{x=x(j)} ≤ µ ;

hence
µ ≥

∑
j∈J

µ(j)δ{x=x(j)}

with
S(ν(j))

2
2∗ ≤ µ(j), j ∈ J.

In particular, we have

S
∑
j∈J

(ν(j))
2
2∗ ≤

∑
j∈J

µ(j) ≤
∫
Rn

dµ

≤ lim sup
k→∞

∫
Rn

dµk <∞.

The Theorem then follows once we prove that ν0 = 0.
Claim. ν0 = 0.
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Proof. Let Ω ⊂ Rn be open, and let (ξl) ⊂ C∞
c (Ω) with 0 ≤ ξl ≤ 1 satisfy

ξl → χΩ a.e. (k →∞).

From (1.5.7) we then obtain

S
(∫

Ω

dν

) 2
2∗

= S lim
l→∞

(∫
Rn

|ξl|2
∗
dν

) 2
2∗

≤ lim
l→∞

(∫
Rn

|ξl|2 dµ
)

=

∫
Ω

dµ. (1.5.8)

In particular, ν0 ≤ ν is absolutely continuous w.r.t. µ. By Radon-Nikodym Theorem there
exists f ∈ L1(Rn, dµ) such that

dν0 = f dµ,

and

f(x) = lim
r→0

(∫
Br(x)

dν0∫
Br(x)

dµ

)
µ− a.e. x ∈ Rn.

But by (1.5.8) and since ν0 is free of atoms

∫
Br(x)

dν0∫
Br(x)

dµ
≤

(∫
Br(x)

dν0

) 2
2∗
(∫

Br(x)
dν0

) 2∗−2
2∗∫

Br(x)
dµ

≤ 1

S

(∫
Br(x)

dν0

) 2∗−2
2∗

→ 0 as r → 0

for every x ∈ Rn. Thus f = 0 µ-a.e., and ν0 = 0.

Application. We use Theorem 1.5.2 to show that the (best) Soboloev constant for the
embedding Ḣ1(Rn) ↪→ L2∗(Rn), n ≥ 3 is attained.

Theorem 1.5.3. ∃ 0 < u ∈ Ḣ1(Rn) : S||u||2
L2∗ = ||∇u||2L2 .

Proof (following P.-L. Lions). Let

M = {u ∈ Ḣ1(Rn) : ||u||L2∗ = 1},

and let (uk) ⊂M be a minimizing sequence for

E(u) =

∫
Rn

|∇u|2 dx.

Normalization. Scale
ũk(x) = R

n−2
2

k uk(xk +Rkx)

with suitable xk ∈ Rn, Rk > 0. Note that

||ũk||L2∗ = ||uk||L2∗ = 1, k ∈ N,
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while
E(ũk) = E(uk), k ∈ N.

For suitably chosen xk and Rk we can achieve∫
B1(0)

|ũk|2
∗
dx = sup

x0∈Rn

∫
B1(x0)

|ũk|2
∗
dx =

1

2
. (1.5.9)

Replacing uk by ũk, if necessary, we may assume uk = ũk.

Convergence. We may assume uk
w
⇁ u in Ḣ1(Rn). Let vk = uk − u

w
⇁ 0 (k → ∞).

By Lemma 1.5.4 with error o(1)→ 0 (k →∞) we have

E(uk) = E(u) + E(vk) + o(1),

and
1 = ||uk||2

∗

L2∗ = ||u||2∗L2∗ + ||vk||2
∗

L2∗ + o(1).

Set λ = ||u||2∗
L2∗ ∈ [0, 1]. If λ = 1, we have u ∈M , and hence

S ≤ E(u) ≤ lim inf
k→∞

E(uk) = S,

and the proof is complete.
If 0 < λ < 1, by strict concavity of the map f(s) = s

2
2∗ we have

λ
2
2∗ + (1− λ)

2
2∗ > 1

and hence

S < S lim inf
k→∞

(
||u||2L2∗ + ||vk||2L2∗

)
≤ lim inf

k→∞

(
||∇u||2L2 + ||∇vk||2L2

)
≤ lim inf

k→∞
||∇uk||2L2 = S.

Contradiction!
Finally, if λ = 0 we have u = 0 ; that is, uk

w
⇁ 0 in Ḣ1(Rn). By Theorem 1.5.2 we may

assume that
|uk|2

∗
dx

w∗
⇁ ν =

∑
i∈J

νjδ{x=x(i)}

with weights 0 < νi < 1, i ∈ J . Our normalization (1.5.9) implies∑
|x(i)|≤1

νi ≥
1

2
, 0 < νi ≤

1

2
, ∀ i ∈ J.

For a suitable ε > 0, as will be determined below, choose R > 1 such that∑
|x(i)|>R

νi ≤ ε.

Fix a cut-off function φ ∈ C∞
c (Rn) with 0 ≤ φ ≤ 1, φ ≡ 1 onBR(0), |∇φ| < 1. Decompose

uk = vk + wk, where

vk = ukφ, wk = uk(1− φ)
w
⇁ 0 in Ḣ1(Rn).
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We can estimate φ2∗ + (1− φ)2∗ ≤ 1 and thus also

0 ≤ ||uk||2
∗

L2∗ −
(
||vk||2

∗

L2∗ + ||wk||2
∗

L2∗
)

=

∫
Rn

|uk|2
∗

1−
(
φ2∗ + (1− φ)2∗

)︸ ︷︷ ︸
∈C∞

0 (Rn\BR(0))

 dx

(k→∞)−→
∑

0<φ(x(i))<1

νi
(
1−

(
φ2∗(x(i)) + (1− φ(x(i)))2∗

))
≤

∑
|x(i)|>R

νi ≤ ε. (1.5.10)

Let
w0 = lim inf

k→∞
||wk||2

∗

L2∗ ≤
1

2

(by (1.5.9)) and recall that

|vk|2
∗
dx = |uk|2

∗
φ2∗ dx

w∗
⇁ νφ2∗ =:

=
∑
i∈J

νiφ
2∗(x(i))︸ ︷︷ ︸
=:wi

δ{x=x(i)}

with ∑
i∈J

wi ≥
∑

|x(i)|≤R

νi ≥
1

2
≥ νi ≥ wi, ∀ i ∈ J.

The estimate (1.5.10) implies that

0 ≤ 1−

(∑
i∈J

wi + w0

)
≤ ε ;

that is
Ω := w0 +

∑
i∈J

wi ∈ [1− ε, 1].

By Theorem 1.5.2 we also may assume that

|∇vk|2 dx
w∗
⇁ λ ≥

∑
i∈J

λiδ{x=x(i)},

where
Sw2/2∗

i ≤ λi, ∀ i ∈ J.
It follows that, with J0 := J ∪ {0}, we have

S ≥ E(vk) + E(wk) + o(1)

≥
∑
i∈J

λi + S||wk||2L2∗ + o(1)

≥ S
∑
i∈J0

w
2/2∗

i + o(1)

≥ S(1− ε)2/2∗
∑
i∈J0

(wi

Ω

)2/2∗

+ o(1) ;
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that is,

S ≥ S(1− ε)2/2∗
∑
i∈J0

(wi

Ω

)2/2∗

.

But for 0 < ε < 1
3

we can split any sum of numbers 0 < αi ≤ 1
2(1−ε)

< 3
4
, i ∈ J0, with∑

i∈J0

αi = 1

into two seperate sums with

1

4
<
∑
i∈I

αi,
∑

i∈J0\I

αi <
3

4
.

(This is clear if there exists i0 with αi0 >
1
4

; otherwise we collect indices i until
∑
i∈I
αi first

exceeds 1
4
.)

By strict convexity then∑
i∈J0

α
2/2∗

i =
∑
i∈I

α
2/2∗

i +
∑

i∈J0\I

α
2/2∗

i

≥

(∑
i∈I

αi

)2/2∗

+

 ∑
i∈J0\I

αi

2/2∗

≥ inf
1
4
<s< 3

4

(
s
2/2∗ + (1− s)2/2∗

)
> 1

We conclude that for sufficiently small 0 < ε < 1
3

we have

(1− ε)2/2∗
∑
i∈J0

(wi

Ω

)2/2∗

> 1.

The contradiction rules out the case λ = 0. Thus λ = 1, and the proof is complete.

Remark. i) The Sobolev constant S is never attained on a domain Ω ⊊ Rn, n ≥ 3.
If we suppose that for some such domain Ω there exists 0 < u ∈ H1

0 (Ω with S||u||2
L2∗ =

||∇u||2L2 a suitable muliple ũ = αu, α > 0, solves

−∆ũ = ũ2
∗−1 in Ω,

ũ = 0 on ∂Ω.

From this fact, and from the fact that by scale-invariance S(Ω) = S(Rn) = S is indepen-
dent of the domain we derive a contradiction as follows.
Case 1: IfΩ is bounded, Ω ⊂ BR(0) for someR > 0, extending u(x) = 0 for x ∈ BR(0)\Ω,
from u we obtain a minimizer 0 ̸≡ u ∈ H1

0 (BR(0)) of Sobolev’s ratio, which is impossible
by Pohožaev’s theorem 1.4.2
Case 2: If Ω is unbounded, Ω ̸= Rn, by extending u(x) = 0 for x ∈ Rn \ Ω we obtain a
0 ≤ ũ ̸≡ 0 solving −∆ũ = ũ2

∗−1 in Rn vanishing outside Ω, and the strong maximum
principle then gives a contradiction.
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ii) On Rn, n ≥ 3, the Sobolev consant is attained by the Talenti functions [Tal76]

u(x) =

(
1

1 + |x|2

)n−2
2

and their rescalings

uε,x0(x) = ε
2−n
2 u

(
x− x0
ε

)
=

(
ε

ε2 + |x− x0|2

)n−2
2

,

which we will re-encounter later in the context of Yamabe’s theorem.

iii) Lion’s proof of Theorem 1.5.3 also works in the case of the embedding Ẇ k,p(Rn) ↪→ Lq(Rn)
when 1

q
= 1

p
− k

n
> 0 and yields a minimizer of the Sobolev ratio in this case, as well.
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2 SADDLE POINTS

2 Saddle points

2.1 Finite-dimensional examples
Example 1. The height function h on a torus as in the illustration has exactly 4 critical points pi,
where dh(pi) = 0, 1 ≤ i ≤ 4, reflecting a change of topology of the level surfaces h−1(t), t ∈ R,
or corresponding to the generators of πk(T 2), k = 0, 1, 2.

h
p4

p3

p2

p1

Example 2. Let f : R2 → R be given by

f(x, y) = ex − y2, (x, y) ∈ R2.

Note that for t < 0 the level set f−1(t) has 2 components while for t > 0 it has only one component

x

y

f < t

f < t

t < 0

−2 −1 0 1 2 −2

0

2

0

5

x
y

z
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x

y

f < t

t > 0

However, in view of
df(x, y) = (ex, 2y) ̸= 0, (x, y) ∈ R2,

the function f does not have any critical points! This shows, that some compactness is needed, if
we want to carry over the ideas from Example 1 to the general case.

Example 3. A finite dimensional analogue of the famous theorem by Lusternik-Schnirelmann.
In 1929 Lusternik-Schnirelman published the following result.

Theorem 2.1.1. (Lusternik-Schnirelman [LS29])
On any surfaceS ⊂ R3 diffeomorphic toS2 there are at least 3 geometrically distinct, non-constant
closed geodesics with self-intersections ("prime").

An analogous result can be obtained for a flat, convex, smoothly bounded billard. We may view
this as a special limit case of the above thoerem, for a sequence of convex surfaces Sk that are
symmetric with respect to the (x, y)-plane with fixed intersection

Γ = Sk ∩ {(x, y, z) ∈ R3 : z = 0}, k ∈ N

and height above {z = 0} tending to zero (k →∞).

Definition 2.1.1. i) A (convex) billard is a smoothly bounded, strictly convex domain Ω ⊂⊂
R2 with boundary Γ diffeomorphic to S1.

ii) Geodesics in Ω are straight lines that are reflexted with equal angles in Γ = ∂Ω.

iii) Prime (non self-intersecting) closed geodesics are lines through Ω that are reflected in
themselves.

Γ

Ω

The analogue of Theorem 2.1.1 for a billard then may be stated as follows:

Theorem 2.1.2. Any plane, convex billard Ω contains (at least) 2 distinct prime closed geodesics.
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Remark 2.1.1. Regarding Ω as a (collapsed) surface S ⊂ R3, doubly covered by Ω, we may regard
Γ = ∂Ω as a first prime closed geodesic in S and the 2 closed geodesics guaranteed by Theorem
2.1.2 as the remaining 2 prime closed geodesics as in Theorem 2.1.1 by Lusternik-Schnirelman.

Analytic formulation. Parametrize Γ by γ ∈ C2(R/Z;R2) and let

f(s, t) :=
1

2
|γ(s)− γ(t)|2, (s, t) ∈ R2.

A line ℓ connecting γ(s) with γ(t) is reflected in itself at the point γ(s) iff

0 = ⟨γ̇(s), γ(s)− γ(t)⟩R2 =
∂

∂s
f(s, t),

and at the point γ(t) iff

0 = ⟨γ̇(t), γ(s)− γ(t)⟩R2 = − ∂

∂t
f(s, t).

Conclusion. A line ℓ = γ(s)γ(t) is a prime closed geodesic in Ω iff

df(s, t) = 0;

that is, prime closed geodesics uniquely correspond to critial points of f .

Obvious critical points. Since our domain

R/Z× R/Z ∼= S1 × S2 ∼= T 2

is compact, f achieves its maximum and its minimum. However, since

f(s, t) ≥ 0, f(s, t) = 0⇔ s = t mod Z,

minimizers are related to the constant curves and do not give rise to prime closed geodesics
in Ω.
On the other hand, there exists (s, t) with

f(s, t) max
0≤s,t≤1

f(s, t) = β > 0,

corresponding to a "longest" closed prime geodesic: the diameter of Ω.

Saddle points. In the "energy landscape" defined by f , the "valleys"

{(s, s) : s ∈ R}, {(s+ 1, s) : s ∈ R

thus are seperated by a "mountain ridge" with peaks at the points

{(s+ k, t+ k) : k ∈ Z}.
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s

t

y = x

y = x− 1

(1, 0)s s+ 1

t

t+ 1

We hope to find a second critical point at a "mountain-pass". For this, we seek a "path" p
connecting two points x0, x1 in different "valleys" and crossing the dividing "mountain
ridge" at point of lowest maximal "elevation".
In the present finite-dimensional setting, "paths" may be simply compact connected sets.

Definition 2.1.2. A set ∅ ≠ p ⊂ T 2 is connected, if for any open sets O1, O2 ⊂ T 2 there holds

p ⊂ O1 ∪O2, O1 ∩ p ̸= ∅ = O2 ∩ p ⇒ O1 ∩O2 ̸= ∅.

Recall that an interval ∅ ≠ I ⊂ R is connected; moreover, continuous functions map
connected sets to connected sets.

Proof of Theorem 2.1.2. Let
β = inf

p∈P
sup

(s,t)∈p
f(s, t) > 0,

where

P = {p ⊂ T 2 : x0 := (0, 0) ∈ p, x1 := (1, 0) ∈ p, p compact and connected }.

Claim 1. ∃ p ∈ P : sup
(s,t)∈p

f(s, t) = β.

Proof. Let (pk) ⊂ P with

sup
(s,t)∈pk

f(s, t) < β +
1

k
, k ∈ N,

and set
Kl =

⋃
k≥l

pk ⊂ T 2.

Then Kl is compact and connected, and

x0,1 ∈ Kl+1 ⊂ Kl ̸= ∅, l ∈ N.

It follows that
x0,1 ∈ K :=

⋂
l∈N

Kl ⊂ Kl, l ∈ N,

is compact and connected, and

sup
K
f ≤ sup

Kl

f ≤ β +
1

l
, l ∈ N.

Set p := K .
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Claim 2. ∃x∗ = (s∗, t∗) ∈ p : f(s∗, t∗) = β, df(s∗, t∗) = 0.

Proof (indirect). Suppose by contradiction that for any x = (s, t) ∈ p with f(x) = β there
holds df(x) ̸= 0.
By compactness of p then there exists ε > 0 such that

∀x ∈ T 2 : dist(x, p) = inf{|x− y| : y ∈ p} < ε, |f(x)− β| < ε⇒ |df(x)| > ε. (2.1.1)

Without loss of generality, set ε < β.
Define the negative gradient flow

Φ : T 2 × [0, 1]→ T 2

as follows:
Let φ ∈ C∞(R) with 0 ≤ φ ≤ 1, φ(s) = 1 for s ≤ 1

2
, φ(s) = 0 for s ≥ 1 and for any x ∈ T 2

let Φ(x, t) solve the initial value problem

d

dt
Φ(x, t) = −φ

(
β − f(x)

ε

)
df(Φ(x, t)), (2.1.2)

Φ(x, 0) = x. (2.1.3)

Since γ ∈ C2, f ∈ C2, the vector field on the right of (2.1.2) is of class C1. Hence there
exists a solution Φ ∈ C1(T 2 × [0, 1], T 2) of (2.1.2), (2.1.3). (The solution exists for 0 ≤ t ≤ 1
by compactness of T 2.) Moreover, for any x ∈ p, any 0 < t < 1 such that

β ≥ f(Φ(x, t)) > β − ε

2

we have
φ

(
β − f(Φ(x, t))

ε

)
= 1

and hence
d

dt
f(Φ(x, t)) =

〈
df(Φ(x, y)),

d

dt
Φ(x, t)

〉
= −|df(Φ(x, t)|2; (2.1.4)

in addition, letting
C1 = sup

x∈T 2

|df(x)| <∞

there holds

dist(Φ(x, t), p) ≤ |Φ(x, t)− x| ≤
∫ t

0

∣∣∣∣ ddtΦ(x, s)
∣∣∣∣ ds

≤ Ct ≤ C1t < ε,

if 0 < t < ε
C1

, and hence (2.1.1) and (2.1.4) give

d

dt
f(Φ(x, t)) < −ε2.

In conclusion, at time t1 = min
{
1, ε

C1

}
> 0 for any x ∈ p we either have

f(Φ(x, t1)) ≤ β − ε

2
< β,
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or there holds
β ≥ f(x) ≥ f(Φ(x, t)) ≥ β − ε

2
, 0 ≤ t ≤ t1,

and thus
d

dt
f(Φ(x, t)) < −ε2, 0 ≤ t ≤ t1,

leading to the bound

f(Φ(x, t1)) ≤ f(x)− ε2t1 ≤ β − ε3

C1

< β.

Finally, since 0 < ε < β by assumption, we have β − f(x0,1) = β > ε, and Φ(x0,1, t) = x0,1
for all 0 ≤ t ≤ t1.
Thus, p1 := Φ(p, t1) ∈ P . But

sup
p1

f ≤ max

{
β − ε

2
, β − ε3

C1

}
< β,

contradicting the definition of β.

If β < β clearly x∗ ̸= x, and the proof is complete.
If β = β then every p ∈ P contains a point x = (s, t) of maximal length, corresponding to
a prime closed geodesic. Thus, in this case there even exist infinitely many such lines.

Remark. i) The existence of 3 critical points in Theorem 2.1.2 again reflects the topology of
the underlying space.
To see this, note that the symmetry

f(s, t) = f(t, s) = f(t, s− 1), 0 ≤ s, t ≤ 1,

allows to regard f as a function on RP 2 by means of the identifications indicated in the
picture below.

t

s
1

(1, t)

(t, 0)

f ≡ 0

B

(1, 1)

{(s, s) : s ∈ R}

collapsed

(dou
ble

)

RP 2

ii) There are other kinds of "closed geodesics" in a billard, as in the picture below.
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Ω

These (and more complicated patterns) can also be studied with tools from the theory of
dynamical systems.

iii) If β = β0, the billard Ω has the same width, viewed from any direction. Is Ω a ball?
No! There are many curves Γ of constant width, including, for instance, regular polygons
with circular boundardy segments, such as the Reuleaux triangles.

A B

C

iv) Whereas Claim 1 in the proof of Theorem 2.1.2 is finite-dimensional in nature, the proof of
Claim 2 is sufficiently flexible to be generalized to the infinite-dimensional case, provided a
compactness condition holds.

2.2 Pseudo-gradient vector fields
Let X be a Banach space, E : X → R.

Definition 2.2.1. i) E is Fréchet differentiable at u ∈ X if there exists a linear map
dE(u) ∈ X∗ such that

E(u+ v)− E(u)− ⟨dE(u), v⟩X∗×X = o(||v||X)

for v ∈ X .

ii) E is of class C1, if E is Fréchet differentiable at every u ∈ X an if the map X ∋ u 7→
dE(u) ∈ X∗ is continuous.

Example 2.2.1. i) Let Ω ⊂⊂ Rn,

E(u) =
1

2

∫
Ω

|∇u|2 dx−
∫
Ω

fu dx, u ∈ H1
0 (Ω),
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with
⟨dE(u), v⟩H−1×H1

0
=

∫
Ω

(∇u∇v − fv) dx

for every u, v ∈ H1
0 (Ω) ; hence E ∈ C1(H1

0 (Ω)).

ii) For Ω ⊂⊂ Rn, 2 ≤ p ≤ 2∗ = 2n
n−2

if n ≥ 3 let

E(u) =
1

2

∫
Ω

|∇u|2 dx− 1

p

∫
Ω

|u|p dx, u ∈ H1
0 (Ω),

with
⟨dE(u), v⟩H−1×H1

0
=

∫
Ω

(∇u∇v − u|u|p−2v) dx

for u, v ∈ H1
0 (Ω). By Hölder’s inequality, the map

H1
0 (Ω) ∋ u 7→ u|u|p−2 ∈ H−1(Ω) = (H1

0 (Ω))
∗

is continuous; thus E ∈ C1(H1
0 (Ω)).

iii) Let Ω ⊂⊂ Rn, a ∈ C1(R) with |a|, |a′| ≤ 1, and let

E(u) =
1

2

∫
Ω

a(u)|∇u|2 dx, u ∈ H1
0 (Ω).

Then for v ∈ C∞
c (Ω) there holds

d

dε

∣∣∣
ε=0

E(u+ εv) =

∫
Ω

(
a(u)∇u∇v + a′(x)|∇u|2v

)
dx,

but
v 7→

∫
Ω

a′(u)|∇u|2v dx

in general does not extend to all v ∈ H1
0 (Ω) unless a ≡ const, a′ = 0 or n = 1.

iv) Let Ω ⊂⊂ and let

E(u) =

∫
Ω

√
1 + |∇u|2 dx, u ∈ W 1,1

0 (Ω).

Then for any u, v ∈ W 1,1
0 (Ω) the Gateaux (directional) derivative

d

dε

∣∣∣
ε=0

E(u+ εv) =

∫
Ω

∇u∇v√
1 + |∇u|2

dx

exists, but E is nowhere Fréchet differntiable.
Take e.g. u ≡ 0 and note

E(0 + v)− E(0) =
∫
Ω

(√
1 + |∇u|2 − 1

)
dx

with

sup
||v||

W
1,1
0

=ε

∫
Ω

(√
1 + |∇u|2 − 1

)
dx∫

Ω
|∇v| dx

= 1

for every ε > 0. (Take v = vk = εφk, where 0 ≤ φk ≤ 1, φk
(k→∞)−→
a.e.

χB for a ballB ⊂⊂ Ω.)
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Definition 2.2.2. Let E ∈ C1(X).

i) A point u ∈ X is critical if dE(u) = 0; otherwise u is regular.

ii) A number β ∈ R is a critical value ofE, if there exists a critical point u ∈ X withE(u) = β;
otherwise, β is a regular value.

For E ∈ C1(X) let
X̃ = {u ∈ X : dE(u) ̸= 0}

be the set of regular points.

Definition 2.2.3. Let E ∈ C1(X). A vector field ẽ : X̃ → X is a pseudo-gradient vector field
(p.-g.v.f.) provided ẽ is locally Lipschitz continuous and satisfies the bounds

i) ||ẽ(u)||X < 1,

ii) ⟨dE(u), ẽ(u)⟩ > 1
2
||dE(u)||X∗

for any u ∈ X̃.

Theorem 2.2.1. (Palais, 1966)
Every E ∈ C1(X) admits a pseudo-gradient vector field.

Proof. i) Let u0 ∈ X̃ . By definition of ||dE(u0)||X∗ , there is v0 = v(u0) ∈ X such that

||v0||X < 1, ⟨dE(u0), v0⟩ >
1

2
||dE(u0)||X∗ . (2.2.1)

Moreover, since dE is continuous, (2.2.1) holds true (with the same v0) for all u in a
neighborhood U0 = U(u0) of u0 in X̃ .

ii) The above family (U(u))u∈X̃ clearly is an open cover of X̃ . Since X̃ ⊂ X is metric and
hence paracompact, there exists a locally finite refinement (Uι)ι∈I of this cover so
thatUι ⊂ U(uι) for some uι ∈ X̃, ι ∈ I . Let (φι)ι∈I be a partition of unity subordinate
to (Uι)ι∈I with Lipschitz continuous 0 ≤ φι ≤ 1 satisfying

supp(φι) ⊂ Uι,
∑
ι∈I

φι(x) = 1, ∀x ∈ X̃.

(Note that the sum is locally finite.)
For instance, take

ψι(x) = dist(x,X \ Uι)

= inf{||y − x||X : y ∈ X \ Uι} ∈ C0,1
0 (Uι)

and let
φι(x) =

ψι(x)∑
κ∈I

ψκ(x)
, ι ∈ I.

Since the sum near any x ∈ X̃ involves only a fixed finite set of indices κ ∈ I , and is
uniformly positive, φι ∈ C0,1

0 (Uι) has the derived properties.
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iii) Set
ẽ(u) =

∑
ι∈I

φι(x)v(uι), u ∈ X̃.

Then ẽ is locally Lipschitz and satisfies

||ẽ(x)||X ≤ max
u∈Uι

||v(uι)||X < 1,

⟨dE(u), ẽ(u)⟩X∗×X =
∑
ι∈I

φι(u) ⟨dE(u), v(uι)⟩︸ ︷︷ ︸
> 1

2
||dE(u)||X∗ ∀ι:u∈Uι

>
1

2
||dE(u)||X∗ .

2.3 Compactness, Palais-Smale condition
Let E ∈ C1(X), β ∈ R, and set

Eβ = {u ∈ X : E(u) < β},
Kβ = {u ∈ X : E(u) = β, dE(u) = 0},

and for any δ > 0 let

Nβ,δ = {u ∈ X : |E(u)− β| < δ, ||dE(u)||X∗ < δ}.

Definition 2.3.1. i) A sequence (uk) ⊂ X is a (P .-S.)β-sequence if

E(uk)→ β, ||dE(uk)||X∗ → 0 (k →∞).

ii) E satisfies the Palais-Smale condition at energy β ((P .-S.)β for short) if any (P .-S.)β-
sequence is relatively compact.

Note that when E ∈ C1(X) satisfies (P .-S.)β then as an analogue of (2.1.1) - where
compactness of T 2 was crucial - we obtain the following conclusion.

Remark 2.3.1. Let E ∈ C1(X), β ∈ R, and suppose E satisfies (P .-S.)β . Then

Kβ = ∅ ⇒ ∃ δ > 0 : Nβδ
= ∅.

Proof. Suppose by contradiction that for every k ∈ N there exists uk ∈ X with

|E(uk)− β <
1

k
, ||dE(uk)||X∗ <

1

k
.

Then (uk) is a (P .-S.)β-sequence. Since E by assumption satisfies (P .-S.)β a subsequence
uk → u (k →∞, k ∈ Λ). By continuity of E and dE then

E(u) = β, dE(u) = 0,

and u ∈ Kβ ; contradiction!
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A number of interesting examples of C1-functionals satisfying the Palais-Smale condition
can be characterized as follows.

Theorem 2.3.1. Let E ∈ C1(X), β ∈ R, and suppose

i) any (P .-S.)β-sequence is bounded,

ii) there is a (fixed) linear isomorphism L : X → X∗ such that

dE(u) = Lu−K(u), u ∈ X,

where K : X → X∗ is continuous and compact; that is, K maps bounded sets to relatively
compact sets.

Then E satisfies (P .-S.)β .

Proof. Let (uk) ⊂ X be a (P .-S.)β-sequence. By i) (uk) is bounded; hence by ii) a subse-
quence

K(uk) =: vk → v ∈ X∗ (k →∞, k ∈ Λ).

from
wk := dE(uk) = Luk − vk → 0 in X∗

then we obtain

uk = L−1(vk + wk)→ L1v =: u, (k →∞, k ∈ Λ).

Example 2.3.1. i) Let Ω ⊂⊂ Rn, f ∈ L2(Ω),

E(u) =
1

2

∫
Ω

|∇u|2 dx−
∫
Ω

fu dx, u ∈ H1
0 (Ω),

with
dE(u) = −∆u− f.

Since
L : H1

0 (Ω ∋ u 7→ −∆u ∈ H−1(Ω)

is a linear isomorphism with

||Lu||H−1 = sup
v∈H1

0 (Ω)
||v||

H1
0
=1

⟨Lu, v⟩H−1×H1
0︸ ︷︷ ︸

=
∫
Ω ∇u∇v dx

= ||∇u||L2 = ||u||H1
0

for u ∈ H1
0 (Ω), and sinceK(u) ≡ f defines a continuous, compact operatorK : H1

0 (Ω)→
H−1(Ω), (P .-S.)β-sequences for any β ∈ R are bounded and E satisfies (P .-S.)β for any
β ∈ R by Theorem 2.3.1.

ii) Let Ω ⊂⊂ Rn, 2 < p < 2∗ = 2n
n−2

, and consider

E(u) =
1

2

∫
Ω

|∇u|2 dx− 1

p

∫
Ω

|u|p dx, u ∈ H1
0 (Ω),

with
dE(u) = −∆u− u|u|p−2 = Lu−K(u), u ∈ H1

0 (Ω),
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where
L = −∆, K : H1

0 (Ω) ∋ u 7→ u|u|p−2 ∈ H−1(Ω).

For p < 2∗ the embeddingH1
0 (Ω) ↪→ Lp(Ω) is compact. Thus, if (uk) ⊂ H1

0 (Ω) is bounded,
a subsequence uk → u in Lp(Ω) and

K(uk)
(k→∞,k∈Λ)−→ K(u) in L

p
p−1 (Ω) ⊂ L

2∗
2∗−1 ∼=

(
L2∗(Ω)

)∗ ⊂ H−1(Ω).

Thus, condition ii) of Theorem 2.3.1 holds true.
Claim: Any (P .-S.)β-sequence for E is bounded.

Proof. Let (uk) ⊂ H1
0 (Ω) be a (P .-S.)β-sequence. Compute

pE(uk)− ⟨dE(uk), uk⟩H−1×H1
0
=
(p
2
− 1
)
||∇uk||2L2

=
p− 2

2
||uk||2H1

0

= pβ + o(1)
(
1 + ||uk||H1

0

)
.

The claim follows.

Thus, E satisfies (P .-S.)β for any β ∈ R.

iii) Let Ω ⊂⊂ Rn, n ≥ 3, and let p = 2∗ = 2n
n−2

,

E(u) =
1

2

∫
Ω

|∇u|2 dx− 1

2∗

∫
Ω

|u|2∗ dx, u ∈ H1
0 (Ω).

Claim: There is β > 0 such that E does not satisfy (P .-S.)β .

Proof. NLoG there exists R > 0 such that

BR(0) ⊂ Ω.

Choose a cut-off function φ ∈ C∞
c (BR(0)) with 0 ≤ φ ≤ 1, φ ≡ 1 on BR/2(0) and let

uk(x) = φ(x)

(
ck

1 + k2|x|2

)n−2
2

= φ(x)u∗1
k
(x),

where

u∗(x) =

(
c

1 + |x|2

)n−2
2

, x ∈ Rn,

solves
−∆u∗ = (u∗)2

∗−1 on Rn (2.3.1)

and u∗ε(x) = ε
2−n
2 u∗(x

ε
) for any ε > 0 as in Section 1.5.

Then, as k →∞,

E(uk) −→
1

2
||∇u∗||2L2 −

1

2∗
||u∗||2∗L2∗

=

(
1

2
− 1

2∗

)
||∇u∗||2L2 =: β∗.
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However, by Hölder’s inequality and (2.3.1),

⟨dE(uk), v⟩H−1×H1
0
=

∫
Ω

(
∇uk∇v − uk|uk|2

∗−2v
)
dx

=

∫
Ω

(
φ∇u∗1

k
∇v + u∗1

k
∇φ∇v − φ2∗−1(u∗1

k
)2

∗−1v
)
dx

=

∫
Rn

(
∇u∗1

k
∇(vφ)− (u∗1

k
)2

∗−1vφ
)
dx︸ ︷︷ ︸

=0

+ o

 ∫
BR\BR

2 (0)

(
|∇u∗1

k
|+ |u∗1

k
|
)
(|∇v|+ |∇v|) dx



+ o

 ∫
BR\BR

2
(0)

|u∗1
k
|2∗−1|v| dx



≤C

 ∫
BR\BR

2
(0)

(
|∇u∗1

k
|2 + |u∗1

k
|2
)
dx


1
2

· ||v||H1
0

+ C

 ∫
Br\BR

2
(0)

|u∗1
k
|2∗ dx


2∗−1
2∗

||v||L2∗

= o(1)||v||H1
0
, o(1)→ 0 (k →∞).

As a refinement of Remark 2.3.1 we now obtain the following result. For β ∈ R, ρ > 0 also
let

Uβ,ρ =
⋃

u∈Kβ

Bρ(u;X)

be the norm-neighborhood of Kβ .

Lemma 2.3.1. Suppose E ∈ C1(X) satisfies (P .-S.)β for some given β ∈ R. Then

i) Kβ is compact;

ii) the families (Nβ,δ)δ>0, (Uβ,ρ)ρ>0 each constitute a fundamental system of neighborhoods
of Kβ ; that is, given any open N ⊃ Kβ there exist ρ > 0, δ > 0 with

Uβ,ρ ⊂ N, Nβ,δ ⊂ N.

iii) In particular, if Kβ = ∅ = N , there is δ > 0 such that Nβ,δ = ∅.

Proof. i) Let (uk) ⊂ Kβ . Then (uk) is a (P .-S.)β-sequence. Since E satisfies (P .-S.)β ,
a subsequence uk → u (k → ∞, k ∈ Λ), where u ∈ Kβ by continuity of E and dE.
Thus, Kβ is (sequentially) compact.
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ii) Let N ⊃ Kβ be open. Suppose by contradiction that Nβ,δ \N ̸= ∅ for every δ > 0 or
that Uβ,ρ \N ̸= ∅ for every ρ > 0.
Let uk ∈ Nβ, 1

k
\ N , vk ∈ Uβ, 1

k
\ N , respectively, k ∈ N. Then (uk) is a (P .-S.)β-

sequence. By (P .-S.)β , a subsequence uk → u ∈ Kβ (k →∞, k ∈ Λ); hence uk ∈ N
for sufficiently large k ∈ Λ, contrary to our choice of (uk).
Similarly, for vk ∈ Uβ, 1

k
\N let wk ∈ Kβ with

||vk − wk||X <
2

k
, k ∈ N.

By i), a subsequence wk → w ∈ Kβ (k →∞, k ∈ Λ), and

||vk − w||X ≤ ||vk − wk||X + ||wk − w||X
(k→∞,k∈Λ)−→ 0

shows that vk ∈ N for sufficiently large k ∈ Λ.

2.4 Deformation Lemma, Minimax Principle
With the help of Lemma 2.3.1 we now obtain the following result.

Theorem 2.4.1. (Deformation Lemma)
Let E ∈ C1(X), β ∈ R, N an open neighborhood of Kβ , and let ε > 0.
Then, if E satisfies (P .-S.)β , there exist 0 < ε < ε and Φ ∈ C0(X × [0, 1];X) such that

i) Φ(·, t) : X → X is a homeomorphism, 0 ≤ t ≤ 1;

ii) Φ(u, t) = u, if either t = 0, or if dE(u) = 0, or if |E(u)− β| ≥ ε;

iii) t 7→ E(Φ(u, t)) is non-increasing, u ∈ X ;

iv) Φ(Eβ+ε, 1) ⊂ Eβ−ε ∪N , and Φ(Eβ+ε \N, 1) ⊂ Eβ−ε.

Proof. By Lemma 2.3.1 we can find numbers 0 < δ, ρ < 1, such that

N ⊃ Uβ,3ρ ⊃ Uβ,ρ ⊃ Nβ,δ ⊃ Kβ.

Fix
ε =

1

4
min{ε, δρ} > 0.

Let φ ∈ C∞(R) with 0 ≤ φ ≤ 1 and such that

φ(s) =

{
1, if |s| ≤ 1

2
,

0, if |s| ≥ 1.

Also let
η(u) = min{ρ−1 dist(u, Uβ,ρ), 1}

so that η : X → R with 0 ≤ η ≤ 1 is Lipschitz continuous with

η(u) =

{
1, if u /∈ Uβ,2ρ,

0, if u ∈ Uβ,ρ.
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With X̃, ẽ : X̃ → X as in Theorem 2.2.1 then let

e(u) =

η(u)
=:φε,β(E(u))︷ ︸︸ ︷

φ

(
E(u)− β

ε

)
ẽ(u), u ∈ X̃,

0, else.

Claim 1. e is well-defined and locally Lipschitz continuous with e(u) = 0 for u ∈ X with
dE(u) = 0, and ||e(u)||X < 1, u ∈ X

Proof. Note that the φ-factor vanishes if

|E(u)− β| ≥ ε,

while
η(u) = 0, u ∈ Nβ,δ.

Let u ∈ X be critical for E.
Case i) u ∈ Nβ, δ

2
. Then η ≡ 0 in a neighborhood of u.

Case ii) u /∈ Nβ, δ
2
. Then |E(u)−β| ≥ δ

2
> 2ε, and the φ-factor vanishes in a neighborhood

of u.
Thus, e is well-defined near u and locally Lipschitz. Moreover, ||e(u)||X ≤ ||ẽ(u)||X for
u ∈ X̃ , or e(u) = 0.

In view of Claim 1 then the vector field e induces a flow Φ : X × R→ X with

d

dt
Φ(u, t) = −e(Φ(u, t)) (2.4.1)

Φ(u, 0) = u, u ∈ X (2.4.2)

i) By the semi-group property

Φ(·, s+ t) = Φ(·, s) ◦ Φ(·, t)

for all s, t ∈ R, each Φ(·, t) is a homeomorphism with

(Φ(·, t))−1 = Φ(·,−t), t ∈ R.

ii) Clearly, Φ(u, t) = u for t = 0 by (2.4.2) or when e(u) = 0 and any t ∈ R. By
construction, e(u) = 0 for u while |E(u)−β| ≥ ε > 2ε, or when dE(u) = 0 by Claim
1.

iii) For u ∈ X , t ∈ R compute

d

dt
E(Φ(u, t)) =

〈
dE(Φ(u, t)),

d

dt
Φ(u, t)

〉
X∗×X

= −η(Φ(u, t))φ
(
E(u)− β

ε

)
⟨dE(Φ(u, t)), ẽ(Φ(u, t))⟩X∗×X ≤ 0
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iv) Suppose for u ∈ Eβ+ε there holds Φ(u, 1) /∈ Eβ−ε and therefore by iii)

|E(Φ(u, t))− β| ≤ ε, 0 ≤ t ≤ 1.

By choice of φ then φ(E(Φ(u,t))−β
ε

) = 1 for 0 ≤ t ≤ 1.

Claim 2: Φ(u, t) ∈ N for all 0 ≤ t ≤ 1.

Proof. Suppose Φ(u, t) /∈ Uβ,2δ ⊃ Nβ,δ for all 0 ≤ t ≤ 1. Then

η(Φ(u, t)) = 1, ||dE(Φ(u, t))||X ≥ δ

for all 0 ≤ t ≤ 1, and

d

dt
E(Φ(u, t)) ≤ −⟨dE(Φ(u, t)), ẽ(Φ(u, t))⟩X∗×X

≤ −1

2
||dE(Φ(u, t))||X∗ ≤ −δ

2
(2.4.3)

for 0 ≤ t ≤ 1, so that

E(Φ(u, 1)) ≤ E(Φ(u, 0)︸ ︷︷ ︸
=0

)− δ

2
< β + ε− 2ε = β − ε,

contrary to our assumption.
Thus, there is t0 ∈ [0, 1] with Φ(u, t0) ∈ Uβ,2δ. Suppose that there is t1 ∈ [0, 1] such that
Φ(u, t1) /∈ Uβ,3ρ. Note that ||e(u)||X < 1 implies

||Φ(u, s)− Φ(u, t)||X ≤ |t− s|, 0 ≤ s, t ≤ 1.

Hence there is a time interval I ⊂ [0, 1] of length |I| ≥ ρ between t0 and t1 such that

Φ(u, t) ∈ Uβ,3ρ \ Uβ,2ρ, t ∈ I,

and (2.4.3) implies

E(Φ(u, 1)) ≤ E(u)− δ

2
|I| < β + ε− δρ

2
≤ β − ε,

again contradicting our assumption. Hence Φ(u, t) ∈ Uβ,3ρ ⊂ N for all t ∈ [0, 1].

By Claim 2, if Φ(u, 1) /∈ Eβ−ε thus it follows that Φ(t, 1) ∈ N .
Conversely, if u /∈ N we must have Φ(u, 1) ∈ Eβ−ε, and the proof is complete.

Minimax strategies. With the help of the pseudo-gradient flows Φ constructed in Theo-
rem 2.4.1 we can now characterize "minimax" critical values as follows.

Definition 2.4.1. Let M be a topological space, (Φ(·, t))0≤t≤1 a continuous family of home-
omorphism Φ(·, t) of M with Φ(·, 0) = id. A Family F ⊂ P(M) is (forward) Φ-invariant,
if

∀F ∈ F , 0 ≤ t ≤ 1 : Φ(T, t) ∈ F .

Example 2.4.1. i) F = {M}, or F = P(M) are Φ-invariant for any Φ as in Definition
2.4.1
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ii) For any map α ∈ C0(Sk,M) the family

[α] = {α′(Sk) ⊂M : α′ is homotopic to α}

is Φ-invariant for any Φ as above; similarly for maps from any topological space N into M .

Theorem 2.4.2. (Minimax principle, Palais)
Let E ∈ C1(X), β0 ≥ −∞. Suppose that F is forward Φ-invariant for any of the flows Φ
constructed in Theorem 2.4.1 that fixes Eβ0 , and suppose that

β := inf
F∈F

sup
u∈F

E(u) > β0.

Then, if E satisfies (P .-S.)β , the value β is critical.

Proof. Suppose by contradiction thatKβ = ∅. ForN ̸= ∅, ε = β−β0 > 0 letΦ : X×[0, 1]→
X , ε > 0 be constructed as in Theorem 2.4.1, and let F ∈ F with

sup
u∈F

E(u) < β + ε.

Then Φ(·, t) fixes Eβ0 for 0 ≤ t ≤ 1 and

F1 := Φ(F, 1) ⊂ Eβ−ε, F1 ∈ F ,

contradicting the defintion of β.

As an example of a concrete implementation of Theorem 2.4.2 we consider the following.

Theorem 2.4.3. (Mountain pass lemma)
Let E ∈ C1(X) with E(0) = 0, and suppose there exist ρ > 0, a > 0 such that

inf
||u||X=ρ

E(u) ≥ a.

Moreover, suppose that there exists u1 ∈ X with ||u1||X > ρ and E(u1) ≤ 0. Then, if E satisfies
(P .-S.)β for every β ≥ α, there is a critical value β ≥ a of E.

Proof. Let
F = {F ⊂ X : F connected, u0 = 0, u1 ∈ F}

and set
β = inf

F∈F
sup
u∈F

E(u) ≥ a > β0 = 0.

Then F is Φ-invariant for every (Φ(·, t))0≤t≤1 that fixes E0, and Theorem 2.4.2 gives the
claim.

Example 2.4.2. i) Let Ω ⊂⊂ Rn, 2 < p < 2∗ = 2n
n−2

if n ≥ 3,

E(u) =
1

2

∫
Ω

|∇u|2 dx− 1

p

∫
Ω

|u|p dx, u ∈ H1
0 (Ω).

Then E(0) = 0,

E(λu) =
||u||2

H1
0

2
· λ2 − ||u||

p
Lp

p
· λp (λ→∞)−→ −∞
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for every u ∈ H1
0 (Ω) \ {0}. Moreover, by Sobolev’s embedding we can bound

E(u) ≥ 1

2
||u||2H1

0
− c(p,Ω)||u||p

H1
0
≥ a > 0

for

||u||H1
0
=

(
1

4c(p,Ω)

) 1
p−2

=: ρ, a =
1

4
ρ2.

Finally, E satisfies (P .-S.)β for every β ∈ R by Example 2.3.1 ii), and Theorem 2.4.3
applies.

ii) A more general case of i). Let Ω ⊂⊂ Rn, g ∈ C0(R) and consider the problem

−∆u = g(u) in Ω, (2.4.4)
u = 0 on ∂Ω. (2.4.5)

Suppose that g satisfies the following conditions:

a) ∃C > 0, 0 ≤ s < 2∗ − 1 = n+2
n−2

if n ≥ 3 ∀u ∈ R:

|g(u)| ≤ C(1 + |u|3);

b) g(u)
u
−→ 0 (0 ̸= |u| → 0);

c) ∃ θ > 2, R > 0 ∀ |u| ≥ R :

0 < θG(u) ≤ g(u)u,

where
G(u) =

∫ u

0

g(s) ds

is the primitve of g with G(0) = 0.

Then there exists 0 ̸= u ∈ H1
0 (Ω) solving (2.4.4), (2.4.5).

To see this, let

E(u) =
1

2

∫
Ω

|∇u|2 dx−
∫
Ω

G(u) dx, u ∈ H1
0 (Ω).

By a) the functional E ∈ C1(H1
0 (Ω)) with

⟨dE(u), v⟩H−1×H1
0
=

∫
Ω

(∇u∇v − g(u)v) dx

for any u, v ∈ H1
0 (Ω).

Moreover, for any β ∈ R let (uk) ⊂ H1
0 (Ω) be a (P .-S.)β-sequence. Then

θE(uk)− ⟨dE(uk), uk⟩H−1×H1
0
= θβ + o(1) (1 + ||uk||H−01)

=
θ − 2

2
||∇uk||2L2 −

∫
Ω

(θG(uk)− g(uk)uk︸ ︷︷ ︸
≤0, if |uk|≥R

) dx

≥ θ − 2

2
||uk||2H1

0
− C,
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and (uk) is bounded. Since s < 2∗ − 1, by Rellich’s theorem the operator

K : H1
0 (Ω) ∋ u 7→ g(u) ∈ H−1(Ω)

is compact. Hence, E satisfies (P .-S.)β for every β ∈ R by Theorem 2.3.1.
Next, we note that c) implies

d

du

(
log uθ

)
=
θ

u
≤ g(u)

G(u)
=

d

du
(logG(u)), u ≥ R,

and similarly for u ≤ −R. Hence

G(u) ≥ G(u)
|u|θ

Rθ
= C|u|θ, |u| ≥ R.

In particular, s+ q ≥ θ > 2.
Thus, we have E(0) = 0, and for every u ̸≡ 0, u ∈ H1

0 (Ω)

E(λu) =
λ2

2
||u||2H1

0
− Cλθ||u||θH1

0

(λ→∞)−→ −∞,

so that E(λu) ≤ 0 for λ ≥ λ1 > 0.
Finally, let λ1 > 0 be the first Dirichlet eigenvalue of −∆ on Ω. By b) there exists r0 > 0
such that

|g(u)| ≤ λ1
2
|u| for |u| ≤ r0,

and hence
G(u) =

∫ u

0

g(v) dv ≤ λ1
4
|u|2 for |u| ≤ r0.

By Tchebychev’s inequality, for any u ∈ H1
0 (Ω) we can bound the measure

A(r0) = L n({x ∈ Ω : |u(x)| ≥ r0}) ≤ r−2∗

0

∫
Ω

|u|2∗ dx

≤ Cr−2∗

0 ||u||2∗H1
0
.

It follows that for any u ∈ H1
0 (Ω) with ||u||H1

0
= ρ we can estimate

E(u) =
1

2
||u||2H1

0
−
∫
Ω

(
G(u)− λ1

4
u2
)

︸ ︷︷ ︸
≤0, if |u|≤r0

dx− λ1
4
||u||2L2

≥ 1

4
||u||2H1

0︸ ︷︷ ︸
=ρ2

−
∫

{x:|u(x)|≥r0}

G(u) dx,

where ∫
{x:|u(x)|≥r0}

G(u) dx ≤ C

∫
{x:|u(x)|≥r0}

(
1 + |u|s+1

)
dx

≤ CA(r0) + C(A(r9))
2∗−(s+1)

2∗ ||u||s+1
L2∗

≤ Cr−2∗

0 ||u||2∗H1
0
+ Cr

(s+1)−2∗

0 ||u||2∗H1
0

≤ C||u||2∗H1
0 ≤ Cρ2

∗
,

and again Theorem 2.4.3 can be applied.
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2.5 Index Theory
Briefly returning to the finite-dimensional setting, recall that for a symmetric matrix
A ∈ Rn×n the eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λn are characterized by the minimax principle

λi = inf
V⊂Rn

dim(V )≥i

sup
x∈V
|x|=1

⟨Ax, x⟩Rn , 1 ≤ i ≤ n.

Similarly, or the Laplace operator on Ω ⊂⊂ Rn with homogeneous Dirichlet boundary
condition we have the minimax-characterization

λi = inf
V⊂H1

0 (Ω)
dim(V )≥i

sup
⊂u∈V ||u||L2=1

||∇u||2L2 , i ∈ N,

of the ith Dirichlet eigenvalue.
However, these characterizations strongly use the fact that the operators involved are
linear.
In the nonlinear case, for instance, for the equation

−∆u = u|u|p−2 in Ω,

u = 0 on ∂Ω,

is there a concept that generalizes the notion of dimension?
In fact, in the case of symmetry with respect to some compact group action such a concept
can be defined; in particular, when we are dealing with an even functional E ∈ C1(X)
with E(−u) = E(u), u ∈ X, with symmetry group Z2 = {id,− id}, or when there is an
O(2)- symmetry with S1-orbits on which the energy is constant.
For simplicity, in the following we only consider the case of a Z2-symmetry, that is, the
case when E is even.

A Z2-index: The Krasnoselskii genus.
Let M ⊂ X be a submanifold of class C1,1; for instance, M = {u ∈ X : ||u||X = 1}.
Suppose M = −M = {−u : u ∈M} and set

A = {A ⊂ X : A closed , A = −A}.

Definition 2.5.1. (Coifman (1969))
For ∅ ≠ A ∈ A let

γ(A) =

{
inf{m : ∃h ∈ C0(A;Rm \ {0}), h(−u) = h(u)},
∞, if {. . . } = ∅; in particular, if 0 ∈ A,

and set γ(∅) = 0.

Remark 2.5.1. By the Tietze extension theorem, andy odd map h ∈ C0(A;Rm) may be extended
to a map h̃ ∈ C0(X;Rm). Letting

h(u) =
1

2
(h̃(u)− h̃(−u))

the extension may be chosen to be odd.
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The index γ(A) achieves the desired generalization of the concept of dimension. To see
this, we need certain facts from degree theory.

Theorem 2.5.1. For any open Ω ⊂ Rn, h ∈ C0(Ω;Rn), any y ∈ Rn \ h(∂Ω) there exists a
number

d(h,Ω, y) ∈ Z,

the topological degree of h in y w.r.t. Ω, having the properties

i) d(id,Ω, y) = 1, ∀ y ∈ Ω (normalization)

ii) d(h,Ω, y) ̸= ∅ ⇒ ∃x ∈ Ω : h(x) = y (solution property)

iii) d(h(t),Ω, y(t)) = const. for any h ∈ h ∈ C0(Ω × [0, 1],Rn), y ∈ C0([0, 1],Rn) with
y(t) ∈ h(∂Ω, t), 0 ≤ t ≤ 1 (homotopy invariance).

For more information, confer [Dei85].

Theorem 2.5.2. (Borsuk-Ulam)
Let Ω ⊂ Rn be open, bounded with Ω = −Ω, 0 ∈ Ω, and let h ∈ C0(Ω;Rn) be odd with

0 /∈ h(∂Ω), h(−u) = −h(u), u ∈ Ω.

Then
d(h,Ω, 0) is odd;

in particular, d(h,Ω, 0) ̸= 0.

Theorem 2.5.3. Let 0 ∈ U)− U ⊂ Rm ⊂ X be open. Then

γ(∂U) = m.

Proof. Clearly, id : ∂U → Rm \ {0} is odd, hence

γ(∂U) ≤ m.

Suppose γ(∂U) = k ≤ m, and let

h : ∂U → Rk \ {0} ↪→ Rm

be odd. We extend h to an odd map h ∈ C0(X;Rk). Since 0 /∈ h(∂U), the topological
degree of h in 0 w.r.t. U is well-defined and

d(h, U, y) = 1 mod 2

for all y ∈ Rm close to 0. By the solution property of the degree for any such y ∈ Rm there
exists x ∈ U with h(x) = y; hence k = m.

The index has the following properties

Theorem 2.5.4. Let A,A1, A2 ∈ A , h : X → X continuous and odd. Then we have

i) γ(A) ≥ 0, γ(a) = 0 iff A = ∅ (definiteness)

ii) A1 ⊂ A2 ⇒ γ(A1) ≤ γ(A2) (monotonicity)
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iii) γ(A1 ∪ A2) ≤ γ(A1) + γ(A2) (sub-additivity)

iv) γ(A) ≤ γ(h(A)) (supervariance)

v) A compact, 0 /∈ A⇒ γ(A) <∞ and there is a neighborhood N ⊃ A with N ∈ A s.t.

γ(N) = γ(A) (continuity)

vi) 0 ∈ A finite⇒ γ(A) ≤ 1

Proof. i) immediate from the definition

ii) We may assume γ(A2) = m < ∞. Let h : A2 → Rm \ {0} be continuous and odd.
Then h|A1 : A1 → Rm \ {0} has these properties, and γ(A1) ≤ m.

iii) Again we may assume that γ(A1) = m1 <∞, γ(A2) = m2 <∞ and choose hi : Ai →
Rmi \ {0} continuous and odd, i = 1, 2. Extend hi to an odd map hi ∈ C0(X,Rmi)
for i = 1, 2. Then

h = (h1, h2) ∈ C0(X,Rm1+m2)

is continuous and odd and satisfies

h(A1 ∪ A2) ̸∋ 0.

iv) If γ(h(A)) = m <∞, we may choose an odd, continuous l : h(A)→ Rm \ {0}. With
l ◦ h : A→ Rm \ {0} as comparison map, we conclude that γ(A) ≤ m.

v) For any u ∈ A let 0 < r = r(u) < ||u||X and define

hu : Br(u;X) ∪Br(−u;X)→ R \ {0}

by letting
hu = ±1 in Br(±u;X).

Finitely many set Nu1 , . . . , NuI
, where

Nu = Br(u;X) ∪Br(−u;X), u ∈ A

cover A; hence γ(A) <∞ by iii).
Letm = γ(A), and choose an odd, continuous h : A→ Rm \{0}. SinceA is compact,
also h(A) is compact. Hence

2p := dist(0, h(A)) > 0.

Let h ∈ C0(X,Rm) be an odd extension of h and set

N = h−1 (Up(h(A))) .

Then N ∈ A , and dist(0, h(N)) ≥ p > 0 shows that γ(N) ≤ m. Equality follows by
ii).

vi) IfA = {ui,−ui : 1 ≤ i ≤ I} ̸∋ 0, choose h(±ui) = ±1. Then h is odd and continuous
with h : A→ R \ {0}.
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Equivariant pseudo-gradient vector fields and flows
For applications, we now also need variants of Theorem 2.2.1 and Theorem 2.4.1 that
respect the symmetry. We phrase these results for an arbitrary compact symmetry groupG.

Let E ∈ C1(X), M ⊂ X a C1,1-submanifold, G a compact group acting linearly on
X as a group of isometries with

gM = {gu : u ∈M} =M, g ∈ G,

and suppose E is G-equivariant in the sense

E(gu) = E(u), u ∈ X, g ∈ G.

Note that then we also have

⟨dE(gu), gv⟩X∗×X =
d

dε

∣∣∣
ε=0

E(g(u+ εv))

=
d

dε

∣∣∣
ε=0

E(u+ εv)

= ⟨dE(u), v⟩X∗×X ;

that is,
g∗dE(gu) = dE(u), u ∈ X, g ∈ G. (2.5.1)

Let
M̃ = {u ∈M : dE(u)|TuM ̸= 0}

be the regular set of E|M .

Definition 2.5.2. A locally Lipschitz vector field ẽ : M̃ → X is a pseudo-gradient vector field
for E on M if for any u ∈ M̃ there holds

i) ẽ(u) ∈ TuM , u ∈ M̃ ,

ii) ||ẽ(u)||X < 1, u ∈ M̃ ,

iii) and finally

⟨dE(u), ẽ(u)⟩X∗×X >
1

2
sup

v∈TuM
||v||X<1

⟨dE(u), v⟩X∗×X

=:
1

2
||dE|M(u)||T ∗

uM , u ∈ M̃.

In the same way as Theorem 2.2.1 we then can show the following result.

Theorem 2.5.5. For any E ∈ C1(X),⊂ X as above there exists a pseudo-gradient vector field
ẽ : M̃ → X . The vector field ẽ may be chosen to be G-equivariant with

ẽ(gu) = g(ẽ(u), u ∈ M̃, g ∈ G, (2.5.2)

if E and M are in accordance with (2.5.1).

Calculus of variations 48



2.5 Index Theory 2 SADDLE POINTS

Proof. The construction of ẽ with properties i)-iii) in Definition 2.5.2 proceeds exactly as
in Theorem 2.2.1
To obtain a G-equivariant vector field, for any u ∈ M̃ let

e(u) =

∫
G

g−1ẽ(gu) dg,

where dg is a Haar measure on G. For any g ∈ G then we have

e(h(u)) =

∫
G

g−1ẽ(ghu) dg

= h

∫
G

h−1g−1︸ ︷︷ ︸
=(gh)−1

ẽ((gh)u) dg︸︷︷︸
d(gh)

= he(u)

as desired.

Similarly to Definition 2.3.1 we say

Definition 2.5.3. i) (uk) ⊂M is a (P .-S.)β-sequence for E|M if

E(uk)→ β, ||dE|M(uk)||T ∗
uk

M → 0 (k →∞).

ii) EM satisfies (P .-S.)β , if every (P .-S.)β-sequence (uk) is relatively compact.

Setting for β ∈ R, δ, ρ > 0 the sets

Eβ = {u ∈M : E(u) < β},
Kβ = {u ∈M : E(u) = β, dE|M(u) = 0},
Nβ,δ = u ∈M : |E(u)− β| < δ, ||dE|M(u)||T ∗

uM < δ},

Uβ,δ =
⋃

u∈Kβ

Bρ(u) ∩M,

then the statements of Lemma 2.3.1 hold. Note that if E and M are G-equivariant, then
also the sets Eβ, Kβ, Nβ,δ, and Uβ,δ are.
We then have the analogue of Theorem 2.4.1.

Theorem 2.5.6. LetE ∈ C1(X),M ⊂ X as above, β ∈ R, and supposeE|M satisfies (P .-S.)β .
Then for any open N ⊃ Kβ , any ε > 0 there exist ε > 0 and a flow Φ ∈ C0(M × [0, 1];M) with
the properties i)-iv) of Theorem 2.4.1.
If E,M , and N are G-equivariant, the flow Φ may be chosen to be equivariant, as well, satisfying

Φ(gu, t) = gΦ(u, t) (2.5.3)

for all g ∈ G, u ∈M, 0 ≤ t ≤ 1.

Proof. With ẽ : M̃ → X as in Theorem 2.5.5, 0 < ρ, δ ≤ 1, ε > 0, φε,β and η as in the proof
of Theorem 2.4.1, let Φ :M × R→M solve

d

dt
Φ(u, t) = −e(Φ(u, t))

Φ(u, 0) = u,
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where
e(u) = η(u)φε,β(E(u))ẽ(u) ∈ TuM, u ∈ M̃,

and e(u) = 0 if dE|M(u) = 0. The unique, global solution Φ ∈ C0(M ×R;X) to this initial
value problem defines a flow on M with the desired properties.
If E,M and N are G-equivariant, we may choose ẽ satisfying (2.5.2), an (2.5.2) then also
holds true for e. Since gΦ(u, t) =: Φg(u, t) for any g ∈ G, u ∈M then also satisfies

d

dt
Φg(u, t) = g

d

dt
Φ(u, t) = −ge(Φ(u, t))

= −e(Φg(u, t)), t ∈ R,
Φg(u, 0) = gu,

by uniqueness we have
Φg(u, t) = Φ(gu, t)

as desired.

Minimax-critical points of even functionals
Combining the equivariant deformation lemma for an even functional with the notion of
index, we then obtain the following result (Now G = Z2 = {id,− id}):

Theorem 2.5.7. Let E ∈ C1(X), M ⊂ X \ {0} as above with E(u) = E(−u), u ∈ X, M =
−M , and suppose that E|M satisfies (P .-S.)β for every β ∈ R. Suppose that for K ≤ ∞ the
numbers

βk = inf
A∈A

γ(A)≥k

sup
u∈A

E(u)

are well-defined with βk > −∞, 1 ≤ k < K. Then each β = βk, 1 ≤ k < K, is critical for E,
β1 ≤ β2 ≤ · · · ≤ βk ≤ βk+1 ≤ . . . , and if

βk = βk+1 = · · · = βk+l =: β

for some k and l ∈ N there holds #Kβ = ∅.

Proof. i) Suppose Kβ = ∅ for some β = βk, and let Φ, ε > 0 be as constructed in
Theorem 2.5.6 for N = ∅, ε = 1.
By definition of βk there exists A ∈ A with γ(A) ≥ k such that

sup
u∈A

E(u) < β + ε.

By (2.5.2) and Theorem 2.5.4 then

A1 := Φ(A, 1) ∈ A , γ(A1) ≥ γ(A) ≥ k,

and by Theorem 2.5.6 we have A1 ⊂ Eβ−ε, that is,

sup
u∈A1

E(u) ≤ β − ε,

contradicting the definition of βk.
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ii) Let β = βk = βk+1 = · · · = βk+l for some k and l ∈ N. By Lemma2.3.1, Kβ is
compact, and 0 /∈ Kβ ∈ A by (2.5.1). By Theorem 2.5.4 (v) there existsN ⊃ Kβ open
with N ∈ A and γ(N) = γ(Kβ) < ∞. Let Φ, ε > 0 be as constructed in Theorem
2.5.5 for N and ε = 1, and let A ∈ A with γ(A) ≥ k + l such that

sup
u∈A

E(u) < β + ε.

Then A ⊂ Eβ+ε, and A1 = Φ(A, 1) ⊂ Eβ−ε ∪N with

k + l ≤ γ(A) ≤ γ(A1) ≤ γ(Eβ−ε) ∪ γ(N)

by Theorem 2.5.4viii) and iv). But

γ(Eβ−ε) < k

by definition of βk; hence

γ(Kβ) = γ(N) > l ≥ 1,

and by Theorem2.5.4 vi) it follows that #Kβ =∞, as claimed.

Application. As a model problem, we can apply Theorem 2.5.7 to obtain infinitely many
solutions to the boundary value problem

−∆u = u|u|p−2 in Ω ⊂⊂ Rn, (2.5.4)
u = 0 on ∂Ω, (2.5.5)

where 2 < p < 2∗ = 2n
n−2

, if n ≥ 3.

Theorem 2.5.8. Let Ω ⊂⊂ Rn, 2 < p < 2∗ = 2n
n−2

, if n ≥ 3. Then there exist infinitely many
distinct pairs (u,−u) of solutions u ∈ H1

0 (Ω) to (2.5.4), (2.5.5).

Proof. Let X = H1
0 (Ω), and set

M = {u ∈ H1
0 (Ω) : ||u||Lp = 1}.

Moreover, let

E(u) =
1

2

∫
Ω

|∇u|2 dx− 1

p

∫
Ω

|u|p dx, u ∈ H1
0 (Ω).

Letting G = {id,− id}, we then note that M and E are G-equivariant with M = −M and

E(u) = E(−u), u ∈ H1
0 (Ω).

Moreover, M = f−1({0}), where

f(u) = ||u||pLp − 1, u ∈ H1
0 (Ω),

is of class C2, with

TuM = ker df(u) =
{
v ∈ H1

0 (Ω) :

∫
Ω

vu|u|p−2 dx = 0

}
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for u ∈M . Note that the projection

πu : H1
0 (Ω) ∋ v 7→ πu(v) = v − εu(v)u ∈ TuM

with
εu(v) =

∫
Ω

vu|u|p−2 dx

is locally Lipschitz in u ∈M , as we see from

||πu1(v)− πu2(v)||H1
0
= ||εu1(v)u1 − εu2(v)u2||H1

0

≤ |εu1(v)− εu2(v)| ||u1||H1
0
+ |εu2(v)| ||u1 − u2||H1

0

with
|εu2(v)| ≤ ||u2||

p−1
Lp ||v||Lp ≤ C||u2||p−1

H1
0
||v||H1

0

and with

|εu1(v)− εu2(v)| ≤ ||v||Lp ||u1|u1|p−2 − u2|u2|−2||
L

p
p−1

≤ C||v||Lp

(
||u1||p−2

Lp + ||u2||p−2
Lp

)
||u1 − u2||Lp .

Finally, E|M satisfies (P .-S.)β for any β ∈ R. To see this, let (uk) ⊂ M be a (P .-S.)β-
sequence. Then (uk) ⊂ M is bounded, and we may select a subsequence with uk

w
⇁ u

in H1
0 (Ω) and strongly in Lp(Ω). Thus, also vk = πuk

(uk − u) is bounded, and with error
o(1)→ 0 there holds

o(1) = ⟨dE(uk), πuk
(uk − u)⟩

=

∫
Ω

∇uk∇(uk − u) dx− εuk
(uk − u)

∫
Ω

|∇uk|2 dx

= ||∇(uk)||2L2 − 2E(uk)︸ ︷︷ ︸
→β

∫
Ω

(uk − u)︸ ︷︷ ︸
→0 in Lp(Ω)

uk|uk|p−2 dx+ o(1)

= ||uk − u||2H1
0
+ o(1),

and uk → u strongly in H1
0 (Ω), as desired. Theorem 2.5.7 thus is applicable, and yields

infinitely many distinct critical points uk of E|M with critical values βk, satisfying the
equation

0 = ⟨dE(uk), πuk
(v)⟩H−1×H1

0

=

∫
Ω

∇uk∇v dx− εuk
(v)

∫
Ω

|∇uk|2 dx︸ ︷︷ ︸
=2βk+

2
p

=

∫
Ω

(
∇uk∇v − αp−2

k uk|uk|p−2v
)
dx

where αk = (2βk +
2
p
)

1
p−2 . Then

ũk = αkuk) =

(
2βk +

2

p

) 1
p−2

uk ∈ H1
0 (Ω)
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solves (2.5.4), (2.5.5) with

β̃k := E(ũk) =
1

2
||∇ũk||2L2 −

1

p
||ũk||pLp

= α2
k

(
βk +

1

p

)
− 1

p
αp
k =

(
1

2
− 1

p

)
αp
k

=

(
1

2
− 1

p

)(
2βk +

2

p

) p
p−2

, k ∈ N.

Remark 2.5.2. i) We can estimate the rate of growth of the sequence βk, k ∈ N. Let

0 < λ1 < λ2 ≤ · · · ≤ λk ≤ λk+1 ≤ . . .

be the Dirichlet eigenvalues of −∆ on Ω with L2-orthonormal eigenfunctions φk satisfying

−∆φk = λkφk in Ω,

φk = 0 on ∂Ω, k ∈ N.

For k ∈ N then also let
Xk = span{φ1, . . . , φk}

with L2-orthogonal projection

πk : H
1
0 (Ω)→ Xk

∼= Rk.

Note that for any u ∈ kerπk−1 there holds

||∇u||2L2 =
∑
i≥k

(u, φi)
2
L2

=λi||φi||2L2=λi︷ ︸︸ ︷
||∇φi||2L2

≥ λk
∑
i>k

(u, φi)
2
L2 = λk||u||2L2 .

Interpolating, then for 2 < p < p∗ we find

||u||Lp ≤ ||u||αL2||u||1−α
L2∗ ≤ Cλ

−α
2

k ||∇u||L2 ,

where

1

p
=
α

2
+

1− α
2∗

=
1

2∗
+
α

n
, α = n

(
1

p
− 1

2∗

)
= 1− n

(
1

p
− 1

2

)
.

With M = {u ∈ H1
0 (Ω) : ||u||Lp = 1} as before, then for any A ∈ A there holds

γ(A) ≥ k ⇒ πk−1(A) ∋ 0;

hence with a constant c0 > 0 we have

2βk +
2

p
≥ inf

πk−1(u)=0
u∈M

||∇u||2L2 ≥ c0λ
α
k = c0λ

1−n

=
p−2
2p︷ ︸︸ ︷(

1

p
− 1

2

)
k
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for any k ∈ N.
The energies E(ũk) of the corresponding solutions then are bounded from below by

β̃ =

(
1

2
− 1

p

)(
2βk +

2

p

)
≥ c1λ

p
p−2

−n
2

k .

Finally, with the Wely asymptotic formula

λk ∼= c(Ω)k
2
n , k ∈ N,

we obtain the bound
β̃k ≥ c2k

2p
n(p−2)

−1, k ∈ N,

with constants c1, c2, c(Ω) > 0.

ii) Bahri-Lions [BL88] improved the bound in i) to

β̃k ≥ c0k
2p

n(p−2) , k ∈ N.

iii) Letting, for X = H1
0 (Ω),

Γ = {h ∈ C0(X,X) : h(−u) = −h(u), h(u) = u if E(u) ≤ 0},

we can compare β̃k with the numbers

δ̃k := inf
h∈Γ

sup
u∈Xk

E(h(u)) ≥ β̃k, k ∈ N.

Proof. Let

M̃ :=
{
u ∈ H1

0 (Ω) \ {0} : 0 = ⟨dẼ(u), u⟩H−1×H1
0
= ||u||2H1

0
− ||u||pLp

}
and observe that M̃ is homeomorphic to M via

π : M̃ ∋ u→ u

||u||Lp

∈M.

For any h ∈ Γ, and k ∈ N, the set h−1(M̃) ∩ Xk bounds an open neighborhood
U = −U of 0 in Xk

∼= Rk; hence

γ(h−1(M̃) ∩Xk) = γ(∂U) ≥ k

by Theorem 2.5.3, and thus by Theorem 2.5.4 iii)

A := π(h(Xk) ∩ M̃) ∈ A

satisfies
γ(A) ≥ k.

So
sup
v∈A

E(v) ≥ βk.
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Moreover, for any u ∈ h(Xk) ∩ M̃ with π(u) = v ∈M and u = αv we have

α2||∇v||2L2 = ||∇u||2L2 = ||u||pLp = αp, αp−2 = ||∇v||2L2 ;

so

E(u) =

(
1

2
− 1

p

)
||∇u||2L2 =

(
1

2
− 1

p

)
α2||∇v||2L2

=

(
1

2
− 1

p

)
αp =

(
1

2
− 1

p

)
||∇v||

2p
p−2

L2

=

(
1

2
− 1

p

)(
2E(v) +

2

p

) p
p−2

and there results

sup
u∈Xk

E(h(u)) ≥
(
1

2
− 1

p

)(
2βk +

2

p

) p
p−2

= β̃k.

Perturbation theory

What happens, if we perturb the symmetry? Given f ∈ L2(Ω), do we still find infinitely
many solutions u of

−∆u = u|u|p−2 + f in Ω, (2.5.6)
u = 0 on ∂Ω? (2.5.7)

Theorem 2.5.9. (Struwe (1980), Bahri-Berestycki (1981), Bahri-Lions (1988))
Let Ω ⊂⊂ Rn, f ∈ L2(Ω), and suppose 2 < p < 2∗ = 2n

n−2
, if n ≥ 3 satisfies

2p

n(p− 2)
>

p

p− 1
, i.e. p <

2(n− 1)

n− 2
. (2.5.8)

Then (2.5.6), (2.5.7) admits infinitely many distinct solutions.

Remark. If n = 3, condition (2.5.8) is satisfied for any 2 < p < 4.

The proof of Theorem 2.5.9 may be considerably simplified with the help of the following
abstract result

Theorem 2.5.10. (Rabinowitz (1982))
Suppose E ∈ C1(X) satisfies (P .-S.)β for all β ∈ R. Let W ⊂ X be a subspace with dimW <
∞, w∗ ∈ X \W , and set W ∗ = W ⊕ span{w∗}. Also let

W ∗
+ = {w + tw∗ : w ∈ W, t ≥ 0}.

Suppose

i) E(0) = 0

ii) ∃E∗ > 0 ∀u ∈ W ∗ : ||u||X ≥ R∗ ⇒ E(u) ≤ 0.
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Let

Γ = {h ∈ C0(X,X) : h(−u) = −h(u), h(u) = u if max{E(u), E(−u)} ≤ 0}

and suppose
β∗ := inf

h∈Γ
sup
u∈W ∗

+

E(h(u)) > β := inf
h∈Γ

sup
u∈W

E(h(u)) > 0.

Then there is γ∗ ≥ β∗ with Kγ∗ ̸= ∅.

Proof. Fix some γ ∈]β, β∗[ and let

Λ = {h ∈ Γ : E(h(u)) ≤ γ ∀u ∈ W}.

Then Λ ̸= ∅ by definition of β and

γ∗ = inf
h∈Λ

sup
u∈W ∗

+

E(h(u)) ≥ β∗ > γ

is well-defined.
Claim. Kγ∗ ̸= ∅.
Suppose Kγ∗ = ∅. For γ∗, ε = γ∗− γ > 0, N = ∅ let 0 < ε < ε,Φ ∈ C0(X × [0, 1], X) be as
in Theorem 2.4.1. Choose h ∈ Λ with

sup
u∈W ∗

+

E(h(u)) < γ∗ + ε.

Note that by choice of ε and since h ∈ Λ we have

Φ(h(−u), 1) = h(−u) = −h(u) = −Φ(h(u), 1) (2.5.9)

for any u ∈ W . Hence, letting

h1(u) =

{
Φ(h(u), 1), if u ∈ W ∗

+,

−Φ(h(−u), 1), if − u ∈ W ∗
+

we obtain an odd map h1 ∈ C0(W ∗, X).
Moreover, h1(u) = u for any u with max{E(u), E(−u)} ≤ 0, since h ∈ Λ ⊂ Γ and Φ(·, 1)
both do, as well. Hence h1 may be extended to h1 ∈ Γ, and h1 ∈ Λ by (2.5.9). But

sup
u∈W ∗

+

E(h1(u)) ≤ γ∗ − ε.

Proof of Theorem 2.5.9. Let

Ef (u) =
1

2

∫
Ω

|∇u|2 dx− 1

p

∫
Ω

|u|p dx−
∫
Ω

fu dx, u ∈ H1
0 (Ω),

and let
E0(u) =

Ef (u) + Ef (−u)
2

=
1

2

∫
Ω

|∇u|2 dx− 1

p

∫
Ω

|u|p dx.

Note that we have
dE0(u)− dEf (u) = f, u ∈ H1

0 (Ω).
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Moreover, Ef satisfies (P .-S.)β for any β ∈ R. Supose by contradiction that there is β0 > 1
such that Ef has no critival value β > β0. Choose k0 ∈ N such that

δ̃k = inf
h∈Γ

sup
u∈Xk

E0(h(u)) > β0

for k ≥ k0, where Xk = span{φ1, . . . , φk} as in Remark 2.5.2, and where

Γ = {h ∈ C0(X,X) : h(−u) = −h(u), h(u) = u if E0(u) ≤ max{Ef (u), Ef (−u)} ≤ 0}

Then for k ≥ k0 we also have

δk := inf
h∈Γ

sup
u∈Xk

Ef (h(u)) ≥ δ̃k > β0.

From our assumption and Theorem 2.5.10 we then conclude that for every k ≥ k0 threre
holds

δ∗k := inf
h∈Γ

sup
u∈X+

k+1

Ef (h(u)) = δk,

where
X+

k+1 = {w + tφk+1 : w ∈ Xk, t ≥ 0}.
Choose h ∈ Γ so that

sup
u∈X+

k+1

Ef (h(u)) ≤ δk + 1.

Claim 1. We may assume that Ef achieves its maximum in h(Xk+1) in N12, where

Na = {u ∈ X : ||dEf (u)||H−1 + ||dEf (−u)||H−1 < a||f ||H−1 = a||dE0(u)− dEf (u)||H−1}.

Note that for a > 2 the set Na = −Na is an open neighborhood of

K = {u ∈ X : dEf (u) = 0 or dEf (−u) = 0 or dE0(u) = 0}.

Proof. Let ẽ be an odd pseudo-gradient vector field for E0 and set

e(u) = −φ(max{Ef (u), Ef (−u)})η(u)ẽ(u),

if u /∈ K , e(u) = 0 for u ∈ K , where φ ∈ C∞ satisfies 0 ≤ φ ≤ 1, φ(s) =

{
0, s ≤ 0

1, s ≥ 1
, and

where η is locally Lipschitz continuous with 0 ≤ η(u) = η(−u) ≤ 1 (so that e is odd) and

η(u) =

{
1, u /∈ N12,

0, u ∈ N8.

Then, if u /∈ N12 with max{Ef (u), Ef (−u)} ≥ 1 we have

−⟨dEf (u), e(u)⟩H−1×H1
0
= ⟨dE0(u), ẽ(u)⟩H−1×H1

0
− ⟨f, ẽ(u)⟩H−1×H1

0

≥ 1

2
||dE0(u)||H−1 − ||f ||H−1 ≥ 1

2
||dEf (±u)||H−1 − 2||f ||H−1

≥ 1

4
(||dEf (u)||H−1 + ||dEf (−u)||H−1 − 8||f ||H−1)

≥ ||f ||H−1 . ( Similarly, ⟨dEf (u), e(u)⟩H−1×H1
0
≤ 0, if u /∈ N8.)

That ist, for the (even) flow Φ generated by e we have
d

dt
Ef (Φ(u, t)) ≤ −||f ||H−1

awway from N12. Choosing ht = Φ(·, t) ◦ h for large t ≥ 0, we obtain our claim.
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In view of Claim 1 then we have

δk + 1 ≥ sup
u∈X+

k+1

Ef (h(u)) ≥ sup
u∈Xk+1

Ef (h(u))− sup
u∈N12

min{Ef (u),Ef (−u)}≤δk+1

|

=2
∫
Ω fu dx︷ ︸︸ ︷

Ef (u)− Ef (−u) |

≥ δk+1 − C sup
u∈N12

min{E(u),E(−u)}≤δk+1

||u||L2

Claim 2. For u ∈ N with min{Ef (u), Ef (−u)} ≤ δk + 1 there holds

||u||L2 ≤ Cδ
1
p

k + C.

Proof. Compute, using Young’s inequality

||u||pL2 ≤ C||u||pLp = C
(
2E0(u)− ⟨dE0(u), u⟩H−1×H1

0

)
≤ C

(
2min{Ef (u), Ef (−u)} − ⟨dEf (u), u⟩H−1×H1

0
+ 3||f ||L2||u||L2

)
≤ C(δk + 1) + C||f ||L2||u||L2

≤ Cδk +
1

2
||u||pL2 + C

The claim follows.

Since δk ≥ βk →∞ (k →∞) we conclude the bound

δk+1 ≤ δk + Cδ
1
p

k + C

≤ δk + Cδ
1
p

k = δk

(
1 + Cδ

1−p
p

k

)
, k ≥ k0.

By iteration, Remark 2.5.2, and (2.5.8) then

δk0+l ≤ δk0+l−1

(
1 + Cδ

1−p
p

k0+l−1

)
≤ . . .

≤ δk0

l−1∏
j=0

(
1 + Cδ

1−p
p

k0+j

)

= δk0 exp

(
l−1∑
j=0

log

(
1 + Cδ

1−p
p

k0+j

))

≤ δk0 exp

(
∞∑
j=0

Cδ
1−p
p

k0+j

)

≤ δk0 exp

(
C

∞∑
k=k0

k
2p

n(p−2)
· 1−p

p

)
≤ Cδk0 , uniformly in l ∈ N

if 2p
n(p−2)

< p
p−1

. Contradiction!

Remark. A. Bahri [Bah81] showed that for any p ∈]2, 2∗[ the equation (2.5.6), (2.5.7) has infinitely
many solutions for generic f ∈ L2(Ω).

Calculus of variations 58



2.6 Lusternik-Schnirelman theory on convex sets - The Plateau problem 2 SADDLE POINTS

2.6 Lusternik-Schnirelman theory on convex sets - The
Plateau problem

2.6.1 Abstract setting

Let X be a Banach space, E ∈ C1(X), and let M ⊂ X be closed and convex.

Definition 2.6.1. For any u ∈M the number

g(u) := sup
v∈M

||u−v||X≤1

⟨dE(u), u− v⟩X∗×X

is the slope of E at u relative to M .

Remark 2.6.1. i) If M = X there holds

g(u) = ||dE(u)||X∗ , u ∈M = X.

ii) The map M ∋ u 7→ g(u) ∈ R is continuous.

Proof. For any u0 ∈M , any ε > 0 there is an open U0 ⊂ Bε(u0;X) such that u0 ∈ U0

and
||dE(u)− dE(u0)||X∗ < ε, u ∈ U0 ∩M.

For u ∈ U0 ∩M let v = v(u) ∈M such that

g(u) ≤ ⟨dE(u), u− v⟩X∗×X + ε, ||u− v||X < 1− ε.

Then for u1, u2 ∈ U0 ∩M with vi = v(ui) ∈M

g(u1)− g(u2) ≤ ⟨dE(u1), u1 − v1⟩X∗×X − ⟨dE(u2), u2 − v1⟩X∗×X + ε

≤ ||dE(u1)− dE(u2)||X∗ + ||dE(u2)||X∗||u1 − u2||X + ε

≤ Cε.

Definition 2.6.2. i) A point u ∈M is critical for E in M , if

g(u) = 0;

otherwise, u is called regular.

ii) A number β ∈ R is a critical value of E in M , if there exists a critical point u ∈M with

E(u) = β;

otherwise, β ∈ R is called a regular value.
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As before, for β ∈ R, δ > 0, ρ > 0 we let

Eβ = {u ∈M : E(u) < β},
Kβ = {u ∈M : g(u) = 0, E(u) = β},
Nβ,δ = {u ∈M : |E(u)− β| < δ, g(u) < δ},
Uβ,ρ = {u ∈M : ∃ v ∈ Kβ : ||u− v||X < ρ}.

Also let
M̃ = {u ∈M : g(u) ̸= 0}

be the set of regular points.

Definition 2.6.3. i) A sequence (uk) ⊂M is a (P .-S.)β-sequence for E in M , if

E(uk)→ β, g(uk)→ 0 (k →∞).

ii) E satisfies (P .-S.)β in M , if every (P .-S.)β-sequence in M is relatively compact.

Then we have the analogue of Lemma 2.3.1.

Lemma 2.6.1. Suppose E satisfies (P .-S.)β in M . Then there holds

i) Kβ ⊂M is compact;

ii) The families (Nβ,δ)δ>0, (Uβ,ρ)ρ>0 each are fundamental systems of neighborhoods of Kβ ;
in particular,

iii) if Kβ = ∅ there exists δ > 0 with Nβ,δ = ∅.

Proof. Identical with the proof of Lemma 2.3.1.

Definition 2.6.4. A locally Lipschitz continuous map ẽ : M̃ → X defines a (negative)
pseudo-gradient vector field on M , if

i) v(u) = u+ ẽ(u) ∈M, u ∈ M̃ ,

and if

ii) ||ẽ(u)||X = ||u− v(u)||X < 1, u ∈ M̃,

iii) 1
2
g(u) < ⟨dE(u), u− v(u)⟩X∗×X , u ∈ M̃.

Similar to Theorem 2.3.1 we can then show the following result.

Theorem 2.6.1. There exsits a pseudo-gradient vector field ẽ : M̃ → X .

Proof. For any u0 ∈ M̃ choose v0 = v(u0) ∈M with ||u0 − v0||X < 1 and

1

2
g(u0) < ⟨dE(u0), u0 − v0⟩X∗×X .

By continuity of dE and g there exists an open U0 = U(u0) ∋ u0 such that

∀u ∈ U0 ∩M :
1

2
g(u) < ⟨dE(u), u− v0⟩X∗×X , ||u− v0||X < 1.
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The family (U(u))u∈M̃ admits a locally finite refinement Uι ⊂ U(uι), ι ∈ I , still covering
M̃ . With a locally Lipschitz continuous partition of unity (φι)ι∈I subordinate to (Uι)ι∈I
then let

v(u) =
∑
ι∈I

φι(u)v(uι), u ∈ M̃.

By convexity of M , then v(u) ∈M for every u ∈ M̃ , and

ẽ(u) := v(u)− u

has the desired properties.

Remark 2.6.2. Since we assume thatE ∈ C1(X) is globally defined, we can extend the definition
of g to the open neighborhood

M1 =
⋃
u∈M

B1(u;X) ⊂ X

of M and proceed as in Theorem 2.6.1 to obtain ẽ1 : M̃1 → X with the properties i) − iii) in
Definition 2.6.4, extending ẽ to M̃1.

Theorem 2.6.2. Suppose E ∈ C1(X) satisfies (P .-S.)β on M for some β ∈ R. Then for every
ε > 0, every open N ⊃ Kβ in M there exists 0 < ε < ε and a negative pseudo-gradient flow
Φ ∈ C0(M × [0, 1];M) such that

i) Φ(·, t) :M →M is continuous, 0 ≤ t ≤ 1;

ii) Φ(u, t) = u if either t = 0, or if g(u) = 0, or if |E(u)− β| ≥ ε;

iii) the map t 7→ E(Φ(u, t)) is non-incresing for any u ∈M ;

iv) Φ(Eβ+ε, 1) ⊂ Eβ−ε ∪N , and Φ(Eβ+ε \N, 1) ⊂ Eβ−ε.

Proof. Given N ⊃ Kβ , with the help of Lemma 2.6.1 we find 0 < δ, ρ ≤ 1 with

N ⊃ Uβ,3ρ ⊃ Uβ,ρ ⊃ Nβ,δ ⊃ Kβ

as in the proof of Theorem 2.4.1. With

0 < ε =
1

4
min{ε, ρδ} < ε

2

and locally Lipschitz 0 ≤ φ, η ≤ 1 such that

φβ,ε(E(u) = φ

(
|E(u)− β|

ε

)
,

η(u) =

{
0, , u ∈ Uβ,ρ,

1, u /∈ Uβ,2ρ,

we then let

e(u) =

{
η(u)φβ,ε(E(u))ẽ(u), u ∈ M̃,

0, if g(u) = 0,
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to obtain a locally Lipschitz continuous vector field e :M → X with

||e(u)||X , e(u) + u ∈M, u ∈M,

and such that
⟨dE(u), e(u)⟩X∗×X ≤ 0, u ∈M.

Claim: There exists a unique solution Φ ∈ C0(M × [0,∞[;M) of the initial value problem

d

dt
Φ(u, t) = e(Φ(u, t)), t ≥ 0,

Φ(u, 0) = u

for every u ∈M

Proof. With the extension ẽ1 : M̃1 → X as in Remark 2.6.2 we can extend e as

e1(u) = (1− dist(u,M))η(u)φβ,ε(E(u))ẽ1(u)

to a locally Lipschitz continuous vector field e1 : X → X . The solution Φ1 ∈ C0(X×R;X)
to

d

dt
Φ1(u, t) = e1(Φ(u, t)),

Φ1(u, 0) = u

then defines a flow of homeomorphisms Φ1(·, t) of X . Since for any u ∈M we have

u+
d

dt

∣∣∣
t=0

Φ1(u, t) = u+ e1(u) ∈M,

the set M is forward Φ1-invariant and Φ := Φ1|M×[0,1] satisfies

Φ(,̇t) :M →M, 0 ≤ t ≤ 1.

The remaining properties follow from the properties of e as in the proof of Theorem
2.4.1.

The following is a variant of the "mountain-pass" lemma.

Theorem 2.6.3. SupposeE ∈ C1(X) satisfies (P .-S.)β for any β ∈ R and assume that u0 ̸= u1
are relative minimizers of E in M with E(u1) ≤ E(u0) = β.
Let

β = inf
γ∈G

sup
0≤s≤1

E(γ(s)) ≥ β0,

where
Γ = {γ ∈ C0([0, 1];M) : γ(0) = u0, γ(1) = u1}.

Then either there exists u ∈ Kβ which is not a relative minimizer of E, or E(u1) = β0 = β, and
for any open N1 ⊃ Kβ there exists γ1 ∈ Γ with γ1([0, 1]) ⊂ N1.

Remark 2.6.3. Theorem 2.6.3 covers the following 3 cases, illustrted in the pictures below.
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M

E

β

β0

u0 u1

M

E

β = β0

u0 u1

M

E

β = β0

u0 u1

Proof of Theorem 2.6.3. In case β > β0 let ε = β − β0; else, let ε = 1. Suppose that Kβ

consists only of relative minimizers of E in M . Then Kβ is both open and closed in

Eβ = {u ∈M : E(u) ≤ β},

and there exists an open N0 ⊃ Kβ such that

N0 ∩ Eβ = ∅.

Given any open N1 ⊃ Kβ we then let 0 < ε < ε, Φ be as given by Theorem 2.6.2 for
N = N0 ∩N1. Choose γ ∈ Γ with

sup
0≤s≤1

E(γ(s)) < β + ε.
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Since g(u0) = 0 = g(u1), then γ1 := Φ(·, 1) ◦ γ ∈ Γ and

γ1([0, 1]) ⊂ Φ(Eβ+ε, 1) ⊂ Eβ−ε ∪N.

But
(Eβ−ε ∩N) ⊂ (Eβ−ε ∩N0) = ∅,

and we cannot have γ1([0, 1]) ⊂ Eβ−ε by definition of β.
Thus, γ1([0, 1]) ⊂ N ⊂ N1, and the proof is complete.

2.6.2 The classical Plateau problem
Let

B = B1(0) ⊂ R2 ∼= C
be the unit disc.

Definition 2.6.5. A map u ∈ C1(B;R3) is conformal, if the Hopf differential

Φu(z) = (∂u)2 =
1

4

(
|u2x − |uy|2 − 2i⟨ux, uy⟩R3

)
vanishes, where

z = x+ iy ∈ V ⊂ C, ∂u =
1

2
(∂xu− i∂yu), ux = ∂xu,

etc. for brevity.

For conformal u ∈ C2(B;R3) there holds

−∆u = 2H(u)ux ∧ uy in B

away from branch points where ux = 0 = uy. Here, H = H(u(z)) is the mean curvature of
the surface S = u(B) at p = u(z).

Definition 2.6.6. u ∈ C2(B;R3) is minimal, if H(u) ≡ 0.

Since for every u ∈ C1(B;R3) we may introduce conformal parameters, Plateau’s problem
for disc-type minimal surfaces then is to determine all solutions u ∈ C2(B;R3)∩C1(B;R3)
of the problem

−∆u = 0 in B, (2.6.1)

Φu = (∂u)2 =
1

4

(
|u2x − |uy|2 − 2i⟨ux, uy⟩R3

)
= 0 in B, (2.6.2)

u|∂B : ∂B → Γ is a homeomorphism, (2.6.3)

where Γ ⊂ R3 is a given, smooth, closed curve in R3.

Γ

S = u(B)

y

x
u B
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Remark 2.6.4. i) Conditions (2.6.1)-(2.6.3) are conformally invariant: If u satisfies these
conditions then so does every map u ◦ g, where g ∈ C∞(B;B) is conformal.

ii) The Möbius group G of conformal transformations of B is given by

G =

{
g(z) = eiθ

a− z
1− az

: θ ∈ R, a ∈ B
}
.

iii) Fixing 3 distinct point qk ∈ Γ, k = 1, 2, 3, we may normalize admissible maps u by imposing
the 3 point condition,

u
(
ei

2πk
3

)
= qk, 1 ≤ k ≤ 3. (2.6.4)

Let

C (Γ) = {u ∈ H1(B : R3) : u|∂B : ∂B → Γ is cont., weakly monotone parametrization of Γ}

and set
C ∗(Γ) = {u ∈ C (Γ) : u satisfies (2.6.4)}.

The first important result (which was rewarded with a fields medal for J. Douglas) is the
following theorem.

Theorem 2.6.4. (Douglas (1930), Radò (1931))
For every smoothly embedded closed curve Γ ∼= S1 in R3 there exists u ∈ C ∗ with

D(u) := D(u;B) =
1

2

∫
B

|∇u|2 dz = min
v∈C ∗(Γ)

D(v),

and u satisfies (2.6.1), (2.6.2).

The key for showing compactness of a minimizing sequence is the following result.

Lemma 2.6.2. (Courant-Lebesgue)
Any sequence (uk) ⊂ C ∗(Γ) with

sup
k
D(uk) <∞

has equi-continuous traces (uk|∂B).

Proof. Let (uk) ⊂ C ∗(Γ) with sup
k
D(uk) = C0 < ∞. For p = eiθ ∈ ∂B and 0 < δ < 1

2
, by

Hölder’s and Fubini’s theorem for any u = uk we can bound

inf
δ2<r<δ

(∫
∂Br(p)∩B

|∇u| dx
)2

≤

∫ δ

δ2

(∫
∂Br(p)∩B |∇u| dx

)2
dr
r∫ δ

δ2
dr
r

≤
2π
∫ δ

δ2

∫
∂Br(p)∩B |∇u|

2 ds dr

log(1
δ
)

,
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where ds is the element of lenght along ∂Br(p). Hence, letting p1(r), p2(r) be the points
of intersection in ∂Br(p) ∩ ∂B we have

inf
δ2<r<δ

|u(p1(r))− u(p2(r))|2 ≤ inf
δ2<r<δ

(∫
∂Br(p)∩B

|∇u| ds
)2

≤ 4πD(u)

log(1
δ
)

≤ 4πC0

log(1
δ
)

δ↓0−→ 0.

Since the arc ∂B ∩ B 1
2
(p) contains at most one point e 2πil

3 , l ∈ {1, 2, 3}, and uk ∈ C ∗(Γ),
the arc ∂B ∩Bδ2(p) is mapped by each uk to a subspace of Γ containing at most one point
ql, whose diameter shrinks to 0 as δ ↓ 0, uniformly in k. The claim follows.

Γ

uk(p1)

uk(p2)

uk(p) q3

q1

q2

y

x
B

δ2

δ

p

p2

p1

uk

Proof of Theorem 2.6.4. Let (uk) ⊂ C ∗(Γ) be a minimizing sequence with

D(uk)→ inf
v∈C (Γ)

D(v) (k →∞).

Then (uk) ⊂ H1(B;R3) is bounded in view of

||u||L2(B) ≤ C
(
||∇u||L2 + ||u|∂B||L2(∂B)

)
,

for u ∈ H1(B;R3), and uk
w
⇁ u in H1(B;R3) as k →∞, k ∈ Λ.

Moreover, by Lemma 2.6.2 and Arzela-Ascoli’s theorem for a further subsequence we have
uk|∂B → u|∂B in C0(∂B;R3), and u ∈ C ∗(Γ) satisfies

D(u) = inf
v∈C ∗(Γ)

D(v).

For any φ ∈ C∞
c (B;R3) then

D(u) ≤ D(u+ εφ), ε ∈ R.

Hence
0 =

d

dε

∣∣∣
ε=0

D(u+ εφ) =

∫
B

∇u∇φdz,

and
−∆u = 0 in B.
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In order to also see (2.6.2) let τ ∈ C1(B;R2) and for |ε| << 1 consider the diffeomorphism

id+ετ : B → Ωε := (id+ετ)(B).

For sufficiently small |ε| then by the Riemann mapping theorem there exists a conformal
diffeomorphism ψε : B → Ωε. Composing with a suitable gε ∈ G, the conformal group of
the disc, moreover, we may assume that

uε := u ◦ (id+ετ)−1 ◦ ψε ◦ gε ∈ C ∗(Γ)

with
D(uε) = D(u ◦ (id+ετ)−1; Ωε)

by conformal invariance of D.
By minimality of D(u) = D(u0) then we have

0 =
d

dε

∣∣∣
ε=0

D(u ◦ (id+ετ)−1; Ωε).

Ωε

Γ

id+ετ

u
uε

ψε

gεB B

Changing variables ζ = (id+ετ)(z) and using

d(id+ετ)−1 = (1+ εdτ)−1 ◦ (id+ετ)−1

= 1− εdτ ◦ (id+ετ)−1 + o(ε2)

as well as
det(1+ εdτ) + 1 + ε trace dτ + o(ε2)

we find

D
(
u ◦ (id+ετ)−1; Ωε

)
=

1

2

∫
Ωε

|du · (1− εdτ) ◦ (id+ετ)−1|2 dζ + o(ε2)

=
1

2

∫
B

|du · (1− εdτ)|2| det(1+ εdτ)|, dz + o(ε2),
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and there results

d

dε

∣∣∣
ε=0

D(u ◦ (id+ετ)−1; Ωε)

=−
∫
B

⟨du · dτ, du⟩R2×R3 dz +
1

2

∫
B

|du|2 tr dτ dz

=

∫
B

(
1

2
|du|2(τ 1x + τ 2y )− ⟨uxτ 1x + uyτ

2
x , ux⟩ − ⟨uxτ 1y + uyτ

2
y , uy⟩

)
dz

=− 1

2

∫
B

(
|ux|2(τ 1x − τ 2y ) + |uy|2(τ 2y − τ 1x) + 2⟨ux, uy⟩(τ 1y + τ 2x)

)
dz

=Re
∫
B

Φ
C−mult.· ∂τ︸︷︷︸

= 1
2
(∂x+i∂y)τ

dw = 0

for any τ ∈ C1(B;C). But for every f ∈ C∞
c (B;C) there exists

τ(z) =

∫
B

f(ξ)

z − ξ
dξ

with
∂τ = f.

Hence Φ ≡ 0, and the proof is complete.

2.6.3 The mountain-pass lemma for minimal surfaces

There are curves Γ ⊂ R3 that span (at least) two different solutions of Plateau’s problem,
for instance, due to symmetry, as in the following Example.

Already in 1939 Morse-Tompkins set up a Morse theory for the problem, predicting the
existence of an unstable third solution of saddle-type in this case. Working in the C0-
topology, they sought to identify minimal surfaces with "homotopy critical" points in their
theory. This approach was later criticized by Tromba, who pointed out that even smoothly
non-degenerate solutions of Plateau’s problem might not be "homotopy-critical", similar
to our observation in Section 1.4, and developed a version of degree theory to overcome
this difficulty.
The full Morse theory was the derived by Struwe (1982) within the framework developed
in 2.6.1.
Given a smootly embedded closed curve Γ ∼= S1 in R3, we choose a smooth reference
parametrization

γ : S1 = R/2π → Γ.
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For any smooth φ : ∂B → R3 also let h(φ) : B → R3 be the harmonic extension of φ to B.
Note that the Dirichlet energy of h(φ) may be expressed in terms of Douglas’ integral

D(h(φ)) =
1

16π

∫ 2π

0

∫ 2π

0

|φ(θ)− φ(θ′)|2

sin2
(
θ−θ′

2

) dθ dθ′, (2.6.5)

which is equivalent to the H 1
2 -norm of φ on ∂B ∼= R/2π. Hence, the map h extends to a

continuous map
h : H

1
2 (∂B;R3)→ H1(B;R3).

We then may recast the setting for the solution of Plateau’s problem, as follows.
Let

M = {u ∈ H
1
2
loc ∩ C

0(R) : u(t+ 2π) = u(t) + 2π, t ∈ R, u non-decreasing }

be the set of admissible re-parametrizations such that the map h(γ ◦ u) ∈ H1 ∩ C0(B;R3)
satisfies the Plateau boundary condition (2.6.3).
The set

M ′ = {v = u− id : u ∈M}

then is a closed, convex subset of the Banach space

X = H
1
2 ∩ C0(R/2π);

for ease of notation, however, we prefer to work with the set M , which then is a closed,
convex subset of the affine space {id}+X .
Also let

M∗ =

{
u ∈M : u

(
2πk

3

)
=

2πk

3
, k ∈ Z

}
be the set of reparametrizations of γ such that γ ◦ u satisfies (2.6.4) for qk = γ(2πk

3
) ∈

Γ, 1 ≤ k ≤ 3.
Finally, setting

E(u) = D(h(γ ◦ u)) = 1

16π

∫ 2π

0

∫ 2π

0

|γ(u(s))− γ(u(t))|2

sin2
(
t−s
2

) ds dt

we obtain a functional of class C1 on {id}+X to which we can apply the abstract theory
developed in Section 2.6.1 above.
In fact, for any u ∈M , any ξ ∈ X , letting U = h(γ ◦ u) be the harmonic extension of the
parametrization γ ◦ u of Γ, we have

⟨dE(u), ξ⟩X∗×X = ⟨duD(h(γ ◦ u)), ξ⟩X∗×X

=

∫
B

∇u∇
(
d

dε

∣∣∣
ε=0

h(γ(u+ εξ))

)
dz

=

∫
∂B

⟨∂uU, γ′(u)⟩R3ξ ds

with
γ′(u)ξ ∈ H

1
2 ∩ C0(∂B;R3) ∼= X
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and outward normal derivative

∂ku ∈ H− 1
2 (∂B;R3) ⊂ X∗.

Here we use that X is an algebra with

||ξη||X ≤ ||ξ||X ||η||X , ξ, η ∈ X,

as is most easily seen by considering ξ, η ∈ X as traces ξ = Ξ|∂B, η = Y |∂B where
Ξ, Y ∈ H1 ∩ C0(B), and observing that

||∇(ΞY )||L2 ≤ ||∇Ξ||L2||Y ||L∞ + ||Ξ||L∞||∇Y ||L2 .

In particular, as in Definition 2.6.1 we let

g(u) = sup
v∈M

||u−v||X≤1

⟨dE(u), u− v⟩X∗×X , u ∈M.

Then we have the following key result.

Proposition 2.6.1. For any u ∈M there holds g(u) = 0 iff U := h(γ ◦ u) solves (2.6.1)-(2.6.3).

Proof. By definition of h and M , any surface U = h(γ ◦ u) with u ∈ M solves (2.6.1) and
satisfies the Plateau boundary condition (2.6.3). Thus, only condition (2.6.2) is an issue.
For this note the identity for z = x+ iy = reiϕ ∈ B

4z2(∂U)2 = [(x+ iy)(Ux − iUy)]
2

= (rUr − iUϕ)
2

= r2|Ur|2 − |Uϕ|2 − 2ir⟨Ur, Uϕ⟩R3 . (2.6.6)

From

∂
(
z2(∂U)2

)
= 2z2

= 1
4
∆U︷ ︸︸ ︷

(∂∂U) ∂U = 0

we then conclude analyticity of

Ψ = r2|Ur|2 − |Uϕ|2 − 2ir⟨Ur, Uϕ⟩R3 .

Moreover, U satisfies (2.6.2) iff Ψ ≡ 0, and the latter holds iff ⟨Ur, Uϕ⟩R3 ≡ 0 on ∂B. Indeed,
if ⟨Ur, Uϕ⟩R3 ≡ 0 on ∂B, by harmonicity Im |Ψ| ≡ 0 in B and Ψ(reiϕ) ≡ const = Φ(0) = 0
by the Cauchy-Riemann equations.

i) Suppose U = h(γ ◦ u) solves (2.6.1)-(2.6.3). By the regularity theory of Hildebrandt
and Nitsche, and since Γ is smooth, then U ∈ C1(B;R3) and (2.6.2) gives

⟨Ur, γ
′(u)⟩R3 ≡ 0;

so
⟨dE(u), ξ⟩X∗×X =

∫
∂B

⟨Ur, γ
′(u)⟩R3ξ ds = 0

for any ξ ∈ X . Hence g(u) = 0.

ii) To see the converese, we also require a regularity result.
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Lemma 2.6.3. Let u ∈M with g(u) = 0. Then U = h(γ ◦ u) ∈ H2(B;R3).

See Struwe [Str82], [Str88]; Prop. II.5.1, p. 66 ff ., Imbusch-Struwe [IS99] for the
analogous result in M∗.

Suppose u ∈M satisfies g(u) = 0 and let U = h(γ ◦ u) as above. For any ξ ∈ C1(R/2π) and
any |ε| < ||ξ′||−1

L∞ the map id+εξ ∈ C1 is a diffeomorphism on R, and

uε = u ◦ (id+εξ) ∈M.

Moreover, regularity U ∈ H2(B;R3) implies

Uϕ = γ′(u) · du
dϕ
∈ H

1
2 (∂B;R3),

and thus that du
dϕ
∈ H

1
2 , since |γ′(u)| ≥ c0 > 0. It then follows that ||uε − u||X → 0 as

ε→ 0, and we may choose ε0 > 0 such that

||uε − u||X < 1 for |ε| < ε0.

Thus, from our assumption that g(u) = 0 we deduce

0 = g(u) ≥ ⟨dE(u), u− uε⟩X∗×X , |ε| < ε0.

It follows that for every ξ ∈ C1(R/2π) there holds

0 ≥ lim
ε↓0

⟨dE(u), u− uε⟩X∗×X

ε

=

∫
∂B

⟨∂uU, γ′(u)⟩R3 lim
ε↓0

u− uε
ε

ds

= −
∫
∂B

⟨∂uU, γ′(u)⟩R3

du

dϕ
· ξ ds = −

∫
∂B

⟨∂rU, ∂ϕU⟩ · ξ ds.

Replacing ξ with −ξ, we then see that the latter, in fact, equals 0.
But ∂rU , ∂ϕU ∈ H

1
2 (∂B;R3) ↪→ Lp(∂B;R3) for every p < ∞. Choosing p = 4 and

observing that C1(R/2π) is dense in L2(R/2π) we then obtain

⟨Ur, Uϕ⟩R3 ≡ 0 on ∂B,

and
Ψ = r2|Ur|2 − |Uϕ|2 − 2ir⟨Ur, Uϕ⟩R3 ≡ 0,

as shown above, which is equivalent to (2.6.2). The proof is complete.

Finally, we verify the Palais-Smale condition.

Proposition 2.6.2. Let (uk) ⊂M∗ such that

E(uk)→ β, g(uk)→ 0 (k →∞).

Then there is u ∈ Kβ and a subsequence Λ ⊂ N such that ||uk − u||X → 0 (k →∞, k ∈ Λ).
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Proof. Let Uk = h(γ ◦ uk) ∈ C ∗(Γ), k ∈ N. Since

D(Uk) = E(uk)→ β (k →∞),

by Lemma 2.6.2 the family (Uk|∂B = γ ◦ uk) is equi-continuous and bounded in H 1
2 on ∂B.

But then also
uk = γ−1 ◦ (γ ◦ uk)

is bounded in H
1
2 , and a subsequence uk

w
⇁∈ M∗ in H

1
2 and uniformly. For suitable

0 < r ≤ 1 then
||r(uk − u)||X < 1, k ∈ N,

and
vk = uk + r(u− uk) = (1− r)uk + su ∈M

satisfies ||vk − uk||X < 1; so

o(1) = g(uk) ≥ ⟨dE(uk), uk − vk⟩X∗×X

= r

∫
∂B

⟨∂uUk, γ
′(uk)⟩R3(uk − u) ds.

Expanding

Uk − U = γ ◦ uk − γ ◦ u

= γ′(uk)(uk − u)−
∫ 1

0

∫ t

0

γ′′(uk + r(u− uk)) dr dt(u− uk)2

we then have∣∣∣∣∣∣∣∣∫ 1

0

∫ t

0

γ′′(uk + r(u− uk)) dr dt(u− uk)2
∣∣∣∣∣∣∣∣

H
1
2

≤ C||u− uk||L∞ → 0 (k →∞, k ∈ Λ).

Thus, with error o(1)→ 0,

o(1) ≥
∫
∂B

⟨∂uUk, U − k − U⟩R3 ds− o(1)

=

∫
B

∇Uk∇(Uk − U) dz − o(1)

= ||∇(Uk − U)||2L2(B) − o(1),

and Uk → U in H1, Uk|∂B = γ ◦ uk → γ ◦ u in H 1
2 . Again using that γ is a diffeomorphism,

we then obtain uk → u in H 1
2 , and thus

||uk − u||X → 0 (k →∞, k ∈ Λ).

Remark. In orderto see the relative compactness in C0 of Palais-Smale sequences, we may also
use the following observation.
Let (uk) ⊂M∗ be a (P .-S.)β-sequence. By monotonicity we have the uniform W 1,1-bound∫ 2π

0

|u′k| ds =
∫ 2π

0

u′k ds = uk(2π)− uk(0) = 2π, k ∈ N.
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Hence a subsequence uk → u in L1
loc(R) and almost everywhere as k → ∞, k ∈ Λ, where

u : [0, 2π]→ [0, 2π] is non-decreasing with

u|[ 2πk
3

,
2π(k+1)

3 ] ⊂
[
2πk

3
,
2π(k + 1)

3

]
, k ∈ Z. (2.6.7)

Moreover, by a theorem of Polya, the convergence is uniform if u ∈ C0.
But if u /∈ C0, by (2.6.7) there would be a point s0 with u(s−0 ) < u(s+0 ) ≤ u(s−0 ) +

4π
3
, and

D(h(γ ◦ u)) =∞, contradicting

D(U) ≤ lim inf
k→∞

D(Uk) = β <∞,

where U = h(γ ◦ u), Uk = h(γ ◦ uk), k ∈ N.
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3 Limits cases

3.1 The Yamabe problem
3.1.1 The Yamabe constant

Let (M, g0) be a closed2 Riemannian n-manifold, n ≥ 3. A conformal metric

g = u
4

n−2 g0, u > 0

has scalar curvature
Rg = u1−2∗ (−c(n)∆g0u+Rg0u) ,

where
∆g0u =

1√
det g0

∂i

(
gij0
√
det g0∂ju

)
, (gij0 ) = g−1

0

is the Laplace-Beltrami operator in the metric g0, and where

c(n) =
4(n− 1)

n− 2
.

Definition 3.1.1. The operator given by

Lgu) = −c(n)∆gu+Rgu

is the conformal Laplacian on (M, g).

Note the conformal transformation rule:
For

h = v
4

n−2 g = (uv)
4

n−2 g0, c > 0,

we have
Rh = v1−2∗Lgv = (uv)1−2∗Lg0(uv);

that is, there holds
Lgv = u1−2∗Lg0(uv). (3.1.1)

Definition 3.1.2. A conformal metric g = u
4

n−2 g0 is a Yamabe metric on (M, g0) ifRg ≡ const;
that is, if u > 0 solves the equation

Lg0u = ru2
∗−1 on M (3.1.2)

for some constant r ∈ R.

Remark 3.1.1. i) Scaling ũ = αu with α = |r|
1

2∗−2 > 0 we can achieve r ∈ {−1, 0, 1} in
(3.1.2).

ii) Similar to Section 1.5 we can attempt to find a solution of (3.1.2) by minimizing

E(M,g0)(u) =

∫
M

(
|∇u|2g0 + c(n)−1Rg0u

2
)
dµg0

2compact, ∂M = ∅
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over the set
M = {u ∈ H1(M, g0) : ||u||L2∗ (M, g0) = 1},

where, in local coordinates,

|∇u|2g0 = gij0 ∂iu∂ju, dµg0 =
√

det g0 dx.

Note that for g = u
4

n−2 g0 we have√
det g = u2

∗√
det g0, dµg = u2

∗
dµg0 ,

so
||u||2∗L2∗ (M,g0)

=

∫
M

dµg = vol(M, g).

Equivalently, we ccan try to find a minimizer of the Sobolev-Yamabe ratio

S(M,g0)(u) =
E(M,g0)(u)

||u||2
L2∗ (M,g0)

.

iii) For any u, v > 0 with g = u
4

n−2 g0, h = v
4

n−2 g by (3.1.1) there holds

c(n)E(M,g)(v) =

∫
M

(
c(n)|∇v|2g +Rgv

2
)
dµg

=

∫
M

Lgv · v dµg =

∫
M

u1−2∗Lg0(uv) · vu2
∗
dµg0

=

∫
M

(uv)Lg0(uv) dµg0 = c(n)E(M,g0)(uv);

moreover,

||v||2∗L2∗ (M,g) =

∫
M

v2
∗
dµg =

∫
M

(uv)2
∗
dµg0 = ||uv||2

∗

L2∗ (M,g0)
.

In particular, the Yamabe constant

S(M,g0) =

∫
(uv)>0

S(M,g0)(uv) = inf
v>0
S(M,g)(v)

is a conformal invariant.

Example 3.1.1. Stereographic projection

π : Sn \ {p} → Rn from p =


0
...
0
−1

 ∈ Rn+1

with inverse
Φ : Rn ∋ x 7→ 1

1 + |x|2

(
2x

1− |x|2
)
∈ Sn ⊂ Rn+1
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induces the conformal metric

g = Φ∗gSn =

(
2

1 + |x|2

)2

gRn = u
4

n−2 gRn

with

u(x) =

(
2

1 + |x|2

)n−2
2

having scalar curvature

Rg = RgSn = n(n− 1) = u1−2∗(−c(n)∆(u)).

That is, u solves the equation

−∆u =
n(n− 1)

n(n)
u2

∗−1 =
n(n− 2)

4
u2

∗−1 on Rn.

The scaled function

u∗(x) =

(
n(n− 2)

4

) 1
2∗−2

u(x) =
(n(n− 2))

n−2
4

(1 + |x|2)n−2
2

then solves
−∆u∗ = (u∗)2

∗−1 on Rn.

Since by a theorem of Obota moreover we have

S(Sn,gSn ) = S(Sn,gSn )(1),

from Remark 3.1.1 we obtain

S = S(Rn,gRn ) = inf
0<v∈C∞

c (Rn)
S(Rn,gRn )(uv)

= inf
0<v∈C∞

c (Sn\{p})
S(Sn,gSn )(v) = S(Sn,gSn )

= S(Sn,gSn )(1) = S(Rn,gSn )(u) =
||∇u||2L2

||u||2
L2∗

.

Hence u (and u∗) achieve the best Sobolev constant, as claimed in Section 1.5.

In fact, the Yamabe invariant is maximal on Sn.

Theorem 3.1.1. For any closed (Mn, g0), n ≥ 3, we have

S(M,g0) ≤ S(Sn,gSn ) = S.

Proof. Fix geodesic normal coordinates in a ball BR(p0) around p0 = 0 ∈ M , and let
φ ∈ C∞

c (BR)0)) with φ(x) = 1 for |x| < R
2

. Letting

u∗ε(x) = ε
2−n
2 u∗

(x
ε

)
=

[εn(n− 2)]
n−2
4

[ε2 + |x|2]n−2
2

, ε > 0,

as in Example 2.3.1 iii), and setting

uk = φu∗εk , εk ↓ 0,

we obtain
S(M,g0) ≤ S(M,g0)(uk)

(k→∞)−→ S(Rn,gRn ) = S(Sn,gSn ),

and the claim follows.
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3.1.2 Local compactness
In view of Theorem 3.1.1 the functional E(Sn,gSn ) - or the ratio S(Sn,gSn ) - plays the same
role as E∞ in Theorem 1.5.1. Already in 1976 Aubin established the following result,
anticipating P.L. Lions’ Theorem 1.5.1 from 1984.

Theorem 3.1.2. (Aubin)
Suppose S(M,g0) < SSn,gSn ). Then every minimizing sequence of normalized metrics

gk = u
4

n−2

k g0, with vol(M, gk) = 1, k ∈ N,

satisfying
S(M,g0)(uk)→ S(M,g0) (k →∞)

has an H1-convergent subsequence uk
(k→∞,k∈Λ)−→ u with limit metric g = u

4
n−2 g0 a Yamabe

metric.

The case S(M,g0) > 0 is the most interesting. For this case let

F(M,g0)(u) =
1

2

∫
M

(
|∇u|2g0 + c(n)−1Rg0u

2
)
dµg0 −

1

2∗

∫
M

u2
∗
dµg0

be the "free" functional associated with (3.1.2).
As in Example 2.4.2 i), and using the correspondence between the constrained mini-
mization problem for S(M,g0) and saddle-type critical points of F(M,g0) as in the proof of
Theorem 1.4.1, the existence of a Yamabe metric also is an immediate consequence of our
next result, provided that Aubin’s condition

S(M,g0) < S(Sn,gSn )

holds.

Theorem 3.1.3. (Trudinger (1968), Aubin (1976), Brezis-Nirenberg (1983), Cerami-Forunato-
Struwe (1984))
Let (Mn, g0) be closed, n ≥ 3. Then the functional F(M,g0) ∈ C1(H1(M, g0)) satisfies (P .-S.)β
for every

β <
1

n

(
SSn,gSn )

)n
2 =

1

n
S

n
2 =: β∗.

Remark. A similar local compactness property was the basis for the proof of Rellich’s conjecture
(on the existence of disc-type surfaces of prescribed constant curvature), achieved independently
by Struwe [Str82],[Str86] and Brezis-Coron [BC83].

Proof of Theorem 3.1.3. i) Let (uk) ⊂ H1(M, g0) be a (P .-S.)β-sequence, satisfying

F(M,g0)(uk)→ β, dF(M,g0)(uk)→ 0 (k →∞).

Computing, with error o(1)→ 0 (k →∞),

2β + o(1) (||uk||H1 + 1) = 2F(M,g0)(uk)− ⟨dF(M,g0)(uk), uk⟩H−1×H1

=
2∗ − 2

2∗
||uk||2

∗

L2∗
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we find

||uk||2H1 ≤ 2F(M,g0)(uk) +
(
2c(n)−1||Rg0||L∞ + 1

)
||uk||2L2 +

2

2∗
||uk||2

∗

L2∗

≤ 2β + C||uk||2L2∗ +
2

2∗
||uk||2

∗

L2∗ + o(1)

≤ C(β) + o(1) (||uk||H1 + 1) , k ∈ N.

Thus (uk) ⊂ H1(M, g0) is bounded and we may assume that uk
w
⇁ u in H1 and

strongly in Lp for any p < 2∗ as k →∞.
In particular, for any φ ∈ H1(M, g0) we have

o(1) = ⟨dF(M,g0)(uk), φ⟩H−1×H1

=

∫
M

(
(∇uk,∇φ)G0 + c(n)−1Rg0ukφ− |uk|2

∗−2ukφ
)
dµg0

(k→∞)−→
∫
M

(
(∇u,∇φ)g0 + c(n)−1Rg0uφ− |u|2

∗−2uφ
)
dµg0

= ⟨dF(M,g0)(u), φ⟩H−1×H1

and u solves equation (3.1.2) with r = 1.
Choosing φ = u, moreover, we obtain

2F(M,g0)(u) = 2F(M,g0)(u)− ⟨dF(M,g0)(u), u⟩H−1×H1

=
2∗ − 2

2∗
||u||2∗L2∗ ≥ 0.

ii) Let vk = uk−u
w
⇁ 0 inH1(M, g0) and strongly in Lp(M, g0) for any p < 2∗ as k →∞.

Lemmas 1.5.3 and 1.5.4 give

F(M,g0)(uk) = F(M,g0)(u) + F(M,g0)(vk) + o(1)

= F(M,g0)(u) + F∞
(M,g0)

(vk) + o(1)

and

F∞
(M,g0)

(vk) =
1

2

∫
M

|∇vk|2g0 dµg0 −
1

2∗

∫
M

v2
∗

k dµg0

≤ F(M,g0)(uk)− F(M,g0)(u)︸ ︷︷ ︸
≥0

+o(1) ≤ β + o(1). (3.1.3)

Similarly, we obtain

o(1) = ⟨dF(M,g0)(uk), vk⟩H−1×H1

=

∫
M

(∇uk,∇vk)g0 + c(n)−1Rg0ukvk − |uk|2
∗−2uk vk︸︷︷︸

=uk−u

 dµg0

= ||∇vk||2L2 −
(
||uk||2

∗

L2∗ − ||u||2
∗

L2∗
)
+ o(1)

= ||∇vk||2L2 − ||vk||2
∗

L2∗ + o(1), (3.1.4)
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and we find

F∞
(M,g0)

(vk) =
1

2
||∇vk||2L2 −

1

2∗
||vk||2

∗

L2∗ =

(
1

2
− 1

2∗

)
︸ ︷︷ ︸

= 1
n

||vk||2
∗

L2∗ + o(1).

Together with (3.1.3) this gives the estimate

1

n
||vk||2

∗

L2∗ ≤ c0 < β∗ =
1

n
S

n
2 , k ≥ k0;

that is, with 2∗ 2
n
= 4

n−1
= 2∗ − 2, the bound

||vk||2
∗−2

L2∗ ≤ c1 < S, k ≥ k0. (3.1.5)

iii) Finally, for any φ ∈ C∞(M, g0) compute

o(1) = ⟨dF(M,g0)(uk), vkφ
2⟩H−1×H1

=

∫
M

(
|∇(vkφ)|2g0 − |vk|

2∗φ2
)
dµg0 + o(1)

≥ ||∇(vkφ)||2L2 − ||vk||2
∗−2

L2∗ ||vkφ||2L2∗ + o(1),

similar to (3.1.4), also using Hölder’s inequality in the last step. With (3.1.5) we then
obtain

||∇vkφ)||2L2 ≤ c1||vkφ||2L2∗ + o(1),

where c1 < S . But if diam(supp(φ)) < R0 for sufficiently small R0 the metric g0 on
supp(φ) is sufficiently close to gRn to yield the bound

c2||vkφ||2L2∗ ≤ ||∇(vkφ)||2L2

with a constant c2 > c1, and we conclude that vkφ→ 0 in H1 for any φ.
Thus, if (φl)1≤l≤L ⊂ C∞(M, g0) is a partition of unity with diam(supp(φl)) < R0 for
each l ∈ {1, . . . , L}, we conclude that

||vk||H1 ≤
L∑
l=1

||vkφl||H1 → 0 (k →∞).

Thus, uk → u strongly in H1(M, g0), as desired.

Corollary 3.1.1. If S(M,g0) < S , there exists u > 0 with

S(M,g0)(u) = S(M,g0),

and u solves (3.1.2).

Proof. i) If S(M,g0) > 0, consider the functional F(M,g0) and note that for each u > 0 the
number

β(u) := sup
s>0

F(M,g0)(su) = sup
s>0

(
s2

2
E(M,g0)(u)−

s2
∗

2∗
||u||2∗L2∗

)
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is achieved for s with
s2

∗−2||u||2∗L2∗ = E(M,g0)(u),

so s2∗−2||u||2∗−2
L2∗ = S(M,g0)(u), and

β(u) = s2
(
1

2
− 1

2∗

)
︸ ︷︷ ︸

= 1
n

E(M,g0)(u)

=
1

n
s2||u||2L2∗︸ ︷︷ ︸

=(S(M,g0)
(u))

2
2∗−2

S(M,g0)(u)

=
1

n

(
S(M,g0)(u)

)n
2

Hence, if S(M,g0) < S in view of Theorem 3.1.3 we may invoke the mountain-pass
lemma, Theorem 2.4.3, with 0 <3β < β∗ to obtain the conclusion.

ii) If S(M,g0) = 0 a minimizing sequence (uk) ⊂ H1(M, g0) for E(M,g0) in

Σ2 = {u ∈ H1(M, g0) : ||u||L2 = 1}

accumulates at u ∈ Σ2 with

0 ≥ E(M,g0)(u) ≥ S(M,g0)||u||2L2∗ = 0.

Hence
E(M,g0)(u) = 0 = min

v∈Σ2

E(M,g0)(v),

and u solves
−c(n)∆g0u+Rg0u = λu

for some λ ∈ R, where

λ = λ||u||2L2 = c(n)E(M,g0)(u) = 0.

Thus, u solves (3.1.2) with r = 0.
Moreover, u also minimizes S(M,g0) with

S(M,g0)(u) = 0 = S(M,g0).

iii) If S(M,g0) < 0, consider the coercive functional G on H1(M, g0), given by

G(M,g0)(u) =
1

2
E(M,g0)(u) +

1

2∗
||u||2∗L2∗ .

By (w.s.l.s.c.) of Dirichlet’s integral and || · ||L2∗ , moreover, G(M,g0) is (w.s.l.s.c.) and
Theorem 1.1.1 applies to yield u ∈ H1(M, g0) with

G(M,g0)(u) = inf
v∈H1(M,g0)

G(M,g0)(v) < 0,

3by using S(M,g0) > 0
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satisfying (3.1.2) with r = −1.
Moreover, u achieves β = inf

0̸=v∈H1
β(v), where

β(u) = inf
s>0

G(M,g0)(su) = inf
s>0

(
s2

2
E(M,g0)(u) +

s2
∗

2∗
||u||2∗L2∗

)
= − 1

n

∣∣S(M,g0)(u)
∣∣n2

is achieved for s with

s2
∗−2||u||2∗−2

L2∗ = −
E(M,g0)(u)

||u||2
L2∗

= −S(M,g0)(u).

so u also minimizes S(M,g0)(u).

The existence of a Yamabe metric on any closed (Mn, g0), n ≥ 3, then follows from the
next result.

Theorem 3.1.4. (Aubin (1976), Schoen (1984))
Suppose (Mn, g0), n ≥ 3, is closed and not conformally diffeomorphic to (Sn, gSn). Then

S(M,g0) < SSn,gSn ) = S.

Corollary 3.1.2. On any closed (Mn, g0), n ≥ 3, there exists a Yamabe metric.

The proof of Theorem 3.1.4 is achieved via the explicit construction of suitable comparison
functions by different methods in the cases

i) n ≥ 6, and (M, g0) not locally conformally flat (Aubin [Aub76]),

ii) 3 ≤ n ≤ 5, or (M, g0) locally conformally flat (Schoen [Sch84].

We now sketch Schoen’s proof in the case that either n = 3 or that (M, g0) is locally
conformally flat. We may assume that S(M,g0) > 0. The proof uses two key ingerdients:
the Green’s function and the positive mass theorem.

Green’s function: For any point p0 ∈ M there exists a unique function G ∈ C∞(M \
{p}, g0) with

Lg0G = γ(n)δ{p=p0},

where γ(n) ∈ R is such that −∆(|x|2−n) = γ(n)δ{x=0}, and G > 0 since S(M,g0) > 0.
Idea: For 0 < ρk ∈ C∞(M, g0) with ρk dx

w∗
⇁

(k→∞)
γ(n)δ{p=p0} let Gk solve

Lg0Gk = ρk on M.

Then

S(M,g0)||G−
k ||

2
L2∗ ≤ E(M,g0)(G

−
k )

=

∫
M

Lg0Gk ·G−
k dµg0

=

∫
M

ρkG
−
k dµg0 ≤ 0
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implies that G−
k = min{Gk, 0} = 0.

Moreover, Gk −→
(k→∞)

G smoothly away from p0; see for instance Widman [Wid67].

Positive mass theorem (Schoen-Yau, Witten)
Suppose (Mn, g0) is closed and not conformally diffeomorphic to (Sn, gSn), n ≥ 3.

i) If (M, g0) is locally conformally flat, in a suitable conformal chart around any point
p0 ∈M we may introduce Euclidean coordinate so that g = gRn = (δij) near p0 = 0,
and there holds

G(x) = |x|2−n + A+ α(x), (3.1.6)

where α is smooth and harmonic near p0 = 0 with α(0) = 0, and where

A > 0. (3.1.7)

ii) If n = 3, the expansion (3.1.6) holds in geodesic normal coordinates x near p0 = 0
with α(x) = o(|x|) and with

A > 0.

We refer to [LP87].

Proof of Theorem 3.1.4 when (M, g0) is locally conformally flat. Fix p0 ∈ M and introduce
Euclidean coodinates x on a ball BR(0) around p0 = 0 so that (3.1.6) holds, where A > 0.
For ε > 0 let

uε ∗ (x) =
[n(n− 2)ε]

n−2
4

[ε2 + |x|2]n−2
2

as in Example 3.1.1. For suitable

0 < ε0 << ρ0 <
R0

2

choose ε > 0 so that
ε0(ρ

2−n
0 + A) = u∗ε(ρ0)

(
∼ ε

n−2
2 ρ2−n

0

)
. (3.1.8)

Let
ψ(x) =

(
2− |x|

ρ0

)
+

and set

u(x) =


u∗ε(x), |x| ≤ ρ0,

ε0(G(x)− ψ(x)α(x)), ρ0 ≤ |x| ≤ 2ρ0,

ε0G(x), x ∈M \B2ρ0(0).

Then u is continuous and piecewise smooth, so u ∈ H1. Using the equation

−∆u∗ε = (u∗ε)
2∗−1

we compute
S||u∗ε||2L2∗ = ||∇u∗ε||2L2 = ||u∗ε||2

∗

L2∗ ;

so
||u∗ε||2

∗−2
L2∗ = S,
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and Hölder’s inequality yields∫
Bρ0 (0)

|∇u|2 dx =

∫
Bρ0 (0)

|∇u∗ε|2 dx =

∫
Bρ0 (0)

(u∗ε)
2∗−2+2 dx+

∫
∂Bρ0 (0)

∂ru
∗
εu

∗
ε do

≤ S||u||2L2∗ (M,g0)
+

∫
∂Bρ0 (0)

∂ru
∗
εu

∗
ε do.

Moreover, since Rg0 = 0 in B2ρ0(0), we have∫
M\Bρ0 (0)

(
|∇u|2 + c(n)−1Rg0u

2
)
dµg0

= ε20

∫
M\Bρ0 (0)

(
|∇G|2 + c(n)−1Rg0G

2
)
dµ0 + ε20

∫
B2ρ0\Bρ0 (0)

(
|∇(ψα)|2 − 2∇G · ∇(ψα)

)
dµg0

Note that |α(x)| ≤ C|x| implies the bound

|∇(ψα)| ≤ C in B2ρ0 \Bρ0(0).

Also observe that Lg0G = 0 in M \Bρ0(0) gives∫
M\Bρ0 (0)

(
|∇G|2 + c(n)−1Rg0G

2
)
dµg0

=

∫
M\Bρ0 (0)

Lg0G ·Gdµg0 −
∫

∂Bρ0 (0)

∂rG ·Gdo

=−
∫

∂Bρ0 (0)

∂rG ·Gdo.

Therefore we find

E(M,g0)(u) ≤ S||u||2L2∗ +

∫
∂Bρ0 (0)

(
u∗ε∂ru

∗
ε − ε20G∂rG

)
do+ Cρ0ε

2
0.

The Theorem then follows from
Claim 1. For suitable 0 < ε0 << ρ0 <

R0

2
there holds∫

∂Bρ0 (0)

(
u∗ε∂ru

∗
ε − ε20G∂rG

)
do+ Cρ0ε

2
0 < 0.
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Proof of Claim 1: Compute for |x = ρ0 and suitable 0 < ε0 << ρ0 << R0, using that
ε0 ≃ ε

n−2
2 by (3.1.8),

∂ru
∗
ε − ε0∂rG = −(n− 2)

 u∗ε(ρ0)︸ ︷︷ ︸
(3.1.8)
= ε0(ρ

2−n
0 +A)

ρ0
ε2 + ρ20

− ε0ρ1−n
0

+ ε0∂rα

= −(n− 2)ε0ρ
−1
0

(ρ2−n
0 + A)

1

1 + ( ε
ρ0
)2︸ ︷︷ ︸

≥1−( ε
ρ0

)2

−ρ2−n
0

+ ε0 ∂rα︸︷︷︸
≤C

≤ −(n− 2)ε0ρ
−1
0 A+ C ε0ρ

1−n
0

(
ε

ρ0

)2

︸ ︷︷ ︸
=ε0ε2ρ

−1−n
0 ≤Cε, if 0<ε0<<ρ0

+Cε0

≤ −n− 2

2
ε0ρ

−1
0 A, if 0 < ρ0 << R0.

Thus, with constants C,C1 > 0 there holds∫
∂Bρ0 (0)

(
u∗ε∂ru

∗
ε − ε20G∂rG

)
do+ Cε20ρ0

=u∗ε(ρ0)

∫
∂Bρ0 (0)

(∂ru
∗
ε − ε0∂rG) do− ε20

∫
∂Bρ0 (0)

αG∂rGdo+ Cε20ρ0

≤− C1ε
2
0ρ

(2−n)−1+(n−1)
0 A+ Cε20ρ0

≤− C1ε
2
0A+ Cε20ρ0 < 0, if 0 < ρ0 << R0.

3.2 A global compactness result
Surprisingly, in Yamabe-type equations we can also obtain compactness at energies
exceeding the threshold for concentration.
We illustrate this with the following model problem. Let Ω ⊂⊂ Rn be a smoothly bounded
domain in Rn, n ≥ 3. For λ ∈ R consider the boundary value problem

−∆u− λu = u|u|2∗−2 in Ω, (3.2.1)
u = 0 on ∂Ω (3.2.2)

with associated energy

Eλ(u) =
1

2

∫
Ω

(|∇u|2 − λu2) dx− 1

2∗

∫
Ω

|u|2∗ dx, u ∈ H1
0 (Ω).

We expect there to be an interplay between the solvability of (3.2.1), (3.2.2) and the Sobolev
constant S which is attained on the solutions u > 0 of the equation

−∆u = u|u|2∗−2 on Rn, u ∈ Ḣ1(Rn). (3.2.3)

In fact, the following result holds true, which improves Theorem 3.1.3 beyond the threshold
β∗.
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Theorem 3.2.1. (Struwe (1984))
Let (uk) ⊂ H1

0 (Ω) be a (P .-S.)β-sequence for Eλ.
Then there exists a solution u(0) of (3.2.1), (3.2.2), and either

i) a subsequence uk → u(0) strongly in H1
0 (Ω), or

ii) a subsequence uk
w
⇁ u(0) in H1

0 (Ω), and there exist I ∈ N and solutions u(i) ∈ Ḣ1(Rn) of
(3.2.3) together with sequences

(
x
(i)
k

)
⊂ Ω,

(
r
(i)
k

)
⊂ R+ satisfying x(i)k → x(i) ∈ Ω, r

(i)
k →

0 (k →∞) and with

dist
(
x
(i)
k , ∂Ω

)
r
(i)
k

−→
(k→∞)

∞, 1 ≤ i ≤ I,

such that4

uk = u(0) +
I∑

i=1

(
r
(i)
k

) 2−n
2
u(i)

(
x− x(i)k

r
(i)
k

)
︸ ︷︷ ︸

=:u
(i)

r
(i)
k

,x
(i)
k

(x)

+o(1) (3.2.4)

where o(1)→ 0 in Ḣ1(Rn), and with

Eλ(uk)→ Eλ(u
(0)) +

I∑
i=1

E0(u
(i)). (3.2.5)

iii) If uk ≥ o(1)→ 0 in H1
0 (Ω), then u(0) ≥ 0 and also u(i) > 0, 1 ≤≤ I .

Remark 3.2.1. i) If uk ≥ o(1) and hence u(i) > 0 we can precisely characterize all energy
levels β ∈ R where (P .-S.)β fails.
Indeed, by Gidas-Ni-Nirenberg [GNN79] if u(i) > 0 solves (3.2.3) then up to scaling and
translation

u(i) equals u∗(x) =
[n(n− 2)]

n−2
4

[1 + |x|2]n−2
2

,

and
E0(u

(i)) = E0(u
∗) = β∗, 1 ≤ i ≤ I.

Hence, (P .-S.)β fails iff I ≥ 1 iff

β = Eλ(u) + Iβ∗

for some solution u ∈ H1
0 (Ω) of (3.2.1), (3.2.2).

ii) Bahri-Coron [BC87] note that the decomposition (3.2.4) is "orthogonal" in the sense that

inf
i ̸=j

d
(ij)
k →∞ (k →∞),

where

d
(ij)
k =

|x(i)k − x
(j)
k |

r
(j)
k

+
r
(i)
k

r
(j)
k

+
r
(j)
k

r
(i)
k

.

4Extending any u ∈ H1
0 (Ω) by u ≡ 0 in Rn \ Ω, we may regard H1

0 (Ω) ↪→ Ḣ1(Rn).
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Indeed, if for some i < j there holds d(ij)k ≤ C <∞, with the notation

rr,x0(x) = r
n−2
2 u(x0 + rx), r → 0, x0 ∈ Rn,

we have

ũ
(i)
k (x) = (uk)

r
(i)
k ,x

(i)
k (x)

=u(i)(x) +

(
r
(i)
k

r
(j)
k

)n−2
2

u(j)

(
x
(i)
k − x

(j)
k

r
(j)
k

+
r
(i)
k

r
(j)
k

x

)

+ (u(0))r
(i)
k ,x

(i)
k (x) +

∑
l ̸=i
l ̸=j

(
u
(l)

r
(l)
k ,x

(l)
k

)r
(i)
k ,x

(i)
k

(x)

w
⇁ũ(i) in H1

loc(Rn) as k →∞,

and for any φ ∈ C∞
c (Rn) there holds

⟨dE0(ũ
(i)), φ⟩Ḣ−1×Ḣ1(Rn) = lim

k→∞

〈
dE0(ũ

(i)
k , φ

〉
Ḣ−1×Ḣ1(Rn)

= lim
k→∞

〈
dEλ(uk)︸ ︷︷ ︸
||·||H−1→0

, φ
r
(i)
k ,x

(i)
k︸ ︷︷ ︸

=φk
w
⇁0

〉
H−1×H1(Ω)

= 0,

but ũ(i) ̸= u(i) and ũ(i) does not satisfy (3.2.3).

iii) Theorem 3.2.1 and the above remarks i), ii) also hold true for other compact perturbation
terms different from λu; moreover, it also holds true for the Yamabe energy F(M,g0) and
gives rise to a bubble-tree decomposition of (P .-S.)β-sequences, arising, for instance, as
u(tk) for a solution u = u(t) of the Yamabe flow and tk →∞, where it is the basic pillar
for the proof of unconditional convergence of the flow in Schwetlick-Struwe [SS03], Brendle
[Bre05].
The Yamabe flow for conformal metrics g = g(t) = u

4
n−2 g0 on a closed n-manifold (M, g0)

with unit volume is given by

ut = (rg −Rg)u = (c(n)∆g0u−Rg0u)u
2−2∗ + rgu,

where
rg =

∫
M

Rg u
2∗ dµg0︸ ︷︷ ︸
dµg

so that
d

dt
vol(M, g) =

d

dt

∫
M

u2
∗
dmg0 = 2∗

∫
M

(rg −Rg) dµ = 0.

That is, u = u(t) satisfies

u2
∗−2ut = c(n)∆g0u−Rg0u+ rgu

2∗−1,

and multiplying with ut gives the energy identity∫
M

|ut|2u2
∗−2 dµg0 = −c(n)

d

dt
E(m,g0)(u(t)).
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Since E(M,g0)(u((t)) = S(M,g0)(u(t)) ≥ S(M,g0) for all t, we then obtain the bound∫ ∞

0

∫
M

|ut|2u2
∗−2 dµg0 ≤ S(M,g0)(u(0))− S(M,g0)

and there exists tk →∞ such that∫
M×{tk}

|ut|2u2
∗−2 dµg0 =

∫
M×{tk}

|Rg − rg|2u2
∗
dµg0 → 0 (k →∞), (3.2.6)

which is stronger than the condition

c(n)||dS(M,g0)(uk)||H−1 = sup
||φ||H1≤1

c(n)⟨dS(M,g0)(uk), φ⟩H−1×H1

= sup
||φ||H1≤1

∫
M

 Lg0uk︸ ︷︷ ︸
=Rgk

u2∗−1
k

−rgkr2
∗−1

k

φdµg

= sup
||φ||H1≤1

∫
M

(Rgk − rgk)u2
∗−1

k φdµg0 → 0 (3.2.7)

for a (P .− S.)-sequence uk > 0, with gk = u
4

n−2

k g0, k ∈ N.
For uk > 0 satisfying the intermediate (between (3.2.6) and (3.2.7)) condition

sup
||φ||

L2∗≤1

∫
M

(Rgk − rgk)u2
∗−1

k φdµg0

=

(∫
M

|Rgk − rgk |2
+

u2
∗

k dµg0

) 1
2+

→ 0

where
1

2+
=

1

2
+

1

n
with 2+ = (2∗)′ =

2∗

2∗ − 1
,

a better approximation estimate, improving (3.2.4) was obtained by Ciraolo-Figalli-Maggi
[Cir+18], Figalli - in dimensions 3 ≤ n ≤ 5.
Can one use this to simplify the proof of convergence of the Yamabe flow?

x
(i)
k

uk

iv) The first results on bubble-tree decompositions are due to Sacks-Uhlenbeck [SU81] for
harmonic maps of surfaces, and to Wente [Wen80] for disc-type surfaces of constant mean
curvature (in the latter case only recovering one bubble). For the harmonic map heat flow,
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results analogous to (3.2.4), (3.2.5) were obtained by Struwe [Str85a], Qing [Qin95], Ding-
Tian [DT95], Wang [Wan96], etc. and for (P .-S.)-sequence satisfying the analogue of
(3.2.6) by Qing-Tian [QT97].
However, examples by Parker [Par96] show that (3.2.4), (3.2.5) may fail for (P .-S.)-sequences
for the harmonic map problem.
For surfaces of prescribed constant mean curvature the analogue of Theorem 3.2.1 (including
(3.2.4), (3.2.5)) was established by Brezis-Coron [BC85], Struwe [Str85b].

v) If (uk) may be of different signs, also u(i) may be sign-changing. For such u = u(i) sovlong
(3.2.3) we can estimate

E0(u) > 2β∗.

Proof. Testing (3.2.3) with u± = ±max{±u, 0} ̸≡ 0 we find

||∇u±||2L2 = ||u±||2
∗

L2∗ > S||u±||2L2∗ > 0,

so E0(u±) > β∗ (as in the proof of Corollary 3.1.1), and

E0(u) = E0(u+) + E0(u−) > 2β∗.

vi) Thus, if (3.2.1), (3.2.2) admits only the trivial solution u(0) ≡ 0, condition (P .-S.)β holds
for all β ∈]β∗, 2β∗[ (regardless of the sign of (uk)), and for all β /∈ β∗N if uk ≥ o(1).

vii) The decomposition (3.2.4) and the original proof of Theorem 3.2.1 in Struwe [Str84] in-
spired Bahri-Gérard (1997) to derive an orthogonal (in the sense of iii)) nonlinear profile
decomposition also for solutions of nonlinear wave equations

utt −∆u = u|u|p−2 on R× Rn;

however, the decomposition is exhaustive only in a weaker norm; see also Nakanishi-Schlag
[NSS11].

The proof of Theorem 3.2.1 may be broken up into

- a perperation step

- a key lemma

- the iteration argument and conclusion.

Proof of Theorem 3.2.1. Let (uk) ⊂ H1
0 (Ω) be a (P .-S.)β-sequence. Computing, with error

o(1)→ 0 (k →∞), we obtain

2β + o(1) (1 + ||u||H1) = 2Eλ(uk)− ⟨dEλ(uk), uk⟩H−1×H1
0

=
2∗ − 2

2∗
||uk||2

∗

L2∗

and find

||uk||2H1
0
= 2Eλ(uk) + |λ| · ||uk||2L2 +

1

2∗
||uk||2

∗

L2∗

≤ C(β) + o(1)
(
1 + ||uk||H1

0

)
,
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similar to the proof of Theorem 3.1.3.
Thus, (uk) ⊂ H1

0 (Ω) is bounded, and we may assume that uk
w
⇁ u(0) in H1

0 (Ω) and strongly
in Lp(Ω), p < 2∗, where for any φ ∈ H1

0 (Ω) we have

⟨dEλ(u
(0)), φ⟩H−1×H1

0
= lim

k→∞
⟨dEλ(uk), φ⟩H−1×H1

0
= 0,

and u(0) solves (3.2.1), (3.2.2). Moreover, again similar to the proof of Theorem 3.1.3 we
have

2Eλ(u
(0)) = 2Eλ(u

(0))− ⟨dEλ(u
(0)), u(0)⟩H−1×H1

0

=
2∗ − 2

2∗
||u(0)||2∗L2∗ ≥ 0.

Letting vk := uk − u(0)
w
⇁ 0 in H1

0 (Ω) then by Lemmas 1.5.3 and 1.5.4 we have

E0(vk) = Eλ(uk)− Eλ(u
(0)) + o(1) ≤ β + o(1).

The following result is basic for the iterative argument.
Claim 1. dE0(vk)

(k→∞)−→ 0 in H−1(Ω).

Proof. For any φ ∈ H1
0 (Ω) we have

⟨dEλ(vk), φ⟩H−1×H1
0
= ⟨dEλ(φk), φ⟩H−1×H1

0
− ⟨dEλ(u

(0), φ⟩H−1×H1
0

+

∫
Ω

(
u2

∗−1
k − v2∗−1

k − (u(0))2
∗−1
)
φdx,

where u2∗−1 := u|u|2∗−2 for brevity.
But by Vitali’s theorem we have

u2
∗−1

k − v2∗−1
k =

∫ 1

0

d

dt

(
uk − u(0) + tu(0)

)2∗−1
dt

=(2∗ − 1)

∫ 1

0

u(0)|uk − u(0) + tu(0)|2∗−2 dt

(k→∞)−→ (u(0))2
∗−1 in L2+(Ω),

where 2+ = (2∗)′ as above, and our claim follows.

For the iterative argument we then have the following key lemma.

Lemma 3.2.1. Let vk
w
⇁ 0 in H1

0 (Ω)be a (P .-S.)β-sequence for E0. Then either

i) β < β∗ = 1
n
S n

2 , and ||vk||H1 → 0 (k →∞), or

ii) there exists a subsequence (vk) and (xk) ⊂ Ω, rk ↓ 0 (k → ∞), a solution 0 ̸≡ v(0) ∈
Ḣ1(Rn) for (3.2.3), and a Palais-Samle sequence wk

w
⇁ 0 in H1

0 (Ω) for E0 such that with
error o(1)→ 0 in Ḣ1(Rn) there holds

vk = wk + r
2−n
2

k v(0)
(
x− xk
rk

)
+ o(1),

and
E0(vk) = E0(wk) + E0(v

(0)) + o(1).
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Moreover, we have
dist(xk, ∂Ω)

rk
→∞ (k →∞),

and wk ≥ o(1) whenever vk ≥ o(1)→ 0 in H1
0 (Ω).

Proof. i) If β < β∗ the proof of Theorem 3.1.3 gives convergence vk
(k→∞)−→ 0 in H1

0 (Ω).

ii) If β ≥ β∗, computing

1

n
||∇vk||22 = E0(vk)−

1

2∗
⟨dE0(vk), vk⟩H−1×H1

0

(k→∞)−→ β,

we have
||∇vk||2L2 → nβ ≥ nβ∗ = S

n
2 (k →∞).

Normalization: Fix L ∈ N so that B2(0) can be covered by L balls of radius 1.
Choose xk ∈ Ω), rk > 0 such that

sup
x0

∫
Brk

(x0)

|∇vk|2 dx =

∫
Brk

(xk)

|∇vk|2 dx =
S n

2

2L
.

Note that by (3.2.7) this is possible, and rk < diam(Ω). Scale

ṽk(x) = (vk)
rk,xk(x) = r

n−2
2

k vk(xk + rkx) ∈ Ḣ1(Rn)

with now
sup
x0

∫
B1(x0)

|∇ṽk|2 dx =

∫
B1(0)

|∇ṽk|2 dx =
S n

2

2L
. (3.2.8)

Let
Ωk = {x ∈ Rn : xk + rkx ∈ Ω}, k ∈ N.

We may assume that (Ωk) exhausts a limit domain Ω∞, where either Ω∞ = Rn or Ω∞ is a
half-space.
In view of

||∇ṽk||2L2(Ωk)
= ||∇vk||2L2(Ω) → nβ <∞,

||dE0(ṽk)||H−1(Ωk) = ||dE0(vk)||H−1(Ω) → 0

we may assume
ṽk

w
⇁ v(0) in Ḣ1(Rn),

where v(0) ∈ Ḣ1(Ω∞) = || · ||Ḣ1 − clos (C∞
c (Ω∞)) solves (3.2.3) on Ω∞.

Since any φ ∈ C∞
c (Ω∞) also belongs to C∞

c (Ωk) for k ≥ k0(φ), we may then also choose
functions ṽ(0)k ∈ H1

0 (Ωk) such that

ṽ
(0)
k

(k→∞)−→ v(0) strongly in Ḣ1(Rn).

Claim 1: ṽk
(k→∞)−→ v(0) strongly locally in H1.
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Proof. It suffices to show

∀x0 ∈ Rn : ||ṽk − ṽ(0)k ||H1(B1(x0))
(k→∞)−→ 0.

Fix x0 ∈ Rn and for r > 0 let Br := Br(x0). Choose cut-off functions φi ∈ C∞
c (Rn) with

0 ≤ φi ≤ 1, i = 1, 2,, and such that

φ1 ≡ 1 in B1, φ1 ≡ 0 outside B 3
2

φ1 ≡ 1 in B 3
2
, φ1 ≡ 0 outside B2.

Let
w̃

(i)
k =

(
ṽk − ṽ(0)k

)
φi ∈ H1

0 (Ωk) ⊂ Ḣ1(Rn),

with
||w̃(i)

k ||H1 ≤ C||ṽk − ṽ(0)k ||H1(B2) ≤ C,

uniformly in k, i = 1, 2. Since ṽk
w
⇁ v(0) in Ḣ1, and thus ṽk − ṽ(0)k

w
⇁ 0 in Ḣ1, we also have

w̃
(i)
k

w
⇁ 0 in Ḣ1(Rn)

and strongly in Lp(B2) for any p < 2∗.
With error o(1)→ 0 (k →∞), from dEo(v

(0)) = 0,

||dE0(ṽk)||H−1(Ωk) = ||dE0(vk)||H−1(Ω)
(k→∞)−→ 0,

||dE0(ṽ
(0)
k ||H−1(Ωk) → ||dE0(v

(0))||H−1(Ω∞) = 0

We now have

o(1) =

〈
dE0(ṽk)− dE0(ṽ

(0)
k ),

=(ṽk−ṽ
(0)
k )φ2

1︷ ︸︸ ︷
w̃

(1)
k φ1

〉
H−1×H1

0 (Ωk)

=

∫
Ω

(
|∇(ṽk − ṽ(0)k )|2 − |ṽk − ṽ(0)k |

2∗
)
φ2
1 dx+ o(1)

=

∫
Ω

(
|∇w̃(1)

k |
2 − |w̃(2)

k |
2∗−2|w̃(1)

k |
2
)
dx+ o(1)

≥ S||w̃(1)
k ||

2
L2∗ − ||w̃(2)

k ||
2∗−2
L2∗ ||w̃

(1)
k ||

2
L2∗ + o(1) (3.2.9)

similar to the preperation step.
But by (3.2.8) we can bound

S||w̃(2)
k ||

2
L2∗ ≤ ||∇w̃(2)

k ||
2
L2 =

∫
Rn

|∇(ṽk − ṽ(0)k |
2φ2

2 dx+ o(1)

=

∫
Rn

(
|∇ṽk|2 − |∇ṽ(0)k |

2
)
φ2
2 dx+ o(1) ≤

∫
B2

|∇ṽk|2 dx+ o(1)

≤ L sup
x̃

∫
B1(x̃)

|∇ṽk|2 dx+ o(1) ≤ 1

2
S

n
2 + o(1)
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and

||w̃||(2)k ||
2∗−2
L2∗ ≤

(
1

2
S

n−2
2

) 2∗−2
2

+ o(1)

=

(
1

2

) 2
n−2

S + o(1) ≤ c0S

for any c0 ∈
](

1
2

) 2
n−2 , 1

[
and k ≥ k0(c0).

Hence from (3.2.9) we conclude that ||w̃(1)
k ||L2∗ → 0 and then ||w̃(1)

k ||Ḣ1(Rn) → 0, proving
our claim.

Claim 1 and (3.2.8) now yield v(0) ̸≡ 0.
Since v(0) ∈ Ḣ1

0 (Ω∞) solves (3.2.3), Pohožaev’s Theorem 1.4.2 now implies that Ω∞ = Rn,
so

r−1
k dist(xk, ∂Ω)→∞ (k →∞).

Moreover, letting w̃k = ṽk − ṽ(0)k and computing

||dE0(w̃k)||H−1(Ωk) = sup
||φ||

H1
0
≤1

〈
dE0(ṽk)︸ ︷︷ ︸

→0

− dE0(ṽ
(0)
k )︸ ︷︷ ︸

→0

, φ

〉
H−1×H1

0 (Ωk)

+

∫
Ωk

(
ṽ2

∗−1
k − ṽ(0)

2∗−1

k − w̃2∗−1
k

)
φdx+ o(1)

→ 0 (k →∞)

as in the preperation step, upon scaling back to Ω we see that wk = vk − v(0)rk,xk + o(1) ∈
H1

0 (Ωk) is a Palais-Smale sequence with energy

E0(wk) = E0(vk)− E0(v
(0)
rk,xk

)︸ ︷︷ ︸
=E0(v(0))

+o(1).

Positivity. Suppose that vk ≥ o(1) → 0 in H1
0 (Ω). Then ṽk ≥ o(1) → 0 in H1

0 (Ωk) and
Claim 1 gives

v(0) = lim
k→∞

ṽk ≥ 0

locally (hence everywhere) together with

w̃k = ṽk − v(0) ≥ o(1)→ 0 in H1
0 (Ωk)

because v(0) ∈ Ḣ1(Rn). Scaling back, we find

wk ≥ o(1)→ 0 in H1
0 (Ω).

of Theorem 3.2.1 (completed). The Theorem follows by repeatedly applying Lemma 3.2.1af-
ter the preparation step. Since E0(v

(0)) ≥ β∗ for v(0) as in Lemma 3.2.1, the iteration stops
after at most [ β

β∗ ] steps.
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3.3 Coron´s existence result
Theorem 3.2.1 may be applied to obtain solutions u > 0 of the problem

−∆u = u2
∗−1 in Ω, (3.3.1)

u = 0 on ∂Ω (3.3.2)

for suitable domains Ω ⊂⊂ Rn, n ≥ 3.
Recall that by Pohožaev’s Theorem 1.4.2 on any star-shaped domain the problem (3.3.1),
(3.3.2) only admits the trivial solution u ≡ 0.
On the other hand, when Ω is an "annulus" Ω = BR2 \BR1(0) for some 0 < R1 < R2, by
using compactness of the embedding H1

rad(Ω) ↪→ Lp(Ω) for any p <∞ as in the remark at
the end of Section 1.5.1, we obtain a solution u > 0 to (3.3.1), (3.3.2).
With the help of Theorem 3.2.1 Coron was able to show that solutions u > 0 to (3.3.1),
(3.3.2) also exist in a perturbed setting.

Theorem 3.3.1. (Coron [Cor84])
Let n ≥ 3. There is R > 0 such that for any Ω ⊂⊂ Rn satisfying 0 /∈ Ω, BR2 \BR1(0) ⊂ Ω for
0 < R1 < R2 with

R2

R1

≥ 16R2

there exists a solution u > 0 of (3.3.1).

Proof. After scaling, we may assume

R1 =
1

4R
< 1 < 4R = R2,

where R ≥ 1 is determined below.
Let

Σ = {x ∈ Rn : |x| = 1}.

Recall that
S(uσt ) =

||∇uσt ||2L2

||uσt ||2L2∗
= S, ∀σ ∈ Σ, 0 ≤ t < 1.

Moreover, as t ↓ 0

uσt → u0 =

(
1

1 + |x|2

)n−2
2

in Ḣ1(Rn)

uniformly in σ ∈ Σ.

Let
M = {u ∈ H1

0 (Ω) : ||u||L2∗ = 1}

and set
vσt =

2σt
||wσ

t ||L2∗
∈M, σ ∈ Σ, 0 ≤ t < 1.

Remark 3.2.1 vi) after Theorem 3.2.1 implies the following result.

Lemma 3.3.1. Suppose that (3.3.1), (3.3.2) only admit u ≡ 0 as a solution. Then the functional
S(u) satisfies (P .-S.)γ on M for every γ ∈]S, 2 2

nS[.
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Proof. By the proof of Corollary 3.1.1, if (vk) ⊂M is a (P .-S.)γ-squence for S(u), then the
sequence

uk = (S(vk))
1

2∗−2 vk ∈ H1
0 (Ω)

is a (P .-S.)β-sequence for

E0(u) =
1

2

∫
Ω

|∇u|2 dx− 1

2∗

∫
Ω

|u|2∗ dx,

with β = 1
n
γ

n
2 . By Remark 3.2.1 vi) therefore S(u) satisfies (P .-S.)γ for

(nβ∗)
2
n = S < γ < (2nβ∗)

2
n = 2

2
nS.

Fix a cut-off function φ ∈ C∞
c (Rn) such that 0 ≤ φ ≤ 1 and

φ(x) =

{
1, if 1

2
< |x| < 2,

0, if |x| ≤ 1
4

or |x| ≥ 4.

Seak

φR(x) =


φ(Rx), if |x| < R−1,

1, if R−1 ≤ |x| ≤ R,

φ( x
R
), if |x| ≥ R.

For any Ω ⊂⊂ Rn with B4R \B 1
4R
(0) ⊂ Ω then we have

wσ
t := uσt φR, w0 := u0φR ∈ H1

0 (Ω).

Claim 1. sup
σ∈Σ,0≤t<1

S(wσ
t )→ S (R→∞).

Proof. Estimate

||∇(wσ
t − uσt )||2L2 ≤

≤C
∫

{x:|x|< 1
2R

or |x|>2R}

|∇uσt |2 dx+ CR−2

∫
{x:2R<|x|<4R}

|uσt |2 dx

︸ ︷︷ ︸
≤C

( ∫
{x:2R<|x|}

|uσ
t |2

∗ dx

) 2
2∗

+ CR2

∫
{x:|x|< 1

2R
}

|uσt |2 dx

︸ ︷︷ ︸
≤C

( ∫
{x:|x|<1/2R}

|uσ
t |2

∗ dx

) 2
2∗

−→ 0 (R→∞),

uniformly in σ ∈ Σ, 0 ≤ t < 1. The claim follows.

Lemma 3.3.2. Suppose (3.3.1) only admits u ≡ 0 as solution. Then for any δ > 0, any S1 < 2
2
nS

there is a flow Φ ∈ C0(M × [0, 1],M) of homeomorphisms Φ(·, t) :M →M such that

i) Φ(v, z) = v if t = 0, or if S(v) < S + δ
2
,

ii) Φ(MS1 , 1) ⊂MS+δ.
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Proof. Cover [S + δ,S1] with finitely many intervals ]γ − ε, γ + ε[ as in Theorem 2.4.1 (or
Theorem 2.5.6 for flows on M ), where 0 < ε < ε < δ

2
, and compose the corresponding

flows.

For v ∈M define the center of v to be

F (v) :=

∫
Ω

x|v|2∗ dx.

Let ρ > 0 such that
Ω ∩Bρ(0) = ∅,

and there exists a continuous nearest neighbor projection

π : Uρ(Ω) =
⋃
x∈Ω

Bρ(x)→ Ω.

Lemma 3.3.3. ∃ δ > 0 ∀ v ∈M : S(v) < S + δ ⇒ F (v) ∈ Uρ(Ω).

Proof (indirect). Let (vk) ⊂M satisfy

S(vk)→ S, dist(F (vk),Ω) ≥ ρ.

As in Theorem 1.5.3 there is (xk) ⊂ Ω, rk > 0 such that a subsequence

uk = (vk)xk,rk → u in Ḣ1(Rn),

where
S(u) = S.

By (3.2.3) then |u| > 0; hence rk → 0.
It follows that

F (vk) = F

(
r

2−n
2

k uk

(
x− xk
rk

))
= xk︸︷︷︸

∈Ω

+o(1).

Proof of Theorem 3.3.1 (completed). Suppose (3.3.1) admits only u ≡ 0 as solution. Choose
R > 0 such that

S1 := sup
σ∈Σ,0≤t<1

S(vσt ) = sup
σ∈Σ,0≤t<1

S(wσ
t ) < 2

2
nS.

For δ > 0 given by Lemma 3.3.3 and S1 let Φ ∈ C0(M × [0, 1],M) be given by Lemma 3.3.2.
Then

F (Φ(vσt , 1)) ∈ Uρ(Ω), ∀σ ∈ Σ, 0 ≤ t < 1.

Hence the map
h : Σ× [0, 1[∋ (σ, t) 7→ π (F (Φ(vσt , 1))) ∈ Ω

is well-defined and continuous.
Moreover, since

sup
σ∈Σ
S(vσt )→ S (t ↑ 1),

we have
Φ(vσt , 1) = vσt
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for sufficitently large t1 ≤ t < 1. Since clearly

F (vσt )→ σ (t ↑ 1)

uniformaly in σ, the map h continuously extends to h ∈ C0(Σ× [0, 1],Ω) with

h(σ, 1) = σ, ∀σ ∈ Σ.

Thus, h defines a contraction of Σ in Ω. But this is impossible, since 0 /∈ Ω.
Thus, (3.3.1), (3.3.2) has a solution u ̸≡ 0.

Remark. By working in the set

M+ = {u ∈M : u ≥ 0}

one can obtain a solution u > 0 to (3.3.1).

More generally, one can obtain the following result:

Theorem 3.3.2. (Bahri-Coron [BC87])
Let n = 3, and suppose that Ω is not contractible. Then (3.3.1) admits a solution u > 0.
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