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Abstract: A subgraph of a graph G is called trivial if it is either a clique or
an independent set. Let q(G) denote the maximum number of vertices in a
trivial subgraph of G. Motivated by an open problem of Erdés and McKay
we show that every graph G on n vertices for which g(G) < C logn
contains an induced subgraph with exactly y edges, for every y between 0
and n®(©). Our methods enable us also to show that under much weaker
assumption, i.e., g(G) < n/14, G still must contain an induced subgraph
with exactly y edges, for every y between 0 and e2(V10an)_

© 2003 Wiley Periodicals, Inc. J Graph Theory 43: 239-251, 2003
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1. INTRODUCTION

All graphs considered here are finite, undirected and simple. For a graph
G = (V,E), let a(G) denote the independence number of G and let w(G) denote
the maximum number of vertices of a clique in G. Let ¢(G) = max{«a(G),w(G)}
denote the maximum number of vertices in a trivial induced subgraph of G. By
Ramsey Theorem (see, e.g., [10]), ¢(G) > Q(logn) for every graph G with n
vertices. Let u(G) denote the maximum integer u, such that for every integer y
between 0 and u, G contains an induced subgraph with precisely y edges. Erdos
and McKay [5] (see also [6], [7] and [4], p. 86) raised the following conjecture.

Conjecture 1.1. For every C > 0 there is a 6 = 6(C) > 0, such that every
graph G on n vertices for which q(G) < C logn satisfies u(G) > én>.

Very little is known about this conjecture. In [3] it is proved for random graphs.
For non-random graphs, Erdés and McKay proved the following much weaker
result: if G has n vertices and ¢(G) < C logn, then u(G) > §(C) log*n. Here we
prove the following, which improves the Q(log’n) estimate considerably, but is
still far from settling the conjecture.

Theorem 1.1.  For every C > 0 there is a 6 = 6(C) > 0, such that every graph
G on n vertices for which q(G) < C logn satisfies u(G) > n’.

We suspect that #(G) has to be large even if ¢(G) is much larger than Clogn. In
fact, we propose the following conjecture.

Conjecture 1.2. Every graph G = (V,E) on n vertices for which q(G) < n/4
satisfies u(G) > Q(|E|).

By Corollary 3.6 below the assertion of this conjecture implies that of
Conjecture 1.1. Notice that the assumption ¢(G) < n/4 cannot be replaced by
the weaker assumption ¢(G) <n/3+ O(1), as a graph G composed of two
cliques and one independent set, of size n/3 each, does not contain an induced
subgraph with five edges.

Our methods enable us to show that the following weaker statement holds for
any graph G satisfying the above assumption.
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Theorem 1.2. There exists a constant ¢ > 0, such_that every graph G on n
vertices for which q(G) < n/14 satisfies u(G) > Ve,

Throughout the paper we omit all floor and ceiling signs whenever these
are not crucial. All logarithms are in base 2, unless otherwise specified. We make
no attempt to optimize the absolute constants in our estimates and assume,
whenever needed, that the number of vertices n of the graph considered is suf-
ficiently large.

2. SETS WITH LARGE INTERSECTION AND LARGE
COMPLEMENTS-INTERSECTION

Lemma 2.1. Let F be a family of s subsets of M = {1,2,...,m}, and suppose
that each F € F satisfies em < |F| < (1 — €)m. Suppose, further, that there are
integers a,b,t such that

s(e(1—¢e)) = (3)8' >b—1.

Then there is a subset G C F of b members of F such that the intersection of
every a members of G has cardinality larger than dm, and the intersection of the
complements of every a members of G has cardinality larger than ém.

Proof. We apply a modified version of an argument used in [2]. Let A; and
A; be two random subsets of M, each obtained by picking, randomly, in-
dependently and with repetitions, t members of M. Define G = {F € F: A| C
F,FN A, =(}. The probability that a fixed set F € F lies in G is

() (220 -y

Call a subfamily S of @ members of F bad if the cardinality of the intersection of
all members of S or the cardinality of the intersection of all the complements of
these members is at most ém. If S is such a bad subfamily, then the probability it
lies in G is at most &'. Indeed, if the cardinality of the intersection of all members
of S is at most ém, then the probability that all members of A; lie in all these
members is at most ¢, and if the cardinality of the intersection of the
complements is at most ém, then the probability that all members of A, lie in all
complements is at most &. By linearity of expectation, it follows that the
expected value of the random variable counting the size of G’ minus the number
of bad a-tuples contained in G is at least

s(e(1 —5))t —(3)8'>b—1.
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Hence there is a particular choice of A;, A, such that the corresponding difference
is at least b. Let G be a subset of G of cardinality b obtained from G by removing
at least one member from each bad a-tuple. This G clearly possesses the required
properties. ]

We need the following two special cases of the last lemma.

Corollary 2.1. Let F be a family of subsets of M = {1,2, ... ,m}, and suppose
that each F € F satisfies em < |F| < (1 —e)m

(i) If |F| > (4/€)* then F contains two sets such that the size of their
intersection and the size of the intersection of their complements are both
at least (/4)*m

3% and (1 — €) > m™'/3, then F contains

a family of at least m® sets, so that the intersection of each three of them

is of size at least m'/?, and the intersection of the complements of each

three of them is of size at least m"/?.

Proof. Part (1) follows by applying the lemma with s = (4/¢)*, a =b =1 =
2 and 6 = (g/ 4) Part (ii) follows by applying the lemma with s = m*/*, a = 3,
t=4,6=m"?and b = m"®. [

3. DENSITY AND INDUCED SUBGRAPHS

For a real v < 1/2 and an integer #, call a graph G (7, t)-balanced if the number
of edges in the induced subgraph of G on any set of r > ¢ vertices is at least fy(g)
and at most (1 — ) (5). We need the following simple fact.

Lemma 3.1. Let G = (V,E) be a (v,n/3)-balanced graph on n vertices. Then
there is a set U of yn/6 vertices of G such that for W =V — U and for each
u € U, u has at least v|W|/6 and at most (1 —~/6)|W| neighbors in W.

Proof. 1If G has at least n/2 vertices of degree at most (n —1)/2, let V,
be a set of n/2 such vertices. By assumption there are at least 'y("éz) edges in the
induced subgraph on Vi, and hence it contains a vertex of degree bigger than
~vn/3. Omitting this vertex from V; and applying the same reasoning to the
remaining subgraph, we get another vertex of degree at least yn/3. Continue in
this manner yn/6 steps to get a set U of yn/6 vertices. This set clearly satis-
fies the requirements. Indeed, by definition, every vertex in U has at most
(n—1)/2 < (1 —~/6)*n = (1 —~/6)|V — U| neighbors. On the other hand it
has at least yn/3 — yn/6 = yn/6 neighbors outside U. If G does not have at least
n/2 vertices of degree at most (n — 1)/2, we apply the same argument to its
complement. [

The following lemma is crucial in the proof of the main results.



INDUCED SUBGRAPHS OF PRESCRIBED SIZE 243

Lemma 3.2. Let G= (V,E) be a (6¢, no.z) balanced graph on n vertices, and
suppose that € > n~°%' Define § = 0.5(c/4)* and put k = 0. 310;0%7& — 1. Then
there are pairwise disjoint subsets of vertices Ao, Ay, ... ,Arr1,Bo,B1, ..., Bii1

with the following properties:

() |A;| =2 for each i.
(ii) |Bo| =3 and |B;| = 2 for each i > 1.
(ii1) By is an independent set in G.
(iv) Each vertex of B; is connected to each vertex of A;, and is not connected
to any vertex of A; for j > i.
(v) There are no edges connecting vertices of two distinct sets B;.
(vi) The induced subgraph of G on A; contains at least 65(“‘ ‘) edges.

Proof. By Lemma 3.1 there is a set Uy of en vertices of G, so that for W, =
V — Uy, |Wo| = my, each vertex of U has at least emy and at most (1 — &)my
neighbors in Wy. Therefore, by Corollary 2.1, part (ii), there is a set S of at least
m06 > n%3 vertices in Uy, so that any three of them have at least m8'5 > p03 /2
common neighbors and at least m8'5 > n%%/2 common non-neighbors in Wj.
Since G is (6¢,n°2)-balanced, its induced subgraph on S contains an independent
set of size three (simply by taking, repeatedly, a vertex of minimum degree in this
subgraph, and omitting all its neighbors). Let Ay be a set consisting of an
arbitrarily chosen common neighbor of these three vertices, and let By be the set
of these three vertices. Define also C; to be the set of all common non-neighbors
of the vertices in By inside Wy. Therefore |Cy| > n°3 /2. By Lemma 3.1 applied to
the induced subgraph on Cj, it contains a set U; of |C;| > (4/5) vertices such
that for W, = C; — Uy, |W;| = my, each vertex of U, has at least em; and at most
(1 — &)m neighbors in W;. By Corollary 2.2, part (i), there is a set B; of two
vertices of Uj, having at least (g/4)°m; > 0.5(¢/4)*|Ci| = 6|Cy| > 0.56n%3
common non-neighbors and at least 0.56n°> common neighbors in W;. Let A be
a set of two of these common neighbors that contains the maximum number of
edges among all possible choices for the set A; (one edge in this particular case),
and let C; be the set of all common non-neighbors. Note that by averaging, and as
G is (6¢,n%?)-balanced, the number of edges on A is at least 65('142“). Note also
that there are no edges between By and A;.

Applying the same argument to the induced subgraph on C, we find in it
pairwise disjoint sets B, of two vertices, A, of four vertices, and C; of size at least
0.56°n°, so that each member of B, is connected to each member of A, but to no
member of C3, and A; contains at least 65('*‘22‘) edges. We can clearly continue
this process as long as the resulting sets C; are of size that exceeds n%?2, thus
obtaining all sets A;, B;. The construction easily implies that these sets satisfy all
the required conditions (i)—(vi). [

Corollary 3.1.  Let G,&,n,6 and k be as in Lemma 3.2. Then u(G) > 6e(3 ). that
is, for every integer y between 0 and 65( ) G contains an induced subgraph with
precisely y edges.
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Proof. Let aj,az,as,...,a, be an ordering of all vertices of U;A; starting
with the unique vertex of Ay, followed by those in A, then by those in A, etc.
Given an integer y in the range above, let j be the largest integer such that the
induced subgraph of G on A = {ay,a,...,a;} has at most y edges. Let z denote
the number of edges in this induced subgraph. Notice that as y < 65(2;) and the set
Ay spans at least 66(2;) edges, we get j < p. By the maximality of j, the number of
neighbors of @, in A is bigger than y — z, and hence |A| > y — z. To complete
the proof we show that one can append to A appropriate vertices from the sets B;
to get an induced subgraph with the required number of edges. Note that the set A
consists of the union of all sets A; for i between 0 and some d < k, together with
some vertices of Ay, ;. Therefore we have |A| < Zfljol 2/, Observe also that for
each 1 <i<d and b € B;,

2= |Al| =d(b,A) < d(b,A) <> Al =1+ 420 <27, (1)
j=0

where d(v, U) denotes the number of neighbors of v in a subset U of V.

The proof will easily follow from the proposition below.

Proposition 3.1. If 2+ <y — 7 <272 for 1 <i <k, then one can add some
vertices from Bj to A to get y — 7 < 21, where 7' is the number of edges in the
induced graph on the augmented set.

Proof of Proposition 3.1. Let B; = {b;1,b;}. First we add b;; to A. Recalling
(1), we get y — 7/ < 212 — 2 = 3.2/ (where 7 is the number of edges in the new
set A). If y —7 < 2! then we are done, otherwise y — 7 > 2*! while the
degree of b;, to the new set A is less than 2'*! + 1, i.e., at most 27", again due to
(1). Adding b;> decreases the difference y — z by at least 2/, thus making it less
than 3 -2/ — 2/ = 27! Also, the new difference y — 7’ is still non-negative as 7’
increases by at most 2! when adding b;,. ]

To prove the corollary, recall that initially y — z < |A| < 3277 |A,] < 272, As
long as y — z > 22, we find an index 1 < i < d + 1 such that 21+ <y — 7 < 2i+2
and apply Proposition 3.1 to reduce the difference y — z below 2!, using vertices
from B;. Once we reach y — z < 22 = 4, we add y — z vertices from By, obtaining

the required number of edges. [ |

Finally to prove Theorem 1.1 we also need the following lemma of Erdds and
Szemerédi [8].

Lemma 3.1. Let G be a graph of order n with at most n*/s edges. Then G

contains a trivial subgraph on at least ) o logn) vertices.

We rephrase Lemma 3.1 in the following more convenient form.
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Corollary 3.2. Let G be a non-(e,t)-balanced graph. Then q(G) = Q(El()];%f /E)).

Proof. By assumption, there is a subset Vy C V(G) of cardinality |Vp| >t
such that V spans either more than (1 — 5)(“3"') or less than 5(“/0‘) edges. By
averaging we can find a subset Uy C V| of cardinality exactly r whose density in
G is either more than 1 — € or less than €. In the first case we apply Lemma 3.1 to
G|Uy), in the second to G[Uy], where G denotes the complement of G. [

Proof of Theorem 1.1. Let G = (V,E) be a graph with n vertices satisfying
q(G) < C logn. By Corollary 3.2 it follows that there is an 5 = G(C) > 0, so
that G is (3,n°?)-balanced. We may assume that n is large enough and thus
B >n"%1 By Corollary 3.3 this implies that u(G) > n® for some constant
6=26(C) > 0. [ ]

4. GRAPHS WITH LARGE TRIVIAL SUBGRAPHS

In this section we present the proof of Theorem 1.2. First we need to obtain a
lower bound on u(H) for a bipartite graph H with positive degrees. This is done in
the following simple lemma, which may be of independent interest.

Lemma 4.1. Let H be a bipartite graph with classes of vertices A and B such
that every vertex of A has a positive degree. Then u(H) > |A|.

Proof. Let B’ C B be a subset of minimum cardinality of B such that each
vertex of A has at least one neighbor in B". Put |A| =n,and letd; <dy < --- <
d, be the degrees of the vertices of A in the induced subgraph H' of H on A U B’
We assume that the vertices of A are 1,...,n. Also for every j € A, let N; be the
set of neighbors of this vertex in B’. By the minimality of B’ d1 =1. Similarly, by
the minimality of B’ for each i > 1 we have d; < dl +dy + -+ -+ d;_. Otherwise
we can delete an arbitrary vertex of B’ not in U 1N], keeplng all degrees in A
positive and contradicting the minimality. Therefore it is easy to see that every
integer up to Y .* ,d; >n can be written as a sum of a subset of the set
{dy,...,d,}, and is thus equal to the number of edges in the corresponding
induced subgraph of H' (and hence of H). [

Remark. This result is clearly tight, as shown by a star (that is, by the trivial
case |B| = 1) or by a complete bipartite graph on A and B with |B| < |A|, in case
|A| + 1 is a prime.

Next we need the following easy lemma which deals with the possible sizes of
induced subgraphs in a graph which is either a disjoint union of cycles or a long
path.

Lemma 4.2. Let k be an integer and let H be a graph which is either (i) a
disjoint union of k cycles or (ii) a path of length 3k — 1. Then for every integers
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m<k and t <m— 2 there exists an induced subgraph of H with exactly m
vertices and t edges.

Proof. Since we can always consider a subgraph of H induced by the union
of the first m cycles in case (i) or a subpath of length 3m — 1 in case (ii), it is
enough to prove this statement only for m = k.

(i) Denote by cy, ..., ¢, the lengths of the cycles forming H. Given an integer
t <k —2,letj be the index such that ¢; +---+ ¢y <t <cy+--- +¢j.
If ¢y +---+c¢;>t+2 then we can delete a few consecutive vertices
from the j-th cycle to obtain a graph with exactly ¢ edges. It is easy to
see that the number of vertices of this graph is ¢+ 1 < k. Otherwise
ci+---+c¢j=t+1. Then we can delete one vertex from the j-th
cycle and add any two vertices which form an edge from the next
cycle. In this case we obtain a graph with ¢ edges and 7 + 2 < k vertices.
Note that in both cases we constructed an induced subgraph of H with
exactly ¢ edges and at most k vertices. Since the total number of
disjoint cycles is k& we can now add to our graph one by one isolated
vertices from the remaining cycles until we obtain a graph with exactly
k vertices.

(i) To prove the assertion of the lemma in this case just pick the first # 4 1
vertices of the path and add an independent set of size k — (¢ + 1) which is
a subset of the last 2k — 2 vertices of the path. ]

A number is triangular if it is of the form (g) for some positive integer a. We
need the following well known result proved by Gauss (see, e.g., [9], p. 179).

Proposition 4.1. Every positive integer is a sum of at most three triangular
numbers.

Having finished all the necessary preparations we are now ready to complete the
proof of our second theorem.

Proof of Theorem 1.2. Let G = (V,E) be a graph of order n such that
q(G) <n/14 and let I be a largest independent set in G. Denote by G’ the
subgraph of G induced by the set V' =V —1 and let I’ be the maximum
independent set in G'. By the definition of I, every vertex of I’ has at least
one neighbor in I. Therefore the set /U I’ induces a bipartite subgraph H of
G which satisfies the condition of Lemma 4.1. This implies that u(G) > u(H) >
|I'|. Thus, if |I'| > 2V 1en then we are done. Otherwise we have a(G) <
o0-2y/logn_

Next suppose that there is a subset X C V' of size at least n'/? such that the
induced subgraph G’[X] contains no clique of order at least 02\/logn Then,
by the above discussion, ¢(G'[X]) < d2Vloen and it follows easily from
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Corollary 3.2 that G'[X] is (6—0.2\/@7 1X|°?)-balanced. Now Lemma 3.2 and
Corollary 3.1 imply that u(G) > u(G'[X]) > 22 and we are done again.

Denote by m the number of vertices in G’. Then m > 13n/14 and ¢(G') <
q(G) <n/14 <m/13. In addition, we now may assume that every subset of
vertices of G’ of order at least 2m'/?> > n'/? contains a clique of size larger
than e"2Vioen 5 02v/loem  gjnce u(G) > u(G') it is enough to bound u(G').
Our plan is as follows. We will find six large disjoint cliques Wy,..., W
of comparable sizes in G’ such that for every pair (W;,W,) the cor-
responding bipartite graph G'[W;, W;] either has almost all edges or almost no
edges. By Ramsey, for some three of the cliques the corresponding
bipartite graphs are either all very sparse or all very dense. In the former
case we will find three non-connected large cliques and then apply Proposition
4.1; in the latter case we will look at the complement of G' and apply Lemma 4.2
there.

We start with G and delete repeatedly maximal sized cliques till we are left with
less than 2m'/? vertices. Let Wi, ..., W, be the deleted cliques, and let w; > ---
> wy be their corresponding sizes. According to the above discussion w; < m/13
and wy > 60'2\/@. Also, Zle Wi > m— 2m'/2 If forall 1 < i<k — 5 we have
wiis/wi < 3/5, then w; < (3/5)'w; for all j>5i, and thus S% w; <5
Zf/f)_l Wsip1 <5 Zf/f)_l(i%/S)iwl < 25wy /2 < 25m/26 — a contradiction. Hence
we conclude that there is an iy, 1 <iy <k —5, such that w; > (3/5)w;, for
o+ 1<j<ip+5.

For a vertex v € W; denote by Ny,(v) the set of neighbors of v in W;,i # j.
First consider the case when for some v, both Ny, (v) and W; — Ny, (v) have size

at least %01V1°e™ Then for every two integers 0 < a < LO0Wloem and 0 <

b<a-—1 if we pick any b vertices from Ny.(v) and a — b vertices from
W; — Ny, (v), then together with v we obtain a set which spans exactly (}) + b
edges. This immediately implies that u(G) > ¢*01Voem — — V1981 Hence we
can assume that for all i # j, the degree dy,(v) of every vertex v € W; is either
less than ¢®01VIoem o larger than |W;| — (001y/logm,

Denote by e(W;, W;) the number of edges between W; and W;. Let X C W; be
the set of all vertices with degree in W; less than L 01Vlogm ang suppose that
1X| > e*01VIoem et X' be a subset of X of size L01VIoem and Tet Y7 be the set of

all neighbors of vertices from X’ in W;. Clearly |Y| < %01v1oem | x/| — (0-02y/logm
Consider a vertex u € W; — Y’. This vertex is not adjacent to any vertex of X’

and hence has at least ¢*!'V!°¢™ non-neighbors in W;. Thus, by the above dis-
cussion, we know that dy,(u) < *?'V!°"  Using the fact that |Wj|,|W;| >
e%2V1oem we can conclude that

e(Wi,VVj) < 60'01’/10gm|Wi o Y/‘ + |Y/HVVJ| < eO.Ol«/logm’Wi| —I-EO'OZVIOgleVA
_670'1‘/103m|Wi||‘/Vj|.
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On the other hand. if |X| < e"¥'VI°¢™ then all the vertices in W; — X have at
least |W;| — e®01V1¢m neiohbors in |W;|. This, together with the fact that
(Wi, |[W;| > e02V1oem implies

e(W;, W;) > <|Wj\ _ oot logm) <|Wi! _ 01 1ogm>
Z (1 _e70.1\/102m>‘WiHW/j"

Now we can assume that for every iy < j; < jo < ip+ 5 either

(VVJHW ) <e—0.l logm or (W W ) >1-— —0.1 logm.

(Wil W | W IWL

Then, by the well known, simple fact that the diagonal Ramsey number R(3, 3)
is 6 the above set of cliques W;, ..., W s contains a triple W; , W;,, W;, iy <
J1 <J2 <j3 <ip+ 5, in which either all the pairs satisfy the first inequality or all
the pairs satisfy the second inequality. To finish the proof of the theorem it is
enough to consider the following two cases.

Case 1. For every 1 <i; <ip <3, I( z:]H ;22| < e 01Viogm Then an easy
countlng shows that there are at least |W; |/3 vertices in W, with at most

e 1\/@|W | neighbors in Wj,,i = 2,3. Let X; be any set of such vertices of
size 0VI108™m and let W’ W’ be the sets of all neighbors of vertices from X
in W;, and W;,, respectlvely Then by definition, |W/| < 3¢~ 1\/1"g—m|le||X1| =
3e *005\/@|le.|. Also, since e(W),, W;,) < e "Vt |W, ||W, |, there exist at
least 2|W;,|/3 vertices in W;, with at most 3e‘0‘1\/@|W,-3| neighbors in W;,. Let

X, be a set of such vertices of size ¢"03Viogm

which is disjoint from W} . Note
that the existence of X, follows from the fact that 2|W,[/3 > [W] |. Let W}/
be the set of all neighbors of vertices from X, in W;. Then |Wj’: | <
3e’°'05\/@|Wj3| and hence |Wj,| > [W; | + |W/|. Finally let X5 be any subset
of Wj, of size ” 05\/logm which is dlSJOlnt from W/ U W/'. Then U.X; induces a
subgraph H of G, which is a disjoint union of chques of order 05V Iogm (with no
edges between them. Clearly, every number of the form (3)+ (3) + (5),
0<uxy,z< e Vioem ¢an be obtained as the number of edges in an appropriate

induced subgraph of H. Therefore, by Proposition 4.1, u(G) > u(H) >
0.05 logm:eQ(w/logn)

Case2. Forevery1<i <ih<3 (”'7”’2)>1—e 0-1y/logm Denote by H

> T, W,

the subgraph of G’ induced by the union of sets W;,, Wi,, Wj,. Let H be the
complement of H and let / be the number of vertices in H. Note that by our
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construction the set Wj, corresponds to a largest independent set in H and that
(Wi, [Wj,| = (3/5)|Wj|. Therefore

— W
oy <M< 3
2 i1 Wil

We also have that the number of edges in H is bounded by ¢! 1°g’"(é). This
implies that there are at least 21//22 vertices in H with degree at most
221e~%1V1oem Denote this set by X; and consider the following process. Let C;
be a shortest cycle in the induced subgraph H[X;]. Note that such a cycle must
span no other edges of H. The existence of C; follows from the fact that if X;
spans an acyclic graph in H then it should contain an independent set of size at
least |Xi|/2 > 211/44 > 51/11 > «(H), contradiction. If the length of C; is

larger than 3¢%%'V1°8™ then in particular H contains an induced path of length

3e001vIegm _ 1 and we stop. Otherwise, |C;| < 3e%01VIe™ Let X, be the set of
vertices of X; not adjacent to any vertex of C;. Since all vertices in X; have
degree at most 22/e~*1V1°¢™ and |X;| > 211/22 we obtain that

1Xo| > |X,| = 2210 1VIe )| > |X,| — 66le OOV Ieem
> (1 _ o005 10gm> X4,

We continue this process for k = 60'01\/@ steps. At step i, let C; be a shortest
cycle in the induced subgraph H[Xi} and let X;, | be the set of all the vertices in X;
not adjacent to any vertex in C;. We assume that |C;| < 3e0'01\/@1, otherwise we
found an induced path of length 3e201V1oem 1 and we can stop. Similarly, one
can show that for every i,

X;| > (1 _ 005 1ogm> X;_1| > (1 _ 005 10gm>’|X1’

= (14 0(1))|X;] > 2a(H).

Therefore the same argument as in the case of C; shows that a cycle C; has to
exist. In the end of the process we either constructed an induced path of length
3k — 1 or a disjoint union of induced k cycles with no edges between them. In
both cases this graph satisfies the assertion of Lemma 4.2. Therefore for any
integers 0 < r < k = 60.01\/@ and 0 <t < r— 2, H contains an induced sub-
graph on r vertices with exactly ¢ edges. This implies that the same set of vertices
spans (5) — t edges in H. Since any number 0 <y < L1V oem can be written in
this form we conclude that u(G) > u(H) > *01vloem — V1981 This com-

pletes the proof of the theorem. ]
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5. CONCLUDING REMARKS

e There are several known results that show that graphs with relatively small
trivial induced subgraphs have many distinct induced subgraphs of a certain
type. In [11] it is shown that for every positive ¢; there is a positive ¢, such
that every graph G on n vertices for which ¢(G) < ¢; logn contains every
graph on ¢, logn vertices as an induced subgraph. In [1] it is shown that for
every small £ > 0, every graph G on n vertices for which ¢(G) < (1 — 4¢)n
has at least en? distinct induced subgraphs, thus verifying a conjecture of
Erdos and Hajnal. In [12] it is proved that for every positive ¢; there is a
positive ¢, such that every graph G on n vertices for which ¢(G) < ¢, logn
has at least 22" distinct induced subgraphs, thus verifying a conjecture of
Erd6s and Rényi. The assertions of Conjectures 1.1 and 1.2, as well as our
results here, have a similar flavour: if ¢(G) is small, then G has induced
subgraphs with all possible number of edges in a certain range.

e It may be interesting to have more information on the set of all possible
triples (n, g, u) such that there exists a graph G on n vertices with ¢(G) = ¢
and u(G) = u. Our results here show that if ¢ is relatively small, than « must
be large. Note that the union of two vertex disjoint cliques of size n/3 each,
and n/3 isolated vertices show that the triple (n,n/3 + O(1),4) is possible.
It may be interesting to decide how large u(G) must be for any graph G on
n vertices satisfying ¢(G) < n/(3 +¢).
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