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ABSTRACT: In this paper we present three Ramsey-type results, which we derive from a simple
and yet powerful lemma, proved using probabilistic arguments. Let 3 ≤ r < s be ﬁxed integers and
let G be a graph on n vertices not containing a complete graph Ks on s vertices. More than 40 years
ago Erdős and Rogers posed the problem of estimating the maximum size of a subset of G without a
copy of the complete graph Kr . Our ﬁrst result provides a new lower bound for this problem, which
improves previous results of various researchers. It also allows us to solve some special cases of a
closely related question posed by Erdős. For two graphs G and H, the Ramsey number R(G, H) is the
minimum integer N such that any red-blue coloring of the edges of the complete graph KN , contains
either a red copy of G or a blue copy of H. The book with n pages is the graph Bn consisting of
n triangles sharing one edge. Here we study the book-complete graph Ramsey numbers and show
that R(Bn , Kn ) ≤ O(n3 / log3/2 n), improving the bound of Li and Rousseau. Finally, motivated by
a question of Erdős, Hajnal, Simonovits, Sós, and Szemerédi, we obtain for all 0 < δ < 2/3 an
estimate on the number of edges in a K4 -free graph of order n which has no independent set of size
n1−δ . © 2004 Wiley Periodicals, Inc. Random Struct. Alg., 25, 253–265, 2005
1. INTRODUCTION
For two graphs G and H, the Ramsey number R(G, H) is the minimum integer N such
that any red-blue coloring of the edges of the complete graph KN on N vertices, contains
∗ Research supported in part by NSF Grants DMS-0355497 and DMS-0106589, and by an Alfred P. Sloan
fellowship.
© 2004 Wiley Periodicals, Inc.
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either a red copy of G or a blue copy of H. The problem of determining or accurately
estimating Ramsey numbers is one of the central problems in modern Combinatorics, and
it has received a considerable attention (see, e.g., [13], [6]). The classical Ramsey numbers
are those of the complete graphs and are denoted by R(s, t) = R(Ks , Kt ).
A more general function than R(s, t) was ﬁrst considered (for a special case) by Erdős
and Gallai in [9]. Suppose 2 ≤ r < s < n are integers and let G be a Ks -free graph. Denote
by fr (G) the maximum cardinality of a subset of vertices of G that contains no copy of Kr ,
and deﬁne
fr,s (n) = min fr (G),
where the minimum is taken over all Ks -free graphs on n vertices. It is easy to see that
for r = 2, we have that f2,s (n) < t if and only if the Ramsey number R(s, t) satisﬁes
R(s, t) > n. Therefore, the problem of determining the function fr,s (n) extends that of
determining Ramsey numbers.
Erdős and Rogers [11] considered the case of ﬁxed s, r = s − 1 and n tending to inﬁnity.
They proved that there exist a constant (s) and a Ks -free graph G of order n, such that
every induced subgraph of G of order n1−(s) contains a copy of Ks−1 , i.e., fs−1,s (n) ≤ n1−(s) .
The next step came about 30 years later when Bollobás and Hind [5] improved the result of
Erdős and Rogers. They also obtained the following ﬁrst lower bound, fr,s (n) ≥ n1/(s−r+1) .
Later, their bounds were again improved by Krivelevich, who in [16], [17] showed that
c1 n1/(s−r+1) (log log n)1−1/(s−r+1) ≤ fr,s (n) ≤ c2 nr/(s+1) (log n)1/(r−1) ,
where c1 , c2 are positive constants depending only on r and s. Most of these results were
obtained using the probabilistic method. Recently, two explicit constructions which provide
an upper bound on fr,s (n) were obtained by Alon and Krivelevich in [1].
As one can see, the upper bound on fr,s (n) has attracted a lot of attention and been
improved considerably during the last forty years. On the other hand, not much progress was
made on obtaining good lower bounds. As pointed by Bollobás and Hind [5], no essentially
nontrivial lower bound was known. Recently the ﬁrst such bound was obtained
in [22], where
r−2
1
it was proved that fr,s (n) ≥ (nbs ), with bs satisfying 1/bs+1 = 1 + r−1
i=0 1/bs−i if
s ≥ r ≥ 3 and b2 = · · · = br = 1. In [22] it was also proved that this recursion implies

2 
that fr,s (n) ≥  nr/(2s)+O(1/s ) . But despite this improvement, there was still a large gap
between lower and upper bounds for fr,s (n).
In this paper we will obtain a new lower bound which slightly reduces this gap. Let r ≥ 3
and let as be the sequence which satisﬁes
a3 = · · · = ar = 1,
1
as+1

1  1
r − 1 i=0 as−i

ar+1 =

3r − 4
,
5r − 6

and

r−2

=1+

∀s ≥ r + 1.

We show that if s > r + 1 then fr,s (n) ≥ (nas ). This improves the above mentioned result
from [22], since it is easy to see from the deﬁnitions that as > bs for all s ≥ r + 1.
Our bound can be further improved by a polylogarithmic factor
standard
 using rather
1/3 n
. Also,
techniques. We will illustrate this by proving that f3,5 ≥  n5/12 (loglog
log n)1/12
using the new bound, we can make some progress on the following question of Erdős.
In [8] he asked to estimate fr,s (n) as accurate as possible and, in particular to show that
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limn→∞ fr+1,s (n)/fr,s (n) = ∞ for all r + 1 < s. Our result, together with known upper
bounds on fr,s (n), proves the above conjecture of Erdős for r = 2, 4 ≤ s ≤ 8 and r = 3,
s = 6.
One of the main tools which we use to obtain an improved bound on fr,s (n) is a simple
and yet powerful lemma, whose proof is based on probabilistic arguments. We believe
that this lemma is of independent interest and might have additional applications. The two
Ramsey-type results, which we discuss next, were both obtained using this lemma.
The book with n pages is the graph Bn consisting of n triangles sharing one edge. Ramsey
problems involving books and their generalizations have been studied extensively by various
researchers (see, e.g., [18] and its references). One of the problems, which was considered
by Li and Rousseau, is to estimate the book-complete graph Ramsey numbers. In [18] they
n3
n3
proved that for all sufﬁciently large n these numbers satisfy 44 log
2 n < R(Bn , Kn ) < log(n/e) .
An interesting question which was left open is to determine the asymptotic behavior of
R(Bn , Kn ). Here we make some progress in this direction. Using our main lemma, we can
show that


n3
R(Bn , Kn ) ≤ O
,
log3/2 n
thus reducing the gap between the upper and lower bounds.
Let H be a ﬁxed forbidden graph and let f be a function of n. Denote by RT(n, H, f (n))
the maximum number of edges in an H-free graph G on n vertices which has no independent
set of size f (n). The problem of estimating this parameter was motivated by the classical
Ramsey and Turán theorems and attracted a lot of attention during the last 30 years (see,
e.g., the excellent survey [20] of Simonovits and Sós).
One of the ﬁrst and probably one of the most celebrated results in Ramsey-Turán theory
claims that RT(n, K4 , o(n)) = (1+o(1))n2 /8. The upper bound was obtained by Szemerédi
and the lower bound was proved by a surprising construction of Bollobás and Erdős. Despite
the fact that this construction has independence number o(n), it is not difﬁcult to check that
it is still rather large. So replacing o(n) by slightly smaller functions, like n/ log n or even
n1−δ for some ﬁxed δ > 0, perhaps one could get smaller upper bounds on the number of
edges. This natural question was posed in [10] and [20]. The ﬁrst results in this direction
were obtained in [21], where it was proved that RT(n, K4 , n1−o(1) ) = o(n2 ) together with
the estimates for RT(n, K4 , n1−δ ) for a few ﬁxed values of δ. In this paper we will further
extend these results using our main lemma. We show that if 0 < δ ≤ 2/3 and r is an integer
such that 1/(r + 1) < δ ≤ 1/r, then

RT(n, K4 , n1−δ ) ≤



n2−δ/(r+1)

n2−((r+2)δ−1)/(2r+1)

r+1
≤ δ,
+r+1
r+1
.
for δ ≤ 2
r +r+1
for

r2

The rest of this paper is organized as follows. In the next section we prove our key lemma
together with some of its immediate applications. First we obtain an improved bound on
f3,5 (n). We consider this case separately to illustrate our main ideas and also to show how
our general bound for fr,s (n) can be improved by a polylogarithmic factor. Next we consider
the book-complete graph Ramsey numbers and obtain an improvement of the result of Li
and Rousseau. We conclude Section 2 with the proof of upper bounds on the Ramsey-Turán
numbers of K4 . In Section 3 we study the general case of the Erdős-Rogers problem and
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show how to ﬁnd large Kr -free subsets in Ks -free graphs. The ﬁnal section of the paper
contains some concluding remarks.
The most part of our notation is standard. Given a graph G = (V , E) and a vertex v ∈ V ,
let N(v) be the set of vertices of G adjacent to v and let d(v) = |N(v)| be the degree of v.
For a subset W ⊂ V we denote by N ∗ (W ) the set of all common neighbors in G of vertices
from W . Moreover, for a pair of vertices u, v ∈ G the size of their common neighborhood
is denoted by codeg(u, v) = |N ∗ (u, v)|. Throughout the paper we make no attempts to
optimize various absolute constants. To simplify the presentation, we often omit ﬂoor and
ceiling signs whenever these are not crucial. All logarithms are in the natural base e.

2. THE KEY LEMMA AND ITS APPLICATIONS
We start this section by proving our main lemma, which we think is of independent interest.
Its proof is probabilistic and uses a variant of a process which may be called dependent random choice. This process and its extensions were recently developed by various researches
and successfully applied to different Ramsey and Turán type problems (see, e.g., [21],
[15], [3], [14], [12], and their references). After proving the key lemma, in the next three
subsections we discuss its application to various Ramsey-type problems.
Lemma 2.1. Let i ≥ 2 be a positive integer and let G = (V , E) be a graph of order n
with average degree d such that, for every edge e = (v, w) of G, the number of common
i
neighbors of v and w is at most a. Then G contains an induced subgraph with at least 2ndi−1
vertices and average degree at most

2ai
.
d i−1

Proof. Consider a subset I ⊂ V consisting of i (not necessarily distinct) vertices of G
which we chose uniformly at random. Denote
U = {v ∈ V | I ⊆ N(v)}.
Let X = |U| and let Y be the random variable counting the number of edges of G spanned
by U. We estimate the expectations of X and Y .

1 
1
i
= i
(d(v)) ≥ i n
E[X] =
n
n v∈V
n
v∈V

i
2|E(G)|
1
di
= i−1
= i−1 ,
n
n
n
  |N(v)| i


v∈V

d(v)

i

n

where the inequality follows from the convexity of f (x) = x i . In order to estimate the
expected value of Y , observe that for a ﬁxed edge e = (v, w) of G the probability that both

i
v and w are in U is precisely codeg(v,w)
≤ (a/n)i . As the number of edges of G is nd/2 it
n
follows that

nd  a i
dai
Pr[v, w ∈ U] ≤
= i−1 .
E[Y ] =
2 n
2n
e∈E(G), e=(u,w)
In particular, since Y is nonnegative in the case a = 0 we get that Y is identically zero.
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Let Z be the random variable which we deﬁne as follows. If a = 0, then Z = X −
i−1

i

di
;
2ni−1

otherwise Z = X − d ai Y − 2ndi−1 . By linearity of expectation it is easy to see that in both
cases E[Z] ≥ 0. Hence there exists a choice of I for which Z ≥ 0. Note that in this case
i
ai
ai
(X − Z) ≤ d i−1
X. Choose such an I and consider the
X − 2ndi−1 ≥ Z ≥ 0 and Y ≤ d i−1
subgraph of G induced by the set U. Then this graph has X ≥
degree at most 2Y /X ≤

2ai
.
d i−1

di
2ni−1

vertices and average

Note that the assertion of this lemma holds trivially for i = 1. To see this, it is enough to
consider the neighborhood of a vertex of maximum degree. Also the result of Lemma 2.1
is interesting only for a < d 2 /n. Otherwise a stronger statement can be obtained using a
simple averaging argument. Finally, we do not know if our result is tight and it would be
very interesting to improve it.
2.1. Triangle-Free Subsets in K5 -Free Graphs
Here we show how using our Lemma 2.1 one can obtain an improved lower bound on
f3,5 (n). We consider this case separately to illustrate some ideas in the proof of our more
general result which we present in Section 3 and also to indicate how the bound for fr,s (n)
can be improved by a polylogarithmic factor.
Theorem 2.2.
of size

Every K5 -free graph of order n contains a triangle-free subset of vertices

 n5/12

log1/3 n
(log log n)1/12


.

To prove this result we need a lower bound on the size of the maximum independent set
in 3-uniform hypergraphs in which every pair of vertices is contained in only few edges.
Such hypergraphs are usually called uncrowded. The following proposition is a corollary of
more general result on the size of an independent set in uncrowded hypergraphs, obtained
by Duke, Lefmann, and Rödl [7].
Proposition 2.3. Let H be a 3-uniform hypergraph on n vertices and with m edges. Let
(m/n)1/2 ≤ t and suppose there exist an  > 0 such that the number of edges containing
any ﬁxed pair of vertices of H is at most t 1− . Then H contains an independent set of size
α(H) ≥ 

n
t


log1/2 t .

We also need the result of Shearer [19] on the size of an independent set in Ks -free graphs.
Proposition 2.4. Let G be a Ks -free (s ≥ 4 ﬁxed) graph on n vertices with average degree
at most d. Then the independence number of G has size at least
 

n
log d
α(G) ≥ 
.
d log log d
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Having ﬁnished all the necessary preparations, we are now ready to complete the proof of
our ﬁrst result.
Proof of Theorem 2.2. Let G be a K5 -free graph of order n. If it contains an edge (v, w)
1/3 n
such that the number of common neighbors of v and w is at least n5/12 (loglog
, then
log n)1/12
this set is triangle-free and we are done. Thus we can assume that every edge of G is
1/3 n
triangles. If the average degree d of G is at
contained in at most a = n5/12 (loglog
log n)1/12
least d ≥ n3/4 (log log n)1/4 then, using Lemma 2.1 for i = 2, we conclude that G contains
2
an induced subgraph with at least d2n ≥ 21 n1/2 (log log n)1/2 vertices and average degree
2

at most 2ad ≤ 2n1/12 log2/3 n(log log n)−5/12 . Since this subgraph is also K5 -free, using
Proposition 2.4, we obtain that it contains an independent set of size



n1/2 (log log n)1/2
n1/12 log2/3 n(log log n)−5/12



log n
log log n




=  n5/12

log1/3 n
(log log n)1/12


.

Next suppose that the average degree d of G is at most d ≤ n3/4 (log log n)1/4 and
1/3 n
every edge of G is contained in at most n5/12 (loglog
triangles. Let H be a 3-uniform
log n)1/12
hypergraph whose vertices are the vertices of G and whose edges are the triangles of G.
Denote by
t = n7/12 log1/6 n(log log n)1/12 .
Then an easy calculation shows that the number m of the triangles in graph G is at most
1
1
|E(G)| max codeg(u, v) ≤ nd max codeg(u, v)
(u,v)∈E(G)
3
6 (u,v)∈E(G)


n  3/4
log1/3 n
n
≤
n (log log n)1/4 n5/12
= t2.
1/12
6
(log log n)
6

m≤

As the number of triangles containing any ﬁxed pair of vertices of G is at most
1/3 n
n5/12 (loglog
t 6/7 , we can apply Proposition 2.3 to conclude that the hypergraph
log n)1/12
H contains an independent set of size


n
t

log

1/2




n
log1/3 n
1/2
5/12
t =
log n =  n
.
(log log n)1/12
n7/12 log1/6 n(log log n)1/12




Since an independent set in H corresponds to an induced triangle-free subgraph of G, this
completes the proof of the theorem.
2.2. Book-Complete Graph Ramsey Numbers
Recall that the book with n pages is the graph Bn consisting of n triangles sharing one edge.
We shall prove the following theorem which improves the upper bound of Li and Rousseau
[18] on the book-complete graph Ramsey numbers.
Theorem 2.5.

For all sufﬁciently large n, R(Bn , Kn ) ≤

200n3
.
log3/2 n
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In the proof of this result, in addition to Lemma 2.1, we will use the following well
known bound ([4], Lemma 12.16) on the independence number of a graph containing few
triangles (see also [2] for a more general result).
Proposition 2.6. Let G be a graph on n vertices with average degree at most d and let m
be the number of triangles in G. Then G contains an independent set of size at least
4n
(log d − 1/2 log(m/n)).
39d
3

200n
Proof of Theorem 2.5. Let G be graph of order N = log
3/2 n not containing Bn . Denote by
d the average degree of G. By deﬁnition, every edge of G is contained in at most a = n − 1
triangles. Therefore the total number m of triangles in G is bounded by

m < |E(G)| max codeg(u, v) < Ndn.
(u,v)∈E(G)

If d ≤

10n2
log1/2 n

then, by Proposition 2.6, G contains an independent set of size

4N
2N
(log d − 1/2 log(m/N)) ≥
log(d/n) ≥ (40/39 + o(1))n > n,
39d
39d
and we are done.
2
Thus we can assume that the average degree of G is at least log10n
1/2 n . Then, using
Lemma 2.1 for i = 2, we obtain that G contains an induced subgraph with at least
2
d2
n ≥ 2N
≥ 41 n log1/2 n vertices and average degree at most d ≤ 2ad ≤ 15 log1/2 n. Now
to complete the proof note that, by Turán’s theorem, this subgraph contains an independent
set of size n /(d + 1) ≥ (5/4 + o(1))n > n.
2.3. Ramsey-Turán Numbers of K4
Here we present an application of Lemma 2.1 to a problem which arises in Ramsey-Turán
theory. For all 0 < δ ≤ 2/3, we obtain the following estimate on the number of edges in a
K4 -free graph of order n which contains no independent set of size n1−δ .
Theorem 2.7.
Then

Let 0 < δ ≤ 2/3 and let r be an integer such that 1/(r + 1) < δ ≤ 1/r.

r+1
 2−δ/(r+1)
≤ δ,
for 2
 n

1−δ
r
+r+1
≤
RT n, K4 , n
r+1

n2−((r+2)δ−1)/(2r+1) for δ ≤
.
2
r +r+1

Proof. First consider the case when (r + 1)/(r 2 + r + 1) ≤ δ ≤ 1/r. Let G be a K4 -free
graph on n vertices with at least n2−δ/(r+1) edges. It is enough to show that α(G) ≥ n1−δ .
Since G is a K4 -free graph, note that the common neighborhood of any pair of adjacent
vertices forms an independent set. Therefore, we can assume that any two adjacent vertices
have at most a = n1−δ common neighbors. Using Lemma 2.1 for i = r + 1 together with
the fact that the average degree of G is d ≥ 2n1−δ/(r+1) , we conclude that G contains an
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induced subgraph on n ≥ d r+1 /(2nr ) ≥ 2r n1−δ ≥ 2n1−δ vertices with average degree at
most
2
d ≤ 2ar+1 /d r ≤ 2−(r−1) n1−δ((r +r+1)/(r+1)) ≤ 1.
Therefore, by Turán’s theorem it contains an independent set of size at least n /(d + 1) ≥
n1−δ and we are done.
1
< δ ≤ r 2r+1
. Suppose G is a K4 -free graph on
Now consider the case when r+1
+r+1
2−((r+2)δ−1)/(2r+1)
edges. Similarly as before we can assume that
n vertices with at least n
any two adjacent vertices of G have at most a = n1−δ common neighbors. The average
degree of G is d ≥ 2n1−((r+2)δ−1)/(2r+1) . Again using Lemma 2.1 for i = r + 1 we obtain
that G contains an induced subgraph on
n ≥

(r+1)(r+2)δ−(r+1)
(r+1)(r+2)δ−(r+1)
d r+1
2r+1
2r+1
≥ 2r n1−
≥ 2n1−
r
2n

vertices with average degree at most
d ≤

r+1−(r 2 +r+1)δ
r+1−(r 2 +r+1)δ
2ar+1
2r+1
2r+1
≤ 2−(r−1) n
≤n
.
r
d

Therefore, by Turán’s theorem, it contains an independent set of size at least n /(d + 1) ≥
n1−δ . This completes the proof.
Remark. Note that, since G is K4 -free graph we can estimate the size of the independent set
in the above proof by using Proposition 2.4 instead of Turán’s theorem. When 1/(r + 1) <
δ < ((r + 1)/(r 2 + r + 1)) this indeed gives an improvement by polylogarithmic factor.
We leave the details of this computations to the interested reader.

3. LARGE Kr -FREE SUBGRAPHS IN Ks -FREE GRAPHS
In this section we obtain a new lower bound on the maximum size of a Kr -free subgraph of
a Ks -free graph for all r ≥ 3 and s > r + 1. This bound can be easily improved by a polylogarithmic factor using Proposition 2.4 together with results on uncrowded hypergraphs.
In the previous section we show how this can be done for f3,5 (n), but the computations for
the general case are much more involved. Therefore, in order to clarify the presentation,
we omit them here and will only concentrate on obtaining the best possible exponent of n
in our result.
Theorem 3.1.
relation

Let r ≥ 3 be a ﬁxed integer and let ak (r) satisﬁes the following recurrence
ai = 1,
1
ak+1

−(r − 3) ≤ i ≤ 0,
1  1
,
r − 1 j=0 ak−j

a1 =

r−2

=1+

 
Then fr,r+k (n) ≥  nak for all k ≥ 2.

∀k ≥ 1.

3r − 4
,
5r − 6

and
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We need the following well-known Turán-type estimate on the size of a maximum
independent set in r-uniform hypergraphs. We include its short proof for the sake of
completeness.
Lemma 3.2. Let r ≥ 3 and let H = (V , E) be an r-uniform hypergraph on n vertices
with m edges. If m < n/r edges, then α(H) > n/2, and if m ≥ n/r, then H contains an
independent set of size
n
1
.
α(H) >
3 (m/n)1/(r−1)
Proof. If m < n/r, then, by deleting one vertex from every edge of H, we obtain an
independent set of size n − m > n/2. Now suppose that m ≥ n/r. Choose a random subset
V0 of V by taking each v ∈ V into V0 independently with probability p = (n/(rm))1/(r−1) .
Deﬁne random variables X, Y by letting X be the number of vertices in V0 and letting Y be
the number of edges spanned by V0 . Then by linearity of expectation there exists a set V0 ,
for which
n
n
r−1
1
X − Y ≥ np − mpr = r/(r−1)
>
.
r
(m/n)1/(r−1)
3 (m/n)1/(r−1)
Fix such a set V0 and for every edge spanned by V0 delete from V0 an arbitrary vertex
of this edge. This produces an independent set of the size guaranteed by assertion of the
lemma.
Lemma 3.3. Given graph a G = (V , E) and a positive integer r ≥ 3, let hi be the
maximum number of common neighbors of a subset I of vertices of G, where I is a clique
of size 2 ≤ i ≤ r − 1. Then the number of copies in G of the complete graph Kr is bounded
by |E(G)| · r−1
i=2 hi .
Proof. For every edge (v1 , v2 ) of G the number of copies of Kr which contain (v1 , v2 ) can
be very roughly estimated as follows. Let {v1 , v2 , . . . , vr } form a clique. Note that for every
2 ≤ i ≤ r − 1 the vertex vi+1 is a common neighbor of the i-clique {v1 , v2 , . . . , vi } and
therefore can be chosen in at most hi ways. This implies that altogether there are at most
r−1
i=2 hi r-cliques which contain e and the total number of r-cliques in G is bounded by
|E(G)| · r−1
i=2 hi .
Lemma 3.4. Let r ≥ 3 be an integer and let G be a Kr+2 -free graph such that the largest
Kr -free subset of G has size at most h. Then for every 2 ≤ t ≤ r G contains at most


11r−12
O ht−2+ 3r−4
copies of the complete graph Kt .
Proof. Let hi be the maximum number of common neighbors of a subset I of vertices
of G, where I is a clique of size 2 ≤ i ≤ r − 1. Clearly by deﬁnition hi ≤ h2 for every
i ≥ 2. Since G is a Kr+2 -free graph, we note that the common neighborhood of any pair of
adjacent vertices is Kr -free. Therefore, such pairs have at most h common neighbors and so
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h2 ≤ h. It is easy to see that it is enough to prove that the number of edges in G is bounded
by O h(11r−12)/(3r−4) . Indeed, together with Lemma 3.3 this implies that the number of
t-cliques in G is at most
|E(G)| ·

t−1




11r−12
hi ≤ |E(G)| · ht−2 = O ht−2+ 3r−4 .

i=2

Suppose, for the sake of contradiction, that G has e > (3h)(11r−12)/(3r−4) edges. If the
number of vertices of G is n ≤ e(6r−6)/(11r−12) then the average degree of G is at least
d = 2e/n ≥ 2e(5r−6)/(11r−12) . Therefore, using Lemma 2.1 for i = 2, we conclude that G
contains an induced subgraph on n ≥ d 2 /(2n) ≥ 2e(4r−6)/(11r−12) vertices with average
degree at most d ≤ 2h2 /d ≤ e(r−2)/(11r−12) . Thus by Turán’s theorem it contains an
independent set of size at least n /(d + 1) > e(3r−4)/(11r−12) > h, a contradiction.
Now we can assume that n ≥ e(6r−6)/(11r−12) . Let H be an r-uniform hypergraph
whose vertices are the vertices of G and whose edges are all copies of Kr contained in
the graph G. Clearly, by deﬁnition, an independent set in H corresponds to an induced
Kr -free subgraph of G. Denote by m the number of edges in H. Then by Lemma 3.3 we
2
have that m ≤ hr−2 |E(G)| ≤ e1+((3r−4)(r−2))/(11r−12) = e(3r +r−4)/(11r−12) . Now, using
Lemma 3.2, we obtain that H contains an independent set (i.e., Kr -free subset of G) of size
α(H) >

6r 2 −6r
3r 2 +r−4
n
nr/(r−1)
1 (r−1)(11r−12)
− (r−1)(11r−12)
e
=
≥
3(m/n)1/(r−1)
3m1/(r−1)
3

=

3r 2 −5r+4
1 (r−1)(11r−12)
1 3r−4
e
= e 11r−12 > h.
3
3

This contradiction completes the proof of the lemma.
Proof of Theorem 3.1. Let ak be a sequence which satisﬁes
ai = 1,
1
ak+1

−(r − 3) ≤ i ≤ 0,

1  1
=1+
,
r − 1 j=0 ak−j

a1 =

3r − 4
,
5r − 6

and

r−2

∀k ≥ 1,

(1)

and let G be a graph on n vertices,notcontaining a clique of size r + k. We prove that G
contains a Kr -free subset of size  nak by induction on k.
. Denote by h the size of the largest Kr -free
If k = 2, then G is Kr+2 -free and a2 = 3r−4
6r−6
subset of G. Let H be a r-uniform hypergraph whose vertices are the vertices of G and whose
edges are all copies of Kr contained in graph G. Clearly, by deﬁnition, an independent
set in H corresponds to an induced Kr -free subgraph of G and has size at most h. By
Lemmas 3.4 and 3.2 we have that the number of edges of H is m ≤ O hr−2+(11r−12)/(3r−4)
and it contains an independent set of size h ≥ α(H) ≥ 3(m/n)n1/(r−1) . This implies that


h ≥  n(3r−4)/(6r−6) and completes the proof for k = 2.
Next suppose that our statement is true for all k ≤ k and let G be a graph not containing a
clique of size r + (k + 1). For very 2 ≤ i ≤ r − 1, let hi be the maximum number of common
neighbors of an i-clique of G, and let d be the maximum degree of G. First, consider the
case when k ≥ r. Suppose that 2 ≤ i ≤ r − 1 and let I be an i-clique of G. By deﬁnition, the
subgraph of G induced by the set N ∗ (I) contains no clique of size r + (k + 1 − i). Therefore,
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if |N(I)| ≥ nak+1 /ak+1−i , then by the induction hypothesis G[N ∗ (I)] contains a Kr -free set
of size


 |N ∗ (I)|ak+1−i = (nak+1 ),
and we are done. Hence we can assume that d ≤ nak+1 /ak and hi ≤ nak+1 /ak+1−i for every
2 ≤ i ≤ r − 1.
Let H be a r-uniform hypergraph whose vertices are the vertices of G and whose edges
are all copies of Kr contained in graph G. Then by Lemma 3.3 we can bound the number
of edges of H by
m ≤ |E(G)| ·

r−1


hi ≤ nd ·

i=2

r−1


hi ≤ n

1+

r−1 ak+1

i=1 ak+1−i

.

i=2

We may also assume that m ≥ n/r, since otherwise H contains an independent set of
size (n). Thus, we can apply Lemma 3.2 to show that the hypergraph H contains an
independent set of size


 a 

 ak+1 r−2 1 
r−1
1
k+1
n
1−
1− r−1
i=1 ak+1−i

= n
=  n r−1 j=0 ak−j .
(m/n)1/(r−1)
This completes the proof of the ﬁrst case, since from the recurrence relation (1) it is easy
to see that
r−2
ak+1  1
.
ak+1 = 1 −
r − 1 j=0 ak−j
Next consider the case when 2 ≤ k ≤ r − 1. Then, similarly as above, by the induction
hypothesis we can assume that |N ∗ (I)| ≤ nak+1 /ak+1−i for every clique I in G now only of
size 1 ≤ i ≤ k − 2. This implies that the maximum degree of G is d ≤ nak+1 /ak and the
maximum number of common neighbors of every clique of size i is hi ≤ nak+1 /ak+1−i for
all 2 ≤ i ≤ k − 2. Let J be a clique of size k − 1 in G. By deﬁnition, an induced subgraph
G[N ∗ (J)] contains no clique of size r +2 and its largest Kr -free subgraph has size h ≤ nak+1 .
Hence, by Lemma 3.4, it contains at most







ak+1 11r−12
+r−k−1
ak+1 1/a2 +1/a1 + 0i=−r+k+2 1/ai
3r−4
=O n
O n
copies of the complete graph Kr−k+1 . Then, similarly as in proof of Lemma 3.3, we can
bound the total number of r-cliques in G by

m ≤ nd ·

k−2


 



ak+1 1/a2 +1/a1 + 0i=−r+k+2 1/ai
hi O n

i=2

 a

r−1

ak+1
ak+1
1+ k+1 + k−2
i=2 ak+1−i
≤ O n ak
· n i=k−1 ak+1−i
 

ak+1
1+ r−1
i=1 ak+1−i
=O n
.
Now we can ﬁnish the induction step in the same way as in the ﬁrst case.
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Using Theorem 3.1 together with some arguments from [22] one can show that 1/ak is
asymptotically 2r k + c(r), for some constant c depending only on r. Therefore, when r and
k are large, this theorem gives only slightly improvement of the result in [22]. On the other
hand, for small r and k this improvement is more substantial. In particular, Theorem 3.1
together with the known upper bound on fr,s (n) immediately implies an afﬁrmative answer
to the following cases of the Erdős conjecture mentioned in the introduction.
Corollary 3.5.

If 4 ≤ s ≤ 8, then limn→∞

f3,s (n)
f2,s (n)

= ∞. We also have limn→∞

f4,6 (n)
f3,6 (n)

= ∞.

Proof. Computing the values of the sequence as (r) from Theorem 3.1 we obtain that
f3,5 ≥ n5/12 , f3,6 ≥ n10/31 , f3,7 ≥ n4/15 , f3,8 ≥ n40/177 and f4,6 ≥ n4/9 . This, together with
the estimate f3,4 ≥ n1/2 and the upper bound fr,s (n) ≤ nr/(s+1) (log n)1/(r−1) implies the
corollary.
4. CONCLUDING REMARKS
• In this paper we obtained an improved lower bound on fr,s (n) for all s > r + 1.

Nevertheless, it is easy to see that the gap between our result and the known upper
bounds is still relatively large and it would be very interesting to close it. In case when
r = s − 1 the exponent in the current lower bound is 1/2 and our methods are not
sufﬁcient to improve it. On the other hand, the best upper bound for this case has the
form n1−(s) where (s) tends to zero when s tends to inﬁnity. It is an intriguing open
question to decide if for every 0 < δ < 1, the value of fs−1,s (n) is greater than n1−δ for
sufﬁciently large s. Even to obtain a lower bound for fs−1,s (n) with exponent strictly
larger than 1/2 would be extremely interesting.
• Another question which remains open is to understand the asymptotics of the bookcomplete graph Ramsey numbers R(Bn , Kn ). We think that the new upper bound for
these numbers which we obtain here gives some indication that the current lower
bound for R(Bn , Kn ) determines its correct behavior. Therefore, we conjecture that
R(Bn , Kn ) = (n3 /log2 n).
• The upper bound on the RT(n, K4 , n1−δ ) which we obtain in Theorem 2.7 is probably
far from being tight and one should try to improve it. Also it would be interesting
to construct dense K4 -free graphs which have small independence number. This will
give lower bounds on the Ramsey-Turán numbers of K4 . One construction, which
unfortunately gives a weak result, can be obtained as follows. Let G be a K4 -free
graph of order t which has (t 8/5 ) edges and contains no independent set of size
O(t 2/5 log t). Such graph can be obtained by taking an appropriate subgraph of the
random graph G(t, p), p = ct −2/5 for some small constant c (see [17] for details).
Replace each vertex of G by an independent set of size k and connect two vertices in
the new graph if and only if the corresponding vertices of G are connected by an edge.
It is easy to see that this gives a K4 -free graph of order kt with (k 2 t 8/5 ) edges whose
independence number is O(kt 2/5 log t). Taking n = t 3/(5δ) (log t)−1/δ and k = n/t, we
obtain a construction of a K4 -free graph of order n with n2−2δ/3−o(1) edges and with no
independent set of size O(n1−δ ).
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