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A Hamilton cycle in a directed graph G is a cycle that passes through every vertex of
G. A Hamilton decomposition of G is a partition of its edge set into disjoint Hamilton
cycles. In the late 60s, Kelly conjectured that every regular tournament has a Hamilton
decomposition. This conjecture was recently settled for large tournaments by Kithn and
Osthus [13], who proved more generally that every r-regular n-vertex oriented graph G
(without antiparallel edges) with r = cn for some fixed ¢ > 3/8 has a Hamilton decom-
position, provided n = n(c) is sufficiently large. In this article, we address the natural
question of estimating the number of such decompositions of G and show that this
number is n-°Wer’ In addition, we also obtain a new and much simpler proof for the

approximate version of Kelly’'s conjecture.

1 Introduction

A Hamilton cycle in a graph or a directed graph G is a cycle passing through every vertex
of G exactly once, and a graph is Hamiltonian if it contains a Hamilton cycle. Hamiltonic-
ity is one of the most central notions in graph theory, and has been intensively studied
by numerous researchers in recent decades. The decision problem of whether a given

graph contains a Hamilton cycle is known to be NP-hard and in fact, already appears on
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Hamilton Decompositions of Oriented Graphs 6909

Karp's original list of 21 AP-hard problems [9]. Therefore, it is important to find general
sufficient conditions for Hamiltonicity (for a detailed discussion of this topic we refer the
interested reader to two surveys of Kithn and Osthus [12, 14]). In this article, we discuss
Hamiltonicity problems for directed graphs. A tournament T,, on n vertices is an orien-
tation of an n-vertex complete graph K,,. The tournament is regular if all in/outdegrees
are the same and equal (n—1)/2. It is an easy exercise to show that every tournament con-
tains a Hamilton path (i.e., a directed path passing through all the vertices). Moreover,
one can further show that a regular tournament contains a Hamilton cycle.

A tournament is a special case of a more general family of directed graphs, so-
called oriented graphs. An oriented graph is a directed graph obtained by orienting
the edges of a simple graph (i.e., a graph without loops or multiple edges). Given an
oriented graph G, let §7(G) be its minimum outdegree, §7(G) be its minimum indegree
and let the minimum semi-degree §°(G) be the minimum of §7(G) and §~(G). A natural
question, originally raised by Thomassen in the late 70s, asks to determine the mini-
mum semi-degree which ensures Hamiltonicity in the oriented setting. Following a long
line of research, Keevash, Kithn, and Osthus [10] settled this problem, showing that
8%G) > f%} is enough to obtain a Hamilton cycle in any n-vertex oriented graph. A
construction showing that this is tight was obtained much earlier by Haggkvist [8].

Once Hamiltonicity of G has been established, it is natural to further ask whether
G contains many edge-disjoint Hamilton cycles or even a Hamilton decomposition. A
Hamilton decomposition is a collection of edge-disjoint Hamilton cycles covering all
the edges of a graph. In the late 60s, Kelly conjectured (see [12, 14] and their references)
that every regular tournament has a Hamilton decomposition. Kelly’s Conjecture has
been studied extensively in recent decades, and quite recently was settled for large
tournaments in a remarkable tour de force by Kithn and Osthus [13]. In fact, Kithn and
Osthus [13] proved the following stronger statement for dense r-regular oriented graphs

(i.e., oriented graphs with all in/outdegrees equal to r).

Theorem 1. Let ¢ > 0 and let n be a sufficiently large integer. Then, every r-regular

oriented graph G on n vertices with r > 3n/8 + en has a Hamilton decomposition. [

The bound on r in this theorem is best possible up to the additive term of en.
Indeed, as we already mentioned above, if r is smaller than 3n/8 then G may not even
be Hamiltonian.

Counting various combinatorial objects has a long history in Discrete Mathe-

matics and such problems have been extensively studied. Motivated by Theorem 1, in
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6910 A. Ferber et al.

this article, we consider the number of distinct Hamilton decompositions of dense reg-
ular oriented graphs. One can obtain an upper bound for this question by using the
famous Minc conjecture, established by Brégman [2], which provides an upper-bound
on the permanent of a matrix A. Let S, be the set of all permutations of the set [n].
The permanent of an n x n matrix A is defined as per(4) = Y, s [, Aic)- Every per-
mutation o € S, has a cycle representation which is unique up to the order of cycles.
When A is a 0 — 1 adjacency matrix of an oriented graph (i.e., A;; = 1 iff L} € E(G)), every
non-zero summand in the permanent is 1 and it corresponds to a collection of disjoint
cycles covering all the vertices. Hence, the permanent counts the number of such cycle
factors and, in particular, gives an upper bound on the number of Hamilton cycles in
the corresponding graph. For an r-regular oriented graph G with adjacency matrix A,

where r is large, Brégman's Theorem asserts that
per(4) < (rH)"" = (1 —o(1))"(r/e)".

Therefore, G has at most (1 — o(1))"*(r/e)" Hamilton cycles. Upon removing the
edges of such a cycle from G, we are left with an (r — 1)-regular oriented graph G'. Again
by Brégman’s Theorem, G’ contains at most (1 — o(1))"((r — 1)/e)" distinct Hamilton
cycles. Repeating this process and taking the product of all these estimates, we deduce
that G has at most

((1 +o(1))e—r2)m

Hamilton decompositions. When r is linear in n this bound is of the form n(-°Wm,
Our first result gives a corresponding lower bound, which together with the

above estimates determine asymptotically the number of Hamilton decompositions of

dense regular oriented graphs. It is worth drawing attention to the fact that our result

shows that all such graphs have roughly the same number of Hamilton decompositions.

Theorem 2. Let ¢ > 3/8 be a fixed constant, let ¢ > 0 be an arbitrary small constant,
and let n be a sufficiently large integer. Then, every cn-regular oriented graph G on n

vertices contains at least n=9°*" distinct Hamilton decompositions. O

The main step in the proof of this theorem is to construct many almost Hamilton decom-
positions, each of which can be further completed to a full decomposition. This is done
by extending some ideas from [5] and differs from the approach used in [13]. In partic-

ular, we obtain a new and much simpler proof for the approximate version of Kelly’'s

810 Joquiedaq || Uo Josn younz H13 Aq £85628€/8069/22/8 L 0Z/19BAISqE-a[ollE/UI/WO0"dNo-ojwapese//:sdny woly papeojumoq



Hamilton Decompositions of Oriented Graphs 6911

conjecture, originally established by Kiithn, Osthus, and Treglown in [16]. Furthermore,
note that a Hamilton decomposition of a regular tournament also gives a Hamilton
decomposition of the underlying complete (undirected) graph. Therefore, Theorem 2
implies that, for odd n, the n-vertex complete graph has n=°W"*/2 Hamilton decompo-
sitions. This estimate, together with more general results concerning counting Hamilton
decompositions of various dense regular graphs, was recently obtained in [7].

Another natural problem studied in this article, concerns how many edge-
disjoint Hamilton cycles one can find in a given (not necessarily regular) oriented graph.
Observe that if an oriented graph G contains r edge-disjoint Hamilton cycles, then their
union gives a spanning, r-regular subgraph of G. We refer to such a subgraph as an
r-factor of G. Given an oriented graph G, let reg(G) be the maximal integer r for which
G contains an r-factor. Clearly, G contain at most reg(G) edge-disjoint Hamilton cycles.

We propose the following conjecture which, if true, is best possible.

Conjecture 3. Let ¢ > 3/8 be a fixed constant and let n be sufficiently large. Let G be
an oriented graph on n vertices with §°(G) > cn. Then, G contains reg(G) edge-disjoint

Hamilton cycles. O

Our second result gives supporting evidence for this conjecture, proving that

such oriented graphs G contain (1 — o(1)) reg(G) edge-disjoint Hamilton cycles.

Theorem 4. Letc > 3/8 and ¢ > 0 be fixed constants and let n be sufficiently large. Let
G be an oriented graph on n vertices with §°(G) > cn. Then, G contains a collection of

(1 — &) reg(G) edge-disjoint Hamilton cycles. O

This theorem follows immediately from our proof of Theorem 2. For a regular tourna-

ment Theorem 4 implies an approximate version of Kelly’s Conjecture from [16].

Notation: Given an oriented graph G and v € V(G), let N} (v) = {w € V(G):
W oe E(G)} denote the out-neighbourhood of v in G and d/;(v) = [N} (v)| denote the out-
degree of v in G. Define N; (v) and dg(v) similarly. Given a set W C V(G), let NS (v, W) =
N}l (v) N W and let di (v, W) = [N/ (v, W)|. Similarly define N; (v, W) and d;(v, W). We
omit the subscript G whenever there is no risk of confusion. We also define §7(G) :=
min, d*(v), §7(G) := min, d (v), AT(G) := max,d"(v), A~(G) := max, d (v), and set
8%(G) = min{8*(G), 5 (G)} and A°(G) = max{AT(G), A~ (G)}. We also write a + b to denote

a value which lies in the interval [a — b, a + b].
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2 Proof Outline

In this section we give a general overview of our proof strategy for Theorems 2 and 4.
We only give a “high level” description; the exact details will appear in later sections.
The proof method is similar to that introduced in [5], although a number of new ideas
are required in order extend from the pseudorandom setting to the general case.

Let G be an n-vertex digraph with §°(G) > Bn and let D denote an arbitrary
d = reg(G)-factor of G. Let us first aim to find one collection of “many” edge-disjoint
Hamilton cycles, without attempting to count the number of such collections. To do
this, we will find edge-disjoint spanning subgraphs Hy, ..., H; of G with the following

properties:

1. t= logc(n), for some constant C > O;
For each i, there is a partition V(H;) = V(G) = U; U W;, with |W;| < |U;|;
For every i, the graph D; := H;[U;] is an almost regular subgraph of D, with
degree roughly d/t;
Each vertex u € U; has many in and out-neighbours in the graph H; to W;;
5. SY(H; (W) > (1 —o(1)BIWl.

The existence of such a collection is proven in Section 6 (see Lemma 27).

Given such a partition, we will describe how to find many edge-disjoint Hamilton
cycles in each H;. This consists of two stages. In the first stage, contained in Section 5,
we find (1 — o(1))d/t edge-disjoint collections of paths from D;, with the property that
each collection has few paths, and covers all vertices of V(D;). These paths will be built
from matchings. Concretely, we randomly partition each set V(D;) into b = logcl(n) sets
V(D;) = ViU...UV}, with ||Vji1 | —|Vji2|] < 1forallj,,j, € [b]. By concentration inequalities,
all in-/out-degrees in each D;[V}, V;] are roughly d’ ~ d/tb. Now, any Hamilton path
Vi v;, of K, corresponds to a b-partite subgraph of D; consisting of all the edges

1 Vi

in f))i[Vli,, Vii,H],j € [b — 1]. Furthermore, by a result of Tillson [18], one can partition
each K, into b edge-disjoint Hamilton paths, giving a partition of D; into b edge-disjoint
subgraphs. Each collection of paths will be taken from these subgraphs.

To see how this is achieved, fix a Hamilton path v;v,...v;, in K. Observe that
if we are able to find roughly d’' edge-disjoint perfect matchings in B; := Bi[Vji, Vj"ﬂ]
for all j € [b — 1], by combining a matching from each B; we obtain roughly d’ edge-
disjoint collections of |Vi| edge-disjoint paths, with each collection covering all vertices
of D;. Taking such collections for each of the b Hamilton paths above, we find d'b ~ d/t

edge-disjoint collections of roughly |Vi| ~ n/b edge-disjoint paths covering V(D;).
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Given such anidyllic situation, the second stage of the proof, contained in Section
4, aims to complete each collection of paths above to a Hamilton cycle using edges from
H; adjacent to vertices in W;. As each collection consists of few paths, and as each vertex
has ‘'many’ neighbours in W; in the graph H;, we can (essentially greedily) extend each
collection to a collection of ~ n/b vertex disjoint paths that start and end in W;, so
that all paths are edge-disjoint. The final step completes each collection of paths to a
Hamilton cycle using edges from W;. Provided 8 is large and the number of paths in each
collection (~ n/b) is much smaller than |W;|, this can be carried out using known results
for dense oriented graphs (see Section 3.3). In this way, we complete each collection of
paths to a Hamilton cycle. However, care must be taken during this completion phase,
so that H;[W;] does not become “too sparse”, and there is some sensitivity in our choice
of parameters (choices of b and t) as a result.

A difficulty, which was glossed over above, is that during the first stage as d’
is not that large and the graphs B; are not in general regular, it can be the case that B;
does not even contain a single perfect matching, let alone d’ of them. To overcome this
difficulty, we prove that each almost regular bipartite graph has the “correct number” of
large (not necessarily complete) edge-disjoint matchings. These slightly smaller match-
ings are sufficient to prove the theorem, as in this scenario we still have collections of
not too many paths covering all the vertices of V(D;) (perhaps some paths consist of
a single vertex), although they present some extra technicalities, which are handled in
Section 5. As we show each almost regular bipartite graph contains the “correct number”
of collections of roughly d’ edge-disjoint large matchings, we not only get existence, but
also a counting result from our approach. In order to get a decomposition of G (when G
is regular), we initially remove a carefully chosen regular subgraph from G to obtain G/,
apply the above procedure on G’ to obtain the ‘correct number’ of approximate decom-
positions and then complete the decomposition using the remaining edges and the graph
we left outside. This is done using a celebrated result of Kiithn and Osthus [13]. The rest

of the details appear below.

3 Tools

In this section, we have collected a number of tools to be used in proving our results.

3.1 Chernoff's inequality

Throughout the article, we will make extensive use of the following well-known bound
on the upper and lower tails of the Binomial distribution, due to Chernoff (see Appendix
Ain [1]).
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Lemma 5 (Chernoff’s inequality). Let X ~ Bin(n,p) and let E(X) = u. Then

e PIX < (1-—a)u] <e "2 for every a > 0;
e PIX > (1+a)u] <e®H3forevery0 < a < 3/2. O

Remark 6. These bounds also hold when X is hypergeometrically distributed with

mean [. O
We also need the following easy proposition:

Proposition 7. Lets,K,N € Nwiths < N and p = s/N. Let S be a set of size N. Suppose,
we select random subsets Uy, ..., Ux from S of order s, all choices independent. Then
U = Uik U; satisfies E(|U|) = Np/, where p’ = 1 — (1 — p)¥, and for ¢ < Np/, we have

P(||U| - E(U))| = t) < 2V + 1)<e /3, O

Proof. Fixing an element s € S, it appears in each U; independently with probability
p. Therefore, the probability that s appears in U is p’ = 1 — (1 — p)X and by linearity of
expectation we obtain E(|U|) = Np'.

For the concentration bounds, select K random sets Wj,..., Wx by including
each element of S in W; with probability p, independently at random (that is, |W;| is
not necessarily of size Np for all i). Setting W = U;x;W; we see that |W| is binomially
distributed according to Bin(N,p’), and that E(|W|) = E(JU|). Therefore, by Chernoff’s

inequality we have
P(||[W] —E(W))| > t) < 2 /3%,

Let £ to denote the event “|W;| = Np for all i € [K]" and note that conditioned on

&, the random variable W has the same distribution as U. Therefore,
P(||UI - E(UD| > t) - PE) < P(||W| — E(W])| > t) < 27/, (1)

It easy to see that P(|W;] = m) is maximized when m = Np and therefore, by

independence, we have

PE) = [[PaWil =pn) = W +1)7F.

i€[K]

Combined with (1) this completes the proof. |
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3.2 Perfect matchings in a bipartite graph

Here, we present a number of results related to perfect matchings in bipartite graphs.
The first result is a criterion for the existence of r-factors (i.e., spanning and r-regular

subgraphs) in bipartite graphs, due to Gale and Ryser (see [6, 17]).

Theorem 8. Let G = (AU B, E) be a bipartite graph with |A| = |B| = m, and let r be an

integer. Then G contains an r-factor if and only if forall X C Aand Y C B
ec(X,Y) = r(X|+ Y| —m). U

Next, we present Brégman’s Theorem which provides an upper bound for the
number of perfect matchings in a bipartite graph based on its degrees (see e.g., [1]

page 24).

Theorem 9. (Brégman's Theorem) Let G = (AUB, E) be a bipartite graph with |A| = |B|.

Then the number of perfect matchings in G is at most

[ [de(@'/@e@. O

acA

Remark 10. It will be useful forus to give an upper bound with respect to the maximum
degree of G. Suppose that |A| = |B| = mand let A := A(G). Using Theorem 9 and Stirling’s

approximation, one obtains that the number of perfect matchings in G is at most
A m
(AN™VA < (8A)™A (—) ) O
e

Lastly, we require the following result which provides a lower bound for the
number of perfect matchings in a regular bipartite graph. This result is known as the
Van der Waerden Conjecture, and it was proven by Egorychev [3], and independently by
Falikman [4].

Theorem 11. (Van der Waerden's Conjecture) Let G = (AUB, E) be a d-regular bipartite

graph with both parts of size m. Then the number of perfect matchings in G is at least

' m
d’"ﬂ > <§> . O
mm e
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3.3 Hamilton paths, cycles, and absorbers

We make use of the following theorem of Keevash, Kithn, and Osthus [10].

Theorem 12. Every n-vertex oriented graph G with §°(G) > (3n — 4)/8 contains a

Hamilton cycle, provided n is sufficiently large. O

We also make use of the following related result of Kelly, Kiithn, and Osthus,

which follows immediately from the proof of the main theorem in [11].

Theorem 13. Let ¢ > 3/8 be a constant and n be sufficiently large. Suppose that G is
an oriented graph on n vertices with §°(G) > ¢n, and let x,y € V(G) be any two distinct
vertices. Then there is a Hamilton path in G with x as its starting point and y as its final

point. O

Before describing the next tool we need the following definition.

Definition 14. Given an n-vertex oriented graph G, a subgraph D C G is said to be a
3-absorber if, for any given d-regular spanning subgraph T which is edge-disjoint from

D with d < én, the oriented graph D U T has a Hamilton decomposition. O

The following result is the main ingredient in the seminal article of Kithn and
Osthus in which they solved Kelly's conjecture [13]. Roughly speaking, the theorem states
that there are §-absorbers for arbitrarily small § in any sufficiently large regular oriented

graph. The result follows from Lemma 3.4 in [15].

Theorem 15. Lete > 0 and ¢ > 3/8 be two constants. Then, there is § > 0 such that for
sufficiently large n the following holds. Suppose that G is an n-vertex oriented graph
with §°(G) > cn. Then G contains a §-absorber A as an oriented subgraph, where A is

r-regular with r < ¢n. O

4 Almost Hamilton Decompositions of Special Oriented Graphs

Our aim in this section is to show how certain special oriented graphs can be almost

decomposed into Hamilton cycles.
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4.1 Completing One Hamilton Cycle

The following simple lemma will allow us to complete disjoint directed paths into a

Hamilton cycle.

Lemma 16. Letc > 3/8 and q,N € N with a « % and N sufficiently large. Let F be
an oriented graph with |[V(F)| = N and §°(F) > cN. Let {P;}icis; be a collection of ver-
tex disjoint oriented paths contained in an oriented graph G, where V(F) N V(G) = @.
Let x; and y; denote the first and last vertices of P;, for each i, and assume that
d~(x;, V(F)),d"(y;, V(F)) > 2a. Then there is a cycle C with the following properties:

1. Each P; appears as a segment of C;
2. VF)<C V(). (]

Proof of Lemma 16. For each i € [a] select t; € N~ (x;, V(F)) and s; € N*(y;, V(F)) such
that all 2a vertices are distinct. This is possible as d™(x;, V(F)), d"(y;, V(F)) > 2a. Let
S={s;:ielal}, T={t;:iela]l} and W = V(F).

Let us create a partition of W into a sets, Wy, ..., W,, by assigning s; and ¢;,;, to W;
for alli € [a] (taking a4+ 1 to be 1) and by randomly assigning each vertex v e W\ (SUT)
to one of the sets uniformly and independently at random. Now, let ¢, = (¢ —3/8)/4 > 0

and consider the events:

_lI |W| . n
A="W;] e (1 ieo)T foralli € [a]

174

B= ”d;lwil(v) > (c— 80)7| forallve W andi € [a]".

As E(|W,]) = ‘%", using that N > aloga and Chernoff’s inequality, we obtain
2

P[A°] < 2a exp ( - %) —o(1). 2)

Also, as §°(F) > ¢cN = c|W| and all but at most 2a vertices were assigned randomly, we

have

oW —2a __|W|
T a

E(d*(v, W) > 2.

Again using that |[W| > alog N together with Chernoff’s inequality, we have

2
P[B] < 2N exp ( — @(@)) = o(1). (3)
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6918 A. Ferber et al.

Combining (2) with (3) we conclude P(A N B) > 0. Fix a partition Wy,..., W, such that
A N B holds.

To complete the proof, set F; := F[W;] for each i € [a]. As AN B holds, we have

w
8°(F) > (c so)% > (c — 360) [V (F)| = (3/8 + £0) [V (E).

Therefore, using that |V(F;)| > (1 — &)|W|/a = N/2a > log N and N is sufficiently large,
it follows from Theorem 13 that F; contains a Hamilton path I; from s; to t;,;, for each
i. All in all, the cycle C = P, P,I, ... P,I,P; (with the connecting edges y;s; and t;,1x;,1)

gives the desired cycle. This completes the proof of the lemma. [

4.2 Completing “many” edge-disjoint Hamilton cycles

Next, we will show how to repeatedly apply Lemma 16 to obtain “many” edge-disjoint

Hamilton cycles. Before stating this result we introduce the following definitions.
Definition 17. Let G be an oriented graph.

1. A path cover of G of size a is a collection of a vertex disjoint directed paths
in G which cover all vertices in V(G).

2. An (a,t)p-family is a collection of ¢t edge-disjoint paths covers of G, each of
which is of size at most a.

3. Let P(G,a,t) denote the set of all (a, t)-families in G.
Given P € P(G, a, t), let Gp denote the oriented subgraph Gp = |, E(P). O

Remark: The above definitions include the possibility of paths of length 0, that is,

isolated vertices.

It may seem odd to refer to the oriented graph G in the definition of Gp, as the
oriented subgraph Gp only depends on the edges that appear in the paths from P and
not on G itself. Our notation is however intended to reflect a “choice” of P from G. This
dependence will be relevant later in proving Theorem 2, as our eventual count on the
number of Hamilton decompositions of G in Theorem 2 will follow from a lower bound

on the number of choices of P; from certain subgraphs D; of G.

One can think about a path cover P of small size as an “almost Hamilton cycle”,

in the sense that by adjoining a small number of edges to P we can obtain a Hamilton
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cycle. Our aim in the following lemma is to show how, given “many” edge-disjoint path

covers, one can build “many” edge-disjoint Hamilton cycles.

Lemma 18. Letc > 3/8 and let a,b,n,s,t € Nwith t + alogn « s < n. Suppose that
H is an n-vertex oriented graph with partition V(H) = U U W, where |W| = s, with the

following properties:

1. Thereis P = {P;|j € [t]} € P(H[U],a,t);

2. °(HplUD =t —D;

3. d*(u,W) > 2a+bforall ueU;

4. The oriented subgraph F = H[W] satisfies §°(F) > ¢c|W|;

Then H contains a family C = {Ci, ..., C;} of t edge disjoint Hamilton cycles, where each

cycle C; contains all the paths in P; as segments. O

Proof. Foreachj € [t], let P; = {Pj,}rﬂRj] denote the collection of all directed paths in
the path cover P;. As P; has size at most a we have R; < a.

Now we wish to turn each P; into a Hamilton cycle C; of H in such a way that

(i) all the paths in P; are segments of C;, and
(ii) C; and C; are edge-disjoint for all i #j.

This will be carried out over a sequence of steps where in step j we have already selected
Ci,...,Cj_1, and the cycle C; is chosen by showing that the oriented graph H; = H \
(Uifjf1 E(Ci)) satisfies the requirements of Lemma 16. Let us fix ¢ > ¢’ > 3/8.

Suppose that we have already found C;,...,C;_; and we wish to find C;. Let x;
and y; denote the start and end vertices of P;;, for all i < R;. First note that by Property
3, each vertex u € {x;,y; | i < R;} satisfies d*(u, W) > 2a + b. By Property 2, each vertex
v appears as the first vertex of at most b paths and as the last vertex of at most b paths
(otherwise v would have in-degree or out-degree less than t — b in Hp(U)). Therefore, for

all u € U we have
d;j(u, w) > 2a.

Second, as the edges of less than j Hamilton cycles have been deleted from H, from
Property 4. we find that F; = H;[W] satisfies §°(F;) > c|W|—j + 1 > ¢'|W|, using |W| =
s>t > j. Lastly, we have |[W| = s > alogn > alogs by hypothesis.
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All combined, we have shown that the graph H; satisfies the conditions of Lemma
16 with N = |W|. Therefore, Lemma 16 guarantees the cycle C; exists. Thus we can find

Cy,...,C;, as required. [ |

5 Path Covers of Oriented Graphs

In the previous section, we have shown how to extend edge-disjoint path covers to edge-
disjoint Hamilton cycles in certain special oriented graphs. In this section, we will show
how to locate such path covers, using a number of well-known matching results. The

main result of the section is the following:

Lemma 19. Let m,r € N with r > m*/5%° and m sufficiently large. Suppose that H is an

m-vertex oriented graph with
r—r® <8"H) < A°H) <r+1r°.
Then, taking a = m/log* m and t = r — m?*2?°log m, the following hold:

1. Thereis asetS C P(H,a,t) with |S| > ri-oHm.
2. TFor all P € S the oriented subgraph Hp satisfies §°(Hp) > r — m/log4 m. O
5.1 Finding r-factors in bipartite graphs

We show that given a dense bipartite graph G = (A U B, E) which is “almost regular”,

G contains a spanning r-regular subgraph (an r-factor), with r very close to §(G).

Lemma 20. Leta > 1/2, m,& € N. Suppose G = (AUB, E) is a bipartite graph with |A| =
IBl=m and am + & < 8(G) < A(G) < am + & + £2/m. Then G contains an am-factor. O

Proof. By Theorem 8, to prove the lemma it suffices to show that for all X ¢ A and
Y C B, we have

ec(X,Y) > am(|X| + |Y]| —m). (4)

Given such sets X and Y, let x = |[X| and y = |Y|. We may assume that x < y, as the case
y < x follows by symmetry. We will make use of the following two trivial estimates for
ec(X,Y):

i) esX,Y)>x(8(G)+y—m);
(ii) eg(X,Y) =es(X,B) —ez(X,B\Y) > §(G)x — A(G)(m —y).
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The required bound follows from the following cases.
Case 1: x + y < m. In this case, (4) trivially holds.

Case 2: x < y and x < §(G). In this case, note that since y — m < 0 we obtain
x(8(G)+y—m) > 8(G)(x+y—m).

which by (5.1) proves (4).

Case 3: x <y, and x > §(G). Observe that in this case since « > 1/2 we have
x+y—-—m=>25(G)—m > 2§&. (5)

Also, from (5.1), we have

2
ec(X,Y) = 8(G)x —AG)(m—y)zamx+y -—m)+Ex+y—m) — %(m -y). (6

Combining (5) with (6) and using that x + y > m, we conclude that

2
oem(X+y—m)+€(X+y—m)—%(m—y) >am(x+y—m)+26°— & >amx+y—m),

which again proves (4). This completes the proof. |

Using the previous lemma, we obtain the following corollary, which shows that
by adjoining a small number of edges to an almost regular bipartite graph, one can

obtain a regular bipartite graph.

Corollary 21. Letd,m,§ € N, d < m/2. Suppose that G = (AUB, E) is a bipartite graph
with |[A| = |B| = mand thatd — £ —£2/m < §(G) < A(G) < d —&. Then there is a bipartite
d-regular graph H = (A U B, E’) which contains G as a subgraph. O

Proof. Given G as in the lemma, consider the graph G° = (A U B, E*) where e € E* if
and only if e ¢ E. Clearly m —d + & < §(G°) < A(G°) < m —d + & + £2/m. Therefore,
Lemma 20 guarantees an (m — d)-regular subgraph S C G°. Letting H := S° completes
the proof. |
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5.2 Small subgraphs contribute many edges to few matchings

Lemma 22. Let m,r € N with r > m?/% and m sufficiently large. Suppose that G =
(A UB,E) is a bipartite graph with |A| = |B| = m and that E = E; UE, is a partition of E.
Fori € {1,2} let H; be the spanning subgraph of G induced by the edges in E;. Suppose
also that:

1. Gisr-regular, and

2. dg,(v) <2m®Cforallve AUB.
Then G contains at least (1 —o(1)) (g)m perfect matchings, each with at most m7/®
from E,. O

edges

Proof. Sets = 2mb%® and ¢ = m”/%. First note that since G is r-regular, by Theorem 11,
the number of perfect matchings in G is at least (g)m . Therefore, it is enough to show
that at most o(1)(r/e)™ matchings of G contain at least ¢ edges from FE,.

Now given a matching M C E, of size ¢, let G’ be the subgraph of G obtained by
deleting the vertices covered by M. Clearly A(G') < r and |V(G')| = 2(m — ¢). By Remark
10, it follows that the number of ways to complete M into a perfect matching is at most

on™ () <o () (2)

r e

However, the number of matchings of size ¢ in H, is at most (’Z)s‘ < (ems/f)".

Therefore, the number of perfect matchings of G with at least ¢ edges from E, is at most

(5) = Q)"

This completes the proof of the lemma. [

1/25  1,7/8

/25 (€5 MS\L T\™ /25 (2€*m
(8r) ( re ) <E) = @m) ( ml/24 )

5.3 Decomposing almost regular bipartite graphs into large matchings

In order to prove Lemma 19 in the next subsection we will construct (a, t)p-families
P € P(H,a,t) by carefully combining collections of matchings from certain bipartite
graphs. The following definition will be useful to refer to the key properties required

from these matchings.

Definition 23. Let G = (A UB,E) be a bipartite graph.

810 Joquiedaq || Uo Josn younz H13 Aq £85628€/8069/22/8 L 0Z/19BAISqE-a[ollE/UI/WO0"dNo-ojwapese//:sdny woly papeojumoq



Hamilton Decompositions of Oriented Graphs 6923

1. Giventwo integers a and t, we define an (a, t) »,-family in G to be a collection
of t edge-disjoint matchings in G, each of which of size at least a.
Let M(G, a, t) denote the collection of all (a, t) »,-families in G.
Given M € M(G,a,t), we let Gy denote the spanning subgraph of G
consisting of the edge set |, E(V). O

Our main aim in the following lemma is to show that if G = (AUB, E) is an almost
r-regular bipartite graph with |A| = |B|, then for many elements M € M(G, a, t), where

a ~ |A| and t =~ r, the graph Gy is also almost regular.

Lemma24. Letes > 0andm,r € Nwith m sufficiently large and 2m?*?® < r < (1—-¢)m/2.
Suppose that G = (AUB, E) is a bipartite graph with |[A| = [Bl = mand r < §(G) < A(G) <

r +r?3. Then, taking t = r — m?¥/?® and a = m — m’/8, the following hold:

1. Thereis M C M(G,a,t), with |[M| = ri—etHm.
2. For each M € M, the subgraph Gy has minimum degree at least
t —2mb/e, O

Proof. Seté = m®%andr =r+&+£2/m. Then, using that r?® < m??® = £%/m, combined

with the hypothesis of the lemma, we have
r—&—§/m=r<86 =AG =<r+rf=r—-¢

Thus by Corollary 21 there is an r’-regular graph H = (A U B, E’) which contains G as a
subgraph.
Set E; := E(G) and E, := E(H) \ E;. By the above, we have

2
dEz(V)57"—r=,s§-|—2§—m§2ms/6 (7)

forall ve AUB.

We will now show, using Lemma 22, that there are many ways to build a sequence
(My, ..., M,) of edge-disjoint perfect matchings in H, where each matching contains at
least a edges from E;. To do this, begin by setting Hy := H. Having selected M, ..., M; ,,
setH; := H\(U;;E(M)) and note that H; is (r'—i+1)-regular. Since r’'—i > r—t > m?*/* and
by (7), we can apply Lemma 22 to H; to find at least (1 — o(l))(%)m perfect matchings
of H; with at least a edges in E;. Multiplying all this estimates gives at least

¢ ;.
[Ta- 0(1))<i>m _ p1-o(tm _ L(-o(yrm
e
i=1
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possible choices for (M, ..., M,).
To complete the proof, simply note that each sequence (M, ..., M;) above gives
rise to an (a, t) »,-family of G, given by M = {M; N E) : i € [t]}. As each M can occur at

most t! times in this way, these sequences give rise to M C M(G, a, t) with

1
|M| > F X r(l—o(l))rm — r(l—o(l))rm‘

Lastly, for each such (a,t),-family M, the minimum degree of Gy is at least t — 2m?%/8

by (7). This completes the proof of the lemma. |

5.4 Path covers in almost regular oriented graphs

We are now ready to complete the proof of Lemma 19.

Proof of Lemma 19. Letb = 2log* m and select a partition V(H) = V,U. ..UV, uniformly
at random, where |V;| € {{m/b],[m/b]} holds for all i € [b]. For convenience we will
assume |V;| = m’ := m/b for all i € [b], although this assumption is easily removed. By
Chernoff’'s inequality, with probability 1 — o(1) we find that for all v € V(H) and j € [b]

we have

dy(v,V;) = dgz(v)/b+4ym'logm =d +d*?/2, (8)

where d = r/b. Fix a choice of partition such that (8) holds.

Now consider the complete directed graph on b vertices, denoted by D, (this
graph contains both directed edges (u, v) and (v, u) for all pairs of distinct vertices u, v).
By a result of Tillson [18], the complete digraph D, has an edge decomposition into b
directed Hamilton paths Q,, ..., Q,. Each such path Q; = v;, ... v;, naturally corresponds
to an oriented subgraph H; of H consisting of all edges in B;; := FI)[VI»]., Vij+1] forj e [b—1].
As the paths {Q;};c») are edge-disjoint, so are the oriented subgraphs {H;};c5. As B;; only

consists of edges oriented from Vi, to Vy,,, we can view Bj; as a bipartite graph by

ny
ignoring the orientation of its edges.

Our aim now is to show that each oriented graph H; has many path covers. Let
us fix such a H; and assume without loss of generality that H; is given by the path
Q; = vy...v, so that B; = FI)[VJ-,VJ-H] for all j € [b — 1]. The following observation

is key:

Observation 25. Suppose that M; is a matching of size at least m’ — ¢ in B;; for all

J € [b—1]. Then UM; is a path cover of H; (perhaps with some paths of length 0). Moreover,
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as UM; has at least (m’' — £)(b — 1) edges and H; has m vertices, such path covers are of

size at most m’ + b¥. ]

We now exploit this observation using Lemma 24. Note that d —d?*3/2 > 2m?*/?°,

Secondly, by (8) for all j € [b — 1] we have
d—d*?/2 <8(By) < ABy) <d+d*?)2.

Therefore, we can apply Lemma 24 to By, taking a’ = m' — (m')’/® and t' = d — d*?/2 —

(m/)24/25 , to get

(@) My S M(By,a,t) with [My| = d?-o®m’;
(b) For all M;; € My, letting B := By;, the graph By has minimum degree at
least t' — 2(m")%/®.

Let us now fix M;; € M;; for all j € [b — 1]. As each M;; consists of ¢’ edge-disjoint
matchings, by Observation 25, we can use {M;j};c»-1) to construct t' edge-disjoint path
covers of H;, each of size at most m’' +b(m/)”/® < n/ log4 n = a. Furthermore, it is easy to
see that different choices of {M;;};»—1) give rise to a different collection of path covers.

Combined with (5.4), this gives at least

l—[ ’Mij| > da-oM)®-1dm/b _ g(1-o(1)dm

Jelb—1]

distinct (a,t')p-families of H;.

Now, we have partitioned H into b edge-disjoint oriented graphs H;, ..., Hp, each
of which consists of at least d*—°™4™m distinct (a, t')p-families. Further, distinct choice
of such families from each H; yield distinct (a, bt')p-families of H. Taking ¢t = bt' >
r —2b(m)?*?® > r — m?*** logm, it follows that there is S ¢ P(H, a, t) with

IS| > d-odmb _ qd-o)rm _ L(1—o(l))rm
Here, we have used that b = 2log* m, thatd = /b and thatr > d/2b, giving b"™ = r=o0™
To complete the proof of the lemma, it only remains to prove the following:
Claim 26. For each P € S we have §°(Hp) > r — m/log* m. O
To see this, simply note that by construction

E(Hy) = (_JE(Bw,)
ij
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for some choices of M; € M;; where i € [b] and j € [b — 1]. Given v € V; say, the
out-edges of v in Hp are therefore those out-edges of v in BMij’ where i; = k. However,
i; = k only occurs when an out-edge of v; appears in Q;, which happens exactly b — 1
times, since Qy, ..., Q, forms a Hamilton path decomposition of D,. Combined with (5.4),
t'=d—d*?*/2 — (m)*? and d = r/b, we find

dy, (v) = (b—1)(t'=2(m")*®) = bt'—t'=2b(m)*/® > r—t'—4b(m/)**** > r—2m’ = r—m/ log* m.

As an identical argument lower bounds the d, (v), this completes the proof of the claim,

and hence the proof of the lemma. |

6 Partitions of Oriented Graphs

In this final section, before the proof of Theorems 4 and 2 we prove a technical lemma
which will allow us to decompose oriented graphs as given in Theorem 4 into smaller

subgraphs, each of which satisfy the hypothesis of Lemmas 18 and 19.

Lemma 27. Let 8 >« > ¢ > 0, let K,d,n € N, with n sufficiently large, d = an and
K = logn. Suppose that G is an oriented graph on n vertices with §°(G) > fn and that D
is a d-factor of G. Then there are K® edge-disjoint spanning subgraphs Hi,...,Hgs of G

with the following properties:

1. For each H; there is a partition V(G) = U; U W; with |W;| = n/K? £+ 1;
2. Letting D; = H;[U;] for all i, then D; C D and for some r > (1 — 2¢)d/K® we

have
r—r35 <§%Dy) < A°(Dy) <r+r¥7;

3. Letting E; = H;[U;, W;] we have dfi(u, W;) > ¢|W;|/4K for all u € U;;
Letting F; = H;[W;] we have §°(F;) > (8 — )| W;|. O

Proof. To begin, select K partitions of V(G) uniformly and independently at random
where, for each k € [K], we partition V(G) into K? sets, V(G) = UZE[KZ]SW with |Sg .| €
{In/K?],[n/K*1}. For each k € [K] and v € V(G) there exists a unique ¢ := £(k,v) € [K?]
for which v € Si,. In particular, every v € V(G) belongs to exactly K sets Si.

Second, observe that by Chernoff’s inequality for a hypergeometrical distribu-
tion (see Remark 6), letting s = |n/K?|, with probability 1 — nK3e~“(¢" = 1 — o(1) we
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have

dy(v,Ske) = a|Ske| £4y/slogn  and  df(v,Ske) = di(v)|Skel/n+4/slogn  (9)

forall v e V(G), k € [K] and ¢ € [K?]. In particular, as |Sx,| = s+ 1 > n/2K? > logn, for

all k and ¢ we have
8°%(GISk,]) = BISkel —4y/slogn > (B — &/2)|Sk,l. (10)

For each v € V(G) and k € [K], let X" (v, k) denote the random variable which
counts the number of w € N/ (v) such that w € S x.v) N Sk ek.v) fOr some k' # k. Define
X~ (v, k) similarly.

For o € {+, -}, we have
n n
E[X° (v, k)] < K(E) = =5 = 0().
By Chernoff’s inequality, with probability 1 — Kne=®™/X*) =1 — o(1), for all k € [K] and
v € V(G) we have

2
X° (v, k) < E’; = o(s). (11)

Lastly, for o € {+, —} and v € V(D) we define the random variable Y° (v) to be the
number of vertices u € N3 (v) with u € Sy, for some k. Forallo € {+,—}and v € V(D),

we have
b:=E[Y’° (V)] < Ks.

Since all the vertices of D have the same in/outdegrees, the value of E[Y?(v)] is indeed
independent of v. By Proposition 7, with probability 1 —2nKnKe-@vK*slgn?/3Ks — 1 _¢(1),
forall o € {+,—} and v € V(D) we have

Y’(v) = b+ 2\/K2slogn. (12)

Thus, with positive probability a collection of partitions satisfy (9), (11), and (12).
Fix such a collection.

We relabel {Sy, | k € [K]and ¢ € [K?]} as {W,,..., Wgs} (arbitrarily). Also set
F; = G[W;] \ R;, where R; is the set of all edges which appear in more than one W;. From
(10) and (11), for each i € [K®] we obtain

8°(F;) = (B — &)| Wil
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Next, let D' = D\ (U; E(GIW;])). As D is d-regular, by (12), we have that for all
o €{+,—}and v € V(D)

(V) =d3(v) —Y’(v) =d —b+2/K?slogn.

To complete the proof, we partition the edges of D’ into further oriented

subgraphs
{Di}icixs) and {Ej}ic ks

Each D; will be an oriented subgraph with V(D;) = V(D) \ W; := U;, and each
E; will consist of some directed edges between U; and W;. To obtain these graphs, we
will partition the edges at random as follows: Suppose that e = uv € E(D’), and let
I, = {i € [K®] | u € W;}. Similarly, define I,. By construction, |I,| = |I,| = K and I, NI, = .
Now, we randomly and independently assign each e € E(D’) to a subgraph according to
the following distribution:

l1—¢ .
K3-2K'

« foriel,UI, we assign e to E; with probability .

o fori¢I,UI,, we assign e to D; with probability

The probability for e to being assigned to some subgraph is 1.
By Chernoff's inequality, with probability at least 1 — nK3e ©Wnlem?/n _

nk3e ©% =1 — o(1) the resulting oriented graphs satisfy

(@ r—r¥ <r—4ynlogn <8°WD;) < A°(D;)) <r+4nlogn <r+r*5 where

. (1=9)d=b - (1-2e)4d.
re= K3—2k = K3 !

(b) d,jfi(v, W;) > ¢|W;|/4K for all v € U;.

Finally, taking H; = D; U E; U F; for each i € [K?], it is easy to check that these graphs
satisfy the requirements. [ ]
7 Proof of Theorem 4

We are now ready to complete the proof of Theorem 4.

Proof of Theorem 4. Let G be an oriented graph as in the assumptions of the theorem.
Let d := reg(G) = an and let D C G be a d-factor of G. From Theorem 12, we find that G

contains (¢ — 3/8)n edge-disjoint Hamilton cycles, and so« > ¢ —3/8 > 0.
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First, we apply Lemma 27 to G and D, with 8 = ¢, « and ¢/4 in place of «.
Setting K = logn, this gives edge-disjoint subgraphs Hj, ..., Hgs of G with the following

properties:

1. For each H; there is a partition V(G) = U; U W; with |W;| = n/K? £ 1;
2. Letting D; = H;[U;], for some r > (1 — ¢/2)d/K?, we have

r—r¥® <8%Dy) < A°(Dy) <r+1¥5;

3. Letting E; = H;[U;, W;] we have dfi(u, W;) > ¢|W;|/4K for all u € U;
Letting F; = H;[W;] we have §°(F;) > (8 — &)|W;];

Secondly, by Property 2, above we can apply Lemma 19 to each oriented graph
D;. This gives P; € P(D;, n/ log4 n,r—n/ log4 n) which satisfies

8°(Dp,) = r —n/log" n. (13)

Lastly, apply Lemma 18 to P; for each i. Taking t = r —n/log*n anda = b =
n/log*n and s = |W;| = n/K? £ 1, it is easy to check that the conditions of Lemma 18
hold using (13) and Properties 3 and 4 above. This gives a collection C; := {Cj, ..., C;;} of
edge-disjoint Hamilton cycles in H;.

To complete the proof, set C := | J, C;. Since the H; are edge-disjoint, together with
Property 3, we find that C consists of

K> (1-¢/2)Kr>(1—¢)d

edge-disjoint Hamilton cycles of G. This completes the proof. |

8 Proof of Theorem 2

Before proving Theorem 2, let us introduce a final convenient definition.
Definition 28. Given an oriented graph H, a collection of t edge-disjoint Hamilton
cycles {Ci,...,C;} of G is called an (H,t).-family. Let C(H,t) denote the set of all

(H, t)o-families of H. [l

We are now ready for the proof of Theorem 2.
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Proof of Theorem 2. Letc > 3/8 be fixed and d = cn. We would like to show that given

any ¢ > 0 and a large enough n, every d-regular oriented graph G on n vertices satisfies
(G, )| = nt=on,

Let K =logn and o = ¢/4. Our proof proceeds in five steps.
Step 1. Removing a §-absorbing subgraph from G.

By Theorem 15, there exists § > 0 such that G contains a §-absorber subgraph

A, where A is a-regular, with a < an. Fix such a choice of A and let Gy := G\ A.
Step 2. Partitioning Gy.

Note that Gy is d’' := cn —a regular with g := d’'/n > 3/8. Therefore, taking D = G
and g, = ¢/10, applying Lemma 27, one can find K® edge-disjoint spanning subgraphs
H,, ..., Hgs of G, satisfying:

1. For each H; there is a partition V(G) = U; U W; with |W;| = n/K? + 1;
2. Letting D; = H;[U;], with r > (1 — 2¢0)d'/K?, we have

r—r35 <§%Dy) < A°Dy) <r+1r¥7;

3. Letting E; = H;[U;, W;], we have dgi(u, W;) > &o|W;|/4K for all u € U;
4. Letting F; = H;[W;], we have §°(F;) > (B — )| W;].

Step 3. Showing that for some t = r — o(r) and for every i € [K®] the set C(H;, t) is large.

To this end, let us first apply Lemma 19 to each of the D;s (by Property 2 above,
the assumptions are fulfilled, and that |U;| = m = (1 — o(1))n). It thus follows that for

every i we have a collection
P; C P(D;,n/log*n,r —n/log*n)
which satisfies
|Py| = rmomm,

such that SO(DPi) >r—n/log*nforall P; € P;.
Therefore, by Properties 3, 4 and the lower bound on SO(DPi), the hypothesis of
Lemma 18 apply to H; and P;, taking a = b = n/log*n, t = r —n/log*n and s = |W;| =
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n/K? + 1. This lemma allows us to turn P; into a collection of t = r — n/log*n edge-
disjoint Hamilton cycles. Noting that we fix the W; sets throughout the proof, we can
trivially recover the path cover used to build each of the cycles. Therefore, for all i € [K3]

we have
IC(H;, )| > |Pi| > rt-otm, (14)

Step 4. Showing that G, has n"~99" ‘almost Hamilton decompositions’.

To see this, note that if we pick C; € C(Hj;, t) for all i, then C = |, C; € C(Go, K°?).
Therefore, by (14), for ¢’ = K3t we conclude that

3
‘C(GOI t/)| > r(l—o(l))rnK > d(l—s/S)d/n > n(1—£/4)(1—a)dn > n(l—s/Z)dn' (15)

Step 5. Completing every C € C(Gy, t') to a Hamilton decomposition of G.

Let C € C(Gy,t') and note that G’ = Gy \ C is a b-regular oriented graph with
b = o(n). Since A := G\ Gy is a §-absorber, and b < dn, it follows from Theorem 15 that
A UG has a Hamilton decomposition C'. But then C U C’ is a Hamilton decomposition of
G. Lastly, note that although different choices of C € C(Gy, t') may give rise to the same
Hamilton decomposition in this way, it is easy to see that each such decomposition

occurs at most (z) < 2" times. By (15), this gives
IC(G, d)| > |C(Go, t)|/2" > nt—2dn,

This completes the proof. |

9 Concluding Remarks

In this article, we have given bounds on the number of Hamilton decompositions of dense
regular oriented graphs. Theorem 4 shows that if G is an r-regular n-vertex oriented
graph, with r = c¢n for some fixed ¢ > 3/8, then it has r )™ Hamilton decompositions.
As indicated in the Introduction this bound is tight for every such graph, up to the
o(1)-term in the exponent.

We believe that such oriented graphs should in fact have ((1 +0(1)) eLZ)m Hamilton
decompositions. This would agree with the more precise upper bound obtained from the
Minc conjecture in the Introduction. To prove this seems to require a version of Theorem

15 which can be applied to oriented graphs with sublinear density. In this respect, it
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would be very interesting to obtain an alternative proof of Kelly’s conjecture that does

not make use of regularity, as it seems likely to lead to such a theorem.

Funding

This work was partially supported by ERC Starter Grant 633509 (Eoin Long).

Acknowledgement

The authors would like to thank the referees for many valuable comments.

References
[1] Alon, N. and J. Spencer. The Probabilistic Method, 3rd ed. John Wiley & Sons, Inc., Hoboken,
NJ, 2008.
[2] Brégman, L. M. “Some properties of non-negative matrices and their permanents.” Soviet
Mathematics Doklady 14 (1973): 945-9.
[3] Egorychev, G. “The solution of the Van der Waerden problem for permanents.” Doklady
Akademii Nauk SSSR 258 (1981): 1041-4.
[4] Falikman, D. “A proof of the Van der Waerden problem for permanents of a doubly stochastic
matrix.” Akademiya Nauk SSSR. Matematicheskie Zametki 29 (1981): 931-8.
[5] Ferber, A., G. Kronenberg and E. Long. “Packing, Counting and Covering Hamilton cycles in
random directed graphs.” Israel Journal of Mathematics, to appear, arXiv:1506.00618.
[6] Gale, D.“A theorem on flows in networks.” Pacific Journal of Mathematics 7 (1957): 1073-82.
[71 Gelbov, R., Z. Luria and B. Sudakov. “The number of Hamiltonian decompositions of regular
graphs.” Israel Journal of Mathematics, to appear, arXiv:1512.07655.
[8] Haggkvist, R. “Hamilton cycles in oriented graphs.” Combinatorics, Probability and Com-
puting 2 (1993): 25-32.
[9] Karp, R. M. Reducability among combinatorial problems, Complexity of computer compu-
tations (Proc. Sympos., IBM Thomas J. Watson Res. Center, Yorktown Heights, N.Y., 1972),
pp. 85-103. Plenum, New York, 1972.
[10] Keevash, P., D.Kiithn and D. Osthus. “An exact minimum degree condition for Hamilton cycles
in oriented graphs.” Journal of the London Mathematical Society 79 (2009): 144-66.
[11] Kelly, L., D. Kiihn and D. Osthus. “A Dirac type result on Hamilton cycles in oriented graphs.”
Combinatorics, Probability and Computing 17 (2008): 689-709.
[12] Kihn, D. and D. Osthus. “A survey on Hamilton cycles in directed graphs.” European Journal
of Combinatorics 33 (2012): 750-66.
[13] Kihn, D. and D. Osthus. “Hamilton decompositions of regular expanders: a proof of Kellys
conjecture for large tournaments” Advances in Mathematics 237 (2013): 62-146.
[14] Kihn, D. and D. Osthus. “Hamilton cycles in graphs and hypergraphs: an extremal per-

spective.” In Proceedings of the International Congress of Mathematicians, vol. 4, 381-406.
Seoul, Korea, 2014, http://www.icm2014.org/en/vod/proceedings.html.

810z Jaquieoaq | | Uo Jasn younz H13 Aq £85628€/8069/22/8 1 0Z/10€Sqe-8]ollE/uIwWI/W0d" dno-olwapesE/:Sdny Wol) papeojumod



[15]

[16]

[17]

[18]

Hamilton Decompositions of Oriented Graphs 6933

Kithn, D. and D. Osthus. “Hamilton decompositions of regular expanders: applications.”
Journal of Combinatorial Theory, Series B 104 (2014): 1-27.

Kiihn, D., D. Osthus and A. Treglown. “Hamilton decompositions of regular tournaments.”
Proceedings of the London Mathematical Society 101 (2010): 303-35.

Ryser, H. J. “Combinatorial properties of matrices of zeros and ones.” Canadian Journal of
Mathematics 9 (1957): 371-7.

Tillson, T. W. “A Hamiltonian decomposition of K3, 2m > 8." Journal of Combinatorial
Theory, Series B 29, no. 1 (1980): 68-74.

810z Jaquieoaq | | Uo Jasn younz H13 Aq £85628€/8069/22/8 1 0Z/10€Sqe-8]ollE/uIwWI/W0d" dno-olwapesE/:Sdny Wol) papeojumod




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /Unknown

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [535.500 697.000]
>> setpagedevice




