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Greeks’s search for "optimal form" (as in isoperimetric problems, e.g. problem of Dido) is
part of our classical heritage.

Fermat’s postulate that light rays travel along an optically shortest path is the first analytic
expression of variational principle, allowing to deduce the laws of reflection and refraction.

In 1744 Euler published the first textbook on the Calculus of Variations, where he ex-
presses his belief that "every effect in nature follows a maximum or minimum rule".

At the same time Maupertuis published his famous "least action principle" with the same
claim.

However, extremal properties of solutions to the equations considered were usually de-
duced "a posteriori" after solving the Euler-Lagrange equations.
Conversely, in the 19th century a solution of the Dirichlet problem

—Au=f in QCR"
u=0 on 09,
arising in Riemann’s proof of his famous uniformization theorem ("Riemann mapping

theorem") was obtained by invoking Dirichlet’s principle assuming the existence of a
minimizer of the associated energy

E(u):%/Q|Vu\2dx—/qudx.

This latter reasoning was finally validated by Weierstrass, Hilbert, and others.

The search for closed geodesics led to the development of tools for finding also non-
minimizing critical points of variational integrals in the work of Birkhoff and later
Lusternik-Schnirelman and Morse.

But a rigorous analytic foundation for a general critical point theory only became available
in the 1960’s through the work of Palais-Smale, which then opened the way to a very
fruitful and increasingly successful development.



1 THE DIRECT METHOD

1 The direct method

1.1 A general existence result

"Dirichlet’s principle" can be deduced from the following result

Theorem 1.1.1. Let X be a reflexive Banach space, M C X a weakly sequentially closed (w.s.c.)

subset, and let E : M — R U {00}, E # oo. Also suppose that E is coercive in the sense

E(u) — oo (||lullx = o0, u € M).

Finally, assume that E is weakly sequentially lower semi-continuous (w.s.L.s.c.), that is,

E(u) < liminf E(uy,)
k—o0

whenever (ui,) C M satisfies uy, — u (k — 00).
Then there exists u € M such that

E(u) = inf E(v) < oc.

veM

Proof. Let (u;) C M be a minimizing sequence, satisfying

E(uy) — vlélj\g E(w) = a < co.

. . . . . w
By coerciveness of E, (ux) is bounded. Since X is reflexive, a subsequence u; — u

(k — oo,k € A) exists.
Since (ux) C M, and since M is (w.s.c.),u € M, and

a < E(u) <liminf E(ug) = «

k—o0

by (w.s.ls.c.) of E. Thus,

a= Jgﬂf/fE(v) = F(u) > —oc.

1.2 Dirichlet’s principle.

Let 2 C R™ be smoothly bounded, and let f € C*°(9) (for simplicity).
We seek a (sufficiently smooth) function u : Q — R (say, u € C?(Q2)) such that

" D% ,
—Au:—;mz an,
u=0 on 0.

Introduce the energy

E(v):%/ﬂ|Vv|2dm—/vada7, v € Hy(Q).

Calculus of variations
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Note that we can expand

1
E(v+ ) ZE(U)+/(VU-V30—fg0) dw+§/ IVl? dx (1.2.3)
0 Q
for any v, p € H}(Q), so that

/Q(VU Vo — fo)dr = (dE(v), ¢) g1 X H} ()

is the Fréchet derivative of F atv € H}(Q), evaluated on ¢ € H} ().
Proposition 1.2.1. Suppose that u € C%*(Q) — H(Q) solves (1.2.1), (1.2.2). Then there holds

E(u)= min FE(v).
= e 1

Proof. Forany ¢ € H}(Q), upon integrating by parts from (1.2.1) we have

/(Vu-Vgo—fg&)dzz—/(Au—l—f)godxzo,
Q 0

and (1.2.3) gives
1
E(u+ ¢) = E(u) + 5/ \Vo|* dz > E(u),
Q
as claimed. ]

The argument to conversely solve (1.2.1), (1.2.2) by minimizing E is more subtle. In a first
step we employ Theorem 1.1.1 to find a "weak solution" of (1.2.1), (1.2.2).

Proposition 1.2.2. Forany f € L*(Q) there exists u € H}(Q) such that

F(u)= min FE(v).
(> vEH&(Q)()

Proof. We verify the conditions in Theorem 1.1.1.
i) The space X = HJ(Q) is a Hilbert space, hence also a reflexive Hilbert space;
ii) The set M = X is (w.s.c.);

iii) Since Hj(Q)) — L*(2), by Holder’s inequality for any v € H{(2) we have

[ s

and E(v) is finite for every v € HJ(£2), where we use that by Poincare’s inequality

< [[fllzzlollzz < LI[f]lz2 ][ Vo] 2,

1]lz2 < L|[Vllz2, v € Hy(9),
with L > 0 such that Q C]0, L[xR""%.

iv) Forv € Hj(Q) then also [|v]|y1 < (1+ L)||Vv]|z2 and

1
E(v) 2 SlIVollzs = LIl [Voll 2 — o0

if [[v]|gg — oo, and E is coercive.



v) If u, = uin H}(2) as k — oo, by Rellich’s theorem we may deduce that u;, — u in
L?*(Q) and

/Qukfdx—>/9ufdx (k — o0).

Moreover, expanding with ¢y, := u, — u — 0 (k — 00), we have

/|Vuk\2da:—/\V(u+<pk)|2dx
Q Q

:/|Vu|2dm+2/Vu-thkd9€+/|V90k|2d$
(9] N Q , \Q /

0(1)—0 (k—00) >0

> / |Vul? dx + o(1),
Q

and F is w.s.l.s.c.).
Theorem 1.1.1 now yields the claim.

0
Proposition 1.2.3. A minimizer u € H}(2) weakly solves (1.2.1), (1.2.2) in the sense that
Yo € Hi(Q) : /(Vu -V — fo)dr =0.
Q
Proof. By (1.2.3) for any » € H}(€2) and any £ € R we have
E(u) < E(u+ep)
2
=FEu)+e [ (Vu-Vo— fo)dr+ % / V| da.
Q Q
Differentiating, we find
d
0= Btep) = [ (Vu-Vo- fod
de le=0 Q
as claimed. O

The second step in solving (1.2.1), (1.2.2) via Dirichlet’s principle then is regularity theory,
allowing to assert that the above weak solution actually solves (1.2.1), (1.2.2) classically.

For smoothly bounded 2 CcC R™, f € C*(2) and any 1 < p < oo consider the problem

—Au 4 ululP~* = f in Q, (1.3.1)
u=>0 on 0f) (1.3.2)

with associated energy

E(u) = /Q ('2“'2 + % - fu) dr ue HY(Q)NLP(Q).



Recall that H}(Q) — L9(Q) for1 < g < 2* = %, if n > 3. Thus, if n > 3, when p > 2*
we may either regard F : H; N L4(Q) — R orview F as E : H}(Q) = R U {oo}.

With the latter choice X = H} () we may invoke Theorem 1.1.1, since a large part of the
proof of Proposition 1.2.2 still applies in the present context.

Proposition 1.3.1. There exists u € H}(2) such that
E(u)= inf E(v),

vEHI(Q)
and u € C%7(Q) for some 0 < 7 < 11is a classical solution of (1.3.1), (1.3.2).

Proof. We verify the conditions of Theorem 1.1.1. X = H}(Q) is reflexive, M = X is
w.s.c.),and £ : H}(Q) — R U {oo} is finite for v € Hy N LP(2), hence E # oo.
Moreover, by step iv) of the proof of Proposition 1.2.2

1
Z—/|VU|2dx—/fvda:—>oo (||v]| g = o0),
2 Ja Q 0

and FE is coercive.
Finally, if uy, — win H}(Q) as k — oo, by Rellich’s theorem a subsequence u;, — u in
L*(Q) and almost everywhere as k — 0o, k € A, and Fatou’s lemma gives

/ lu|P dox < liminf/ |ug|P dz.

Together with step v) of the proof of Proposition 1.2.2 this gives that E' is (w.s.l.s.c.) on
H ().
By Theorem 1.1.1 there exists u € HJ () such that

EFu)= inf FE(v) < oo;
() ’UEH&(Q) ()

in particular, u € LP(Q) as well.
For any ¢ € H} N LP(2) then

d
0= | Flutep)= /Q (VuVe + (ululP™* = f)e) dz; (1.3.3)

that is, u € Hj N LP(Q) solves (1.3.1) in the sense of distributions.
Clalm we L= and [[u|[2" < [|f]|pe-

Proof. Fix L > 0 with LP~' = || f||~. Note
¢ = (u— L), =max{u— L,0} € Hy NLP(Q).
Thus, ¢ is admissible in (1.3.3) and with

Vu(z) ,forae x € Qwithu> L
0 ,else

Vo(z) = {
we obtain
I = /Q (uul’* = f) (u—L); da

< / (VuVe +ululP?¢ — fo) dz = 0.
Q

But I > 0, if we assume, that u(z) > L in a set of positive measure; so u(x) < L almost
everywhere. Similarly, u(z) > L a.e., and thus we obtain the claim. O



In view of the claim now
—Au = f —ululP~? € L™,

hence, u € W24(Q) for any ¢ < oo, and u € C4%(Q) for every 0 < o < 1 by the Calderon-
Zygmund estimate and Sobolev’s embedding.
Since p > 2, then ulu[P™2 € C* for every 0 < a < 1', and Schauder estimates give

u € C%2(Q). O

For smoothly bounded 2 CC R™, 2 < p < oo, now consider the problem

—Au = ululP~? in Q, (1.4.1)
u=20 on 0f) (1.4.2)

with associated energy

2 p
E(u):/ (ﬂ—ﬁ) dr, wu€ HyNLP(Q).
o\ 2 2

Note that ug = 0 is a non-degenerate solution of (1.4.1), (1.4.2) in the sense that the
linearized operator L = —A — ¢’(0) = —A, where

g(u) = ulul"™, uweR,

has positive spectrum.
However, uy does not achieve inf(E); in fact,

52 sP $—00
B(su) = S1Vullf: = Sllullf, = —oo (1.4.3)
for every u € H} N LP(Q) \ {0}, and inf(E) = —o0.
There are now two cases. On the one hand, if n > 3 and p > 2*, there holds

e IVl

= 0.
ueCe(Q) ||ul|r»

Consequently, ug = 0 is not a local E-minimizer in H} () and it is unlikely that a non-
trivial solution exists.

Note that by (1.4.3) uy = 0is alocal minimizer of E onanyline {su : s € R},u € HJNLP(L),
and achieves a maximum when s = s,,, where

(dE(syu), u) = sullVullz2 — si [|ullZ, =0,

11 11\ [[|Vullp\ 72
Esuu:si<———) Vu22=<———)( .
a =5l 3 5) IV = {27 5) Ul

(uP=2) (&) — () ()| _ [(ulul2)(@) = @2 )] ( lu@) = u@)])
[z — g = fu(z) — uy)]" ( [ — 4] )

<C<oo0,y=p—1 <||Vul|pee

with




1.4 A non-coercive model problem, constraints 1 THE DIRECT METHOD

On the other hand, if p < 2* := 2% for n > 3, by Sobolev’s embedding Hj(Q2) — L*()
there is C,, > 0 with

lullze < CylIVullze,  u € Hy(9),
and

11\ -z
E(SUU) Z (5 — 2—9) Cp P = Bp > 0.

Moreover, uy = 0 is a local minimizer of E in the H}-topology.

We may then hope to find a non-trivial solution u # 0 of (1.4.1), (1.4.2) along a ray {su :
s € R} where u € H}(€)) minimizes the Sobolev quotient IVellz2 /ju| .

Theorem 1.4.1. Let Q CCR" 2 < p < 2* = % ifn>32<p<oo,ifn <2 Then there
exists 0 < u € C%(Q) solving (1.4.1), (1.4.2).

For the proof we apply Theorem 1.1.1 with X = Hg(2), D(u) = 3 [, |Vu|* dz, and

M = {u e Hy(Q) : ||ul|r» = 1}.
Note that M is (w.s.c.) by Rellich’s theorem, and D is (w.s.l.s.c.) and coercive on H} (). By
Theorem 1.1.1 thus exists u € M with

D(u) = Ulgj\f/[ D(v).
Moreover, since ||V|u|||z2 = ||Vu||r2 and since u and |u| have identical LP-norm, we may
assume that u > 0.
Claim 1. The function @ = au weakly solves (1.4.1), (1.4.2), where

— (2D(u))72 > 0.

Proof. Given 0 # ¢ € H}(Q), fix gy = > 0. Then for |¢] < g9 we have

1
2[lellzp

1
lu+egllon > 5.

and L
u
ugzz—ngM,8<€0.
|lu+ep|re

Note that € — wu, is of class C! with
</ lu + ep|? dm)
e=0

d
Ue = gp—u——
:go—u/u|u|p_2gpdx.
Q

dele=o pde

By minimality of D(u) then
d

d
2 D(w) = v
., (ue) /QVU V<d5

0=

de

u£> dx
e=0

:/Vu-Vgpdx—||Vu||%2/u|u|p_2gadx;
Q S—JQ

:ap72
that is, u weakly solves
—Au = ||Vu|[FeululP~? = ufa’~? in Q,

and our claim follows after multiplying with . N

Calculus of variations 10



1.4 A non-coercive model problem, constraints 1 THE DIRECT METHOD

For ease of notation, in the following we write u instead of .

Claim 2. u € C?(Q) classically solves (1.4.1), (1.4.2); moreover, u > 0 in €.
Proof. Seta = |[ulP™2 € LP%(Q), n > 3, where

2% S 2% n
p—2" 22—2 2

S =

By Claim 1 then u € H}(Q) — L* (Q) weakly solves

—Au=au 1in,
u=0 on .

Suppose u € L7 (Q2) for some ¢; > 2*. Then au € L"(2), where

and the Calderon-Zygmund inequality together with Sobolev’s embedding yields u €
W2r(Q) — L%2(Q), with

or for any ¢, < 00, ifqi1 < ).

Thus, either ¢; > %, or

- 1 !

=5 = ’
i 5 1—9dq¢

q2

and after a finite number of iterations starting with ¢; = 2* we will have achieved that
u € L) for any u € LI(Q) for any g < oo as forn < 2; hence —Au = au € L*(2) for any
t < s. Choosing § <t < s, we arrive at

u € WHQ) — C**(Q)

for some 0 < a < 1, and —Au = u|u[P~2 € C%*(Q). Schauder theory then yields that
u € C*%(Q), proving the first claim.

Since in addition u > 0, —Au = u|u|[P~2 > 0, strict positivity of u follows from the strong
maximum principle. O

Is the restriciton p < 2* needed?

Theorem 1.4.2. (PohoZaev) Let Q CC R™, n > 3, be strictly star-shaped with respect to xg = 0
in the sense that
v(iz) x>0, z€df,

where v(x) is the outward unit normal to Q at x € 0N.
Then for p > 2* problem (1.4.1), (1.4.2) only admits uy = 0 as classical solution.

Calculus of variations 11



1.5 Concentration - Compactness 1 THE DIRECT METHOD

Proof. Multiplying (1.4.1) with v and = - Vu we obtain the identities

0= (Au+uful’"?) u = div(uVu) — [Vul* + [u’

and
0= (Au+uluf?)z-Vu
2 P
— div(Vur - V|Vl — 09 (50 - 1)
—_—
=>_0i (B5uzi Oju)

BT Vu|*  ul? n—2 s M

=div (Vuz - Vu) — z ( ) 5 + 5 |Vul p|u|
respectively.
Thus, we find

—1
0= (Au+ uful’~?) (x Vu+ o 5 u)

_ 2 p
=div (n 5 2uVu—|—Vu:c'Vu—x (ﬂ — |u_|>)

2 2
n—2 n
(-
2 D

Integrating, and using that (1.4.2) implies that

Vu=vv-Vu on0f),

1 1 2
O:n(—*——>/|u|pdx+/ V_x\Vu\ dx,
2* p)Ja oy 2

where v - x > 0 by assumption.
If p > 2* then ||u||}, = 0,and u = 0. If p = 2*, we find Vu = 0 on 92 and then u = 0 by
Heinz’ theorem on unique continuation [Hei55]. N

we obtain

P-L. Lions’ "Concentration-compactness principle" [Lio84a], [LLio84b], [Lio85a], [Lio85b]
may be invoked to (partially) understand what happens in the case of problem (1.4.1), (1.4.2)
when p = 2*. We start with the locally compact setting.

1.5.1 The locally compact case
As a model problem consider

—Au+au = alul’* inR", (1.5.1)

u(@) =0 (o] = o0),
where 2 < p < 2* = 24 if n > 3,2 < p < oo forn < 2, and with a € C°(R") satisfying

a(r) = as >0 (|z| — o0). (1.5.3)

Calculus of variations 12



1.5 Concentration - Compactness 1 THE DIRECT METHOD

Following the approach to (1.4.1), (1.4.2) in Section 1.4 we seek to find a solution u > 0 to
(1.5.1), (1.5.2) by minimizing the energy

E(u) = / (IVul® + au?) dzx
in
M = {uc H'R") : ||ul|zr = 1}.
Recall that for n > 3 we have
H'(R") < L*(R"), L* (R")

and hence H'(R™) — LP(R"™) for every 2 < p < 2* by interpolation, using Holder’s
inequality.
Likewise, for n < 2 we have H!(R") — LP(R") for every 2 < p < co.

Lemma 1.5.1. F is (w.s.l.s.c.) and coercive with respect to H*(R").
Proof. Let
1
Q= {x eR":a(z) < 5%0}-
Observe that by (1.5.3) the set € is bounded. For u € M then

1 1
E(u) 2 5l[Vullze + aclullz:

4
1 1
+—/ a— =0 | u* do
2 Q 2 N~
cLP/2
) 1 as p=2
>min<{ =, — ¢ |[ulf — Cu(@) 7 ||ull2,
2" 4 —_———
— 00 (||ul| g — o0, u € M),

and F is coercive.
Moreover, splitting

1 1 1
E(u) =5 |Vu\2dx+§/R \Qau2dx+;l/s2aoou2

Rn

1 1
+ —/ <a — —aoo) uldx
2 Jq 2
and observing that

(u,v), ::/ Vqudx—i—/ auvdw%—/aﬁuvdx
n RM\Q o 2

defines an equivalent inner product on H'(R"). For u;, — u in H*(R") we have

||uk||(21 :<uk7ak>a
:Suk — U, up — u)cj—i-Q\(u, g — u>g+<u, U)q

vV VvV
>0 —0 (k—00)

>[Jullz +o(1),

Calculus of variations 13



1.5 Concentration - Compactness 1 THE DIRECT METHOD

with o(1) = 0 (k — o00). Since by Rellich’s theorem we may assume that uy — w in L?(2),

we also have . .
/ (a — —aoo) ui dx (]f_)—of) / (a - —aoo) u? dx,
Q 2 Q 2

and we conclude that

1 1 1
E(u) = §HuH§ + 5/9 (a — §aoo> u?dw

1 1 1
glilggiogf (§|]ukH§+§/ﬂ (a—§aoo> uid:c)

= liminf E(uy).

k—o0

However, the set M is not (w.s.c.). To see this, foru € M, zy € R™ let
Uy (2) = u(z + 2,), = €R™
Then u,, € M for every xy € R", but u,, — 0 ¢ M as |z¢| — co. Moreover, we have after
substituting y = = +
1
E(ty,) 25/ (|Vu|2 +a(r — a:o)u2) dx

|zo|—oo 1
_> J—

5 / (IVul* + aseu?) do = Ex(u). (1.5.4)

We call E, the "functional at infinity". Define

I = ulgj\gE(u), I = Jél]\f/[Eoo(U)

Theorem 1.5.1. (P-L. Lions)
i) There holds I < I.

i) The condition I < I is necessary and sufficient for the relative compactness of all
minimizing sequences (ux)reny C M for E.

iii) In particular, if I < I, there exists a solution 0 < u € H'(R") of (1.5.1).
Preparations for the proof: For 0 < A <1 let
My ={u e H'(R") : ||ul[}, = A}
and set
I\ = ulelrjl\gA E(u), FExe= ulerjl\f[A Eo(u).

Note that by homogeneity there holds

u

[lul | o

E(u) = N"E ( ) . u € M,,

and likewise for F,,, 0 < A < 1. Hence

Io=A"I, Lo =ML, 0<A<L1.

Calculus of variations 14



Lemma 1.5.2. The condition I < I is equivalent to the condition
Vo< A< lZI<I)\+Il_)\’OO. (].5.5)

Proof. Suppose (1.5.5) holds. Set A = 0 to obtain [ < [} o = Iw.
Conversely, suppose I < I, and fix 0 < A < 1. Note that I, > 0. If I < 0 then

-1, = (1 — )\2/p) I<0<(1- /\)% Iw =11\

——
>0

If I > 0, observing that the condition p > 2 implies
L-A< A =N X< NP,
we have
I—Li=(1-XNMI<(1-XNPI
<(1=N"Ig=1_s0,
as claimed. O

Proof of Theorem 1.5.1. i) We show I < I. Suppose by contradiction that I > 1.
Choose u € M with
Eo(u) < 1.

But then by (1.5.4) we have

I < E(ug,) = Ex(u) <I (|zg| = 00).

ii) Necessity. Suppose I = I, and let (uy) C M with
Ex(ug) = Ino =1 (k— 00).

By (1.5.3) there is (z3) C R™ such that

|E(Unz),) — Bool(ug)| < vV k;

1
EJ
in addition, we may assume that

Vg = Uk g, 20 in H'(R").

Then
1 (k—00)

but (vy) is not relatively compact.
Sufficiency. Suppose I < I, and let (u;) C M be an arbitrary minimizing sequence
for E. Since F is coercive on M, (uy) is bounded, and we may assume that

up — u in HY(R™) as k — oo

for some u € H'(R™), and pointwise a.e.



1.5 Concentration - Compactness 1 THE DIRECT METHOD

Lemma 1.5.3. Let uy — u in H'(R") and a.e. With error o(1) — 0 (k — oo) then we
have
U= fJurllze = lJue = wl[Zp + [Jullzy + o(1).

Proof. Since u, — 0 a.e., forany 0 < ¢ < 1 we also have
k
fe(t, ) = |ugp — tuP~2 (ug — tu)u (k22) (1 —t)P Hul” a.e.
Using pointwise convergence a.e. we can bound

[fu ()] < (el + Jul)~ul (1.5.6)

uniformly in 0 < ¢ < 1, by dominated convergence then a.e. we have
Ld
upl? —|up —ulf = — | —|up —tu|P dt
o = =l = = [ T =t

1
- p/ g, — tu|P2 (up — tu)udt
0
1

1
o [ flt)d P p / (1 — £y ul? dt
0 0

But by (1.5.6) the functions fol fr(t,-) dt are also equi-integrable. Indeed for any
measurable Q C R”

1
/Q/Ofk(t,m)dt‘ dxg/ﬂ(|uk|+|u|)pl|u|dx

_ o P
< C (el + lullzsh) ( / |u\pdm) -

it Z"(Q) < é(e) orif @ C R™\ Bg(0), R > R(¢). The claim then follows by Vitali’s
theorem. [

Lemma 1.5.4. Let uy, — uin H'(R™). With error o(1) — 0 we have
E(uy) = E(u) + Eoo(ur — u) + o(1).
Proof. Note the identities
1 Vurl[72 = [V ((ur — u) +u)[72

= ||V (ux — )32 + || Vul|32 + 2 . V(ur, — u)Vudz

S/

-~

—0 (k—0o0)

and

:/Rna(uk—u)zdx+/nau2dx+2/n au (u — u)dx,

€L?
-

—0 (k—o0)

J
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respectively. Set vy, = ux — u, and for e > 0 let
Q. ={z eR": |a(x) — ax| > e} CC R™

By Rellich’s theorem we have that v, — 0 in L?(€).) for everye > 0 as k — oco. Hence

/ avi dx — / Ao Vi A / (a — aoo)V; dx

<|[ (e axidds] o)
R?L\QE
< e||vgl[32 + o(1).
Letting € = ¢ | 0 suitably, we obtain the claim. O

Returning to the proof of sufficiency of the condition I < I, resp. (1.5.5), for
relative compactness of (uy), from Lemmas 1.5.3 and 1.5.4 we conclude that with

o(1) (Igo) 0

I =FE(u) +0(1) = E(u) + Ex(up —u) 4+ o(1)
> I+ Lo (up — u) + o(1),
where
A= lulllp, |k —ullf, = 1= (b — o0)

forsome 0 < \ < 1.
Suppose A < 1. Replacing u, — u by

Wy, = M(l _ )\)% € M,_,,
|[ug — ul| e
we have
Eoo(wg) = Eoo(ur, — u) + 0o(1)
and hence

I>1+ Ex(wg) +0(1) > 1)+ [1_x00 +0(1),
contradicting (1.5.5) for large k.
Hence A = 1,and u € M = M. But then

I < E(u) < lim E(u,) = E(u) + lim Ex(up —u) =1

k—o00 k—o00
shows that E(u) = I and |jux — ul[3; < CEo(ug — u) “2%) ). Hence up — win
H(R"), as claimed.

iii) Assume I < I, and let (ux) C M be a minimizing sequence. By part ii) we may

k :
assume that uy 2% in H'(R"), where u € M, and

E(u) = lim E(ug) = Ulél]\f;[ E(v).

k—o0

Thus, following the argument for the proof of Theorem 1.4.1, u weakly solves (1.5.1)
and achieves (1.5.2) in the sense that u € L*(R"). Since p < 2*, also the argument
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for regularity may be carried over from Theorem 1.4.1, and v € C*(R") solves (1.5.1)

classically.

Observing that E(v) = E(|v|),v € M, we may again assume that v > 0, and strict

positivity follows from the maximum principle, applied on any ball Bg(0), R > 0.
O

Remark 1.5.1. i) If a = a(|z|), we may restrict our attention to functions v = u(|z|) €

1)

HY(R™). If n > 3, then for 2 < p < 2* the set
Myaa = {u = u(lz]) € H'(R") : [Jul|z = 1}

is (w.s.c.). Hence there always exists a (positive) minimizer of E in M,,q, corresponding to
a solution 0 < u = u(|z|) € HY(R™) of (1.5.1), (1.5.2). In particular, for a = as, = 1 on
R3, p = 4, there exists a ground state solution v > 0 of the static nonlinear Schrodinger
equation

~Au+u=u> on R

Proof. For u = u(|z|) € C(R™) we have

= MOO urls)ds| < ( /| T ur(5)2s" 1 ds - /: Sgsl)%

< O||Vul|2|2) 7", Va#£0.

Hence, H}!

rad

p €]2,2*[. Indeed, let uy, — win H}

rad

low =l = [ ot [ fu-uds
Br(0) R™\BRg/(0)

< 0(1) + [Jur = ull[Zon | lux = ull7@n o)

Y 4o(l) <,

(R") = {u € H'R") : u = u(|z|)} — LP(R™) compactly for any
(R™), and let € > 0 be given. Then

S CR- (W*Q)Q(P*

if R > Ry(e), k > ko(R, ¢). O

Note that for a = 1 we have translation invariance of I and I,. Translation invariance,
however, is removed in the radial setting, and Theorem 1.5.1 does not apply.

1.5.2 The locally non-compact case

As an illustration of the additional difficulties arising in the limit case p = 2* = 2% when
n > 3 consider the following.

Example. Let 0 # u € Hy(B1(0)),n > 3. For k € N scale

u(z) = kanQu(k:x), z € By(0),

where we extend u(x) = 0 for |z| > 1. Note that u, € HJ(B;(0)) with

IVullz2 = [[Vurllze = A,
%*2 = B,

2o = |Juy,

[|u
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forall k € N, and uy, ~ 0 in H(B;(0)) with
Vur>dz % Abpa—oy,  |unl® dz s Bépa—qy
weakly in the sense of measures. Moreover, Sobolev’s inequality
Sllullze < [IVullle,  ue CE(R")
gives the bound SB**" < A.

Sobolev’s constant. The number

[Vl [z

oueHY (@) |[u]]?,-

S:

is the best constant for the embedding H{(Q2) < L? () for any open Q C R™. By scaling
as above, we see that S is independent of the domain €.

Similar to Section 1.5.1 we now again let 2 = R". Recall the definition
H'(R™) = clos(C®(R™))

with respect to the norm

ull g = [[Vul] 2.
Theorem 1.5.2. (P-L. Lions) _
Let (uz,) € H'(R™) with uy, — w in H'(R™) and suppose that

Y Sy (k — o0).

.
Hie = |Vuk|2d$ = s Vi = |uy,

Then there is an at most countable set J C N and concentration points 219 € R" with weights
p9) v > 0,5 € J, such that

p > |Vul® de + Z /L(j)d{w:x(j)},
jeJ

v =|ul* dx + Z I/(j)5{z:x(j>}-

jET

Moreover, we have
S <uv) Ve

Z(l/(j)% < 00.

jeJ

and

Remark. An analogous result holds true for the embeddings

. 1 1k
ka(Rn) — Lq<Rn)7 kp <n, —=—-——=—p> 17
q P

where W*P(IR™) is the homogeneous Sobolev space obtained as closure of C°(R™) w.r.L.

lullyprn = D 110%ulls,  u € CZRY).

|a|=k
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Proof. i) It suffices to consider u = 0. Indeed, let v, = u; — u with v, — 0 in Hl(R").
By Lemma 1.5.4 with error o(1) > 0 we have
dr = (Jup” — [u|*") dx + o(1)
= v, — |ul* dx + o(1) Y- |u|*" dx >0,
\Vop|? dz = (|Vug|> — |Vul?) dz + o(1)
= 1y — |Vul? dz + o(1) Y- |Vul?dx >0,

vk

and it suffices to consider the case u = 0.

ii) Suppose now that uy, ~ 0 in H'(R"), and u, — 0 in L}, (R") by Rellich’s theorem.
For any £ € C°(R™) then we obtain

s( |g\2*dy>2 =S lim (/ ]§|2*d1/k>2
R™ k—o00 Rn

3
=S lim </ |upg)? dx) < lim inf ( IV (uz€))? dx>
k—o00 Rn k—o0 Rn

= lim inf (/ ]{\2]Vuk\2dx) :/ €2 dp. (1.5.7)
k—oo Rn Rn
Let A
v=1y+ Z I/(])(S{x:x(j)}a
jeJ

with v free of atoms and v\9) > 0, j € J. Since

/ dv < o0,
the set J is at most countable.
For any j € J, upon choosing ¢ € C®(R") with 0 < ¢ < 1,¢(z9) = 1, from (1.5.7)

we obtain
S(V(j))%CS{x:x(j)} <
hence
p> Y iV 0
jed
with

In particular, we have
S WF <3 4l < / du
jeJ jed R

< limsup/ dpy, < 00.

k—o0

The Theorem then follows once we prove that vy = 0.
Claim. 1, = 0.
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Proof. Let 2 C R™ be open, and let (§) C C°(2) with 0 < & < 1 satisfy

& — xa ae (k— 00).
From (1.5.7) we then obtain

8(/ du) = S lim (/ |512*du)
< lim ( |§l|2du) :/ dj. (1.5.8)

In particular, vy < v is absolutely continuous w.r.t. . By Radon-Nikodym Theorem there
exists f € L'(R", du) such that

dvg = fdpu,
and [
dv,
f(z) = lim Br() " p—aexeR™
r—0 fBr(:r:) dﬂ

But by (1.5.8) and since vy is free of atoms

*

2 2" -2
S W0 _ (S0 80) ™ (U, )
fBr(gc) dp — fBT(:r) dp
1 o
S—(/ duo) —0 asr—0
S Br(x)
for every x € R™. Thus f = 0 p-a.e., and vy = 0. O

O

Application. We use Theorem 1.5.2 to show that the (best) Soboloev constant for the
embedding H'(R") — L* (R™),n > 3 is attained.

Theorem 1.5.3. 30 < u € HY(R") : S||u|[2,- = ||Vul[2..
Proof (following P-L. Lions). Let
M = {ue H'(R") : [[ul| > = 1},

and let (ux) C M be a minimizing sequence for
E(u) = |Vul? dx.
R

Normalization. Scale

n—2

with suitable z;, € R", R;, > 0. Note that

lallzer = [lullzr =1, k€N,
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while

For suitably chosen z; and Ry we can achieve

| P [ @
Bl(O) zo€ER™ B1(I0)

Replacing uy, by ug, if necessary, we may assume wuy, = .

. 1
2

Convergence. We may assume u, — u in H'(R"). Let v, = up —u — 0 (k — o0).
By Lemma 1.5.4 with error o(1) — 0 (kK — o0) we have

E(ug) = E(u) + E(vg) + o(1),

and
iz* + ||Uk %2* +O(1)

2. €[0,1]. If A = 1, we have v € M, and hence

Ve = |l

Set A =||u

S < E(u) < liminf E(u) = S,

k—o0

and the proof is complete.
If 0 < A < 1, by strict concavity of the map f(s) = s2

2

AT 4+ (1= )7 > 1
and hence

S < Sh,fiij,}f (]|u||i2 + ||vk|@2)
< liminf (||Vul[72 + ||[Vug|]72) < liminf [|[Vu||7. = S.
k—o0 k—oo
Contradiction!

Finally, if A = 0 we have u = 0; that is, u;, — 0 in H'(R"). By Theorem 1.5.2 we may
assume that

2* w*
lug|” de — v = E ViO{pegi}

ieJ

with weights 0 < v; < 1,7 € J. Our normalization (1.5.9) implies

1 1
ZV,L'ZE, O<VZ§§,VZ€J

lz()|<1

For a suitable £ > 0, as will be determined below, choose R > 1 such that

Fix a cut-off function ¢ € C°(R") with 0 < ¢ <1, ¢ = 1 on Bg(0), |[Vy| < 1. Decompose
up = v + wy, where

U = upp, W = up(l — @) = 0 in HY(R").
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We can estimate ¢ + (1 — ¢)? < 1 and thus also

— [P =@ o) | @
€C5e (R™\Br(0))
(k—>00) * i i *
=Y n (1= (0T @) + (1 - e@))™)
0<p(z®)<1
< ) py<e (1.5.10)
|z |>R
Let
— lim inf [[wy][Z < =
wo = e Nkl =5

(by (1.5.9)) and recall that

log|?” dx = |ug|* % da Y v =

with )
> > = >y > w, Yield
Suz Y wzizuzu vi

icJ () |<R

The estimate (1.5.10) implies that

0<1~ (Zwiero) <eg;

ieJ

that is

By Theorem 1.5.2 we also may assume that
Vo2 dz 7 X >3 Nid iy,
icJ
where

Sw® <N, Vield

7

It follows that, with Jy = J U {0}, we have
S > E(vg) + E(wy) + o(1)
> > A+ Sllwg[f2 +0(1)

i€
> SZw/z +o(1)
i€Jp
>S(1 -y (%)2/2 +o(1);
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that is, "
S§>81—-e S (YY"
S(2)

1

3 . .
3(—2) <tE J(),Wlth

But for 0 < & < 3 we can split any sum of numbers 0 < o; <
o
i€Jo

into two seperate sums with

<ZO(Z', CYZ'<§L.

iel i€Jo\I

N

(This is clear if there exists iy with a;, > }L ; otherwise we collect indices ¢ until > «; first
il

exceeds 1.)

By strict convexity then

Zaj/? :Zaj/z* + Z ozj/Q*

1€Jo i€l iEJ()\I
2/p 2/2*
S (o) (.
el iEJo\I
> inf (s 4+ (1—35)") >1
o les<d ( ( ) )

We conclude that for sufficiently small 0 < e < & we have

(L—2)” > (%)2/2* > 1.

i€Jo
The contradiction rules out the case A = 0. Thus A = 1, and the proof is complete. [

Remark. 1) The Sobolev constant S is never attained on a domain Q C R"™ n > 3.
If we suppose that for some such domain €2 there exists 0 < u € Hg(Q with S||u|[3,. =
|Vul|3, a suitable muliple & = au, o > 0, solves

~ ~*k __ .
—Au=u""1 inQ,

uw=0 onof.

From this fact, and from the fact that by scale-invariance S(2) = S(R") = S is indepen-
dent of the domain we derive a contradiction as follows.

Case 1:IfQis bounded, 2 C Bgr(0) forsome R > 0, extending u(z) = 0 forz € Br(0)\£,
from u we obtain a minimizer 0 # u € H}(Br(0)) of Sobolev’s ratio, which is impossible
by PohoZaev’s theorem 1.4.2

Case 2: If Q) is unbounded, 2 # R™, by extending u(x) = 0 for x € R™ \ 2 we obtain a
0 < @ # 0 solving —Au = u* 1 in R" vanishing outside ), and the strong maximum
principle then gives a contradiction.
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i) OnR™ n > 3, the Sobolev consant is attained by the Talenti functions [Tal76]

n—2

o= ()

Ue(z) =€ 2 (x — xo)
n—2

6 T
N (52+]:c—x0|2) ’

which we will re-encounter later in the context of Yamabe’s theorem.

and their rescalings

iii) Lion’s proof of Theorem 1.5.3 also works in the case of the embedding W*?(R™) < LI(R")

when % = ]19 — £~ 0 and yields a minimizer of the Sobolev ratio in this case, as well.

Calculus of variations 25



2 SADDLE POINTS

2 Saddle points

2.1 Finite-dimensional examples

Example 1. The height function h on a torus as in the illustration has exactly 4 critical points p;,
where dh(p;) = 0,1 <4 < 4, reflecting a change of topology of the level surfaces h™(t),t € R,
or corresponding to the generators of m(T?), k = 0,1, 2.

Example 2. Let f : R? — R be given by

fla,y)=e"—y*, (a,y) eR%

Note that fort < 0 the level set f~*(t) has 2 components while fort > 0 it has only one component
Y

t<0
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f<t

— .
\

However, in view of
df(z,y) = (e, 2y) #0, (z,y) € R?,

the function f does not have any critical points! This shows, that some compactness is needed, if
we want to carry over the ideas from Example 1 to the general case.

Example 3. A finite dimensional analogue of the famous theorem by Lusternik-Schnirelmann.
In 1929 Lusternik-Schnirelman published the following result.

Theorem 2.1.1. (Lusternik-Schnirelman [LS29])
On any surface S C R3 diffeomorphic to S? there are at least 3 geometrically distinct, non-constant
closed geodesics with self-intersections ("prime").

An analogous result can be obtained for a flat, convex, smoothly bounded billard. We may view
this as a special limit case of the above thoerem, for a sequence of convex surfaces Sy, that are
symmetric with respect to the (x,y)-plane with fixed intersection

I =S,N{(r,y,2) ER*:2=0}, keN
and height above {z = 0} tending to zero (k — 00).

Definition 2.1.1. i) A (convex) billard is a smoothly bounded, strictly convex domain Q@ CC
R? with boundary T diffeomorphic to S*.

i1) Geodesics in €) are straight lines that are reflexted with equal angles in I" = 05).

iii) Prime (non self-intersecting) closed geodesics are lines through € that are reflected in
themselves.

The analogue of Theorem 2.1.1 for a billard then may be stated as follows:

Theorem 2.1.2. Any plane, convex billard Q2 contains (at least) 2 distinct prime closed geodesics.
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Remark 2.1.1. Regarding Q2 as a (collapsed) surface S C R?, doubly covered by ), we may regard
[' = 09 as a first prime closed geodesic in S and the 2 closed geodesics guaranteed by Theorem
2.1.2 as the remaining 2 prime closed geodesics as in Theorem 2.1.1 by Lusternik-Schnirelman.

Analytic formulation. Parametrize I by v € C?(R/z; R?) and let

1
f<57t) = 5’7(8) - 7(t>’27 (Sat) € R%
A line ¢ connecting ~y(s) with y(t) is reflected in itself at the point ~(s) iff

0= (3(5), (5) ~ 2(t))se = 2 (5.0)

and at the point (¢) iff

0= (3(0).7(5) ~ 28} = — 1 (s,).

Conclusion. A line ¢ = (s)y(t) is a prime closed geodesic in  iff
df(s,t) = 0;
that is, prime closed geodesics uniquely correspond to critial points of f.

Obvious critical points. Since our domain

Rj7, x Rfz =2 St x 52 = T?
is compact, f achieves its maximum and its minimum. However, since
f(s,t) >0, f(s,t)=0<s=t mod Z,
minimizers are related to the constant curves and do not give rise to prime closed geodesics

in (2.
On the other hand, there exists (5, t) with

f(5,1) max f(s,t) =/ >0,

0<s,t<1

corresponding to a "longest" closed prime geodesic: the diameter of ).

Saddle points. In the "energy landscape" defined by f, the "valleys"

{(s,s):s€R}, {(s+1,5):s€R
thus are seperated by a "mountain ridge" with peaks at the points

{G+kt+k): kelZ}.



y=x—1

We hope to find a second critical point at a "mountain-pass". For this, we seek a "path" p
connecting two points g, x1 in different "valleys" and crossing the dividing "mountain
ridge" at point of lowest maximal "elevation".

In the present finite-dimensional setting, "paths" may be simply compact connected sets.

Definition 2.1.2. A set () # p C T? is connected, if for any open sets Oy, Q5 C T? there holds
pCOlLJOQ, Olﬂp#@:Ogﬁp = OlﬁOg#(Z)

Recall that an interval ) # I C R is connected; moreover, continuous functions map
connected sets to connected sets.

Proof of Theorem 2.1.2. Let
g = inf sup f(s,t) >0,

peP (s,t)ep
where
P={pCT?: xy:=(0,0)€p, ;= (1,0) € p, pcompact and connected }.

Claim 1.dp € P: sup f(s,t) = p.
(s,;t)ep
Proof. Let (px) C P with

1
sup f(s,t) <p+ —, keN,
(s.t)Epk k

and set

Kl = Upk C T2.
k>l

Then K is compact and connected, and
To,1 € KH—I C K, 7é @,l € N.

It follows that
ZL’O’leKZ:ﬂKlCKl, [l €N,
leN
is compact and connected, and

1
supf<supf<pB+-, [eN.
K K l

Setp =K. [
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Claim 2. 32* = (s*,t*) e p: f(s*,t*) = B,df(s*,t*) = 0.

Proof (indirect). Suppose by contradiction that for any = (s,t) € p with f(z) = /3 there
holds df(z) # 0.
By compactness of p then there exists ¢ > 0 such that

Vo e T?: dist(z,p) = inf{|lz —y|:y €p} <&, |f(x) — Bl <e=|df(z)| > (2.1.1)

Without loss of generality, set ¢ < .
Define the negative gradient flow

O:T?x[0,1] — T?

as follows:
Let o € C®(R) with 0 < ¢ <1,¢(s) =1fors < 1,¢(s) =0for s > 1and forany z € T
let ®(x,t) solve the initial value problem

%(D(M) - (@) df(®(x, 1)), (2.1.2)

O(2,0) = x. (2.1.3)

Since v € C?, f € C?, the vector field on the right of (2.1.2) is of class C'. Hence there
exists a solution ® € C1(T? x [0, 1], T?) of (2.1.2), (2.1.3). (The solution exists for 0 < ¢ < 1
by compactness of 72.) Moreover, for any = € p, any 0 < ¢ < 1 such that

B2 [(@,0)> 8-

(10w

we have

3

and hence
F0.0) = (dF(@.0). Gole.0) =@ 214

in addition, letting
Cy = sup [df(2)] < o0
z€T?

there holds

d
—®(z,s)| ds

t
ist(B(a,1).p) < [2(a,1) ~ | < [
o dt

<Ct< Oyt <e,

ifo<t< Cil, and hence (2.1.1) and (2.1.4) give
© @) < <
— T —&”.
dt ’
In conclusion, at time ¢; = min {1, C%} > ( for any x € p we either have

f(q)<x>t1)) < ﬁ_ % < B?
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or there holds -

and thus

d
%f(cb(:v,t)) < —e% 0<t<t,

leading to the bound

3

f@@.h) < fl@) —h < B— = < B

1

Finally, since 0 < € < /3 by assumption, we have 8 — f(zo1) = 8 > ¢, and ®(zg1,t) = x01
forall0 <t <t.
Thus, p; .= ®(p,t;) € P. But

£ o
S;llpfgma‘x{ﬁ_iaﬁ_a}<ﬂa
contradicting the definition of . O

If 6 < E clearly z* # 7, and the proof is complete.
If 5 = [ then every p € P contains a point z = (s, t) of maximal length, corresponding to
a prime closed geodesic. Thus, in this case there even exist infinitely many such lines. [

Remark. i) The existence of 3 critical points in Theorem 2.1.2 again reflects the topology of
the underlying space.
To see this, note that the symmetry

f(s,t) = f(t,s) = f(t,s—1), 0<s,t<1,

allows to regard f as a function on RP? by means of the identifications indicated in the
picture below.

{(s,s) : s € R}

collapsed \

RP?
it) There are other kinds of "closed geodesics" in a billard, as in the picture below.
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These (and more complicated patterns) can also be studied with tools from the theory of
dynamical systems.

i) If B = By, the billard Q2 has the same width, viewed from any direction. Is Q a ball?
No! There are many curves I" of constant width, including, for instance, regular polygons
with circular boundardy segments, such as the Reuleaux triangles.

1v) Whereas Claim 1 in the proof of Theorem 2.1.2 is finite-dimensional in nature, the proof of
Claim 2 is sufficiently flexible to be generalized to the infinite-dimensional case, provided a
compactness condition holds.

2.2 Pseudo-gradient vector fields
Let X be a Banach space, £ : X — R.

Definition 2.2.1. i) E is Fréchet differentiable at uw € X if there exists a linear map
dE(u) € X* such that

E(u+v) — E(u) — (dE(u),v) x=xx = o([[v][x)
forv e X.

i) Eis of class C', if E is Fréchet differentiable at every u € X an if the map X > u
dE(u) € X* is continuous.

Example 2.2.1. 1) Let ) CC R",

1

/Q|Vu|2da:—/ﬂfudx, u € Hy (),
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with
(dE(u),v)g—1m = /(Vqu — fo)dx

Q
forevery u,v € H}(Q); hence E € C(HL(Q)).

i) ForQ CCR™",2<p<2"=22ifn>3le

1 1
Eu) = -/ Vul? dz — -/ WP de, ue H(Q),
2 Ja b Ja
with
(dE(u),v)g1xm = /(VUVU — ululP~?v) dx
0
foru,v € Hg(Q). By Holder’s inequality, the map
Hy(Q) 5 u e ulul’™ € H™H(Q) = (Hy(Q)"
is continuous; thus E € C'(H}(Q)).

iii) Let Q CC R, a € C'(R) with |al, |a'| <1, and let

Eu) = %/a(u)|Vu|2dx, we HY(Q).
Q
Then forv € C2°(S2) there holds
4 E(u+ev) = / (a(u)VuVu + d ()| Vul*v) dz,
de le=0 Q

but
v}—>/a’(u)|Vu|2vdx
0

in general does not extend to all v € H}(Q) unless a = const, a’ = 0orn = 1.

1v) Let Q CC and let
E(u) = / VI+ VP de, e WM (Q).
Q

Then for any u,v € Wy (Q) the Gateaux (directional) derivative

d E(u+ ev) VuVu d
— utev)= | ———=dx
de le=0 a+/1+ |Vu|2

exists, but E is nowhere Fréchet differntiable.
Take e.g. u = 0 and note

E(O+v)—E(O):/Q<\/TVu]2—1> dz

with
I (\/1 VP — 1) dz
sup =
[lollyy1=e Jo IVol dz

foreverye > 0. (Take v = v, = ey, where 0 < pp < 1, g (IH—°>O) xg foraball B CC )
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Definition 2.2.2. Let E € C(X).

1) A point u € X is critical if dE(u) = 0; otherwise w is regular.

i) Anumber 8 € Risacritical value of E, if there exists a critical point u € X with E(u) = f3;

otherwise, (3 is a regular value.

For £ € C'(X) let

X ={ueX:dE() #0}

be the set of regular points.

Definition 2.2.3. Let E € C'(X). A vector field ¢ : X — X is a pseudo-gradient vector field
(p.-gv.f.) provided € is locally Lipschitz continuous and satisfies the bounds

i
ii)

le(w)lx <1,

(dE(u),e(w)) > 3l|dE(u)]|x-

foranyu € X.

Theorem 2.2.1. (Palais, 1966)

Every

Proof.

ii)

E € CY(X) admits a pseudo-gradient vector field.

i) Let ug € X. By definition of ||dE(uo)|

x+, there is vy = v(ug) € X such that

X (2.2.1)

1
[loollx <1, {dE(uo), vo) > 5|dE(uo)]

Moreover, since dE is continuous, (2.2.1) holds true (with the same vy) forall u in a
neighborhood Uy = U(ug) of up in X.

The above family (U(u)), . ¢ clearly is an open cover of X. Since X C X is metric and
hence paracompact, there exists a locally finite refinement (U, ), of this cover so
that U, C U(u,) for somew, € X, ¢ € I. Let (¢,),er be a partition of unity subordinate
to (U,),er with Lipschitz continuous 0 < ¢, < 1 satisfying

supp(p,) C U, Y _@(z) =1, Vo e X.

el

(Note that the sum is locally finite.)
For instance, take

W, (z) = dist(x, X \ U,)
= inf{[|ly — z|[x 1y € X\ U} € Cg''(U.)

and let

gpb(x):M Lel.

> Uw()’

kel

Since the sum near any € X involves only a fixed finite set of indices € I, and is
uniformly positive, ¢, € C5''(U,) has the derived properties.
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iii) Set

e(u) = Z(pb(x)v(ub), u€e X.

el

Then € is locally Lipschitz and satisfies
le(2)]]x < max|fo(w)||x <1,

(dE(u), e(w)xonx = Y pulu) (dE(u),v(u,))

el
>%HdE(u)HX* Ve ueU,

1
> IldB (W) x-.

Let F € C1(X), € R, and set

Es={ue X :E(u) < B},
Kg={ue X :E(u)=03,dE(u) =0},

and for any ¢ > 0 let

Ngs={ue X :[E(u) — B <6, [[dE(u)]

xx < (5}
Definition 2.3.1. i) A sequence (uy) C X is a (P.-S.)s-sequence if

E(ug) = B, ||dE(ur)|

x+ =0 (k— o0).

1)) E satisfies the Palais-Smale condition at energy 3 ((P.-S.)s for short) if any (P.-S.)s-
sequence is relatively compact.

Note that when E € C'(X) satisfies (P.-S.)s then as an analogue of (2.1.1) - where
compactness of 7% was crucial - we obtain the following conclusion.

Remark 2.3.1. Let E € C'(X), 8 € R, and suppose E satisfies (P.-S.)s. Then
Ky=0=36>0:Ng =0

Proof. Suppose by contradiction that for every k € N there exists uy € X with

1
X*<E.

B(ug) — 6 < 7, 1B

Then (uy) is a (P.-S.)s-sequence. Since E by assumption satisfies (P.-S.) a subsequence
ur, — u (k — oo, k € A). By continuity of £ and dF then

and u € K; contradiction! O
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A number of interesting examples of C''-functionals satisfying the Palais-Smale condition
can be characterized as follows.

Theorem 2.3.1. Let E € C'(X), 8 € R, and suppose
1) any (P.-S.)s-sequence is bounded,
i) there is a (fixed) linear isomorphism L : X — X* such that
dE(u) = Lu — K(u), ué€ X,

where K : X — X* is continuous and compact; that is, K maps bounded sets to relatively
compact sets.

Then E satisfies (P.-S.)z.

Proof. Let (ux) C X be a (P.-S.)s-sequence. By i) (uy) is bounded; hence by i) a subse-

quence
K(ug) =v, »ve X" (k— oo, keAN).

from
wg = dE(u) = Lugy —vp — 0 in X*

then we obtain

up = L (op +wg) = L'v = u, (k— o0,k €A).

Example 2.3.1. i) Let Q CC R, f € L*(Q),
E(u) = 1/ |Vul? dx — / fudz, ue€ Hy(Q),
2 Ja Q
with
dE(u) = —Au — f.

Since
L:Hy(Q2>ur —Auec H Q)

is a linear isomorphism with

|Lullg— = sup (Lu,v) g1y = |[Vull2 = [[ul|m

VEHE () N e’
IIvIIH(%:l =J,, VuVvdz

foru € H} (), and since K (u) = f defines a continuous, compact operator K : H () —
H=1(Q), (P.-S.)g-sequences for any 3 € R are bounded and F satisfies (P.-S.)s for any
p € R by Theorem 2.3.1.

i) Let Q CCR™",2 < p< 2 = %, and consider

1 1
E(u) :§/Q|Vu|2d:v—];/9|u|pda:, u € Hy(Q),

with
dE(u) = —Au —u|u|P™? = Lu — K(u), u € H(),
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where

L=-AK:H;j(Q)>ur ululf e H(Q).
Forp < 2* the embedding H} (2) — LP(S2) is compact. Thus, if (ug) C H(Q) is bounded,
a subsequence uy — w in LP(Q) and

(k—00,kEN)
—

K (ug) K(u) in Li1(Q) € L7 = (L¥(Q))" ¢ H(Q).

Thus, condition ii) of Theorem 2.3.1 holds true.
Claim: Any (P.-S.)s-sequence for E is bounded.

Proof. Let (ux) C H}(Q2) be a (P.-S.)s-sequence. Compute

PE(ui) = (AB(ur), uid iy = (5 = 1) [ Vurl 32

p—2
= 5 Iuxlliy

= p8+0(1) (1+ lluelly )

The claim follows. O

Thus, E satisfies (P.-S.)g for any § € R.

iii) Let Q CC R™,n >3, and let p = 2" = 2

T on—=2
1 2 1 2* 1
E(u) == [ |Vu|"de — — [ |u|" dz, ue Hy(Q).
2 Ja 2* Jq
Claim: There is § > 0 such that E does not satisfy (P.-S.).

Proof. NLoG there exists R > 0 such that
Bgr(0) C €.

Choose a cut-off function ¢ € C°(Br(0)) with 0 < ¢ <1, =1 on Bry(0) and let

ck En .
ug(z) = ¢(v) H‘TW = 90(@%(1‘);
where o,
C 2
* — Rn
W) (1+lxl2) e
solves
—Au* = (w)?* ' onR" (2.3.1)

and u}(z) = E%Tnu*(g) for any € > 0 as in Section 1.5.
Then, as k — oo,

*| 2%
r2r

1 1 * *
~(3-5) Vel = 5
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However, by Holder’s inequality and (2.3.1),

2*’21)) dx

(dE(ur), v)g1xm :/ (Vu Vo — w|uy
Q
:/ <g0Vu*le +ut VpVo — @2*_1(1@)2*_10) dx
Q k k k

_ / (Vi V(o) — () Top) do

. S/
-~

=0

so| [ (1vugl+ pual) Vel + (90 do
Br\B g o)
+o0 / luy | | do
k
Br\B R (0)
2

2

<C / (1Vuy 4 g P) dz | -llellg
BR\Bg(O)

2% -1
2*

e / Wi de | ol
Br\Bg(O)

:0(1)||v||H3, o(1) = 0 (k — o0).

]

As a refinement of Remark 2.3.1 we now obtain the following result. For § € R, p > 0 also
let

Usp = U B, (u; X)

’LLEK/;

be the norm-neighborhood of K.
Lemma 2.3.1. Suppose E € C'(X) satisfies (P.-S.)s for some given 3 € R. Then
1) Kpis compact;

i) the families (Ng 5)s=0, (Us ) >0 €ach constitute a fundamental system of neighborhoods
of Kg; that is, given any open N D Kjp there exist p > 0,6 > 0 with

U/B”OCN, N,g,gCN.

iii) In particular, if Kg = 0 = N, there is § > 0 such that Ng s = 0.

Proof. i) Let (ux) C Kg. Then (uy) is a (P.-S.)s-sequence. Since E satisfies (P.-S.)g,
a subsequence uy — u (k — oo,k € A), where u € K3 by continuity of £ and dE.
Thus, K3 is (sequentially) compact.
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ii) Let N D K3 be open. Suppose by contradiction that Ngs \ N # ) for every § > 0 or

that U, \ N # 0 for every p > 0.

Letup € Ny \ N, v € Up 1 \ N, respectively, £ € N. Then (u;) is a (P--S.)s-
sequence. By (P.-S.)s, a subsequence u;, — u € Kg (k — 0o,k € A); hence u, € N

for sufficiently large k € A, contrary to our choice of (uy).
Similarly, for vy € Ug 1 \ N let wy, € K with

2
g — wi||x < A ke N.

By i), a subsequence w, — w € Kz (k — oo,k € A), and

k—o0,keN)
—

0

(
ok = wllx < vk = willx + [Jw, — w]|x

shows that v, € N for sufficiently large k € A.

With the help of Lemma 2.3.1 we now obtain the following result.

Theorem 2.4.1. (Deformation Lemma)
Let E € C'(X), 8 € R, N an open neighborhood of Kz, and letz > 0.
Then, if E satisfies (P.-S.)s, there exist 0 < ¢ < 2 and ® € C*(X x [0, 1]; X) such that

) ®(-,t) : X — X is a homeomorphism, 0 <t < 1;

1) ®(u,t) =u, if eithert =0, orif dE(u) =0, orif |E(u) — 5| > &;

i) t— E(®(u,t)) is non-increasing, u € X;

) ®(Esse,1) C Es_. UN, and ®(Egye \ N, 1) C Ep_..
Proof. By Lemma 2.3.1 we can find numbers 0 < 6, p < 1, such that

N > Uss, DU, D Nas D Kp.
Fix )
e=7 min{g, dp} > 0.

Let p € C*°(R) with 0 < ¢ < 1 and such that

Also let
() = min{p" dist(u, Us,), 1)

so thatn: X — Rwith 0 < »n < 1is Lipschitz continuous with

1, ifu¢ Ugg,,
n(u) = 1w f sz
0, ifue U/&p.
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With X,¢: X — X as in Theorem 2.2.1 then let

)

0, else.

Claim 1. e is well-defined and locally Lipschitz continuous with e(u) = 0 for v € X with
dE(u) =0,and |le(u)||x < l,ue X

Proof. Note that the p-factor vanishes if

|E(u) = ] = ¢,

while
n(u) =0, u € Ngg.

Let u € X be critical for E.
Casei)u € Nps. Then n = 0 in a neighborhood of w.

Case ii) u ¢ Ngs. Then |E(u) — 8] > £ > 2¢, and the -factor vanishes in a neighborhood
of w.

Thus, e is well-defined near u and locally Lipschitz. Moreover, ||e(u)||x < |[e(u)||x for
u e X,ore(u) =0. O
In view of Claim 1 then the vector field e induces a flow ® : X x R — X with

%Cb(u,t) = —e(P(u,t)) (2.4.1)
O(u,0) =u, uweX (2.4.2)
i) By the semi-group property
B(s+1) = B(,5) 0 B, 1
forall s,t € R, each ®(+,¢) is a homeomorphism with

(®(-, 1)) =®(-,—t), tcR.

ii) Clearly, ®(u,t) = u for t = 0 by (2.4.2) or when e(u) = 0 and any ¢t € R. By
construction, e(u) = 0 for u while |E(u) — 5| > € > 2¢, or when dE(u) = 0 by Claim
1.

iii) Foru € X, t € R compute

%E(Cb(u, t)) = <dE(CI)(u’ t))? %(D(u’ t)>

X*x X

= —n@u,0)p (2L ) [0 0). EBw 1) <0
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iv) Suppose for u € Eg,. there holds ®(u,1) ¢ Es_. and therefore by iii)
|E(®(u,t) = Bl <e, 0<t<1
By choice of ¢ then gp(w) =1for0<t<1.
Claim 2: ®(u,t) € N forall0 <t < 1.
Proof. Suppose ®(u,t) ¢ Ugas D Ngsforall0 <t < 1. Then

n(®(u, 1)) =1, [|[dE(®(u, 1))l[x >0

forall0 <t <1, and

©B(B(u,1)) < ~(dB(B(, 1)), 2(B(u, 1)) x-x

A
|
o1 ¢
=
=
by
RS
=

xr < —= (2.4.3)

for 0 <t <1, so that

E(®(u,1)) < E(®(u,0)) — g <f4+e—2e=0—c¢,

=0

contrary to our assumption.
Thus, there is ¢y € [0, 1] with ®(u,ty) € Uss. Suppose that there is t; € [0, 1] such that
O (u,t;) ¢ Ups,. Note that ||e(u)||x < 1 implies

| P(u, s) — P(u,t)||x < |t —s], 0<s,t<1.
Hence there is a time interval I C [0, 1] of length || > p between ¢, and ¢; such that
(I)(U, t) S U/@gp \ Ugvgp, tel,

and (2.4.3) implies
) op
E(®(u,1)) SE(U)—§|]| <5+5—? <pB-e

again contradicting our assumption. Hence ®(u,t) € Ugs, C N forall t € [0, 1]. O

By Claim 2, if ®(u, 1) ¢ Es_. thus it follows that ®(¢,1) € N.
Conversely, if u ¢ N we must have ®(u, 1) € Es_., and the proof is complete. O

Minimax strategies. With the help of the pseudo-gradient flows ® constructed in Theo-
rem 2.4.1 we can now characterize "minimax" critical values as follows.

Definition 2.4.1. Let M be a topological space, (P(-,t))o<t<1 a continuous family of home-
omorphism ®(-,t) of M with ®(-,0) = id. A Family % C P(M) is (forward) ®-invariant
if

VFeZ 0<t<1:®(T,t)eZF.

Example 2.4.1. i) .F = {M}, or % = P(M) are ®-invariant for any ® as in Definition
2.4.1
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i) Forany map o € C°(S*, M) the family
[a] = {/(S%) € M : o' is homotopic to o}
is ®-invariant for any ® as above; similarly for maps from any topological space N into M.

Theorem 2.4.2. (Minimax principle, Palais)
Let E € CY(X), By > —oc. Suppose that F is forward ®-invariant for any of the flows ®
constructed in Theorem 2.4.1 that fixes Ej,, and suppose that

= inf E > B.
8 jnf sup (u) > Bo

Then, if E satisfies (P.-S.)s, the value (3 is critical.

Proof. Suppose by contradiction that K3 = (). For N # 0,2 = f—f, > 0let ® : X x[0,1] —
X, e > 0 be constructed as in Theorem 2.4.1, and let F' € .% with

sup F(u) < B +e.
uek

Then ®(-, ) fixes Eg, for 0 < ¢ < 1and
F, = (I)(F, 1) CE,B—&a F Egz,
contradicting the defintion of 3. O

As an example of a concrete implementation of Theorem 2.4.2 we consider the following.

Theorem 2.4.3. (Mountain pass lemma)
Let E € C'(X) with E(0) = 0, and suppose there exist p > 0,a > 0 such that

inf E(u) > a.

llullx=p

Moreover, suppose that there exists u; € X with ||u||x > p and E(uy) < 0. Then, if E satisfies
(P.-S.)s forevery B > a, there is a critical value 5 > a of E.

Proof. Let
F ={F C X : F connected, uy = 0,u; € F'}

and set
f = inf sup E(u) > a > Sy = 0.

FegzueF

Then .# is ®-invariant for every (®(+,t))o<<1 that fixes Ey, and Theorem 2.4.2 gives the
claim. =

Example 2.4.2. ) LeeQCCR"2<p<2"=2%ifn>3

1 1
E(u) :§/Q|Vu|2d:v—];/9|u]pda:, u € Hy(9).

Then E(0) =0,

2

Hé.AQ_M.Ap(’H_O)O)_OO
2 p

[Jull

E(Au) =
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foreveryu € H}(Q) \ {0}. Moreover, by Sobolev’s embedding we can bound
1
B(u) > 3l — . Q)llullyy > a >0

for

1

1 p=2 1,
||UHH3 = 2e(p, Q) =p, a= Z_lp .

Finally, E satisfies (P.-S.)s for every B € R by Example 2.3.1 it), and Theorem 2.4.3
applies.

ii) A more general case of i). Let @ CC R", g € C°(R) and consider the problem

—Au=g(u) inf, (2.4.4)
u=20 on 0f). (2.4.5)

Suppose that g satisfies the following conditions:

a) 3C>0,0<s<2"—1=22ifpn>3Vueck:
lg(w)] < C(1+ |uf’);

b 2 0(0 # Ju| — 0);

u

¢ 30 >2 R>0Y|u| > R:

where

is the primitve of g with G(0) = 0.

Then there exists 0 # u € Hy () solving (2.4.4), (2.4.5).
To see this, let

1
:§/IVU|2dx—/G(u)dx, u € Hy(Q).
Q 0

By a) the functional E € C*(H}(Q)) with

E(u)

(AE W), 0) s = /Q (VuV — g(u)v) da

forany u,v € Hy ().
Moreover, for any 8 € R let (u) C Hy(Q) be a (P.-S.)s-sequence. Then

OE (ur) — (dE(ur), ) -1 my = 058 + o(1) (1 + [[uk] [ rr-01)

0—2
= 2RIV~ [ (66w — gluu) ds
Q - o

-~
<0, if [ug| >R

0—2

Calculus of variations 43



2.4 Deformation Lemma, Minimax Principle 2 SADDLE POINTS

and (ug) is bounded. Since s < 2* — 1, by Rellich’s theorem the operator
K :Hy(Q) > urs glu) € H(Q)

is compact. Hence, E satisfies (P.-S.)g for every f € R by Theorem 2.3.1.
Next, we note that c¢) implies

i (log ue) =

4
du U

<0 _ L ogGw)). uwz R

and similarly for u < —R. Hence

In particular, s +q > 0 > 2.
Thus, we have E(0) = 0, and for every u # 0,u € HJ(Q)
A2 (A—00)
E(hu) = 7“““?{3 — CX|Jul|yy " —o0,

so that E(Au) < 0 for A > Ay > 0.
Finally, let Ay > 0 be the first Dirichlet eigenvalue of —A on ). By b) there exists rq > 0
such that

A
lg(w)| < Srlul - for Jul < ro,

and hence y \
G(u) :/ o) dv < Sl for ful < ro.
0

By Tchebychev’s inequality, for any u € Hj () we can bound the measure
Alrg) = L"({z € Q1 |u(x)] > ro}) <1 ¥ / lu|?" dx
0
< O [lullZy.

It follows that for any v € HJ(2) with ||ul| g = p we can estimate

L AL o ALy
B = llully ~ [ (G =) o= i

<0, if [ul <ro
1
> 7l = / G(u) dz,
% @)z}

where

/ G(u)dx < C / (1+ [u]*™) dz
{z:|u(z)|>ro} {z:|u(z)|>ro}
2*_(5+1) s+1
< CA(rg) + C(A(rg)) 2 ||ul|]5-
_O* * S 1 —
§Cr02 zé+0ré+)

< Cllul[ Hy < Cp*,

2% *
u [ullZ,

and again Theorem 2.4.3 can be applied.
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Briefly returning to the finite-dimensional setting, recall that for a symmetric matrix
A € R™ ™ the eigenvalues \; < Ay < --- <\, are characterized by the minimax principle

A= inf  sup(Az, x)re, 1<i<n.
1 VR x€8< ; >R 5 >t >
dim(V)>i lz|=1
Similarly, or the Laplace operator on 2 CC R"™ with homogeneous Dirichlet boundary
condition we have the minimax-characterization

A\ = inf sup  ||Vul[7., i €N,
VCHG(Q) cueV|ul| 2=1
dim(V)>i

of the i"" Dirichlet eigenvalue.

However, these characterizations strongly use the fact that the operators involved are
linear.

In the nonlinear case, for instance, for the equation

—Au = ulul™* inQ,

u=0 on 0f),

is there a concept that generalizes the notion of dimension?

In fact, in the case of symmetry with respect to some compact group action such a concept
can be defined; in particular, when we are dealing with an even functional F € C'(X)
with E(—u) = E(u),u € X, with symmetry group Z, = {id, —id}, or when there is an
O(2)- symmetry with S*-orbits on which the energy is constant.

For simplicity, in the following we only consider the case of a Z,-symmetry, that is, the
case when E is even.

A Zs-index: The Krasnoselskii genus.
Let M C X be a submanifold of class C'!; for instance, M = {u € X : |jul]|x = 1}.
Suppose M = —M = {—u:u € M} and set

o ={AC X :Aclosed , A=—A}.

Definition 2.5.1. (Coifman (1969))
For) # A € o let

_Jinf{m:3h € CO(A;R™\ {0}), h(—u) = h(u)},
1(4) = {oo, if {...} =0; inparticular, if 0 € A,

and set y(0) = 0.

Remark 2.5.1. By the Tietze extension theorem, andy odd map h € C°(A; R™) may be extended
toamap h € C°(X;R™). Letting

the extension may be chosen to be odd.



The index v(A) achieves the desired generalization of the concept of dimension. To see
this, we need certain facts from degree theory.

Theorem 2.5.1. For any open Q C R", h € C°(Q;R"), any y € R™ \ h(0Q) there exists a
number
d(h,Q,y) € Z,

the topological degree of h in y w.r.t. €0, having the properties

) d(id,Q,y) =1, Yy € Q (normalization)

i) d(h,Q,y) # 0= Fz € Q: h(x) =y (solution property)
(
(

iii)) d(h(t),Q,y(t)) = const. forany h € h € C°(Q x [0,1],R"), y € C°([0, 1], R") with
y(t) € h(09,t), 0 <t <1 (homotopy invariance).

For more information, confer [Dei85].

Theorem 2.5.2. (Borsuk-Ulam)
Let 0 C R™ be open, bounded with Q2 = —, 0 € Q, and let h € C°(Q; R™) be odd with

0 ¢ h(09Q), h(—u) = —h(u), ued

Then
d(h,,0) is odd;

in particular, d(h,€2,0) # 0.
Theorem 2.5.3. Let 0 € U) — U C R™ C X be open. Then
v(QU) = m.
Proof. Clearly, id : 90U — R™ \ {0} is odd, hence
v(OU) < m.
Suppose v(0U) = k < m, and let
h:0U — R*\ {0} — R™

be odd. We extend & to an odd map h € C°(X;R*). Since 0 ¢ h(9U), the topological
degree of h in O w.r.t. U is well-defined and

d(h,U,y) =1 mod 2

for all y € R™ close to 0. By the solution property of the degree for any such y € R™ there
exists x € U with h(x) = y; hence k = m. O

The index has the following properties
Theorem 2.5.4. Let A, A, Ay € &/, h : X — X continuous and odd. Then we have
i) v(A) > 0,7(a) = 0 iff A =0 (definiteness)

i) Ay C Ay = vy(A;) < v(Ay) (monotonicity)
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1)) y(A1 U Ag) < (A1) + v(A2) (sub-additivity)
iv) y(A) < ~v(h(A)) (supervariance)
v) A compact, 0 ¢ A = ~v(A) < oo and there is a neighborhood N D A with N € < s.t.

v(N)=~(A4)  (continuity)

vi) 0 € A finite = y(A) <1
Proof. i) immediate from the definition

ii) We may assume 7(A42) = m < oo. Let h : Ay — R™ \ {0} be continuous and odd.
Then A4, : A1 — R™\ {0} has these properties, and v(A4;) < m.

iii) Again we may assume that y(A;) = m; < 00,7(A2) = my < oo and choose h; : A; —
R™ \ {0} continuous and odd, ¢ = 1, 2. Extend h; to an odd map h; € C°(X,R™)
fori =1,2. Then

h = (hy, hy) € CO(X,R™1™2)

is continuous and odd and satisfies

h(A1 U As) % 0.

iv) If v(h(A)) = m < oo, we may choose an odd, continuous / : h(A) — R \{0} With
loh:A— R™\ {0} as comparison map, we conclude that y(A4) <m

v) Foranyu € Alet0 < r =r(u) < ||u||x and define

ho @ Br(u; X) U By (—u; X) — R\ {0}

by letting
he=+1  in B (fu; X).

Finitely many set N,,, ..., N,,, where
N, =B (; X)UB,(—u; X), uecA

cover A; hence y(A) < oo by iii).
Let m = v(A), and choose an odd, continuous h : A — R™\ {0}. Since A is compact,
also h(A) is compact. Hence

2p = dist(0, h(A)) > 0.
Let h € C°(X,R™) be an odd extension of h and set
N =h"" (Up(h(A))).

Then N € &7, and dist(0, h(N)) > p > 0 shows that v(N) < m. Equality follows by
ii).
vi) If A ={u;, —u; : 1 <i < T} #0,choose h(£u;) = 1. Then h is odd and continuous
with h: A — R\ {0}.
]
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Equivariant pseudo-gradient vector fields and flows

For applications, we now also need variants of Theorem 2.2.1 and Theorem 2.4.1 that
respect the symmetry. We phrase these results for an arbitrary compact symmetry group G.

Let £ € CY(X), M C X a C"'-submanifold, G a compact group acting linearly on
X as a group of isometries with

gM ={gu:ue M}y =M, ge€Qq,

and suppose F is G-equivariant in the sense

E(gu) = E(u), ue X,geG.

Note that then we also have

d

(dE(gu), gv) x+xx = i E:OE(g(u + ev))
d
= EZOE(U + ev)
= (dE(u), v) x-xx;
that is,
g"dE(gu) =dE(u), ue X, geq. (2.5.1)
Let

M = {ue€ M : dE(u)|r, # 0}

be the regular set of E|y.

Definition 2.5.2. A locally Lipschitz vector field € : M— Xisa pseudo-gradient vector field

—

for E on M if for any u € M there holds
i) e(u) € T,M, u € M,
i) |[e(w)||x < 1,u € M,

ii) and finally

~ 1
(dE(u), e(u))x xx > 5 Sup (dE(u),v)x-xx
il

1 —
= S|dBy(Wllrow, u e I

In the same way as Theorem 2.2.1 we then can show the following result.

Theorem 2.5.5. Forany E € C'(X), C X as above there exists a pseudo-gradient vector field
€: M — X. The vector field € may be chosen to be G-equivariant with

e(gu) = g(e(u), wue M,gegG, (2.5.2)

if E and M are in accordance with (2.5.1).



Proof. The construction of € with properties i)-iii) in Definition 2.5.2 proceeds exactly as
in Theorem 2.2.1 -
To obtain a G-equivariant vector field, for any u € M let

e(u) = /G g~ 'e(gu) dg,

where dg is a Haar measure on GG. For any g € G then we have

2(h(u)) = /G g\ E(ghu) dg

as desired. O
Similarly to Definition 2.3.1 we say
Definition 2.5.3. i) (ux) C M is a (P.-S.)s-sequence for E|y if

E(ug) — 5, ||dE|M(Uk)||TJkM =0 (k— o).

1)) E\ satisfies (P.-S.)g, if every (P.-S.)s-sequence (uy) is relatively compact.
Setting for § € R, 6, p > 0 the sets
Ez={ue M: E(u) < g},
Ks={ue M: E(u) =03, dE|y(u) =0},
Ngs=uec M:[E(u) = 5] <0, ||dE|n(u)l
Uss = | Bo(uw)n M,

ung

M < o},

then the statements of Lemma 2.3.1 hold. Note that if £ and M are G-equivariant, then
also the sets Eg, K, N3 s, and Ug 5 are.
We then have the analogue of Theorem 2.4.1.

Theorem 2.5.6. Let E € C'(X), M C X as above, 5 € R, and suppose E|y; satisfies (P.-S.)s.
Then for any open N D Kjg, any g > 0 there exist ¢ > 0 and a flow ® € C°(M x [0,1]; M) with
the properties i)-iv) of Theorem 2.4.1.

If E, M, and N are G-equivariant, the flow ® may be chosen to be equivariant, as well, satisfying

O(gu,t) = gP(u,t) (2.5.3)
forallg e Giue M,0<t<1.

Proof. Withe: M — X as in Theorem 2.5.5,0 < p,0 <1, > 0,p. 3 and n as in the proof
of Theorem 2.4.1,let ® : M x R — M solve

d
afb(u,t) = —e(P(u,t))

®(u,0) = u,



where s

e(u) = n(u)peps(E(u))e(u) € TLM, ue M,
and e(u) = 0if dE|y(u) = 0. The unique, global solution ® € C°(M x R; X) to this initial
value problem defines a flow on M with the desired properties.

If £, M and N are GG-equivariant, we may choose € satisfying (2.5.2), an (2.5.2) then also
holds true for e. Since g®(u,t) = ®,(u,t) for any g € G,u € M then also satisfies

d d
- _e(q)g(ua t))? te R,
(I)g(ua O) = gu7
by uniqueness we have
(I)g(ua t) = q)(gua t)
as desired. O

Minimax-critical points of even functionals

Combining the equivariant deformation lemma for an even functional with the notion of
index, we then obtain the following result (Now G = Z, = {id, —id}):

Theorem 2.5.7. Let E € C'(X), M C X \ {0} as above with E(u) = E(—u), u € X, M =
—M, and suppose that E|y satisfies (P.-S.)s for every 5 € R. Suppose that for K < oo the

numbers

Br = inf sup E(u)

Acd
y(A)>k ued

are well-defined with B, > —oo, 1 < k < K. Then each f = B, 1 < k < K, is critical for E,
P < By < Sﬁkgﬁk—kléuuandif

Br="Prp1 =" =Ppu=17
forsome k and | € N there holds # Kz = (.

Proof. i) Suppose Kz = () for some 3 = [, and let &, > 0 be as constructed in
Theorem 2.5.6 for N = (), = 1.
By definition of 3, there exists A € .o/ with y(A) > k such that

sup F(u) < B +e.
u€A

By (2.5.2) and Theorem 2.5.4 then
A =0(A 1) e, v(A) >~(A) >k,
and by Theorem 2.5.6 we have A; C Ejs_., that is,

sup E(U) S /8 - &,
ucAq

contradicting the definition of 3.



i) Let f = By = Prt1 = -+ = Py for some k and | € N. By Lemma2.3.1, Kj is
compact,and 0 ¢ K € o7 by (2.5.1). By Theorem 2.5.4 (v) there exists N D K open
with N € & and y(N) = v(Kj) < co. Let ®,¢ > 0 be as constructed in Theorem
2.5.5for N and € =1, and let A € &/ with v(A) > k + [ such that

sup F(u) < B +e.
u€A

Then A C Esi,and Ay = ®(A,1) C Eg_. U N with
k+1<y(A) <y(A) <v(Bs-c) Un(N)

by Theorem 2.5.4viii) and iv). But

P)/(Eﬁfs) <k
by definition of (;; hence

V(Kp) =v(N) > 1 >1,

and by Theorem2.5.4 vi) it follows that # K3 = oo, as claimed.
[

Application. As a model problem, we can apply Theorem 2.5.7 to obtain infinitely many
solutions to the boundary value problem

—Au=ululP? inQccR" (2.5.4)
u=0 on 0f), (2.5.5)
where 2 < p < 2 = 2% if n > 3.

n—22

Theorem 2.5.8. Let Q CC R",2 < p < 2* = 2% if n > 3. Then there exist infinitely many
distinct pairs (u, —u) of solutions u € H}(Q) to (2.5.4), (2.5.5).

Proof. Let X = H}(Q), and set
M ={ue Hy(Q) : ||u||» = 1}.

Moreover, let

1 1
Bw = [ [VuPde—> [ jupds, e Hi@)
2 Ja P Ja
Letting G = {id, — id}, we then note that M and FE are G-equivariant with M = —M and
E(u) = E(—u), u€ Hy(Q).
Moreover, M = f~1({0}), where
flu) =1lullf, =1, we Hy(Q),

is of class C?, with

T.M = ker df(u) = {v € Hy(Q) : / vululP~? dx = 0}
Q
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for u € M. Note that the projection
7o Hy(Q) 3 v m,(v) = v — e, (v)u € T,M
with
eu(v) = / vul|u|P~? dx

0

is locally Lipschitz in u € M, as we see from
17w, (V) = T (0) [ g = |l€w, (V)ur — €usy (V)2 1y
< lew (v) = euy (O) ||y + |ews (V)] [ur — wallmy

with
2wy (V)| < o] 55 [0]]2e < C||U2H’}{011Hv||Hg

and with
s (V) = € (V)] < [v]]zolJunual”™* — walua| *] | 2,
< Clllee (Jual[752 + lual[55%) [Jur — ua|| .

Finally, E|,, satisfies (P.-S.)s for any 5 € R. To see this, let (uy) C M be a (P.-S.)s-
sequence. Then (u;) C M is bounded, and we may select a subsequence with u;, — u
in H}(Q) and strongly in LP(2). Thus, also vy = 7, (ux — u) is bounded, and with error
o(1) — 0 there holds

o(1) = (dE(ug), mu, (ur — u))
= /QVukV(uk —u)dr — gy, (ur, — u) /Q |Vug|® dz

— IV (Il ~ 2 Blu) [ (= ) wnfu d + o(1)
—— SO S~
—B —0in LP()

= Jlux — ulfZ + o(1),

and uy — u strongly in Hj (), as desired. Theorem 2.5.7 thus is applicable, and yields
infinitely many distinct critical points u of E|y with critical values (i, satisfying the
equation

0 = {dE(ur), u, (0)) =118
:/Vuvadx—euk(v)/ (V| do
Q Q
=25k+%

= / (VurVo — of ug|ug[P2v) dz
0

where o, = (28, + %)Ti? Then

_1_
2

~ 2\»
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solves (2.5.4), (2.5.5) with

_ _ 1. 1, -
Bk = E(uk) = él‘vukH%ﬁ - §||uk|’€1’

Remark 2.5.2. i) We can estimate the rate of growth of the sequence Sy, k € N. Let
O< <A< <A< A <.
be the Dirichlet eigenvalues of —A on Q with L?-orthonormal eigenfunctions ;. satisfying

—App = Ao in €,
or=0 onodQ, keN.

For k € N then also let

Xi = span{¢1, ..., ok}
with L?-orthogonal projection

Tt Hy(Q) — X, = RF.
Note that for any u € ker my_1 there holds

=Xillpill2 o =Ni

—
1Vullfe =) (w07 [[Veillzs

i>k

> N ()3 = Al 2.

i>k
Interpolating, then for 2 < p < p* we find

o
lullze < [ullZallull 2" < CXZ IVl e,

1 o 1-« 1 « 1 1 1 1
-=—=+4 =—+—a=n|l-——)|=1-n(-—=|.
p 2 2% 2* n p 2* p 2

With M = {u € H}(Q) : ||u||z» = 1} as before, then for any A € & there holds

where

Y(A) > k = m_1(A) 2 0;

hence with a constant ¢y > 0 we have

(2)
9 l-n| — — 5
W+ - > inf ||[Vulfa > coA? = o, P
p Wk—l(}(/}:o
ue
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forany k € N.
The energies E(uy,) of the corresponding solutions then are bounded from below by

~ 1 1 2 p__n
B=s—=)28+=)ZaXN’ °.
2 p P

Finally, with the Wely asymptotic formula
e 2 e(Q)kn, keN,

we obtain the bound _ .
6’6 Z Can(p_Q)_17 ke Na

with constants ¢y, ¢z, ¢(2) > 0.

it) Bahri-Lions [BL88] improved the bound in i) to
B > cok, ke N.

iii) Letting, for X = H}(Q),
I'={heC'X,X):h(—u) =—h(u),h(u) =uif E(u) <0},

we can compare [3j, with the numbers

0p = inf sup E(h(u)) > By, keN.

hEF ’LLGXk

Proof. Let

M = {u € Hy(@)\ {0} : 0 = (B (W), w) sy = Ifullfy = llullf |
and observe that M is homeomorphic to M via

W:MSU—)LEM.
||| e

—~

Forany h € T, and k € N, the set h»~}(M) N X}, bounds an open neighborhood
U= —Uof 0in X; = R*; hence

Y(h™H(M) N Xy) = 4(0U) > k

by Theorem 2.5.3, and thus by Theorem 2.5.4 iii)

A=n(h(Xy)NM) e o

satisfies

So
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Moreover, for any u € h(X};,) N M with 7(u) = v € M and u = av we have

o |Vollze = [|Vullf: = [lullf, = o, o~ = [|Vol[L:;

1 1 1 1
B = (5 - 2} IVull: = (5 - 3 ) @Il
1 1 1 1 2p
(5-3)er=(5-3) vl
p 2. p

(2-3) Go3)”

sup B(h(u)) > (% - }9) (zﬁk ¥ %) Y

ue Xy

SO

and there results

Perturbation theory

What happens, if we perturb the symmetry? Given f € L?(2), do we still find infinitely
many solutions u of

—Au=uulf*+ f inQ, (2.5.6)
uw=>0 on 007 (2.5.7)

Theorem 2.5.9. (Struwe (1980), Bahri-Berestycki (1981), Bahri-Lions (1988))

Let Q CC R", f € L*(), and suppose 2 < p < 2* = 2% if n > 3 satisfies

2(n—1)

2p D
> .
n— 2

2.5.8
n(p—2) p—-1 258

Le.p<

Then (2.5.6), (2.5.7) admits infinitely many distinct solutions.
Remark. If n = 3, condition (2.5.8) is satisfied for any 2 < p < 4.

The proof of Theorem 2.5.9 may be considerably simplified with the help of the following
abstract result

Theorem 2.5.10. (Rabinowitz (1982))
Suppose E € CY(X) satisfies (P.-S.)s forall § € R. Let W C X be a subspace with dim W <
oo, w* € X \ W, and set W* = W @ span{w*}. Also let

Wi ={w+tw" :we W,t>0}.
Suppose
) E(0)=0
i) IE* > 0Vu e W*: ||Jul|x > R* = E(u) <0.
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Let

I ={heC'X,X):h(—u) = —h(u),h(u) = uif max{E(u), E(—u)} <0}

and suppose
f* = inf sup E(h(u)) > = inf sup E(h(u)) > 0.

hel UEW hel ueEW

Then there is v* > 3* with K- # (.
Proof. Fix some v €]3, 8*[ and let

A={heTl:Eh(u)) <vyVueW}
Then A # () by definition of 5 and

v* = inf sup E(h(u)) > 5" >~

heA uews

is well-defined.

Claim. K- # (.

Suppose K.« = 0. Fory*,e=~"—~v>0,N=0let0<e <& ® € C°'(X x[0,1],
in Theorem 2.4.1. Choose h € A with

sup E(h(u)) <~* +e.
ueWi

Note that by choice of € and since h € A we have
D(h(—u), 1) = h(—u) = —h(u) = —B(h(u), 1)
for any u € W. Hence, letting

, ifuc W,
—®(h(—u),1), if —ueW:

we obtain an odd map hy € CO(W*, X).

X) beas

(2.5.9)

Moreover, hy(u) = u for any u with max{E(u), E(—u)} < 0, since h € A C I'and ®(-, 1)

both do, as well. Hence h; may be extended to h; € I', and hy € A by (2.5.9). But

sup E(hi(u)) <7* —e.
ueWy

Proof of Theorem 2.5.9. Let

1 1
Ef(u):§/Q|Vu|2dx—I—)/Q|u|pd:t—/gfudx, u € Hy(S),

and let

Bo(u) = 21 >+Ef /|Vu|2dx——/ uf? da.

Note that we have
dEy(u) — dEf(u) = f, ue Hy(Q).
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Moreover, Ey satisfies (P.-S.)s for any 5 € R. Supose by contradiction that there is 5y > 1
such that E; has no critival value 5 > (3. Choose k; € N such that

gk = llzfelg sup Eo(h(u)) > Bo

u€ Xy

for k > ko, where X}, = span{¢, ..., ¢} as in Remark 2.5.2, and where
I={heC%X,X): h(—u) = —h(u),h(v) = uif Ey(u) < max{E};(u), B;(—u)} < 0}
Then for & > ko we also have

0 = inf sup Ef(h(u)) > o > fo.

hel ’lLEXk

From our assumption and Theorem 2.5.10 we then conclude that for every k > k, threre

holds
0p = inf sup E¢(h(u)) = oy,

her ueXﬁ_l

where
X ={w+tpp cw e Xy, t >0}

Choose h € T so that

sup Ef(h(u)) < 6+ 1.
ue X

k+1
Claim 1. We may assume that £y achieves its maximum in h(Xj41) in Njo, where
No={u e X ||dEf(u)|[a— + [[dEs(—u)lla— < allflla— = al|[dEo(u) — dEf(u)[m-1}-
Note that for a > 2 the set N, = — N, is an open neighborhood of
K={ue X :dEf(u) =0 or dEs(—u) =0 or dEy(u) = 0}.

Proof. Let € be an odd pseudo-gradient vector field for Ej and set

e(u) = —p(max{ By (w), Ey(—u)})n(u)e(u),
0, s<0
1, s>1 ’
where 7 is locally Lipschitz continuous with 0 < n(u) = n(—u) < 1 (so that e is odd) and

) = {1’ v

ifué¢ K,e(u) =0foru e K, where ¢ € C satisfies 0 < p < 1, ¢(s) = and

0, wue Ng.
Then, if u ¢ Nyp with max{E,(u), Ef(—u)} > 1 we have
{7 (), () cmy = (ABo(0), 2 -1y — (800 -1
> 4B )l — 171l 2 I ()l la-s — 211l
> 2 (4B ()l + ()l 81l
> | flla ( Similarly, (dBp(w), e() 1y <0, ifu ¢ N

That ist, for the (even) flow ® generated by e we have

d
B (@ (1)) <~ fll+

awway from Nj5. Choosing h, = ®(-,t) o h for large ¢ > 0, we obtain our claim. O
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In view of Claim 1 then we have

=2 f%fudm
5 +1> sup Ef(h(u)) > sup E;(h(u)) — sup | Ef(u) — Ef(—u)|
uEX; uEX 11 EN12
mm{Ef(u) Ef( u)}<dp+1
> Op1 — C sup [lul| 2

uEN12
min{E(u),E(—u)}<d+1
Claim 2. For v € N with min{E(u), Ef(—u)} < 5 + 1 there holds
1
[|ul|2 < Cof +C.
Proof. Compute, using Young’s inequality
lulfza < Cllullf, = O (2Eofu) — (ABo(u), w1y

< € (2min{By(u), By(~w)} — (dBy(0), ) -1,y + 3| 1)
< €+ 1) + O fllgelull

1
< C5k+§||u||§2 +C

The claim follows. [

Since d§; > Br — oo (k — oo) we conclude the bound

Spi1 <6+ 08 +C
< 0y + COF =6, <1+05k5p), k> ko.

By iteration, Remark 2.5.2, and (2.5.8) then

Okott < Okgti—1 <1 + C5k L 1) <...

-1
<] (1 + Cak()ﬂ)

j=0

-1
:6k0 exXp Zlog (1+06k +]>>
< O, €XP Z 05k0+J>

<O, exp | C Z kn<§p2)'1;p)

k=ko

< Cdy,, uniformlyinl e N
if % < p%l. Contradiction! O

Remark. A. Bahri[Bah81] showed that for any p €]2, 2*[ the equation (2.5.6), (2.5.7) has infinitely
many solutions for generic f € L*(Q).
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2.6 Lusternik-Schnirelman theory on convex sets - The
Plateau problem

2.6.1 Abstract setting
Let X be a Banach space, F € C'!'(X), and let M C X be closed and convex.

Definition 2.6.1. For any u € M the number

g(u) = sup (dE(u),u—v)x-xx

veEM
[lu—v||x <1
is the slope of E at u relative to M.

Remark 2.6.1. i) If M = X there holds

g(u) = ||[dE(u)||x+, uweM=X.
i) The map M > u > g(u) € Ris continuous.

Proof. Foranyuy € M, any e > 0 there is an open Uy C B.(ug; X) such that ug € Uy

and
|[dE(u) — dE(uo)||x+ <e, ueUynM.

Foru € Uy N M let v = v(u) € M such that
g(u) < (dE(u),u—v)xexx +&, [lu—v|lyxy <l-—c

Then for uy, uy € Ug N M with v; = v(u;) € M

g(ur) — g(ug) < (dE(u1),u1 — v1) xexx — (dE(u2),us — v1)x+xx +¢€
< ||dE(u1) — dE(u2)||x+ + [|dE(u2)||x+||u1 — ue||x + €
< Cke.

Definition 2.6.2. i) A point u € M is critical for E in M, if

otherwise, u is called regular.

1)) A number € Ris a critical value of E in M, if there exists a critical point uw € M with

E(u) = 5;

otherwise, € R is called a regular value.
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As before, for S € R,§ > 0, p > 0 we let

Ez={ue M: E(u) <},
Ks={ue M :g(u)=0,E(u) =},
Ngs={u€ M:|E(u)—B| <6 g(u) <6},
Usp,={ueM:3veKs:||u—nv|lx <p}

Also let .
M={ueM:g(u)#0}

be the set of regular points.

Definition 2.6.3. i) A sequence (u;) C M is a (P.-S.)g-sequence for E in M, if

E(ur) = B, glue) = 0 (k — o0).

1) E satisfies (P.-S.)z in M, if every (P.-S.)g-sequence in M is relatively compact.
Then we have the analogue of Lemma 2.3.1.
Lemma 2.6.1. Suppose E satisfies (P.-S.)g in M. Then there holds

1) Kg C M is compact;

1)) The families (Ngs)s>0, (Us,p)p>0 each are fundamental systems of neighborhoods of Ks;
in particular,

iii) if Kz = 0 there exists & > 0 with Ng 5 = (.
Proof. Identical with the proof of Lemma 2.3.1. O

Definition 2.6.4. A locally Lipschitz continuous map € : M — X defines a (negative)
pseudo-gradient vector field on M, if

) v(u) =u-+eé(u) €M, ue M,
and if
i) [[e(u)]|x = llu—v(w)lx <1, u€ M,
i) $g(u) < (dE(u),u —v(u))x+xx, u € M.
Similar to Theorem 2.3.1 we can then show the following result.
Theorem 2.6.1. There exsits a pseudo-gradient vector field € : M — X.

Proof. For any ug € M choose vy = v(ug) € M with |Jug — vo||x < 1 and

1
—g<U0) < <dE(U0),U0 — UO>X*><X-

2
By continuity of d£ and g there exists an open Uy = U(ug) 3 ug such that
1
VueUynM: ig(u) <({dE(u),u —vo)x+xx, |lu—wollx <1.
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The family (U(u)),,. 5 admits a locally finite refinement U, C U(u,), ¢ € I, still covering

M. With a locally Lipschitz continuous partition of unity (¢,).c; subordinate to (U,),c;
then let

—~

v(u) = Z%(U)U(UJ, ue M.

el

By convexity of M, then v(u) € M for every u € M, and
e(u) =v(u) —u
has the desired properties. O

Remark 2.6.2. Since we assume that E € C'(X) is globally defined, we can extend the definition
of g to the open neighborhood

M, = U Bi(u; X)C X

ueM

of M and proceed as in Theorem 2.6.1 to obtain ¢€; : M, — X with the properties i) — iii) in
Definition 2.6.4, extending € to Mj.

Theorem 2.6.2. Suppose E € C'(X) satisfies (P.-S.)s on M for some 3 € R. Then for every
g > 0, everyopen N D Kg in M there exists 0 < ¢ < € and a negative pseudo-gradient flow
® € C(M x [0,1]; M) such that

i) ®(-,t) : M — M is continuous, 0 < t < 1;
i) ®(u,t) =wifeithert =0, orif g(u) =0, orif |E(u) — 8| > 5
iii) the map t — E(®(u,t)) is non-incresing for any u € M;
iv) ®(Egye,1) C Es_. UN, and ®(Es,. \ N, 1) C Ejs_..
Proof. Given N D K, with the help of Lemma 2.6.1 we find 0 < 4, p < 1 with
N D Uss, DUg, D Ngs DO Kpg

as in the proof of Theorem 2.4.1. With

1 _
O<5:Zmin{§,p5} <g

and locally Lipschitz 0 < ¢, n < 1 such that

pactBlw) = p (F2=A).
o O,, u € U@p,
n(u) = {1’ 0w Usny

we then let

e(u) = {”(“)%OB,E(E(u))’é(u), ue M,
0 if g(u) = 0,
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to obtain a locally Lipschitz continuous vector field e : M — X with
lle(u)||x, e(u) +ue M, ue M,
and such that
(dE(u),e(u))x+xx <0, u€ M.
Claim: There exists a unique solution ® € C°(M x [0, oo[; M) of the initial value problem

d
20w t) = e(@(u,1)), £ 20,

D (u,0) =u
for everyu € M

Proof. With the extension ¢; : ]T/fl — X as in Remark 2.6.2 we can extend e as

ex(u) = (1 —dist(u, M))n(u)ppe(E(u))er(u)

to a locally Lipschitz continuous vector field e; : X — X. The solution ®; € CY(X xR; X)
to

d
atbl(u, t) = e1(P(u,1)),

Dy (u,0) =u

then defines a flow of homeomorphisms ®4(-, t) of X. Since for any u € M we have

d
ut - tzofbl(u,t) =u+e(u) € M,

the set M is forward ®;-invariant and ® := ®q|[0,1] satisfies
O(t): M — M, 0<t<I.

The remaining properties follow from the properties of e as in the proof of Theorem
2.4.1. [

]
The following is a variant of the "mountain-pass" lemma.

Theorem 2.6.3. Suppose E € C'(X) satisfies (P.-S.)s for any 8 € R and assume that ug # uy
are relative minimizers of E in M with E(uq) < E(ug) = S.
Let

B =inf sup E(7(s)) = b,

YE€G p<s<1

where
I'= {7 = CO([()? 1];M) : 7(0> = Uo, 7(1) = ul}'

Then either there exists u € Kz which is not a relative minimizer of E, or E(uy) = Sy = (3, and
for any open Ny D Kjg there exists 1 € T with 71([0, 1]) C Ni.

Remark 2.6.3. Theorem 2.6.3 covers the following 3 cases, illustrted in the pictures below.
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E
fo 1
5 14
M
Uo Uy
E
B=bo
M
Ug Uy
E
B=fo 1
M
U U

Proof of Theorem 2.6.3. In case 8 > [y let € = [ — fy; else, let € = 1. Suppose that Kg
consists only of relative minimizers of £ in M. Then Kj is both open and closed in

Eg={ue M: E(u) < B},
and there exists an open Ny D Kjp such that
]Vb F]l?g - @.

Given any open IV; D Kg we thenlet 0 < ¢ < g, @ be as given by Theorem 2.6.2 for
N = Ny N Ni. Choose v € T" with

sup E(v(s)) < B +e.

0<s<1
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Since g(up) =0 = g(uy), theny; == ®(-,1) oy € I" and
1([0,1]) € ®(Egye,1) € Es_. UN.

But
(Eﬁ—s N N) C (Eg_e N NO) = @,

and we cannot have 7, ([0, 1]) C Es_. by definition of .
Thus, v1([0,1]) € N C Ny, and the proof is complete. O

2.6.2 The classical Plateau problem

Let
B=DB(0)cR*~C

be the unit disc.
Definition 2.6.5. A map u € C''(B;R3) is conformal, if the Hopf differential
1 .
B(2) = (Ou)? = (12— g — 20, w))
vanishes, where
1

z=x+iyeV CC, du= 5(&,311 — 10yu), uy = Oy,
etc. for brevity.
For conformal u € C?(B;R?) there holds

—Au=2H(u)u, Nu, inB

away from branch points where u, = 0 = w,. Here, H = H(u(z)) is the mean curvature of
the surface S = u(B) at p = u(z).

Definition 2.6.6. u € C*(B;R?) is minimal, if H(u) = 0.

Since for every u € C*(B;R?) we may introduce conformal parameters, Plateau’s problem
for disc-type minimal surfaces then is to determine all solutions u € C*(B; R3)NC*(B; R3)
of the problem

“Au=0 inB, (2.6.1)
1

®, = (0u)? = 1 (Ju? = Juy|* = 2i(uy, uy)rs) =0  in B, (2.6.2)

ulpp : OB — I' is a homeomorphism, (2.6.3)

where I' C R3 is a given, smooth, closed curve in R3.

T

AR
.

r——~
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Remark 2.6.4. i) Conditions (2.6.1)-(2.6.3) are conformally invariant: If u satisfies these
conditions then so does every map u o g, where g € C*°(B; B) is conformal.

1) The Mobius group G of conformal transformations of B is given by

a —

— _ it c .
Q—{g(Z)—e 1_aZ.HER,aEB}.

iii) Fixing 3 distinct point q € T, k = 1,2, 3, we may normalize admissible maps u by imposing
the 3 point condition,

u (e%> — g 1<k<3. (2.6.4)
Let
€(T) ={uc H(B:R? :ulsp: 0B — T is cont., weakly monotone parametrization of I'}

and set
¢*(I') = {u € €(I') : usatisfies (2.6.4)}.

The first important result (which was rewarded with a fields medal for J. Douglas) is the
following theorem.

Theorem 2.6.4. (Douglas (1930), Rado (1931))
For every smoothly embedded closed curve T' = ST in R? there exists u € €* with

1
D(u) == D(u; B) = 3 /B Vul*dz = verglgir(lF)D(v),

and u satisfies (2.6.1), (2.6.2).
The key for showing compactness of a minimizing sequence is the following result.

Lemma 2.6.2. (Courant-Lebesgue)
Any sequence (uy) C €*(I") with
sup D(uy) < 0o
k

has equi-continuous traces (ug|sp).
Proof. Let (ux) C €*(I') with sup D(uy,) = Cy < oo. Forp = ¢ € 9Band 0 < § < 1, by
k

Hélder’s and Fubini’s theorem for any w = uy we can bound

2
inf (/ |Vu| dm)
02<r<éd 8B, (p)NB

2

1 r

Js2 (faBT(p)ﬂB [Vl d:v) o
S o dr

52 r

5
_ 21 [ faBT(p)ﬂB |Vu|?ds dr
- log(3)

)
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where ds is the element of lenght along 0B,.(p). Hence, letting p,(r), p2(r) be the points
of intersection in 0B, (p) N 0B we have

inf Ju(pi(r)) — u(pa(r))]” < _inf </ IVUIdS)2

52<r<d 62<r<s

Since the arc 9B N B%(p) contains at most one point e3", [ € {1,2,3}, and u, € €*(I"),
the arc 9B N Bs2(p) is mapped by each wuy, to a subspace of I' containing at most one point
qi, whose diameter shrinks to 0 as § | 0, uniformly in k. The claim follows.

5t ‘
p% Y\
ug(p2)
I

Proof of Theorem 2.6.4. Let (u;) C €*(I') be a minimizing sequence with

D(ug) — vel%(fr) D(v) (k— o).

Then (u) C H'(B;R?) is bounded in view of
ul|z25) < C (|[Vullrz + ||ulosl|z208)) ,

foru € H'(B;R3), and uy — uin H'(B;R?) as k — oo, k € A.
Moreover, by Lemma 2.6.2 and Arzela-Ascoli’s theorem for a further subsequence we have
uglop — ulop in C°(OB;R3), and u € €*(I') satisfies

D(u) = velﬁn*f(r) D(v).

For any ¢ € C2°(B;R?) then
D(u) < D(u+eyp), ece€R
Hence

0=—| D(u+ep)= / VuVpdz,
de le=0 B

and
—Au=0 1inB.
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In order to also see (2.6.2) let 7 € C''(B;R?) and for |¢| << 1 consider the diffeomorphism
id+e7: B — Q. = (id +e71)(B).

For sufficiently small |¢| then by the Riemann mapping theorem there exists a conformal
diffeomorphism v, : B — .. Composing with a suitable g. € G, the conformal group of
the disc, moreover, we may assume that

Ue = wuo (id+er) o). 0 g. € € ()
with
D(u.) = D(uo (id4e7)™*; Q)
by conformal invariance of D.
By minimality of D(u) = D(ug) then we have
d
O —

= D(uo (id +e7)7 Q).

e=0

L
O
Dgg

Changing variables ¢ = (id +&7)(z) and using

d(id4er)™! = (1 + ed7) " o (id +e7)*
=1 —edro (id+e7)™" + o(e?)

as well as
det(1 +ed7) + 1 + e tracedr + o(?)
we find
D (uo (id+4er) 5 Q) = %/ |du - (1 — ed7) o (id +e7) 2 d¢ + o(e?)
Qe
1

_ 5/ du - (1 — 2dr)P| det(1 + £dr)|, d= + o(<2),
B

6/
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and there results

d

7 D(uo (id+e1)™1; Q)

e=0

:—/(du-dT,du)szRg dz+1/ |du|? tr d7 dz
B 2JB

1
:/ (§|du|2(7-; + TyQ) — (upTt + uyrﬂf,ux) — <ux7'y1 + uyT;,uy)) dz
B

1

= 5/3 (lus?(rz = 7) + Ty (75 = 72) + 2tz ) (7 +72)) 2

= Re/ @Cfr}ml[' or dw =20
B

for any 7 € C'(B; C). But for every f € C2°(B; C) there exists

()= [ L9 ae

BZ—¢

with
Hence ® = 0, and the proof is complete. N

2.6.3 The mountain-pass lemma for minimal surfaces

There are curves I' C R? that span (at least) two different solutions of Plateau’s problem,
for instance, due to symmetry, as in the following Example.

7777777777777 77777777777777777777777
V2117777777707 7777777077777777 47
ey
YIII I 77707777777 70777777 4077
Ay
oy v
Ay e
77770777777 7777777 Ry
oy
1771777777777 77777777

72777777

7777777777477777777777777777777777777422272227777

1777777707 407777727277777777777777777472727777777

A e v

1777777777427 77772777777777777777777747777777777

A oz e

777777777 707777777777777777777777777787777777777

72777777 7027777227277777277777777777407772777777

2217770777

1777777707 7777777777777777777777777774277277777,

s vy

s ey

s vy

7000011177777 77777777

g vy

g vy

7207727707777727777277727227777777777477

7071117777777

7 707777707777777777777777777777777777

Already in 1939 Morse-Tompkins set up a Morse theory for the problem, predicting the
existence of an unstable third solution of saddle-type in this case. Working in the C°-
topology, they sought to identify minimal surfaces with "homotopy critical” points in their
theory. This approach was later criticized by Tromba, who pointed out that even smoothly
non-degenerate solutions of Plateau’s problem might not be "homotopy-critical”, similar
to our observation in Section 1.4, and developed a version of degree theory to overcome
this difficulty.

The full Morse theory was the derived by Struwe (1982) within the framework developed
in 2.6.1.

Given a smootly embedded closed curve I' = S! in R3, we choose a smooth reference
parametrization

7St =R T
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For any smooth ¢ : 9B — R? also let h(y) : B — R3 be the harmonic extension of ¢ to B.
Note that the Dirichlet energy of h(p) may be expressed in terms of Douglas’ integral

D(h / /ZW [£(0) = o) 1y 4o (2.6.5)
167T sin? 9 9' ' o

which is equivalent to the H2-norm of ¢ on B 2 R/ar. Hence, the map h extends to a
continuous map

h:Hz(0B;R*) — H'(B;R%).
We then may recast the setting for the solution of Plateau’s problem, as follows.

Let

M={ue H: N CO(R) : u(t + 27) = u(t) + 27, t € R, u non-decreasing }

loc

be the set of admissible re-parametrizations such that the map h(you) € H' N C°(B;R?)
satisfies the Plateau boundary condition (2.6.3).
The set

M={v=u—id:ue M}

then is a closed, convex subset of the Banach space
X = Hz N C(B/ar):

for ease of notation, however, we prefer to work with the set M, which then is a closed,
convex subset of the affine space {id} + X.

Also let ok ok
M*:{ueM u( g >:%,kez}

be the set of reparametrizations of v such that v o u satisfies (2.6.4) for ¢, = 7(27”“) €
1<k <3
Finally, setting

2m |
y(u(s)) — y(u(®))?
E D(h dsdt
(W) =Dty ow)) 167/ / sin? S) ’
we obtain a functional of class C' on {id} + X to which we can apply the abstract theory
developed in Section 2.6.1 above.

In fact, for any u € M, any € X, letting U = h(~y o u) be the harmonic extension of the
parametrization v o u of I, we have

(dE(u), &) xxx = (duD(h(you)), &) x*xx
/ vuv( h(v(u—i—aﬁ))) d-

:/ (0,U,~'(u))gs€ ds
OB

with 1
¥ ()¢ € H: N CY(OB;RY) = X

Calculus of variations 69



and outward normal derivative
Owu € H2(0B;R?) C X*.
Here we use that X is an algebra with

Enllx < lEllxllnllx,  &ne X,

as is most easily seen by considering £,7 € X as traces £ = Z|pp,n = Y|op where
E,Y € H' N C%(B), and observing that

IVEY)|[L2 < [IVE[L2[Y ][z 4+ [|E]| = [[VY ]| 2
In particular, as in Definition 2.6.1 we let

glu)=sup (dE(u),u—v)x+xx, u€ M.
il <1

Then we have the following key result.
Proposition 2.6.1. For any u € M there holds g(u) = 0 iff U == h(y o u) solves (2.6.1)-(2.6.3).

Proof. By definition of h and M, any surface U = h(vy o u) with u € M solves (2.6.1) and
satisfies the Plateau boundary condition (2.6.3). Thus, only condition (2.6.2) is an issue.
For this note the identity for z = z + iy = re'® € B

120U = [(x + iy) (U, — iU,)]?

= (rU, — iUy)?
= r?|U|> — |Uy|? — 2ir(U,, Uy)gs. (2.6.6)
From
=1AU
—

0 (2*(0U)%) =22* (00U ) U =0

we then conclude analyticity of
U = r?|U, |2 = |Ug|* — 2ir(U,, Uy)ps.

Moreover, U satisfies (2.6.2) iff U = 0, and the latter holds iff (U,, Uy)rs = 0 on 0B. Indeed,
if (U, Uy)rs = 0 on 9B, by harmonicity Im |¥| = 0 in B and ¥(re’?) = const = &(0) = 0
by the Cauchy-Riemann equations.

i) Suppose U = h(y o u) solves (2.6.1)-(2.6.3). By the regularity theory of Hildebrandt
and Nitsche, and since T is smooth, then U € C*(B;R?) and (2.6.2) gives

(Ur, 7' (u))zs = 0;
SO

(B (1), €) xorx = / Uy, (w))ga€ ds = 0

oB
for any ¢ € X. Hence g(u) = 0.

ii) To see the converese, we also require a regularity result.
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Lemma 2.6.3. Let u € M with g(u) = 0. Then U = h(you) € H*(B;R?).

See Struwe [Str82], [Str88]; Prop. I1.5.1, p. 66 f f., Imbusch-Struwe [IS99] for the
analogous result in M*.

Suppose u € M satisfies g(u) = 0 and let U = h(y o u) as above. For any £ € C*(R/2x) and
any |e| < ||¢||;% the map id +e¢ € O is a diffeomorphism on R, and

u. = wuo (id+e€) € M.
Moreover, regularity U € H?(B;R?) implies

’ du 1
Up =7"(u) - @ < Hz(0B;R?),

and thus that fl—; € H:z, since |y/(u)] > ¢ > 0. It then follows that ||u. — u||x — 0 as
e — 0, and we may choose ¢y > 0 such that

[lue —ul|x < 1 for |e| < &.
Thus, from our assumption that g(u) = 0 we deduce
0=yg(u) > (dE(u),u —u)xxx, e <eo.
It follows that for every £ € C'(R/2x) there holds

0> lim (dE(u),u — ) xexx
el0 £

— [ (0,U,~ (u))gs li
| @t ™=

yes T e gs — .
__ /6 (0 (1)) - € /a (0:U.0,) -¢ds.

Replacing £ with —¢, we then see that the latter, in fact, equals 0.
But 9,U, 9,U € Hz(9B;R*) — LP(IB;R®) for every p < co. Choosing p = 4 and
observing that C"(R/2r) is dense in L?*(R/2x) we then obtain

U — Uge

ds

(Ur,Ug)rs =0 on 0B,

and
U = r?|U,|* — |Ug|* — 2ir(U,, Ug)rs = 0,

as shown above, which is equivalent to (2.6.2). The proof is complete. O
Finally, we verify the Palais-Smale condition.
Proposition 2.6.2. Let (u) C M* such that

E(ux) — B, g(ug) = 0 (k — o0).

Then there is uw € Kz and a subsequence A C N such that ||uy — ul|x — 0(k — oo,k € A).
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Proof. Let Uy = h(youy) € €*(I'), k € N. Since
D(Uy) = E(ug) = B (k — o0),

by Lemma 2.6.2 the family (Uy |9 = 7 o wy) is equi-continuous and bounded in Hz on dB.
But then also

up =" o (you)

is bounded in Hz, and a subsequence u;, ~~€ M* in Hz and uniformly. For suitable
0 <r <1then
[|r(up —u)||x <1, keN,

and
v = up +r(u—ug) = (1 —r)ug + su € M

satisfies ||vx — ug||x < 1; so
o(1) = glur) = (dE(ur), ur, — vk) x*xx
= 7‘/ (0,Ur, v (ug)Ygs (ug, — u) ds.
oB
Expanding
Ug—U=~youp,—7you

o () (1, — ) — /01 /Ot o s+ 1 — ) dr d(u — ug)?

we then have

Thus, with error o(1) — 0,

/01 /Ot v (ug, + r(u — ug)) dr dt(u — uy)®

S Cllu—wf|lpe =0 (k= 00,k € A).
H?

o(1) > /(93(3uUk, U—Fk—U)gsds—o(1)
= / VUV (U, —U)dz —o(1)
= IV(Ur = U)llZ2(5) — o(1),

and Uy — U in HY, Uy|sp = your — youin H2. Again using that 7 is a diffeomorphism,
we then obtain u; — u in H2, and thus

llug —ullx =0 (k— o0,k e€A).
[

Remark. In orderto see the relative compactness in C° of Palais-Smale sequences, we may also
use the following observation.
Let (uy) C M* be a (P.-S.)s-sequence. By monotonicity we have the uniform Wh-bound

2w 2m
/ |u§€|ds:/ uy, ds = u(27) — ug(0) =27, keN.
0 0
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Hence a subsequence u, — w in L}, (R) and almost everywhere as k — oo,k € A, where

w : [0,27] — [0, 27] is non-decreasing with

2k 2mw(k + 1)
37 3

u\ ank 2m(k+1)] C , kel. (2.6.7)
(25525

Moreover, by a theorem of Polya, the convergence is uniform if u € C°.

But if u ¢ C°, by (2.6.7) there would be a point sy with u(sy) < u(sy) < u(sy) + 4, and
D(h(y ou)) = oo, contradicting

D(U) < li’?linfD(Uk) = [ < o0,

where U = h(you),U; = h(youg), k € N.
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3.1.1 The Yamabe constant

Let (M, go) be a closed® Riemannian n-manifold, n > 3. A conformal metric
4
g = Umgoa u>0

has scalar curvature
Ry = u"" (—c(n)Agyu + Ryyu) ,

where

1 ij ij -
Agou = m@‘ (90]\/ det 90@‘“) (9 =95"

is the Laplace-Beltrami operator in the metric gy, and where

4(n—1)
n—2

c(n) =
Definition 3.1.1. The operator given by
Lyu) = —c(n)Ayju+ Ryu

is the conformal Laplacian on (M, g).

Note the conformal transformation rule:
For
_4 _4
h=vn2g=(uv)»2gy, ¢>0,

we have
Ry, = vl_Q*Lgv = (uv)l_Q*LgO(uv);

that is, there holds
Lyv = u'"% Ly (uv). (3.1.1)

Definition 3.1.2. A conformal metric g = uﬁgo is a Yamabe metric on (M, go) if R, = const;
that is, if u > 0 solves the equation

Lou=ru*"" onM (3.1.2)
for some constant r € R.

Remark 3.1.1. i) Scalingu = au with o = |7“|ﬁ > 0 we can achiever € {—1,0,1} in
(3.1.2).

1)) Similar to Section 1.5 we can attempt to find a solution of (3.1.2) by minimizing

Eago)(u) = /M (’VU@J +c(n) ™ Ryyu?) dpug,

Zcompact, IM = ()
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over the set
M = {u e H' (M, go) : |ul| 2~ (M, go) = 1},

where, in local coordinates,
Vul?, = 95 0udiu,  dpug, = +/det go dz.
Note that for g = uﬁgo we have

Vdet g = u? \/det gy, dpg = uz*dugo,

SO
[l ey = /M dyty = vol(M. g).

Equivalently, we ccan try to find a minimizer of the Sobolev-Yamabe ratio

S(Mvgo)(u) = +-
[l (a1 g0)

iii) For any u,v > 0 with g = uﬁgo, h = Uﬁg by (3.1.1) there holds
c(n)E g (v) = (c(n)|Vv|3 + Rgv2) ditg

Lyv-vdp, = / u' ™ Ly (wv) - ou? dpg,
M

I
ST

(wv) Ly (uv) dpgy = c(n) Ea,go) (u0);

moreover,

|[v %*2*(Mvg) = /MUQ* dpg = /M(uv)Q* dptgy = HUUH;*(MQO)'

In particular, the Yamabe constant

S(Mﬂo) = / ‘S(Mvgo)(uv> = 11,2% S(th) (1))

(uv)>0
is a conformal invariant.

Example 3.1.1. Stereographic projection

7:5"\{p} = R" fromp= 0 c R"!
—1

with inverse

1 2x
O R">5p+—> —— e S" c R
T (1 - |x|2)

Calculus of variations
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induces the conformal metric

2

2
4
m) o = UG

g=Pgsn = (

with

n—2

=n(n—1) =u""% (—c(n)Au)).

having scalar curvature
R,=R

gsn

That is, u solves the equation
Ay =",

The scaled function

then solves
—Au* = (u)*t onR™
Since by a theorem of Obota moreover we have
8(5"795") = S(Sn,gsn)(l)a

from Remark 3.1.1 we obtain

S = S(anan) = 0<Ueiélvcofc.> (Rn) S(ang]R”)(u,U)
e 1 f S n n - S n n
0<’U€C§1>orl(sn\{p}) (S »9Ss )(U) (S »9s )
_ IVallZ:

= S(sn.gsn) (1) = Smn gsn)(u) = T
L2*

Hence u (and u*) achieve the best Sobolev constant, as claimed in Section 1.5.
In fact, the Yamabe invariant is maximal on S™.
Theorem 3.1.1. For any closed (M", go),n > 3, we have

S go) < S(sm.gsn) = S-

Proof. Fix geodesic normal coordinates in a ball Br(py) around py = 0 € M, and let
¢ € C(Bg)0)) with p(z) = 1 for |z| < &. Letting

n—2
—n —2) 7
wl(e) = 2w (E) - et )]ni , >0,
AN
as in Example 2.3.1 iii), and setting
=il 2 L0,
we obtain
(k—00)
Sat,go) < Sutgo) (k) =" SR gan) = S(sn,ggn)s
and the claim follows. O
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3.1.2 Local compactness

In view of Theorem 3.1.1 the functional E(gn 4., - or the ratio Sign 4.,.) - plays the same
role as F, in Theorem 1.5.1. Already in 1976 Aubin established the following result,
anticipating P.L. Lions’ Theorem 1.5.1 from 1984.

Theorem 3.1.2. (Aubin)

Suppose S(r,gy) < Ssn ggn). Then every minimizing sequence of normalized metrics

sgsmn

4

gk = u; > go, withvol(M,gy) =1, k € N,
satisfying
Stargo) (k) = S gy) (K — 00)
k—o0,keA)

has an H*'-convergent subsequence uy, (koo ke wich limit metric g = un—2gg a Yamabe
metric.

The case Sur,4,) > 0 is the most interesting. For this case let

1 B 1 .
Flargo)(u) = BY /M (|Vu|§0 + ¢(n) 1Rgou2) djtg, — o /Mu2 dtg,

be the "free" functional associated with (3.1.2).

As in Example 2.4.2 i), and using the correspondence between the constrained mini-
mization problem for S, 4,) and saddle-type critical points of F{s, as in the proof of
Theorem 1.4.1, the existence of a Yamabe metric also is an immediate consequence of our
next result, provided that Aubin’s condition

S(M,g0) < S(87,95n)
holds.

Theorem 3.1.3. (Trudinger (1968), Aubin (1976), Brezis-Nirenberg (1983), Cerami-Forunato-
Struwe (1984))

Let (M™, go) be closed, n > 3. Then the functional Fy4,) € CT(H' (M, go)) satisfies (P.-S.)s
for every

1 n 1 .
5 < E (8571795,1))2 = 582 = ﬁ .

Remark. A similar local compactness property was the basis for the proof of Rellich’s conjecture
(on the existence of disc-type surfaces of prescribed constant curvature), achieved independently
by Struwe [Str82],[Str86] and Brezis-Coron [BC83].

Proof of Theorem 3.1.3. i) Let (ug) C H*(M, go) be a (P.-S.)s-sequence, satisfying
F(Myo)(uk) — ﬂ, dF(M,gO)(uk) —0 (k’ — OO)
Computing, with error o(1) — 0 (k — o0),

25 + 0(1) (Huk||H1 -+ 1) = 2F(M,go)(uk) — <dF(M,go)(uk)>uk>H*1><H1
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we find

2%

_ 2
[kl i < 2F(an g0 () + (26(n) ™ Ry lloe + 1) okl |72 + o ol |-

2 .
< 28 + Ol fugl[7or + o x| 7o + o(1)
< CB) +o(1) (|Jug||gr +1), keN.

Thus (uz) C H*(M, go) is bounded and we may assume that u;, — u in H' and
strongly in L? for any p < 2* as k — oc.
In particular, for any ¢ € H'(M, go) we have

o(1) = (dF(ar,g0) (Uk), ©) -1 5 i1

— [ (Vur Today + ) Bing = il usi)
M

(k—o0) _ -
s /M (Vat, V)go + c(n) ™ Rypup — [uf* ~up) dpig
= <dF(M7go)(u)a 90>H—1><H1

and u solves equation (3.1.2) with r = 1.
Choosing ¢ = u, moreover, we obtain

2F(M7g0)(u) = QF(Mng)(u) - <dF(M,gO)(U’)7 u>H71><H1
-2
= 2*

lul[Z2 > 0.

ii) Letwvy = up —u — 0in HY(M, go) and strongly in LP(M, go) for any p < 2* as k — oc.
Lemmas 1.5.3 and 1.5.4 give

Foargo)(ur) = Farge)(w) + Flarge) (vr) + 0(1)
= Flargo) (4) + Fir go) (k) + 0(1)

and

0 1 1 .

< Foargo) (ur) — Flarge) () +o(1) < B+ o(1). (3.1.3)

>0

Similarly, we obtain

o(1) = <dF(M,go)(Uk)7Uk>H—le1

= Vuy, Vv + ¢(n) 'Ry upvr — |uk)® 2w v d

P R R O R e R K
=Uup—Uu

= [|Vorll72 = (w172 = lull72r) 4+ 0(1)

= [|Vorll72 = [lorl| 7o + o(1), (3.1.4)

Calculus of variations /8



and we find

T +o(1).

. 1 1 : 11
P (00) = 51Vl = ellolie = (5= 52 ) o
—_———

1
n

Together with (3.1.3) this gives the estimate

1 - 1 »
_||Uk||%2* <c<pr=-=-82, k> ko
n n
that is, with 2*% = % = 2* — 2, the bound
losl252 <er <8, k> ko (3.1.5)

iii) Finally, for any ¢ € C*>°(M, go) compute
O(l) = <dF(M,gO)(Uk>, Uk@2>H*1><H1
= [ (V@ ~ ) i+ o)

> ||V (up)|IZ2 — [oel 72+

[oepllzr + o(1),

similar to (3.1.4), also using Hélder’s inequality in the last step. With (3.1.5) we then
obtain
IVuep)llz: < ellowgll7er +o(1),

where ¢; < S. But if diam(supp(y)) < Ry for sufficiently small Ry the metric gy on
supp(¢) is sufficiently close to ggn to yield the bound

callurplar <11V (vip)llz2

with a constant ¢, > ¢;, and we conclude that v, — 0 in H* for any ¢.
Thus, if (¢1)1<i<. € C™°(M, go) is a partition of unity with diam(supp(¢;)) < Ry for
eachl e {1,..., L}, we conclude that

L

lowllar < D Mol =0 (k = 00).
=1

Thus, ug, — u strongly in H'(M, gy), as desired.

Corollary 3.1.1. If Sius,4,) < S, there exists u > 0 with

S(ago) () = S(atgo)s
and wu solves (3.1.2).

Proof. i) If S(ar,go) > 0, consider the functional F{,; 4, and note that for each v > 0 the
number

82 32* *
B0 = 5 Fiatg(50) = s (5 Bt () = 3l )

s>0 s>0 2*
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is achieved for s with

s |ullTer = Elarge) (u),
so s2 2||u 2;2?2 = S(ar,g0) (1), and
1 1
B(U) = 32 (5 _ ;) E(M,go)(u)
——_———

1
=— Slulll Starge(u)
n N—_——

2
:(S(Mvgo) (“)) e

1

= n (S(M,go) (u))

|3

Hence, if S(pr,4,) < S in view of Theorem 3.1.3 we may invoke the mountain-pass
lemma, Theorem 2.4.3, with 0 <33 < /3* to obtain the conclusion.

ii) If Sarg0) = 0 a minimizing sequence (uy) C H' (M, go) for Ear 4 in
S = {u€ H' (M, go) : [Jullzz = 1}
accumulates at u € ¥, with
0> B go) (1) > Siargo)||ull 32 = 0.
Hence

B gy () = 0 = min Ey,g,) (v),
v 2

and wu solves
—c(n)Agyu + Ryou = Au

for some A € R, where
A= Mul[Zz = e(n) Eago) (u) = 0.

Thus, u solves (3.1.2) with » = 0.
Moreover, u also minimizes S,g,) with

S g0) (1) = 0 = S(ar,0)-
ii1) If S(ar40) < 0, consider the coercive functional G on H'(M, go), given by

2%
2%

1 1
5 B () + ol

G (M ,go) (1) = 5

By (w.s.ls.c.) of Dirichlet’s integral and || - || 2+, moreover, G (a4, is (W.s.l.s.c.) and
Theorem 1.1.1 applies to yield u € H*(M, go) with

G (atg0) (1) = UeHilI(l]{/[ 50) Gar,go)(v) <0,

3by using S(az,g0) > 0
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satisfying (3.1.2) with r = —1.

Moreover, u achieves 5 = inf [(v), where
0£veH!

. . 82 82* *
B10) = 1 Graa 510 = inf (5 Euatg) + 5 -

s>0 s>0 2

1 .
= |Siargoy ()]

is achieved for s with

*_ *_ E](]\/I7 )(u)
s |ulf72 = —W = —S(ago) (1)
L *

so u also minimizes S(az,g0) (1)
]

The existence of a Yamabe metric on any closed (M™, go),n > 3, then follows from the
next result.

Theorem 3.1.4. (Aubin (1976), Schoen (1984))
Suppose (M™, go),n > 3, is closed and not conformally diffeomorphic to (S™, gsn). Then

S(M,go) < SS”,gSn) =S.
Corollary 3.1.2. On any closed (M™, go), n > 3, there exists a Yamabe metric.

The proof of Theorem 3.1.4 is achieved via the explicit construction of suitable comparison
functions by different methods in the cases

i) n > 6,and (M, go) not locally conformally flat (Aubin [Aub76]),
i) 3 <n <5 or (M, go) locally conformally flat (Schoen [Sch84].

We now sketch Schoen’s proof in the case that either n = 3 or that (M, go) is locally
conformally flat. We may assume that Sys,4,) > 0. The proof uses two key ingerdients:
the Green’s function and the positive mass theorem.

Green’s function: For any point py € M there exists a unique function G € C*(M \
{p}7 gO) with

LgyG = 7(n)dp=po}
where v(n) € R is such that —A(|z|*~™) = y(n)dz—0}, and G > 0 since Sy40) > 0.
Idea: For 0 < py € C°(M, go) with py dx (ki’* : Y(n)0gp=pe} let Gy solve
— 00
Lgon = Pk on M.
Then
SoraolGe 12 < Eargn) (Gr)

= / LQOGk ) GI; d:ugo
M

— [ mGi duy <0
M
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implies that G, = min{G},0} = 0.

Moreover, Gy, (k—>) G smoothly away from py; see for instance Widman [Wid67].
— 00

Positive mass theorem (Schoen-Yau, Witten)

Suppose (M™, go) is closed and not conformally diffeomorphic to (S™, gs»), n > 3.

i) If (M, go) is locally conformally flat, in a suitable conformal chart around any point
po € M we may introduce Euclidean coordinate so that g = ggr» = (J;;) near py = 0,
and there holds

G(x) = |z]* " + A+ a(x), (3.1.6)

where « is smooth and harmonic near py = 0 with «(0) = 0, and where

A>0. (3.1.7)

ii) If n = 3, the expansion (3.1.6) holds in geodesic normal coordinates = near py = 0
with a(z) = o(]z|) and with
A>0.

We refer to [LP87].

Proof of Theorem 3.1.4 when (M, go) is locally conformally flat. Fix py € M and introduce
Euclidean coodinates x on a ball Bg(0) around py = 0 so that (3.1.6) holds, where A > 0.
Fore > 0 let o

n(n—2)e] 7

[ + ==

N
™
O
I
I} -

as in Example 3.1.1. For suitable

R
O<(€0<<p0<7O

choose € > 0 so that

co(pi ™+ A) = u’(po) (N énT_ng_”) : (3.1.8)
Let ]
x
P(z) = ( - g)+

and set

uz (), || < po,

u(r) = eo(G(z) = Y(x)a(x)), po < || < 2p0,
g0G(x), x € M\ By, (0).

Then u is continuous and piecewise smooth, so u € H!. Using the equation
21
—Aug = (ug)

we compute

Sluzllfz = [IVullze = |lufll7;

SO
2%—2 __
=38,

L2

[|ug
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and Hoélder’s inequality yields

/ Vul*dr = / |Vui|? do = / (u2)> =22 do + / Oruzul do
By (0) By (0) By (0) 9By (0)

0]

< SHuH%Q*(M’gO) + /83 o Oruiul do.
0

Moreover, since Ry, = 0 in By, (0), we have

(|Vu|2 + c(n)_leOUQ) dftg,

M\ By, (0)
=2 / (IVGP + c(n) "Ry, G?) dpo + < / (IV(@a)]? = 2VG - V(¢a)) dug,
M\B,, (0) B2y \Bpy (0)

Note that |a(x)| < C|z| implies the bound
V@) < Cin Byp, \ By (0).

Also observe that L,,G = 0in M \ B,,(0) gives

/ (’VG,Q + C(”)ileoGz) dpig,

M\B, (0)
= / Ly G - Gdpg, / 0,G-Gdo
M\Byy (0) 9By (0)
=— / 0,G - Gdo
9B,y (0)

Therefore we find

Eora(0) < Sllullie + [ (w02~ 560.G) do+ Cpct

By, (0)

The Theorem then follows from
Claim 1. For suitable 0 < gy << pg < % there holds

/ (ut0ru} — £5GO,G) do+ Cpoeg < 0.
9By, (0)
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Proof of Claim 1: Compute for |x = py and suitable 0 < gy << py << Ry, using that
E0 e by (3.1.8),

our —g0,G = —(n—2 U —¢ 00y
:— €0 (n—2) ) 5 AU
CLe0 (0§ +4)

1
= —(n—2)eopy" |(P5 "+ A) 75 P | 00
T (2) &

>1-(5)”

2
S —(TL — 2)€0p61A + C Eop(l)_n <£> ‘l‘CEg

Po
:50€2p0_1_"§05, if 0<ep<<po
n—2
S —
2
Thus, with constants C, C; > 0 there holds

copytA, i 0 < po << Ry.

/ (ut0,ul — £5GO,G) do+ Celpy
9By, (0)

i) [ (@ui =06 do—ch [ aGo.Gdo+ Ceipy
0B, 0) 084, (0)

018(2)p(()2_n)_1+(n_1)A + ngpo

S —
< - 016314 + C&Spo <0, if0 < Po << Ry.

Surprisingly, in Yamabe-type equations we can also obtain compactness at energies
exceeding the threshold for concentration.

We illustrate this with the following model problem. Let 2 CC R™ be a smoothly bounded
domain in R, n > 3. For A € R consider the boundary value problem
—Au— M \u= u|u]2*_2 in Q, (3.2.1)
u=20 on 0f) (3.2.2)
with associated energy
1 1 «
Ex(u) = -/(|vu|2 — ) dz — —/ W de, we H(Q).
2 Ja 2% Jq

We expect there to be an interplay between the solvability of (3.2.1), (3.2.2) and the Sobolev
constant S which is attained on the solutions u > 0 of the equation
~Au=uu*? onR", ue H'(R"). (3.2.3)

In fact, the following result holds true, which improves Theorem 3.1.3 beyond the threshold

g
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Theorem 3.2.1. (Struwe (1984))
Let (ug) C HY(Q2) be a (P.-S.)s-sequence for E.
Then there exists a solution u® of (3.2.1), (3.2.2), and either

i) a subsequence uy — u'® strongly in H3(Q2), or

ii) a subsequence uy, — u'® in H}(Q), and there exist I € N and solutions u® € H'(R™) of
(3.2.3) together with sequences (a:f?) CQ, (7“,(;)> C Ry satisfying x,(j) — 20 e Q, r,(j) —
0 (k — o0) and with

dist (;c,@, aQ>

— o0, 1<i<I,

r,(f) (k—00)
such that*
! NG o 2 — a2l
up = u® + Z (r,i”) u® o k) 4o(1) (3.2.4)
i=1_ T 5
- u( 0.0 (z)
where o(1) — 0 in H'(R"), and with
I
Ex(ur) = Ex(u®) + ) Eg(u®). (3.2.5)
=1

iii) If up, > o(1) — 0in H}(Q), then u® > 0 and also u™® > 0,1 << I.

Remark 3.2.1. i) Ifu, > o(1) and hence u' > 0 we can precisely characterize all energy

levels B € R where (P.-S.) fails.
Indeed, by Gidas-Ni-Nirenberg [GNN79] if u® > 0 solves (3.2.3) then up to scaling and

translation o
[n(n—2)] 7

(@) Is u* —
u'’ equals u™(x) = —,
AR

and .
Eo(u®) = Eg(u*) =8, 1<i<I.

Hence, (P.-S.)s fails iff I > 1iff
B=E\(u)+ 15"
for some solution u € H}(Q2) of (3.2.1), (3.2.2).

it) Bahri-Coron [BC87] note that the decomposition (3.2.4) is "orthogonal” in the sense that

infd,” — 00 (k= 00),
17]

where
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Indeed, if for some i < j there holds dgj) < C < oo, with the notation
n—2
2

r(x) =r2 u(xg+rx), r—0,x9€R",

we have

@\ z G G0
—u® () + % ul) m 4 %x
] ! ]

NOING I "k
+ @Oy (@) + 3 (ui&) wm) (z)

I#i
1%
La®  in HE (R™) as k — oo,

and for any ¢ € C°(R"™) there holds

(AE(E@?), ) i1 ncary = Jim (dEo(T, ),

k—00 H-1xH'(R")
= kh_{go <dE,\(uk), QOTI(;')@S)> = Oa
=

H'”H*l_m _ v
=Pr— H-1xH(Q)

but 19 # u® and 9 does not satisfy (3.2.3).

iii) Theorem 3.2.1 and the above remarks i), it) also hold true for other compact perturbation
terms different from Au; moreover, it also holds true for the Yamabe energy Faz4,) and
gives rise to a bubble-tree decomposition of (P.-S.)z-sequences, arising, for instance, as
u(tg) for a solution u = u(t) of the Yamabe flow and t;, — oo, where it is the basic pillar
for the proof of unconditional convergence of the flow in Schwetlick-Struwe [SS03], Brendle
[Bre05]. \

The Yamabe flow for conformal metrics g = g(t) = un—2go on a closed n-manifold (M, go)
with unit volume is given by

Uy = (Tg — Rg)u = (C(H)Agou _ RQOU/) w2 1 r o,

where
_ 2*
Ty = / Ryu” dpg,
M A/_/
dug
so that

d d N

—uvol(M, g :—/ u* dm :2*/ ry — Ry)dp = 0.

dt ( ) dt o go M( g !])
That is, u = u(t) satisfies

u® "2y = c(n)Agu — Rgyu + ru® 1
and multiplying with u, gives the energy identity
*_ d
[ 2 g, = =) B (0

M
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Since Enrgy) (u((t)) = Stargo) (w(t)) = Siargy) for all t, we then obtain the bound

| P g, < S (w0) = S
o Jm
and there exists t;, — oo such that
/ e |*u? 2 djg, = / IR, — g% u® dpgy, — 0 (k — o0), (3.2.6)
M x{ty} Mx{ti}
which is stronger than the condition

c(n)[1dSar.go) (we )|l = sup c(n)(dSarge)(ur), @)1 xm

llell g1 <1

= sup / Ly ug —rgkri*_l wdug
M N——"

el <1 *
=Rguj,
= sup / (Ry, — 1g.) uz ‘odug, — 0 (3.2.7)
llellgr<1 /M

_4
fora (P.—S.)-sequence uy, > 0, with g, = u; > go, k € N.
For uy, > 0 satisfying the intermediate (between (3.2.6) and (3.2.7)) condition

sup / (ng - Tgk) Uz*_lw d:ugo
M

llell 2% <1
- (/M Ry =10, d’“‘g‘))Q+ ol
where 1 11 9
=5t with 2*2(2*)':2*_1,

a better approximation estimate, improving (3.2.4) was obtained by Ciraolo-Figalli-Maggi
[Cir+18], Figalli - in dimensions 3 < n < 5.
Can one use this to simplify the proof of convergence of the Yamabe flow?

. ||

iv) The first results on bubble-tree decompositions are due to Sacks-Uhlenbeck [SU81] for
harmonic maps of surfaces, and to Wente [Wen80] for disc-type surfaces of constant mean
curvature (in the latter case only recovering one bubble). For the harmonic map heat flow,
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results analogous to (3.2.4), (3.2.5) were obtained by Struwe [Str85a], Qing [Qin95], Ding-
Tian [DT95], Wang [Wan96], etc. and for (P.-S.)-sequence satisfying the analogue of
(3.2.6) by Qing-Tian [QT97].

However, examples by Parker [Par96] show that (3.2.4), (3.2.5) may fail for (P.-S.)-sequences
for the harmonic map problem.

For surfaces of prescribed constant mean curvature the analogue of Theorem 3.2.1 (including
(3.2.4), (3.2.5)) was established by Brezis-Coron [BC85], Struwe [Str85b].

v) If (ux) may be of different signs, also u” may be sign-changing. For such u = u® sovlong
(3.2.3) we can estimate

Proof. Testing (3.2.3) with uy = +max{+u,0} # 0 we find

7o > SllugllZe > 0,

IVugllz: = |Jus
so Ep(us) > p* (as in the proof of Corollary 3.1.1), and
Eo(u) = Eo(uy) + Eo(u-) > 25"
O
vi) Thus, if (3.2.1), (3.2.2) admits only the trivial solution u®) = 0, condition (P.-S.)s holds
forall 5 €|p*,20*] (regardless of the sign of (ux)), and for all B ¢ B*Nif u, > o(1).

vii) The decomposition (3.2.4) and the original proof of Theorem 3.2.1 in Struwe [Str84] in-
spired Bahri-Gérard (1997) to derive an orthogonal (in the sense of iii)) nonlinear profile
decomposition also for solutions of nonlinear wave equations

uy — Au = ululP"?  onR x R™;

however, the decomposition is exhaustive only in a weaker norm; see also Nakanishi-Schlag
[NSS11].

The proof of Theorem 3.2.1 may be broken up into
- a perperation step
- a key lemma
- the iteration argument and conclusion.

Proof of Theorem 3.2.1. Let (ux) C H}(Q2) be a (P.-S.)s-sequence. Computing, with error
o(1) — 0 (k — o0), we obtain

26 +o(1) (1 + ||ullan) = 2B (ur) — (dEX(ur), wr) g1

_2r -2
-

2*
L2*

|[ug
and find
1 *
k30 = 2B (ue) + M| - [|ul |72 + 5[] 72
0 Q*

< O(8) +o(1) (1 + lluelly)
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similar to the proof of Theorem 3.1.3.
Thus, (u;) C H(Q) is bounded, and we may assume that u;, — u(®) in H}(£2) and strongly
in LP(Q),p < 2*, where for any p € Hj () we have

<dEA(U(0))a90>H—1xH3 = ]}g{)lo@EA(uk), @)H—le(} =0,
and u(? solves (3.2.1), (3.2.2). Moreover, again similar to the proof of Theorem 3.1.3 we

have

2B, (u”) = 2B, () = (dBx(u'),u”) g1y
22
-

[u@]|2% > 0.

Letting v := uy — u(® = 0in H}(Q) then by Lemmas 1.5.3 and 1.5.4 we have

Eo(vi) = Ex(ug) — Ex(u®) 4 0(1) < 8+ o(1).

The following result is basic for the iterative argument.
Claim 1. dEy(vy) "= 0 in H-1(Q).

Proof. For any ¢ € H}(2) we have
(dBx (o), 0) r-1xary = (dEA(2), 0 -1y — (B, @) g1
[ @)
0

where u? 7! := u|u|? 2 for brevity.
But by Vitali’s theorem we have

1
* * d *_
wp o :/ (=@ @)
ot
1
=(2" - 1)/ uO gy — ul® 4+ 1O 2 at
0

(ILH—OS)(U(O))Q*_1 in L2 (Q),
where 21 = (2*)’ as above, and our claim follows. O
For the iterative argument we then have the following key lemma.
Lemma 3.2.1. Let v, — 0 in H}(Q)be a (P.-S.)s-sequence for Ey. Then either
) B< B = %8%) and ||vg||m — 0 (k — o0), or

ii) there exists a subsequence (vy) and (zy) C Q, 1y, | 0 (k — o0), a solution 0 # v €
H'(R") for (3.2.3), and a Palais-Samle sequence wy 2 0in H}(Q) for Ey such that with
error o(1) — 0 in H*(R™) there holds

2-n r—x
v = Wy + 1,7 v(o)< " k>+0(1),
k

and
Eo(vy) = Eo(wy) + Eo(v'9) + 0(1).
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Moreover, we have
dist(xy, 09)

Tk
and wy, > o(1) whenever vy > o(1) — 0in Hg ().

— o0 (k— 00),

Proof. i) If B < B* the proof of Theorem 3.1.3 gives convergence vy, 20 in H} ().
ii) If 5 > [*, computing
1 2 1 (k—0)
AVl lE = Bolor) = o A{dEo(vk), o) p-vsmy — B,

we have
IVup|[72 = nB >np* =82 (k— oc0).

Normalization: Fix L € N so that B,(0) can be covered by L balls of radius 1.
Choose z, € Q),r; > 0 such that

Sz
sup/ |Vvk\2d:c:/ |Vop|* do = —.
xo B”"k (xo) Br'k (zx) 2L

Note that by (3.2.7) this is possible, and r; < diam(£2). Scale

n—2

(@) = (vp)™™ (@) = 1.2 vy + rpz) € HY(RY)

with now

- ~ Sz
sup/ IVL|? doe = / |VoR)? de = —. (3.2.8)
20 J Bi(z0) B1(0) 2L

Qk:{xER”:xk—i—mer}, k € N.

Let

We may assume that (£2;) exhausts a limit domain €, where either 0, = R" or 0, is a
half-space.
In view of
VTl 720,y = [V Vel 720y = nB < o0,
||dEo(vk)||zr-1(0,) = [|dEo(ve)||r-1(@) = 0

we may assume .
e = 0@ in HY(R™),

where v € H' Q) = || - || 1 — clos (C®(Q)) solves (3.2.3) on Q.
Since any ¢ € C°(Q) also belongs to C2°(§2) for k > ko(p), we may then also choose
functions 7\ € H}(Qy) such that

7O "2 4O strongly in H'(R™).

Claim 1: 5, =% v© strongly locally in H'.
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Proof. It suffices to show

N _ N (k—o0)
Vo € R™: [0 — 0 i1 (Bywo))  —3 O-

Fix 2o € R™ and for r > 0 let B, := B,(xy). Choose cut-off functions ¢; € C:°(R") with
0<¢; <1,i=1,2, and such that

o1 =1 in By, ¢ = 0 outside B%

1 =1 in B%, p1 = 0 outside Bs.

Let
@ = (- 1\") i € Hy(%) € H'(RY),

with
~(1 ~ ~(0
@ || < Clo — 00| 1) < C,

uniformly in k, i = 1,2. Since ¥,  v©® in A, and thus 7, — 3\") % 0 in H', we also have
a0 in HY(R")

and strongly in L?(By) for any p < 2*.

With error o(1) — 0 (k — o0), from dE,(v®) = 0,

(k—00)

|dEo(0) || er-1(,) = [[dEo(vi)l| -1 —" 0,
1dEo(@] | m-1(0) — [|1dEo (v @) 510200y = 0
We now have

=(Or—7y))#3

0
o(1) = <dE0(6k) —dB,@"), @

H=1xH(Q)

— (V@ =5 - =50 ) R d+ o)
Q

[ (O - ) oot

~(1 ~(2 *_
> S|l | — @220

@12, + o(1) (3.2.9)

similar to the preperation step.
But by (3.2.8) we can bound

SIF e < Va1 = [ 196 =3P da+ o)
:/ (192 — VIR e+ o(1) < [ Vi de+o(1)
Rn B

1 _»
< Lsup/ VL2 dr +o(1) < =82 + o(1)
B1(T) 2

z
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and

2% 2

2% _9 1 n—2 2
o < 58 2 +o(1)

~11(2
[l

for any ¢y € ] (%)ﬁ ,1 [ and k > ko(co).

Hence from (3.2.9) we conclude that H@,(:)HLQ* — 0 and then ||{D,(€1)||H1(Rn) — 0, proving
our claim. O

Claim 1 and (3.2.8) now yield 00 £ 0.
Since v(® € H}(Q4) solves (3.2.3), Pohozaev’s Theorem 1.4.2 now implies that Q,, = R",
sO

i dist(zg, 0Q) — 0o (k — 00).

Moreover, letting wy, = v}, — '17,20) and computing

NdEo (@)l g1y = sup  { dEo() — dE(T"), @
el g <1 \Nr ——~—
—0 —0 H*1><Hé(9k)

+ / (@z*—l - w?j—l) pdx + o(1)
Qg

-0 (k— o)

as in the preperation step, upon scaling back to €2 we see that wy, = v, — o o(1) €
H{(S,) is a Palais-Smale sequence with energy
Eo(wi) = Eo(vi) — Eo(v'?,, ) +o(1).
—_———

TkyTk

:EO (U(O))

Positivity. Suppose that vy > o(1) — 0 in Hg(2). Then v}, > o(1) — 0 in H}() and
Claim 1 gives

v©@ = lim v >0
k—o0

locally (hence everywhere) together with
W = — 09 >0(1) =0 in HI ()
because v(0) € H'(R"). Scaling back, we find
wy, >o(1) =0 in Hy(Q).
[

of Theorem 3.2.1 (completed). The Theorem follows by repeatedly applying Lemma 3.2.1af-

ter the preparation step. Since Ey(v(®) > 8* for v(®) as in Lemma 3.2.1, the iteration stops

after at most [2] steps. O

5*



Theorem 3.2.1 may be applied to obtain solutions u > 0 of the problem

—Au=u¥"1 inQ, 3.3.1)
u=0 onof) (3.3.2)

for suitable domains 2 CC R", n > 3.

Recall that by Pohozaev’s Theorem 1.4.2 on any star-shaped domain the problem (3.3.1),
(3.3.2) only admits the trivial solution u = 0.

On the other hand, when 2 is an "annulus" ©Q = Bg, \ Bg, (0) for some 0 < R; < Ry, by
using compactness of the embedding H} ,(Q) — L?(Q) for any p < oo as in the remark at
the end of Section 1.5.1, we obtain a solution u > 0 to (3.3.1), (3.3.2).

With the help of Theorem 3.2.1 Coron was able to show that solutions v > 0 to (3.3.1),

(3.3.2) also exist in a perturbed setting.

Theorem 3.3.1. (Coron [Cor84])
Letn > 3. There is R > 0 such that for any Q@ CC R" satisfying 0 ¢ €2, Bg, \ Bg,(0) C Q for

0 < R; < Ry with

— > 16R
R

1
there exists a solution u > 0 of (3.3.1).

Proof. After scaling, we may assume

1
Rl_ﬁ<1<4R_R27

where R > 1 is determined below.
Let
Y={z eR":|z| =1}.

Recall that

VUU 2
S(uf):%:& VoeX 0<t<l.
2.
Moreover, ast | 0
n—2
1 IS
uy — ug = (TW) n Hl(R )

uniformly in o € X..

Let
M = {u e Hy(Q) : [|ul| 2 =1}

and set

27

:J—EM, 062,0§t<1.
[lwf[] 2

v/
Remark 3.2.1 vi) after Theorem 3.2.1 implies the following result.

Lemma 3.3.1. Suppose that (3.3.1), (3.3.2) only admit u = 0 as a solution. Then the functional
S(u) satisfies (P.-S.), on M for every v €]S,2:S].



Proof. By the proof of Corollary 3.1.1, if (v;) C M is a (P.-S.),-squence for S(u), then the
sequence

up = (S(0x) T vy € HY ()
is a (P.-S.)s-sequence for

1 1
Eg(u):§/§2|Vu|2dx—§/Q|u

with 3 = 1%, By Remark 3.2.1 vi) therefore S(u) satisfies (P.-S.), for

.
¥ dx,

3

(nB*)" =8 < v < (2nB")" = 248.
O
Fix a cut-off function ¢ € C2°(R") such that 0 < ¢ <1 and
1, ifl<|z <2,
p(r) = o1
0, if|z] < gor|z| >4
Seak
o(Rz), if|z| < R,
vr(x) =<1, if R7! < |z| <R,
o(2), il >R
Forany () CC R" with Byr \ B_1 (0) C {2 then we have
wf = ulpr, Wy = ugpr € Hy(Q).
Claim1. sup S(wy)— S (R— ).
s€3,0<t<1
Proof. Estimate
IV (wf —ul)l[z> <
<C / IVul|? dz + CR™? / |u? | dov + CR? / |u? |* dw
{x:\x|<ﬁ or [z|>2R} R {z:2R<|z|<4R} {z:|x|<ﬁ
§C< S gl dzv) §C< o gl dx)
{z:2R< ||} {z:|z|<1/2R}
— 0 (R — 00),
uniformly ino € ¥,0 <t < 1. The claim follows. N

Lemma 3.3.2. Suppose (3.3.1) only admits u = 0 as solution. Then forany§ > 0, any S; < 228
there is a flow ® € C°(M x [0, 1], M) of homeomorphisms ®(-,t) : M — M such that

) ©(v,2) =vift =0 o0rif S(v) <S+3,
i) @(Mgl, 1) C Msys.



Proof. Cover [S + 6, S;] with finitely many intervals |y — &,y 4 €[ as in Theorem 2.4.1 (or
Theorem 2.5.6 for flows on M), where 0 < £ < < 2, and compose the corresponding
flows. O

For v € M define the center of v to be

Flv) = /Q oo

QN B,0) =0,

2 dx.

Let p > 0 such that

and there exists a continuous nearest neighbor projection

7:U,(Q) = | By(z) = Q.

e

Lemma 3.3.3. 3§ > 0Vv e M :S(v) <S+6d= F(v) € U,(Q).

Proof (indirect). Let (v) C M satisfy
S(vg) = S, dist(F(vg), ) > p.

As in Theorem 1.5.3 there is (z) C 2, rp > 0 such that a subsequence
up = (Vp)apr, — @ in HY(R™),

where
S(u) =S.
By (3.2.3) then |u| > 0; hence r;, — 0.

It follows that
F(v) =F (T;fuk <x—xk>) = 1w +o(1).

Tk ~—~~
Y]

]

Proof of Theorem 3.3.1 (completed). Suppose (3.3.1) admits only u = 0 as solution. Choose
R > 0 such that
S = sup S@)= sup Swy)< 25S.
oER,0<t<1 cEX,0<t<1
For § > 0 given by Lemma 3.3.3 and &; let ® € C°(M x [0, 1], M) be given by Lemma 3.3.2.
Then
F(®(v],1) € Uy(), YoeX 0<t<l1.

Hence the map
h:%x[0,1[3 (0,t) = 7 (F(®(v],1))) € Q

is well-defined and continuous.
Moreover, since
SupS(7) S (£11),
gEY
we have
Q(vy,1) = vy



3.3 Coron’s existence result 3 LIMITS CASES

for sufficitently large ¢; <t¢ < 1. Since clearly
F]) =0 (t11)
uniformaly in o, the map h continuously extends to h € C°(X x [0, 1], Q) with
h(o,1) =0, VYoe€X.

Thus, h defines a contraction of ¥ in 2. But this is impossible, since 0 ¢ €.
Thus, (3.3.1), (3.3.2) has a solution u # 0. O

Remark. By working in the set
M, ={ueM:u>0}
one can obtain a solution u > 0 to (3.3.1).

More generally, one can obtain the following result:

Theorem 3.3.2. (Bahri-Coron [BC87))
Let n = 3, and suppose that 2 is not contractible. Then (3.3.1) admits a solution u > 0.
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