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Decompositions into spanning rainbow structures

Richard Montgomery, Alexey Pokrovskiy and Benjamin Sudakov

ABSTRACT

A subgraph of an edge-coloured graph is called rainbow if all its edges have distinct colours.
The study of rainbow subgraphs goes back more than 200 years to the work of Euler on Latin
squares and has been the focus of extensive research ever since. Euler posed a problem equivalent
to finding properly n-edge-coloured complete bipartite graphs K, , which can be decomposed
into rainbow perfect matchings. While there are proper edge-colourings of K, , without even
a single rainbow perfect matching, the theme of this paper is to show that with some very
weak additional constraints one can find many disjoint rainbow perfect matchings. In particular,
we prove that if some fraction of the colour classes have at most (1 — o(1))n edges, then one
can nearly-decompose the edges of K, , into edge-disjoint perfect rainbow matchings. As an
application of this, we establish in a very strong form a conjecture of Akbari and Alipour and
asymptotically prove a conjecture of Barat and Nagy. Both these conjectures concern rainbow
perfect matchings in edge-colourings of K, ,, with quadratically many colours. The above result
also has implications to some conjectures of Snevily about subsquares of multiplication tables
of groups.

Finally, using our techniques, we also prove a number of results on near-decompositions of
graphs into other rainbow structures like Hamiltonian cycles and spanning trees. Most notably,
we prove that any properly coloured complete graph can be nearly-decomposed into spanning
rainbow trees. This asymptotically proves the Brualdi-Hollingsworth and Kaneko—Kano—Suzuki
conjectures which predict that a perfect decomposition should exist under the same assumptions.

1. Introduction

A Latin square of order n is an n X n array filled with n symbols such that each symbol appears
once in every row and column. A partial transversal is a collection of cells of the Latin square
which do not share the same row, column or symbol. A transversal is a partial transversal of
order n. Latin squares were introduced by Euler in the 18th century and are familiar to the
layperson in the form of Sudoku puzzles, which, when completed, are Latin squares. Another
well-known example of the Latin square is a multiplication table of any finite group. The study
of Latin squares have applications both inside and outside mathematics, with connections to
2-dimensional permutations, design theory, finite projective planes and error correcting codes.
Euler was interested in orthogonal Latin squares — a pair of n x n Latin squares S and
T with the property that every pair of symbols (i, j) occurs precisely once in the array. This
is equivalent to Latin squares which can be decomposed into disjoint transversals (see [24,
38]). He conjectured that there exist n x n Latin squares with a decomposition into disjoint
transversals if, and only if, n # 2 (mod 4). When n # 2 (mod 4), Euler himself constructed
such Latin squares. The ‘n = 6’ case stood open for over 100 years until it was proved by Tarry
in 1901. The remaining cases ‘n Z 2 (mod 4), n > 10’ were resolved in 1959 by Bose, Parker
and Shrikande [14]. Surprisingly, they showed that Euler’s Conjecture was false for these values
of n by explicitly constructing Latin squares with a decomposition into disjoint transversals.
It is a hard problem to determine which Latin squares have transversals. This question is very
difficult even in the case of multiplication tables of finite groups. In 1955, Hall and Paige [34]
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conjectured that the multiplication table of a group G has a transversal exactly if the 2-Sylow
subgroups of G are trivial or non-cyclic. It took 50 years to establish this conjecture and its
proof is based on the classification of finite simple groups (see [50] and the references therein).
The most famous open problem on transversals in general Latin squares is a conjecture of
Ryser and Brualdi-Stein.

CONJECTURE 1.1 (Ryser [45], Brualdi-Stein [17, 49]). Every n x n Latin square has a
partial transversal of order n — 1 and a full transversal if n is odd.

The best results towards this conjecture are asymptotic and show that all Latin squares have
partial transversals of size n — o(n). Woolbright [51] and Brower, de Vries and Wieringa [15]
independently proved this with o(n) = y/n. The error term was further improved by Hatami
and Shor [35], who showed that o(n) = O(log® n) suffices.

Generalized Latin squares are n X n arrays filled with an arbitrary number of symbols such
that no symbol appears twice in the same row or column. They are natural extensions of Latin
squares, and have also been extensively studied. A familiar example of a generalized Latin
square is a multiplication table between elements of two subsets of equal size in some group.
It is generally believed that extra symbols in a Latin square should help to find transversals.
The goal of this paper is to confirm that this is indeed the case. Moreover we show that, under
some very weak additional conditions, a generalized Latin square has not only one but many
disjoint transversals.

THEOREM 1.2. Let S be a generalized Latin square with at most (1 — o(1))n symbols
occurring more than (1 — o(1))n times. Then, S has (1 — o(1))n pairwise disjoint transversals.

All previous results that guaranteed transversals studied arrays which were very far from
Latin squares. For example, Erdés and Spencer [23] showed that a transversal exists in any
n X n array in which each symbol appears at most n/16 times. Furthermore, Alon, Spencer
and Tetali [8] found many disjoint transversals in the case when each symbol appears dn times,
for some small but fixed § > 0. On the other hand, our result shows that the only generalized
Latin squares without transversals are small perturbations of Latin squares.

Theorem 1.2 can be also used to attack several open problems on generalized Latin squares.
For example, Akbari and Alipour conjectured the following.

CONJECTURE 1.3 (Akbari and Alipour [1]). Every generalized Latin square with at least
n?/2 symbols has a transversal.

More generally, Barat and Nagy [13] conjectured that under the same assumptions as
above, any generalized Latin square should have a decomposition into disjoint transversals.
Theorem 1.2 has implications for both of these conjectures. It is easy to show that in any
generalized Latin square with at least en? symbols at most (1 —&/2)n symbols occur more
than (1 —&/2)n times (see Lemma 8.14). Thus, the following is a corollary of Theorem 1.2.

COROLLARY 1.4. For all € > 0 and sufficiently large n, every generalized Latin square with
at least en® symbols has (1 — )n pairwise disjoint transversals.

For large n, this establishes the conjecture of Akbari—Alipour in a very strong form, showing
that the bound of n?/2 can be reduced to en?. It also proves asymptotically the Barat-Nagy
conjecture, giving a near-decomposition of the generalized Latin square into transversals.

Theorem 1.2 has also some interesting implications for transversals in actual Latin squares.
Indeed, it is not hard to show that any Latin square contains many subsquares which satisfy
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the assumptions of Theorem 1.2. In fact, a random (1 — o(1))n x (1 — o(1))n subsquare will
have this property with high probability. Thus, we have the following corollary.

COROLLARY 1.5. Let S be a random (1 — o(1))n x (1 — o(1))n subsquare of an n x n Latin
square L. With high probability, S has a transversal.

This corollary reproves the result that Latin squares have partial transversals of size n — o(n).
However, it proves much more, that is, partial transversals of size n — o(n) must be present
almost everywhere in the Latin square.

Our main theorem has additional applications to group theoretic problems and questions
about rainbow structures in coloured graphs, which we discuss next.

Subsquares of multiplication tables

A natural way to obtain a generalized Latin square is to consider a subsquare S of a
multiplication table of a group G. Snevily made the following general conjecture on transversals
in subsquares of abelian groups.

CONJECTURE 1.6 (Snevily [48]). Let S = A x B be a subsquare of the multiplication table
of an abelian group G defined by two n-element sets A, B C G.

(i) If G is an odd abelian group, then S has a transversal.
(ii) If G is an even cyclic group, then S has no transversal only when both A and B are
translates of the same even cyclic subgroup of G.

Here a ‘translate of A’ means any set of the form gA for g € V(G). Part (i) of this conjecture
has attracted a lot of attention. After work by Alon [4] and Dasgupta, Kérolyi, Serra and
Szegedy [22], it was solved by Arsovski [10]. Part (ii) of Conjecture 1.6 is still open.

Our work has implications for this conjecture, and for various generalizations for other groups
and semigroups. Combining our Theorem 1.2 with the following lemma, one can find not just
one but many transversals in certain subsquares of multiplication tables.

LEMMA 1.7. Let S = A x B be a subsquare of the multiplication table of a group G defined
by two n-element sets A, B C G. Then, either S has at most (1 — o(1))n symbols occurring
more than (1 — o(1))n times or there is a subgroup H of G and elements g,g’ € G such that
|AAgH| = o(n) and |BAg'H| = o(n).

In other words, this lemma says that either a subsquare S of a multiplication table is close
to a translate of a subgroup, or it satisfies the condition of Theorem 1.2. In the latter case,
we can use this theorem to nearly decompose S into disjoint transversals. Thus, we have the
following corollary which works in any group, not just finite or abelian groups.

COROLLARY 1.8. Let S = A x B be a subsquare of the multiplication table of a group G
defined by two n-element sets A, B C G. Then, one of the following holds.

e S has (1 —o(1))n disjoint transversals.
e There is a subgroup H of G and elements g,g' € G such that |[AAgH| = o(n) and
|BAg'H| = o(n).

Lemma 1.7 is implicit in the work of Fournier [25] and appears as Theorem 1.3.3 in the
lecture notes of Green [29]. It is formulated in terms of multiplicative energy, which for a
subset A of group G is the number of quadruples a1, as, by, by € A such that alagl = blbgl. It



902 RICHARD MONTGOMERY, ALEXEY POKROVSKIY AND BENJAMIN SUDAKOV

follows easily from the definitions that if S has more than (1 — o(1))n symbols occurring more
than (1 — o(1))n times, then both A and B have energy at least (1 — o(1))n® and therefore are
very close to cosets of some subgroups, which can further be shown to be the same subgroup.

Rainbow matchings, Hamiltonian paths and cycles

Transversals in Latin squares are closely related to rainbow subgraphs of edge-coloured graphs.
Recall that an edge-coloured graph is properly coloured if no two edges of the same colour share
a vertex. A matching in a graph is a set of disjoint edges. We call a subgraph of a graph rainbow
if all of its edges have different colours. There is a one-to-one correspondence between n x n
generalized Latin squares and proper edge-colourings of the complete bipartite graph K, .
Indeed, given a generalized Latin square S = (s;;) with m symbols in total, associate with it an
m-edge-colouring of K, ,, by setting V(K,, ) = {z1,...,Zn,y1,...,Yn} and letting the colour
of the edge (z;,y;) be s;;. Notee that this colouring is proper, that is, adjacent edges receive
different colours. Therefore, the study of transversals in generalized Latin squares is equivalent
to the study of perfect rainbow matchings in proper edge-colourings of K, ,. Moreover, if S
is symmetric, that is, s;; = s;; for all ¢ and j, it also defines the proper edge-colouring of the
complete n-vertex graph K, in which the edge 7j is coloured by s;;. Since S is symmetric, each
edge has a well-defined colour. Under this second correspondence, transversals give rainbow
maximum degree 2 subgraphs of K.

As explained above, partial transversals in the Latin square S correspond to rainbow
matchings in the corresponding edge-coloured K, ,. Thus, Conjecture 1.1 is equivalent to
the statement that any proper n-edge-colouring of K, , contains a rainbow matching of size
n — 1. Theorem 1.2 then follows from the following statement.

THEOREM 1.9. There is an « > 0 so that the following holds for all 1 > & > n~“/a. Let
K, be properly coloured with at most (1 —e)n colours having more than (1 —e)n edges.
Then, K,, ,, has (1 — e)n edge-disjoint perfect rainbow matchings.

We can also find perfect rainbow matchings in graphs that are more general than K, ,. Our
proof works for all suitably pseudo-random properly coloured balanced bipartite graphs. See
Lemma 8.11 for an example of such a result, and see Lemma 8.13 for a restatement and proof
of Theorem 1.9.

There is a lot of interest in studying rainbow structures in properly coloured complete
graphs. Recall that transversals in symmetric generalized Latin squares correspond to rainbow
maximum degree 2 subgraphs of properly coloured complete graphs. Since paths and cycles
are a special type of maximum degree 2 subgraph, there has been a focus on finding nearly
spanning rainbow paths/cycles in properly coloured complete graphs. For example, Andersen
[9] in 1989 conjectured that all properly coloured K,, have a rainbow path of length n — 2. Hahn
conjectured even more that such a path can be found in any (not necessarily properly) coloured
complete graph with at most n/2 — 1 edges of each colour (see [33]). Hahn’s conjecture was
recently disproved by the second and third author [43], who showed that without the ‘proper
colouring’ assumption the graph might not have rainbow paths longer than n — Q(logn). Thus,
it makes sense to restrict ourselves to colourings which are proper. The progress on Andersen’s
conjecture was slow, despite efforts by various researchers, for example, see [3, 19, 27, 31, 32].
Until recently it was not even known how to find a rainbow path/cycle of length (1 —o(1))n.
This was proved by Alon and the second and third author [6], who showed that any properly
coloured K,, contains a rainbow cycle with n — O(n?/4) vertices. Using our techniques, one can
say much more, that is, we can nearly decompose such a complete graph into long rainbow
cycles. This is a corollary of the following theorem.
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THEOREM 1.10. There is an « > 0 so that the following holds for all 1 > & > n~%/«. Let
K, be properly coloured with at most (1 —e)n colours having more than (1 —e)n/2 edges.
Then, K,, has (1 — e)n/2 edge-disjoint rainbow Hamiltonian cycles.

COROLLARY 1.11. There is an o > 0 so that the following holds for all 1 > ¢ > n~%/a.
Given a properly coloured K,, let U be a random subset of (1 —e)n vertices. Then,
with high probability, the subgraph induced by U has (1 —2e)n/2 edge-disjoint rainbow
Hamiltonian cycles.

See Lemma 8.29 for a restatement and proof of Theorem 1.10, and Corollary 8.30 for a
restatement and proof of Corollary 1.11.

Rainbow spanning trees

In this paper, we also study spanning rainbow trees in properly coloured complete graphs. Note
that a rainbow Hamiltonian path is a very special case of a rainbow tree. Because of this one
expects the results which hold for rainbow spanning trees to be stronger than ones for paths.
For example, every properly coloured K, contains a rainbow spanning tree (a star at any
vertex is rainbow), whereas it is known that there are proper edge-colourings of K,, without
rainbow Hamiltonian paths. In fact, much more is probably true. It was conjectured by a
number of authors that properly coloured complete graphs should always have decompositions
into spanning rainbow trees.

CONJECTURE 1.12 (Brualdi and Hollingsworth, [16]). Every properly (2n — 1)-coloured
K>, can be decomposed into edge-disjoint rainbow spanning trees.

CONJECTURE 1.13 (Kaneko, Kano, and Suzuki, [37]). Every properly coloured K, contains
[n/2| edge-disjoint rainbow spanning trees.

These conjectures attracted a lot of attention from various researchers (see, for example,
[2, 18, 26]) who showed how to find several disjoint spanning rainbow trees. The best known
results for these problem guarantee the existence of en edge-disjoint rainbow trees (see [36]
for Conjecture 1.12 and [12, 44] for Conjecture 1.13). Developing our results on Hamiltonian
cycles, we are able to improve this and show that one can find (1 — o(1))n disjoint spanning
rainbow trees.

THEOREM 1.14. There is an a > 0 so that the following holds for all 1 > & > n~*/«a. Every
properly coloured K,, has (1 — &)n/2 edge-disjoint spanning rainbow trees.

This theorem proves an asymptotic version of the Brualdi-Hollingsworth and Kaneko—Kano—
Suzuki conjectures. Note that unlike our results about perfect matchings and Hamiltonian
cycles, which require certain small additional conditions, this theorem is true for all proper edge-
colourings.

2. Proof overview

Our various rainbow decomposition results build on each other. First, we find decompositions
into rainbow perfect matchings, then into rainbow Hamiltonian cycles and then into rainbow
spanning trees. There are other rainbow structures that we find in between these — the actual
sequence of our proofs is the following;:
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(1) near-decompositions of nearly-regular balanced bipartite graphs into nearly-perfect
rainbow matchings;

(2) near-decompositions of typical balanced bipartite graphs into perfect rainbow matchings;

(3) near-decompositions of typical graphs into rainbow 2-factors;

(4) near-decompositions of typical graphs into rainbow Hamiltonian cycles;

(5) near-decompositions of complete graphs into rainbow spanning trees.

2

The following definitions make precise various terms in this overview.

e Near-decomposition: A near-decomposition of a graph G is a set of edge-disjoint subgraphs
Hy,...,H; in G which cover almost all the edges of G, that is, which have e(H; U---U H;) =
(1= 0(1))e(G).

e Average degree: The average degree of a graph G is d(G) = 2¢(G) /v(G).

e Nearly-regular: A graph is nearly regular if all the vertices v € V(G) have d(v) = (1 +

o(1)) 2;((5)) ,that is, if all its degrees are close to each other.

e Typical: A graph is typical if any pair of vertices u,v € V(G) has d(u,v) = (1 £ o(1)) ie((g)): )

that is, if all its codegrees are close to each other. This is the main notion of pseudo-randomness
that we use in this paper.

e Global boundedness: A coloured graph is globally b-bounded if it has < b edges of each
colour.

e 2-factor: A 2-factor is a collection of vertex-disjoint cycles which span all the vertices of a
graph.

e Balanced bipartite: A graph is balanced bipartite if its vertices can be partitioned into two
sets of the same size, so that all the edges lie between the two sets.

2.1.  Nearly-perfect rainbow matchings

There are two main results we prove about nearly-perfect rainbow matchings — one finds a
single nearly-perfect rainbow matching in a graph, the other nearly-decomposes a graph into
them. The following is an informal description of the first result:

A 1. Every properly coloured, nearly-regular, globally d(G)-bounded, balanced bipartite
graph G has a rainbow matching M of order (1 —o0(1))|V(G)|/2. Additionally, M can be
chosen probabilistically so that every edge of G is in M with roughly the same probability.

The precise statement of this is Lemma 4.6. The proof uses Rédl’s semi-random method
together with some extra ideas. The key point in Al is that the matching it produces
is randomized. Given a properly coloured, nearly-regular, globally d(G)-bounded, balanced
bipartite graph, we can repeatedly apply Al in order to produce a sequence of disjoint nearly-
perfect rainbow matchings M, ..., M;. We can keep iterating this as long as the remaining
graph satisfies the assumptions of Al (near-regularity and global boundedness). Using the fact
that the matching in A1 is randomized, we can show that with high probability we can iterate
A1 until there are o(|V (G)|?) edges left in the graph, that is, until we have a near-decomposition
into nearly-perfect rainbow matchings:

A 2. Every properly coloured, nearly-regular, globally d(G)-bounded, balanced bipartite
graph G can be nearly-decomposed into rainbow matchings of order (1 — o(1))|V(G)|/2.

The precise statement of this is Lemma 8.2. The proof of A2 iterates A1l while ensuring that
the assumptions of Al are maintained. We show this using a martingale concentration inequal-

1ty.
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2.2. Rainbow perfect matchings

The basic result we prove about near-decompositions into perfect rainbow matchings is the
following:

A 3. Let G be a properly coloured, nearly-regular, globally d(G)-bounded, balanced
bipartite graph. Let H be a properly coloured, typical graph on V(G) which is edge-disjoint and
colour-disjoint from G. Then, G U H has a near-decomposition into rainbow perfect matchings.

The precise statement of this is Lemma 8.12. The assumptions of this lemma (that we
have two disjoint graphs, one of which is typical and the other nearly-regular and globally
bounded) will reoccur several times in this paper. We pause now to explain why these are
natural assumptions under which to seek spanning rainbow structures.

We look at a nearly-regular, globally d(G)-bounded graph for two reasons. Firstly A2 shows
that under this assumption one can find rainbow nearly-perfect matchings (so it is reasonable
to try to strengthen A2 to get perfect matchings). Secondly, if one starts in any properly
coloured K, , and selects a random subgraph G by choosing every colour independently with
probability p (and letting G be the edges of the chosen colours), then the resulting subgraph will
be a nearly-regular, globally (14 o(1))d(G)-bounded graph with high probability. We prove
results about nearly-regular, globally d(G)-bounded graphs so that we can say things about
random subgraphs of properly coloured complete graphs.

Unfortunately one cannot hope to find perfect rainbow matchings if one just considers a
nearly-regular graph G. This is because nearly-regular graphs might have no perfect matchings
at all (for example, a disjoint union of two copies of K,, ,,+1 is nearly-regular, balanced bipartite
and has no perfect matching). This is the motivation for the typical graph H disjoint from G
in A3. The union of a nearly-regular graph G and a typical graph H has a perfect matching,
making A3 more plausible.

To prove A3, we first apply A2 to G to get a near-decomposition of GG into nearly-rainbow
matchings. Then, we use edges of H to modify the matchings one-by-one to turn them into
perfect matchings. The modifications we use are simple switchings where we exchange two
edges of a matching M for three edges of H in order to get a larger matching M’. Using a
sequence of switchings, we will obtain perfect matchings.

Proving Theorem 1.9. A3 can be used to prove Theorem 1.9. To do this, we need two
intermediate results. The first concerns choosing a random set of colours in a properly coloured
graph.

A 4. Let G be properly coloured and typical. Choose every colour independently with
probability p, and let H be the subgraph formed by the edges of the chosen colours. Then,
with high probability, H is typical.

This result says that the subgraph chosen by a random set of colours is pseudo-random. A
result like this was first used by Alon and the second and third author when studying rainbow
cycles in graphs [6].

Applying A4 to the complete bipartite graph K, ,, from Theorem 1.9 gives a typical subgraph
H which can be used in A3. The graph G formed by the colours from K, ,, unused in H will
be nearly-regular with high probability. However, we cannot yet apply A3 since the graph G
might not be globally d(G)-bounded. Indeed, G may have colour classes of size n, whereas
the average degree of G will be (1 £ 0o(1))(n — p) (where p is the parameter from A4). To get
around this, we have another intermediate result saying that there is a subgraph G’ of G which
is globally d(G’)-bounded.
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A 5. Let G be a properly coloured balanced bipartite graph with < (1 — &)n colours having
> (1 —¢)n edges and §(G) > (1 — &2)n. Then, G has a spanning subgraph G’ with d(G’) >
(1 — 2¢)n which is globally d(G’)-bounded and nearly-regular.

See Lemma 6.7 for a precise statement of A5. This is proved in two stages. First, for every
colour ¢ with > (1 — €)n edges, we randomly delete every colour ¢ edge with a small probability
g. The remaining graph G; will be globally (1 — o(1))d(G1)-bounded with high probability,
but might no longer be nearly-regular. We then apply a ‘regularization’ lemma to G; which
deletes a small number of edges from G to make it nearly-regular, without overly affecting the
global boundedness. The resulting graph G’ is then globally d(G’)-bounded and nearly-regular.
Plugging G’ into A3 together with the graph H from A4, we obtain Theorem 1.9.

2.3. Rainbow 2-factors

Rainbow 2-factors are intermediate structures we use between finding perfect matchings and
Hamiltonian cycles. The main result about 2-factors that we need is a direct analogue of A3.

A 6. Let G be a properly coloured, nearly-regular, globally %d(G)—bounded graph. Let H
be a properly coloured, typical graph on V(G) which is edge-disjoint and colour-disjoint from
G. Then, G U H has a near-decomposition into rainbow 2-factors.

See Lemma 8.21 for a precise statement of this. The main difference between A3 and A6 is
that the global boundedness in A6 is £d(G) (rather than d(G) as it was in A3). The reason
for this is that to find a rainbow 2-factor we would need |V (G)| colours in the graph, which is
forced by global $d(G)-boundedness (but not by d(G)-boundedness). Thus, the global 2d(G)-
boundedness condition is natural because it is the weakest global boundedness we can impose
on the graph to guarantee enough colours for a rainbow 2-factor

The proof of A6 consists of using A3 to find matchings in the graph, which are then put
together to get 2-factors. To see how we might do this, we randomly partition V(G U H)
and C(G U H) into vertex sets Uy, ..., Uy and colour sets Ci,...,Cy of the same size. Then,
using variants of A4, we can show that the subgraphs G¢,[U;, U] are nearly-regular, while
the subgraphs H¢, [U;, U] are typical. By A3, these subgraphs have near-decompositions into
families M; ;. of perfect rainbow matchings for all distinct 7, j, k. By taking unions of these
matchings for suitable ¢, j, k we obtain rainbow 2-factors, that is, Ule M it1 (mod k)i 18 @
family of rainbow 2-factors.

2.4. Rainbow Hamiltonian cycles

The main result about Hamiltonian cycles that we need is a direct analogue of A3 and A6.

A 7. Let G be a properly coloured, nearly-regular, globally %d(G)—bounded graph. Let H
be a properly coloured, typical graph on V(G) which is edge-disjoint and colour-disjoint from
G. Then, G U H has a near-decomposition into rainbow Hamiltonian cycles.

See Lemma 8.27 for a precise statement of this. The proof of A7 consists of first splitting the
colours of H at random into two subgraphs H; and H,. Using a result like A4, we have that
H, and H> are both typical. Applying A6 to G and H;, we get a near-decomposition of G U H;
into rainbow 2-factors. Then, we use the typical graph Hs to modify the 2-factors one-by-one
into Hamiltonian cycles. This modification is done by ‘rotations’ — switching a small number
of edges on a 2-factor for edges of Hs in order to decrease the number of cycles in the 2-factor.
After a small number of rotations like this, we create a Hamiltonian cycle.
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Theorem 1.10 is proved using A7. The proof is similar to the proof of Theorem 1.9 — starting
with a properly coloured K,,, we use analogues of A4 and A5 to get the graphs G and H needed
in A7.

2.5. Rainbow spanning trees

Here, we explain the proof of Theorem 1.14 — that the Brualdi-Hollingsworth and Kaneko—
Kano—Suzuki conjectures hold asymptotically. The starting point of this is to observe that a
near-decomposition into rainbow Hamiltonian cycles gives a near-decomposition into rainbow
spanning trees. Because of this, our results about Hamiltonian cycles have implications for
spanning tree decompositions. The first implication is that if we have a properly coloured K,
with < (1 —€)n colours having > (1 — ¢)n/2 edges, then this K, has a near-decomposition
into rainbow spanning trees (by Theorem 1.10).

Thus, it remains to look at colourings of K, with > (1 — &)n colours having > (1 —&)n/2
edges. In this section, we will focus on the case when the colouring has exactly n — 1 colours
each having exactly n/2 edges. This is the setting of the Brualdi-Hollingsworth Conjecture
and is substantially easier to deal with. To deal with this case, we need the following result on
how the colours in a random subset of vertices behave.

A 8. Let K, be properly coloured and choose a subset of (1 —&)n vertices U C V(K,,) at
random. Then, K, [U] is globally (1 — 2¢)n/2-bounded.

See Lemma 5.2 (c) for a precise statement of this. Note that the subgraph K,,[U] from A8
is globally (1 — 2¢)n/2-bounded and has d(K,[U]) = (1 — &)n.

Randomly partition K,[U] into graphs G’ and J, with every edge placed in J independently
with probability p < €. Then, randomly partition the colours of G’ into sets Cg and Cy, with
each colour ending up in C'y independently with probability p. Let G” and H be the subgraphs
of G’ consisting of edges with colours in Cg and Cp, respectively. Using results like A8, it can
be shown that G”, H and J are all nearly-regular and typical. Since G’ C G, we have that G”
is also globally (1 — 2¢)n/2-bounded. Since p < ¢ and G had d(G) = (1 — &)n, we have that
d(G") = (1 —e —2p)n > (1 — 2¢)n. Thus, G” and H satisfy the assumptions of A7, which gives
a near-decomposition of G” U H into rainbow Hamiltonian paths.

We now have a set of rainbow paths of length (1 — )n and an edge-disjoint typical subgraph
J. We turn the paths into spanning rainbow trees by extending each path one vertex at a
time using edges of J. The operations we use to extend the trees are very simple: We always
have a collection of rainbow trees T, ...,7T(1_.), which we want to enlarge. To enlarge a tree
T;, we find three edges ei, ez, e3 outside Th,...,T(1_.), and two edges f1, f> on T} so that
T! =T;U{e1,e2,e3} \ {f1, f2} is another rainbow tree. Replacing T; by T} gives us a collection
of larger rainbow trees, so by iterating this process we would eventually get rainbow spanning
trees. The remaining question is then ‘how can we find the edges e, es, es3, f1, fo which we
use to enlarge T;?’ This is where the typicality of the graph J is used. The fact that J is
pseudo-random means that its edges are suitably spread out around V(K ), and this allows
us to find edges in J to switch with edges of T;.

3. Preliminaries

Here we collect some useful notation and results which will be used later in the paper.

3.1. Basic notation

For a graph G, the set of edges of G is denoted by E(G) and the set of vertices of G is denoted
by V(G). For a vertex v in a graph G, the set of edges in G through v is denoted by E¢g(v),
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the set of colours of edges going through v is denoted by C¢(v), the set of neighbours of v in
G is denoted by Ng(v) and dg(v) = |Ng(v)|. For a coloured graph G and a colour ¢, the set
of colour ¢ edges in G is denoted by Eg(c) and the set of vertices touching colour ¢ edges in
G is denoted by Vi (c). In all of these, we omit the ‘G’ subscript when the graph G is clear
from context. We will use additive notation for adding and deleting vertices and edges from
graphs.

For a graph G and a set of vertices A, let G[A] denote the induced subgraph of G on A.
For disjoint sets of vertices A and B, we use G[A, B] to denote the bipartite subgraph of G on
AU B consisting of all edges between A and B. For any event E, we let 15 be the indicator
function for E, taking the value 1 when E occurs, and 0 otherwise.

For two functions f(x1,...,x¢) and g(y1,...,ys), we use f(*x1,...,+x:) = g(*y1, ..., Tys)
to mean that ‘max,,c;_1 41} f(o121,...,002¢) <max,, c(—1,41y 9(01Y1, - - -, 0sYs) and also that
ming, e(—1.41y f(o121,...,00w¢) = ming cy_1 413 9(0191, ..., 05ys)". The most frequently used
case of this notation will to say x = y £ 2 for some z > 0, in which case the notation is equivalent
toboth ‘y —z <z <y+2 and ‘|x —y| < 2.

Note that a=b+c, b=d+e=a=d+c+te Also note that for any a,b,Vt
with || > 10|, we have a+tb=a+b'. Finally note that the notation is transitive
f(iwla"'aiwt):g(iylvu'aiys) and g(:‘:yla"'aj:ys):h’(j:zla"'a:l:zr):>
f(£zq,.. .., £x) = h(Ez, ..., £2,).

We will often use the following which hold for any 0 < x < 0.5.

1
<142z and >1-2 1
=% + 2z an T x (1)
l—z=(1%2%)e" 2)
I+x<e” (3)
1—z)'>1—tx (4)
T
Z e T — (1442 4 2e7 7)™, (5)
i=1
The last inequality comes from 23:1 e~ =17 = (1 4+ 2?) Zz‘T:1(1 —x)it =
1+ xz)# = (1+2%+2e *T)z~1. We will also use that, for any 0 < 2 < 0.25,
1+
<14 3. 6
T, S+ (6)

Throughout the paper, most of our results will be either about balanced bipartite graphs
or about general graphs. When dealing with balanced bipartite graphs, they will always come
with a specific bipartition into two parts usually labelled by ‘X’ and ‘Y’ with |X| = |Y]| = n.
When dealing with general graphs, they will usually have v(G) = n. Whenever we define a
graph G, if we do not specifically say that G is balanced bipartite, we implicitly mean that G
is a general graph.

We make two definitions about graphs, which vary slightly depending on whether the graph
they are talking about is balanced bipartite or not.

DEFINITION 3.1. e A balanced bipartite graph G with parts X and Y is (v, §, n)-regular if
| X|=1Y] =(1+~)n and dg(v) = (1 £ 7v)dn for every vertex v € V(QG).

e A general graph G is (v,d,n)-regular if |G| =n and dg(v) = (1 £7)dn for every vertex
v e V(G).
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DEFINITION 3.2. e A balanced bipartite graph G with parts X and Y is (v, d,n)-typical
if it is (7, d,n)-regular and we have d(z,y) = (1 & ~v)d%n for any pair of vertices 2,y € X or
z,y €Y.

e A general graph is (v, d,n)-typical if it is (v, §, n)-regular and for any pair of vertices x,y
we have d(x,y) = (1 £7v)6°n.

DEFINITION 3.3. A graph G is globally b-bounded if G has < b edges of each colour, that
is, if |[Eg(c)| < b for all colours c.

DEFINITION 3.4. A graph G is locally ¢-bounded if G has < ¢ edges of each colour passing
through any vertex v € V(G), that is, if A(Eg(c)) < ¢ for all colours c.

3.2.  Asymptotic notation

C POLY
For a number C' > 1 and z,y € (0, 1], we use ‘v <¢ ¥’ to mean ‘z < %-". We will write ‘v < 3’

to mean that there is some absolute constant C' for which the proof works with ‘z < 1y’ replaced
by ‘¢ <¢ y’. This notation parallels more standard notation ‘x < y’ which means ‘there is
a fixed positive continuous function f on (0,1] so that if ‘@ <« ¢’ is replaced by ‘@ < f(y)’,
then the remainder of the proof works’. (Equivalently, ‘z < y’ can be interpreted as ‘for all
x € (0,1], there is some y € (0,1] such that the remainder of the proof works with x and

y’.) The two notations ‘x < y’ and ‘¢ < y’ are largely interchangeable — most of our proofs

remain correct with all instances of ‘<’ replaced by ‘<. The advantage of using ‘L7 is that
it proves polynomial bounds on the parameters (rather than bounds of the form ‘for all € > 0
and sufficiently large n’). This is important towards the end of this paper, where the proofs
need polynomial bounds on the parameters.

While the constants C' will always be implicit in each instance of ‘z < y’, it is possible
to work them out explicitly. To do this, one should go through the lemmas in the paper in
numerical order, choosing the constants C' for earlier lemmas before later lemmas. This is
because an inequality z <¢ vy in a later lemma may be needed to imply an inequality x <¢/ y
from an earlier lemma. Within an individual lemma, we will often have several inequalities
of the form z < y. There the constants C need to be chosen in the reverse order of their
occurrence in the text. The reason for this is the same — as we prove a lemma we may use
an inequality @ < ¢ y to imply another inequality < ¢+ y (and so we should choose C” before
choosing C).

Throughout the paper, there are four operations we perform with the ‘z < 1y’ notation.

(a) We will use z < Tg < <L x to deduce finitely many inequalities of the form
‘p(z1,...,2k) < q(z1,...,2,) where p and ¢ are monomials with non-negative coefficients
and min{s : p(0,...,0,2;41,...,2;) =0} <min{j : ¢(0,...,0,2j41,...,2%) = 0}, for example,
10002, < 3323 is of this form.

(b) We will use x < y to deduce finitely many inequalities of the form ‘z < y’ for a fixed
constant C.

(¢) For x < y and fixed constants C', Cs, we can choose a variable z with z <¢, 2z <¢, y.

(d) For n! < 1and any fixed constant C, we can deduce n™! <¢ log™ ' n <¢ 1.

To see that (a) is possible, we need to show that for any finite collection Z of inequalities of

the given form, we can choose constants Cf,...,Ci_1 so that 0 < z1 <, T2 L, -+ <Ly,
x < 1 implies all the inequalities in Z. To see this, first consider a single inequality
‘p(z1,...,2k) < q(x1,...,2,)" of the form in (a). From the assumptions on p and ¢, we know

that p(x1,...,z1) = Dpxil . xi’“ and q(x1,...,2p) = Dga" -+ ;" for some D,, D, > 0 and
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min{i : £; # 0} < min{é : r; # 0}. Now, it is easy to check that for C =ry +--- + 1, + D, /Dy,

we have 0 < x P%Yc To Lo e P%gc <1 = p(z1,...,zk) < q(z1,...,21). Now given a
finite collection Z of inequalities of the given form, for each I € Z, we can choose a

constant C7 so that 0 < z; P%vc, To Pg<‘vc, 220, zp < 1= 1. Letting C' = max;c7 C gives

a single constant for which 0 < z; P%\c To Ko -+ Ko xp <1 implies all the inequalities
in 7.

We remark that occasionally we will use a slight strengthening of (a), when p and ¢ are
multinomials with non-negative coeflicients and min{s : p(0,...,0,Z;11,...,2;) = 0} < min{yj :
q(0,...,0,z41,...,2;) = 0}, for example, 50z1x2 + 5x3 < 2525 + x3x3 is of this form. This
strengthening can be reduced to the monomial version. To do this, consider multinomials p
and ¢ with non-negative coefficients and an integer ¢ for which p(0,...,0,2;41,...,25) =0
and ¢(0,...,0,z41,...,25) # 0. Let D, be the sum of the coefficients of p and note that
the monomial p = Dpx; satisfies p > p (for 0 < 21 < --- < 2 < 1). Letting Dy be the smallest
coefficient of ¢ and d the degree of ¢, note that the monomial § = qu§+1 satisfies ¢ < ¢
(for 0 <1 < -+- <@ < 1). Thus, we can use the monomial version of (a) to get constants
Ci,...,Cr_1 so that 0 <z; <, 22 K¢, -+ L0, Tk <1 implies p < ¢ and hence also
P<q

Note that (b) is just a special case of (a) since the inequality ‘z < y’ is of the form of
the inequalities in (a). Operation (b) is important because it allows us to plug one instance

of the ‘<’ notation into another one. As an example, suppose that we have proved a lemma
which assumes ‘a < b’. This means that we have proved that there is some explicit constant
C for which the lemma holds with ‘a < b’ replaced by ‘a < b'. Now if we subsequently have

variables x,y with x < y, then (b) guarantees that we can plug x and y into the earlier lemma
with a =z and b = y.

For operation (c), note that for C' = C) 6’20102, if we have numbers z,y with x < y, then
the number z = y©2 /(s satisfies © <, z <¢, y. Operation (c) is important because it allows
us to introduce new variables inside our proof. For example, if we have a lemma which assumes

POLY POLY POLY

x < y, then in the proof of the lemma we can say ‘choose z with ¢ < z < y’. Here the
constants C7 and Cs in ‘z K¢, 2z <¢, y are chosen first, and operation (c) guarantees that
we can later choose a constant for ‘o <¢ vy’

For operation (d), note that ‘n~! < log™ ' n <¢ 1’ is equivalent to ‘—-n'/¢ >logn > C”

Ci/e
which is true for sufficiently large n. Operation (d) is important because it allows us to use
n~1 < 1 to deduce any instance of n~! < log ' n < 1.

How does our ‘<’ notation compare with the standard ‘<’ notation? Versions of the
operations (a), (b) and (c) work with the ‘<’ notation as well. Particularly, (a) is more
versatile with ‘<’, because it is possible to show that x; < zo < --- < x can be used to
deduce finitely many inequalities of the form ‘p(z1,...,zx) < q(z1,...,2,)’ where p and ¢ are
arbitrary positive continuous functions on (0,1] satisfying min{i: p(0,...,0,2;11,...,2%) =
0} <min{j: ¢(0,...,0,2j41,...,2;) = 0} (rather than multinomials). Operation (d) however
has no analogue for the ‘<’ notation (the natural analogue would be that ‘for n=! < 1 and
any positive continuous f, g on (0,1] we can deduce n~' < f(log™ ' n) < g(1)’. However this is

not true for f(z) = 0.5¢~/%). Because of this, in our proofs, the ‘<’ and ‘<’ notations are
interchangeable whenever operation (d) is not used (while when operation (d) is used, we need

to use the ‘<’ notation).

3.3. Probabilistic tools

We will use the following cases of the Bonferroni Inequalities.
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LEMMA 3.5 (Bonferroni Inequalities). Let Xi,...,X, be events in a probability space.
Then,
n n i—1
PUL, X)) = Y P(X) - Y D P(XinX;).
i=1 i=1 j=1

Given a probability space Q =[] Q; and a random variable X : @ — R we make the
following definitions.

e Suppose that there is a constant C' such that changing w € ) in any one coordinate changes
X (w) by at most C. Then, we say that X is C-Lipschitz.

e Fori€ {1,...,n}, wesay that X is uninfluenced by i if w; = wj for j # i = X (w) = X (o').
Otherwise we say that X is influenced by i.

We will use the following concentration inequalities

LEMMA 3.6 (Azuma’s Inequality). Suppose that X is C-Lipschitz and influenced by < m
coordinates in {1,...,n}. Then, for any t > 0,

42
P(IX — E(X)| > t) < 2eme?.

42

Note that the bound in the above inequality can be rewritten as P(X # E(X) £¢) < 2emc=.
A sequence of random variables X, X1, Xo, ... is a supermartingale if E(X;11|Xo,...,X;) <
X, for all t.

LEMMA 3.7 (Azuma’s Inequality for Supermartingales). Suppose that Yy, Y,...,Y, is a
supermartingale with |Y; —Y;_1| < C for each i € [n]. Then, for any t > 0,

2

P(Y, > Yo +1) < ez,

LEMMA 3.8 (Chernoff Bound). Let X be the binomial random variable with parameters
(n,p). Then, for € € (0,1), we have

_ pne?

P(|X —pn| > epn) < 2e

LEMMA 3.9 (Greenhill, Isaev, Kwan, McKay [30]). Let ([]X]) be the set of r-subsets of
{1,...,N} and let h: (UX]) — R be given. Let C be a uniformly random element of (UX]).
Suppose that there exists o > 0 such that |h(A) — h(A’)| < « for any A, A’ € ([]X]) with |AN
A’| = r — 1. Then, for any t > 0,

242

P(|h(C) —Eh(C)| > t) < 2¢ aZmn(nN—1),

4. Finding one rainbow matching probabilistically

The goal of this section is to prove that every properly coloured d-regular, globally (1 + o(1))d-
bounded balanced bipartite graph has a nearly-spanning rainbow matching M. This matching
is found using a randomized process, which allows us to prove that every edge ends up in M
with at least the expected probability d~'. It will be more convenient for us to prove the result
for graphs which are approximately regular rather than regular. Thus, throughout this section,
we will always deal with (v, d, n)-regular graphs for suitable parameters. See Lemma 4.6 for a
precise statement of the result we prove.
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The random process that we use to find a rainbow matching is a variation of the semi-random
method introduced by Rodl. We remark that in the case when the graph G has exactly d edges
of each colour, then our results follow directly from standard versions of the Rédl Nibble (this
is done by first expressing the problem in terms of finding a matching in an uncoloured 3-
uniform hypergraph, and then using, for example, [7, Theorem 4.7.1]). Thus, the difficult case
of the result we aim to prove is when G is a graph in which some colour classes have size much
smaller than d. We deal with this situation by using a balancing coin flips approach to keep
our graphs nearly-regular.

Random process. Let G be a coloured balanced bipartite graph which is (v, d, n)-regular
and globally (1 + o(1))d-bounded. We describe a randomized process which will find a rainbow
matching M of size (1 — o(1))n in G with high probability. The process will last for T rounds.
In each round, we will focus on some subgraph G; of G and partition G; into a rainbow
matching M; and a vertex-disjoint, colour-disjoint graph Gy, 1. At the end of the process, we
will have a collection of vertex-disjoint, colour-disjoint matchings My, ..., My, and so letting
M =M, U---UDMrp, we get a rainbow matching. We will prove that with high probability
e(M) = (1-o(1))n.

Individual rounds. To partition Gy into M;41 and Gyy1, in each round, we use a random
process which we call an (o, b)-random edge-assignment. Let the parts of the bipartition of G
be called X and Y. The definition of the («, b)-random edge-assignment is the following:

e first, we activate every vertex of X with probability «;

e for every activated vertex x, we choose a random neighbour y, of x in Y, and say the the
edges xy, is chosen;

e let M1 be the matching formed by all the edges of the form zy, whose colour is not
the colour of any other chosen edge z'y,, and for which y, does not appear on any other
chosen edge z'y,;

e let H be the subgraph of G on V(G) \ V(M;1) consisting of all the edges whose colours
do not occur on any chosen edge;

e delete every edge xy on H with probability ﬁfg) — W to get Giyyq-

Suppose that Gy is (74, d¢, ng)-regular and globally (1 + 7;)d;ni-bounded. We will run an (cv, (1 +
~¢)0sng)-random edge-assignment on G and estimate the probabilities of edges and vertices of
G, ending up in M; or Gyy;.

PoeV(Gu))~=l—ax~e @ for any vertex v € V(Gy)
P{z,y} CV(Gii1)) =1 —2a~e 2 for any pair {z,y} C V(G;)
P(y € Ng,,,(z)|z € V(Gy)) 1 —2a ~ e ** for any y € Ng, (z)
Ple € BE(Gi1)) =1 —3a~e for any edge e € E(G,)  (7)
Ple € E(My41)) = % for any edge e € E(G,). (8)
Ny

Using linearity of expectation, we can estimate the expected number of vertices, degrees of
vertices, and sizes of colour classes in Gy 1.

E(|X NV(Gi1)]) = E(Y NV(Geya)]) = e my
E(|Ec,,,(0)]) S e **6my for any colour ¢

E(dg,,,(z)) ~ e **6n; = (e~ *8) (e “ny) for any vertex x € V(H,)
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It can be shown that the quantities above are Lipschitz, and so by Azuma’s Inequality they are
concentrated around their expectation with high probability. This implies that with high prob-
ability Gy41 is (yi41, e %0, e~ “ny)-regular and globally (1 + v41)(e~%0;)(e~*n;)-bounded for
some suitable error vy .

Iterating. Let Go = G be a coloured graph which is (v, d,n)-regular and globally (1 +
o(1))on-bounded. We iteratively construct graphs Gy, ...,Gr and matchings My,..., Mp —
at step t we run an (a, (1 + o(1))e 2%'én)-random edge-assignment on G; in order to obtain
Mt+1 and Gt+1-

From the previous section, we have that, with suitable errors =1, ...,vr, the following hold
for all ¢ with high probability.

(i) Gy is (¢, 75, e~ %n)-regular.
(i) Gy is globally (1 + v;)(e~?*6)(e~*'n)-bounded.

In particular, if T = w(a~?t), then (i) implies that |V(G7)| < (1+~7)e” o(n). Since
Ml, ..., M are vertex-disjoint, colour—d15301nt rainbow matchings with \V( )| |V( )| +
\Ul 1 V( )|, we get that M = U2 L V(M;) is a rainbow matching of size (1 — o(1))n

Showing that the matching is random. It remains to show that for any edge e € E(G),
the probability that e is in M is (approximately) at least (6n)~!. First note that (7)
implies P(e € E(G})) = [[._y P(e € Gile € G;_1) 2 e~3**. Combining this with (8), and (5), we
get

T
P(e € E(MyU---UMr)) =Y P(e € G)P(e € Myyile € Gy)
t=0

2

T
1
> —3ta _ g —m‘ >
; ( (e O‘t(s)(e ot )) 571; ~oon

This concludes the proof sketch in this section. The main thing we need to do in the full proof
is to keep track of the errors 7, and make sure that they do not get too big.

4.1. Formal definition of the random edge assignment

Here we formally define the probability space of the («,b)-random edge-assignment which
runs on a graph G. The process will depend on two parameters a and b. The graph G will
be a globally b-bounded balanced bipartite graph with parts X and Y. The process has a
coordinate for every vertex in X, and a coordinate for every edge e € E(G) (the balancing coin
flips).

e Vertex choices: For x € X, the vertex x is activated with probability «. Every activated
vertex chooses a neighbour y, of x uniformly at random from its neighbours.

e Balancing coin flips: For zy € E(G), the edge zy is killed with probability ﬁ;’) —
| E(c(zy))]

d(z) -

We say that an edge zy € E(G) is chosen if x is activated and chooses y. We say that a colour
c is chosen if some colour ¢ edge is chosen. We construct a matching M and graphs I', H
depending on the process as follows.

M = {xzy € E(G) : zy is chosen, and no z'y’ € E(G) \ {zy} is chosen

with y' =y or c(2'y’) = c(zy)}
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V() =V(G)
E) = {e € E(G) : c¢(e) is not chosen and e is not killed}
H=T[V(G)\V(M)].

We say that the M,T" and H are produced by the process. Note that by the definitions of M
and H, we always have that M is a rainbow matching, that V(M) and V (H) partition V(G),
and that M and H share no colours.

4.2. Probabilities

To analyse various features of (a,b)-random edge-assignments, we need estimates of the
probability of various events. The following lemma computes all the probability estimates
required.

LEMMA 4.1. Suppose that we have d,b,c,f and v with (1+~)d > b and fd™' < a <~ <
0.01.

Let G be a coloured balanced bipartite graph which is (v, d/n, n)-regular, globally b-bounded,
and locally {-bounded. Let M,T', H be produced by an («,b)-random edge-assignment on G.
Then, the following probability bounds (10)—(23) hold.

Proof. Let the bipartition classes of G be X and Y. We will often use the following
1

d(v)

This comes from the (v, d/n, n)-regularity of G and (1).
P(zy chosen) = %(1 +2v) for any zy € E(QG). (10)

=(1+ 27)2 for any v € V(G). 9)

This comes from P(zy chosen) = 70y and 9).

ab _ alE(c(e))|
d d

: : _ _ab |E(c(e))]
This comes from P(zy killed) = 2% — % and (9).
o2
a2
If en X =¢' NX, then both e and €’ cannot be chosen, so we may assume that e = zy and
e’ =a'y’ for x # 2'. The events that zy and z’y’ are chosen are independent which gives

P(edges xy and x'y’ chosen) = W;(:v’)' Now (12) comes from (9) and 7 < 0.01.
alE(c)|
d

P(zy killed) = ( )(1 +2v) for any xy € E(Q). (11)

P(e and €' chosen) < —(1+57) fore #¢€ € E(G). (12)

P(c chosen) = (1+4v) for any c € C(G). (13)

By the union bound and (10), we have that ¢ is chosen with probability <
> ccn(e) Ple chosen) < |E(c)[(1+27)F. By the Bonferroni inequalities (see Lemma 3.5),
(10) and (12), we have the bound P(colour ¢ chosen) 2} > ccn(e) Ple chosen)—
Y ee’en(e) Ple and e’ chosen) > [E(c)|(1 —27)G — (‘E;C)‘)(l +5y)%. The lower bound
e#e’
in (13) then comes from |E(c)| < b < (1 +v)d and o <y < 0.01.
3 2
P(2y chosen and zy € E(M)) < % for any zy € E(G). (14)

From the definition of M, the only way xy ¢ E(M) can hold for a chosen edge zy
is if another edge z’y is chosen with either 3y =y or c(2'y’) = ¢(xy). By the union
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bound, we have P(zy chosen and zy ¢ E(M)) < >, c n(y)\ {2} P(zy chosen and z'y chosen) +
D wryeCoy)\(ay}y (@Y chosen and 2'y’ chosen). Using (12), [E(c )\ b (14+7v)d, AG) <
(1 —|—7)d and v < 0.01, this is at most (d(y) + |E(c)])(1 + 57)3—2 < 29~ as required.

PlegT)=(1+ 97)%17 for any e € E(G). (15)

Since e is killed independently of any colour being chosen, we have P(e ¢ T') = P(c(e) chosen) +
P(e killed) — P(c(e) chosen)P(e killed). Combining this with (13), (11), |E(c(e))] <b< (1+
7)d and o <y < 0.01, we get P(e ¢ T') = ECE (] 4 4y) 4 (20 2BEEy 4 9y) — (14
7y) L] (ab _ alBeeNly _ (1 4 gq)ta

P(zy € E(M)) = %(1 +59) for any zy € E(G). (16)

Recall that M contains only chosen edges. Using this, the upper bound comes from (10), while
the lower bound comes from (10), (14) and a < 7.

Plv e V(M))=a(l£7y) forany v € V(G). (17)

Recall that M is a matching, which implies that the events ‘vu € E(M) are dis-
joint for we€ N(v). Using (16) and that d(v) = (1+£+)d, this gives P(v € V(M)) =
Yuen() Plou € E(M)) =d(v) - (1 £57) = a(l £ 77).

P(u,v € V(M)) < 3a® for any vertices u # v € V(G). (18)
Note that
P(u,v € V(M)) < Z P(uz,vw chosen) = P(uv chosen) + Z P(uz,vw chosen).
2EN (u), zEN (u),
wEN (v) we;\é/(v),

Here the first term is defined to be zero if there is no edge wv in G. Using (10), (12) and A(G) <
(1 +~)d, we get that this is at most (1 +2v)9 + (1 +v)%d* - (1 + 57)3‘—2 which, combined with
d~!' < a < <0.01, implies the result.

P({u,v} NV (M) #0) = 2a(1 £ 117) for any vertices u # v € V(G). (19)

This comes from the Bonferroni inequalities together with (17), (18) and a < +.
2

%(1 +7y) for zy € E(GQ) and v & {x,y}. (20)

By the wunion bound, (12) and A(G) < (1+7)d, this probability is <
> ueN () P(zy and vu chosen) < d(v)(1 + 57)‘;—; <1+ 77)%.

P(2y chosen and v € V(M)) <

Ple ¢ T and v € V(M)) < 6a* for e € E(G) and v € V(G). (21)

By the union bound, Ple ¢ T and v € V(M)) < P(e killed and v € V(M) +
P(c(e) chosen and v € V(M)). Using (11), (17) and b< (1+~)d, the first term
can be bounded above by P(e killed and v € V(M)) = P(e killed)P(v € V(M)) <
C M)(l +27)a(l+ 7v) < 3a®. Let E.), be the set of < colour c(e) edges
through v. The second term can be bounded by

P(c(e) chosen and v € V(M)) < Z P(e’ chosen) + Z P(e’ chosen and v € V(M)).
e’€Ec(e),v €' EEc(e),v
c(e’)=c(e)
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Using (10), (20), \Ec(e) JJ<l<ad, dt <a<v<0.01 and b < (1 + 7)d, this is at most (1 +
2y)(ad) + | B(0)|% (14 77) < 307

b
P(eefandng(M))zlfaf%:lz22.5a7

= (1+23ay) <1 —a-— Oj) fore € E(G) and v € V(G). (22)

This comes from ‘P(A and B) = 1 — P(A) — P(B) + P(A4 and B)’ together with (15), (17), (21),
a<v<0.0l and b < (1+7)d.

Play ¢ E(H)) =P(zy ¢ E(T') or x € V(M) or y € V(M))
ba
= | 2o+ = (1+40v) for zy € E(G). (23)
This comes from the Bonferroni inequalities together with (15), (17), (18), (21) and a <. O

4.3. Expectations

Using the probabilities in the previous section, it is immediate to compute the expectations of
relevant quantities.

LEMMA 4.2. Suppose that we have d,?, o,y with ¢d~! < o < 7y < 0.01.

Let G be a coloured bipartite graph which is (v, d/n,n)-regular, globally (1 + ~)d-bounded
and locally ¢-bounded. Let M,T and H be the graphs produced by an («a, (1 + 7)d)-random
edge-assignment on G. The following hold:

E(XNV(H)|) = (1+(1+10a)y)(1 - a)n

E(Y nV(H)[) = (1« (1+10a)y)(1 —a)n

(|EH§ )l < E({uv € Eg(c) : {u,v} NV(M) = 0}]) < (14 24a7)(1 - 20)|Ec(c)|  for
E(ZH(JJ)) = ]E(|Np(a:) \V(M)]) = (1=£(1+426a)y)(1—2«a)d for any vertex v € V(H).

Proof. These are immediate from linearity of expectation, (17), (19), (22) and the
(v, d/n,n)-regularity of G. O

4.4. Concentration

By Azuma’s Inequality, the random variables considered in the previous section are concen-
trated around their expectations.

LEMMA 4.3. Suppose that we have n, 6,7, a, £ with n= %% <o <4 <0.00001, y <5< 1
and ¢ < n000,

Let G be a coloured bipartite graph with bipartition classes X and Y which is (v, d,n)-
regular, locally ¢-bounded and globally (1 + 7)dn-bounded. Let M,T' and H be the graphs
produced by an (a,(1+ v)dn)-random edge-assignment on G. The following hold with
probability > 1 —n~2

(i) [XNV(H)| =]V

N
(ii) [Eu(c)] < [E(c)\V
(iif) dm(v) = [Nr(v) \V

V(H)|=(1x1+12a)y)(1 —a)n.
(M)] < (1 +26a7)(1 — 2a)on for every colour c.
(M)] = (1 £ (1+30a)y)(1 — 2a)dn for every vertex v € V(H).
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Proof. First, we prove the Lipschitzness of the relevant random variables.

Cramm 44. [ XNV(H)|, YNnV(H)|, |E(c)\V(M)| and |Np(v)\V(M)| are all 26¢-
Lipschitz for any colour ¢ and vertex v.

Proof. Consider two («, (1 + v)d)-random edge-assignments which differ on one coordi-
nate — Edge-Assignment 1 which produces graphs M;,T'1, H; and Edge-Assignment 2 which
produces graphs Mo, 'y, Ho. Furthermore, let C; and C5 be the colours chosen, respectively,
by the two edge-assignments, and let K; and K> be the edges killed, respectively, by the
two edge-assignments. We will show that |V(M;)AV(Ms)| < 20, |E(K1)AE(Ks)| <1 and
|C1AC,| < 2.

First, note that C; and Cs only differ in the colour of some edge xy if zy is chosen by one
assignment and not the other.

Suppose that the coordinate on which the two edge-assignments differ is a balancing coin
flip on an edge zy. Note that M; = M>, C; = C5 and K; and K5 can differ only on the edge
xy, so that, as required, |V (M7)AV (Ms)| < 20, |[K1AK,| < 1 and |C1AC,| < 2.

Suppose that the coordinate on which the two edge-assignments differ is a vertex-activation
choice for a vertex x € X, which is, say, activated in Edge-Assignment 1 but not in Edge-
Assignment 2. Say that y is chosen by x in Edge-Assignment 1. Either M; = M,, or My =
My + xy, or M; is My with up to two edges removed — edges 2y’ with y' =y or c¢(zy) =
c(z'y’). Thus, we have |V (M;)AV (M) < 4. As C; = Co U {c(zy)} and K; = Ko, we have
|[E(K1)AE(K>)| <1 and [C1AC| < 2.

Suppose finally that the coordinate on which the two edge-assignments differ is a vertex-
choice for a vertex x € X. Note that if x is not activated, then the outcome of the edge-
assignments is the same and C; = Cy, so we can assume that z is activated. Let y! and 32 be
the vertices chosen by x in Edge-Assignments 1 and 2, respectively.

Note that zyl and zy? are the only edges which may be chosen by one, but not by both
assignments. Hence c(zyl) and c(zy?) are the only colours which may be chosen by one, but
not by both assignments, so that |C;AC| < 2. The two rainbow matchings M; and M, can
only differ on edges sharing a vertex or a colour with one of the edges 2yl or xy2. Note that
M; has at most one edge touching each of the vertices x,y. and 32 (since M; is a matching),
and has at most one edge of each of the colours c(xyl) and c(zy?) (since M; is rainbow).
Thus, e(M; \ M3) < 5. Similarly, e(Ms \ M;) < 5. This implies that |V(M;)AV(Ms)] < 20.
Furthermore, K7 = K>, so certainly |K1AKs| < 1

Thus, we always have that |V (M;)AV(M2)| <20, |[KiAK3| <1 and |C1AC;| < 2. By
the definition of H; and Hs, we then have V(H;)AV (Hy) = V(M;)AV(M3) which implies
(X NV (H)AX NV (H), (Y NV(H1))AY NV (Hz))| < 20. For a colour ¢, E(c) \ V(M)
and E(c) \ V(Mz) can only differ on colour ¢ edges passing through V(M;)AV (Ms). Combined
with local ¢-boundedness, this gives |[(E(c) \ V(M1))A(E(c) \ V(M2))| < LV (M)AV (Ms)| <
20¢. For a vertex v, Np,(v)\V(M;) and Np,(v)\ V(M) can differ only on vertices of
V(M;)AV (M), on vertices of KjAKs, or on vertices z € N(v) with vz having colour
in C;ACs3. Combined with local ¢-boundedness, this gives |(Np, (v)\ V(M1))A(Nr,(v)\
V(Ma))| < 20+ 22 < 26¢. O

Note that | X NV (H)|, Y NV (H)| and |E(c) \ V(M)| are influenced only by the choices
of the vertices € X and which vertices in X are activated, but not which edges are killed.
Furthermore, |[Np(v) \ V(M)]| is influenced only by the choices of the vertices 2z € X and which
vertices in X are activated and which edges between v and Ng(v) are killed. There are at
most (1 + vy)n vertices in X, and dg(v) < (1 + v)n neighbours of v. Overall, we have that the
quantities | X NV (H)|, [Y NV (H)|, |E(c)\ V(M)| and |Nr(v) \ V(M)| are each influenced by
at most 3n coordinates.
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Note that n~ %0 < o < < 0.00001,5 < 1 and ¢ < n% implies that £(0n) ! < a <y <
0.01. Fix t = aydn/10. By Lemma 4.2, we have

E(X N V(H)) £t = (1% (1+12a))(1 —a)n
E(Y NV(H)) £t = (1% (1+12a)7)(1 - a)n
E([E(c) \ V(M)]) +1 < (14 (1 + 26a)y)(1 — 20)on
E(|Nr(v) \ V(M)|) £t = (1 £ (1 + 30a)y)(1 — 2a)dn

By Azuma’s Inequahty7 we have that for any given ¢,v any of (i)—(iii) fail to hold with

2,\{252 0.9

probability < 2e JW<W>2 < 2e” “o0000 < 2e” nt® (using n —0.00L -l Cag ~ < 0.00001).

Taking a union bound over all ¢, v, we have that all of (i)—(iii) hold with probability > 1 —

8n2e """ > 1 —n2 (using n="1 < 0.001). O
The following version of the above lemma will be more convenient to apply.

COROLLARY 4.5. Suppose that we have n,d,~y, «,{ with n™ 1Cax< vy <5< landl < n.
Let G be a coloured balanced bipartite graph which is (v, 0, n)-regular, locally ¢-bounded and
globally (1 4+ «)dn-bounded. Let H be produced by an (a, (1 + «)dn)-random edge-assignment
on G.

With probability >1—n"2, the graph H is (e3°%v,e %, e “n)-regular and globally
(14 e35*y)(e=*8)(e~“n)-bounded.

Proof. Note that n=! < a < y <d<land < n implies n =99 < o < v < 0.00001,6 <
1 and ¢ < n%%1, Let X,Y be the bipartition classes of G. By Lemma, 4.3, we have that with
probability > 1 —n=2 all of (i), (i) and (iii) hold. Note that, from (3) and a < v < 1, we
have

(14 (1 +300)7)(1+4a?) = (14 (1+30a)y £ 5a?) = (1 + ¥%). (24)

From (i), (2) and (24), we have | X NV(H)|=|YNV(H)| =1+ 1+ 12a)y)(1 —a)n=
(14 (14 120)7)(1 £ a?)e n = (1 £ 3%y)(e~Y)n.

From (iii), (2) and (24), we have that for all vertices v € V(G) we have dy(v) = (1%
(14 300)7)(1 — 2a)6n = (1 4 (1 4+ 30a)y)(1 &+ 4a?)e 2%dn = (1 £ 3°%y)(e=*§)(e~*n). These
show that H is (635(’7 €9, e~ *n)-regular.

From (ii), (2) and (24), we have that for every colour ¢, we have |Ey(c)] < (1+ (1+
260)7)(1 — 2a)dn < (14 (1 + 260)7)(1 + 4a?)e 2%6n < (1 + e*5*y)e 2%dn. This shows that
H is globally (1 + 63‘)“ v)(e=%d) (e~ *n)-bounded. O

4.5. Finding a nearly-perfect matching

Here we prove the main result of this section. By iterating the («, b)-random edge-assignment
process on a properly coloured graph G, we can find a nearly spanning rainbow matching M in
G. The following lemma does this and shows that the resulting rainbow matching is random-like
in a sense that every edge is in M with at least (approximately) the right probability.

LEMMA 4.6. Suppose that we have n,d,v,p,f with 1 > § > P > vy >nlandn> L.

Let G be a locally ¢-bounded, (v, 0, n) -regular, globally (1 + ~)dn-bounded, coloured, bal-
anced bipartite graph. Then G has a random rainbow matching M which has size > (1 — 2p)n
and

Plec E(M)) > (1 — 9p)% for each e € E(QG). (25)
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Proof. Fix Hy=G,a=~,and T = o !In(p~!). Without loss of generality, we may suppose

1
that v and « are chosen so that T is an integer (to see this, replace v by v/ = hll(IﬁW'

This ensures that 7" = +'~1In(p~!) is an integer. Note that p > 2v >+ > v holds, so we could
perform the proof of the lemma with + replaced by ). Note that this gives p = e~ °7". Fix the
following constants:

Ve = 6550&7 61‘/ — efozté n, = efoztn.

Using p = e~ T, we have ny = pn, yr = p~2°y < p, and 67 = pd.

We construct graphs Hy, ..., Hr and matchings M, ..., My recursively as follows.

e For ¢ >0, if H; is not (¢, s, n¢)-regular or globally (1 + ~¢)d;n;-bounded, then stop the
process at step t.

e Otherwise, if Hy is (v, ¢, n¢)-regular and globally (1 + 7;)d;ni-bounded, then we run an
(a, (1 4+ ¢)d¢nt)-random edge-assignment on H; to get a graph Hyyq and a matching My 1.

POLY

Note that for all ¢, H; is locally ¢-bounded and we have nt_l < n;l =pInl<a=y<

v < p~ By < pd <6 <1 and/ < n. Let Ay be the event that the process has not stopped
at any of the steps 1,...,t. The events A; are clearly decreasing. Since vy =,y = ¢ and
ng = n, the assumptions of the lemma imply that P(Ap) = 1. From Corollary 4.5, we have
P(A A1) =21 — nt__21 (in this application, we have vy =1, 6 = §_1, n=n_1, a =, £ =
6) ThlS 1mphes ]P(A() N A1 N---N AT) = ]P(A()) (A1|A()) (AQlA ) (AT|AT,1) 2 Hszl(]' —

) =>1-n)T=0-p )T >1- W > 0 (using p,7 > n1).

Define M to be the rainbow matching M7 U --- U My conditional on the events Ag, ..., Ar
occurring (to see that M is a rainbow matching, recall that H; and M; were vertex-disjoint
and colour-disjoint). As Ar holds, Hr has (1 + v7)np vertices, so that M is a matching of size

zn—(1L+q7)nr = (1-2p)n.

CLAIM 4.7. The following hold for eacht =1,...,T and e € E(G).
P(e € E(H;), A¢le € E(H; 1), Ai 1) > (1 — T 'p)(1 - 3a) (26)

]P)(e € E(Mt-‘rl)‘e € E(Ht)aAt) = (1 ip)thQ%'

Proof. Using Corollary 4.5, note that P(A;|le € E(H;_1), A1) <n; % <np’ <p 2n2
(this application of Corollary 4.5 is the same as our previous one). Using (23), (16) and

POLY POLY POLY

p~2n~2 < ya (which comes from 1 > p > v > n~!) gives:
P(@ S E(Ht),At|e S E(Ht_1)7At_1) > IP’(e S E(Ht)\e S E(Ht—l)7At—1)
—P(Aile € E(Hy—1), A1)

> (1 — 200 — Wu) — 150y, —p*2n72
t

> (1 —160p~*ay)(1 — 3a)

(1 + 6p_45’}/)€2ta g

Pe € E(Myy1)le € E(H), Ay) = (1 £ 5y,) —— .

5tt

740

Now the claim follows from 160p < T~ 'p and 6p~*°y < p (which both come from 1 >

P> ). a
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Let t < T. Note that the events ‘e € H; and A; holds’ are decreasing with ¢. Using (2), (4),
(26) and p > 10a*T, we have

t
Ple € E(H;), A;) = HP(e € H;,Ajlec Hi_1,A;1) > (1— T*lp)tu —3a)" = (1 —3p)e 3,

=1

Combining the above with (5), (27), p = e~*T and p > a, we get:

t=1
T
>(1-p)(1—3p)—» et
t=1
> (1—4p)(1 — o2 267O‘T)i
- on
1
> (1- —.
(1-8p)5-

Now, (25) comes from P(e € E(M; U---UMp)|AgN---NAp) 2Ple€ E(MyU---UMr)) —

P(AgN---NAp) >2P(e € E(MyU---UMrp)) —29°p*n=2 > (1 — 9p)5-. O

5. Random and pseudo-random subgraphs

In this section, we collect intermediate lemmas which we will need concerning random and
pseudo-random subgraphs. We will often use the typicality of complete graphs.

LEMMA 5.1. Fory > n~!, K, is (v,1,n)-typical and K, ,, is (v, 1,n)-typical.

Proof. Note that K, is (%, 1, n)-typical while K, ,, is (0, 1,n)-typical. Combined with -y >
n~', this implies the lemma. O

5.1. Random subgraphs

We will need a number of results of the form ‘for a nice graph G, a random subgraph H of G is
still nice’. Here ‘nice’ can mean that G is (v, 0, n)-regular, (v, §, n)-typical or globally bounded.
We will look at four different kinds of ‘random subgraphs’ H.

LEMMA 5.2 (Random subgraphs of a general graph). Let 1 > ~,d,p,u > n~! Let G be a
properly coloured, globally un-bounded (v, d,n)-regular/(+y, 0, n)-typical general graph.

(a) Random set of colours: Let Hy be a subgraph of G formed by choosing each colour with
probability p. Then, H; is (27, pd,n)-regular/(2v, p§, n)-typical with probability 1 — o(n™1).

(b) Random set of edges: Let Hy be a subgraph of G formed by choosing each edge with prob-
ability p. Then, Hy is (27, pd,n)-regular/(2vy, pd,n)-typical and globally (1 + ~)pun-bounded
with probability 1 — o(n™1).

(¢) Random set of vertices: For pn € Z with p < 1, let A CV(G) be a subset of order pn
chosen uniformly at random out of all such subsets. Then, G[A] is globally (1 + v)(up?)n-
bounded and (27, 6, pn)-regular/(2v, 6, pn)-typical with probability 1 — o(n™1).

(d) Two disjoint random sets of vertices: For pn € Z with p < 1/2, let A, B C V(G) be two
disjoint subsets of order pn chosen uniformly at random out of all pairs of such subsets. Then,
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G[A, B] is a globally (1 + v)(2up?)n-bounded, (27, §, pn)-regular/(2, 6, pn)-typical balanced
bipartite graph with probability 1 — o(n™1).

Proof. Note that the following bounds on expectations are true by linearity of expectation
for all vertices u # v and colours c.

E(di, (v)) = E(di, (v)) = pda(v) = (1 £ 7)pon when G is (3,6, n)-regular.

E(dg, (u,v)) = E(dg, (u,v)) = p*de(u,v) = (1 £7)p?62n  when G is (v, 8, n)-typical.

E(IN(v) N AJ) = E(N(v) 1 BJ) = pde(v) = (1£7)5(pn)  when G is (7,5,n)-regular.

E(|N (u,v) N AJ) = E(|N(u,v) 1 B) = pde(u,v) = (1£9)6%(pn)  when G is (7,3, n)-typical.
)=

E(|En,(0)]) = plEc(c)| < pun

(Bl N Al) = B(Eale)n B) = = Dim(0)] = (1 - 212 ) [Batel] < pun
E(1Ea(0)n (AU B)) = 222D (o)) < 45% Bole)) - 202
< Ap?pn.

First we prove (a) and (b). Note that the random variables dg,(v), dg,(v), dg, (u,v),
dm, (u,v) and |Ep,(c)| are all 2-Lipshitz (using the fact that the colouring is proper), and
are all influenced by < 2n coordinates. By Azuma’s Inequality (Lemma 3.6), we have that
the probability that any of these deviate from their expectation by more than yp23%un
s < Qew =o(n=?) (using 1>+,8,p,u > n~! which implies v?p*6*u®n > 40logn).
Taking a union bound over all pairs of vertices and colours, we obtain (a) and (b).

It remains to prove (c¢) and (d). Note that the functions |N(v)NA|, |N(v)N B,
|IN(u,v) N A|, |N(u,v)NB|, |Eg(c)NA| and |Eg(c) N B| each satisfy the assumptions of
Lemma 3.9 with a =1, r =pn, N =n. Also |Eg(c) N (AU B)| satisfies the assumptions of
Lemma 3.9 with =1, r =2pn and N =n. Finally, note that we have 0 < min(r, N —
r) <n for all of these. By Lemma 3.9, we have that the probability that any of these

. . . . 22 . _2(yp%8%un/0)?
functions deviate from their expectatlon by more than yp“é°un/4 is < 2e " =

o(n™?) (using 1>+~,d,p,u > n~! which implies 7?p?6*u®n > 40logn). Taking a union

bound over all pairs of vertices and all colours, we obtain (c) and the *(2v,d,pn)-
regular/ (27, 6, pn)-typical’ part of (d). We also get that with probability 1 — o(n"!), we have
|Ec(c) N A||Ec(c) N B| = p?|Eg(c)] — 2| Eg(c)| & yp?6°un /4 = p?| Ec(c)| & yp*pun /3 for

POLY

all colours ¢ (using ~y,p,pu > n=1t). Snmlarly7 we have |Eg(c)N (AU B)| =4p?|Eg(c)| £
yp*un/3. These give e(G[A, B]N Eg(c)) = |Eq(c) N (AUB)| — |Eg(c) N A| — |Eg(c) N B| =
4p?|Eg(c)| — 2 - p?|Eg(c)| £ vyp*un < (1 +v)2p?un (the last inequality coming from global
pun-boundedness). This implies the global boundedness part of (d). O

We will need a balanced bipartite version of part of the above lemma.

LemMA 5.3 (Random subgraphs of a balanced bipartite graph). Let 1 > ~,d,p, u >
Let G be a properly coloured, globally pun-bounded (v, d, n)-regular/(+y, d, n) typical balanced
bipartite graph.

(a) Random set of colours: Let Hy be a subgraph of G formed by choosing each colour with
probability p. Then, H, is (2v, pd,n)-regular/(2v, pd,n)-typical with probability 1 — o(n=1).
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(b) Random set of edges: Let Hy be a subgraph of G formed by choosing each edge with prob-
ability p. Then, Hy is (27, pd, n)-regular/(2vy, pd, n)-typical and globally (1 + ~)pun-bounded
with probability 1 — o(n™1).

Proof. Let u,v be vertices, and ¢ a colour. Note that the following bounds on expectations
are true by linearity of expectation.

E(dy, (v)) =E(dm,(v)) = pda(v) = (1 £7)pdn when G is (v, d,n)-regular
E(dy, (u,v)) = E(dy, (u,v)) = p*da(u,v) = (1 £4)p?6*n  when G is (v, 6, n)-typical

E(|Ew, (c)]) = plEa(c)| < ppn.

Note that the random variables dg, (v), dm, (v), dg, (u,v), dm,(u,v) and |Em,(c)| and are
all 2-Lipshitz (using the fact that the colouring is proper), and are all influenced by < 2n
coordinates. By Azuma’s Inequality (Lemma 3.6), we have that the probability that any of

. . . . —(yp262un)? .
these deviate from their expectation by more than yp262un is < 2e~ “snt = o(n=3) (using

1>7,8,p,u > n~t which implies v?p*d*u®n > 40logn). Taking a union bound over all pairs
of vertices and colours, we obtain (a) and (b). O

The following lemma gives another property of the random subgraph formed by choosing
every edge independently with probability p. This time we are concerned with how many
vertices a small set of colours covers.

LEMMA 5.4. Let 1 > p,e SE1SvSnl Let G be a properly coloured graph with
all colours covering > (1 — v)n vertices. Let H be a random subgraph formed by choosing
every edge with probability p. Then, with high probability, any set of k colours of H covers
> (1 — e)n vertices.

Proof. Let S be a set of k colours and Gg, Hg the subgraphs of G and H consisting
of colour S edges. Note that e(Ggs) > k(1 —v)n/2. By the Handshaking Lemma, we have
Yvev(as) das(v) = 2e(Gs) 2 k(1 —v)n. Let L be the set of vertices in Gg of degree >
k/2. Using A(Gs) < k, we have |L[k+ (n— [L))k/2 2 3 cv(qs) das(v) 2 k(1 — v)n, which
is equivalent to |L| > (1 — 2v)n.

For a vertex v € L, we have P(dj.(v) = 0) = (1 — p)%s(") < (1 — p)*/2 < e PF/2 < £/4, as
P, e > k~L. Let X be the number of isolated vertices in L. By linearity of expectation E(X) <
en/4. Note that X is 2-Lipschitz and is influenced by < e(Gg) < kn/2 edges. By Azuma’s

(en/4)? 22,
Inequality (Lemma 3.6) applied with ¢t = en/4, we have P(X > en/2) < 2¢” 1/ = 2¢~ 328 <
n=3F (as e, k7! >l implies that €2 /k? > %). Thus, with probability > 1 — n=3%, Hg
has < X + (n — |L|) < en isolated vertices. Taking a union bound over all sets S of k colours
gives the result. O

5.2. (e, m)-dense graphs

In this paper, it is convenient to use two different notions of pseudo-randomness. The first of
these is (7, d, n)-typicality (See Definition 3.2). The second is the following.

DEFINITION 5.5. ¢ A general graph G is (e, m)-dense if for any A > 1 and disjoint sets A, B
with |A| = |B] = Am, we have e¢(4, B) > \e.

e A balanced bipartite graph G with parts X and Y is (e, m)-dense if for any A > 1 and sets
AC X, BCY with |A| = |B| = Am, we have e(A, B) > \e.
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We remark that most of the time we will use the above definition with A = 1. Thus, the
definition should be thought of as saying that there are e edges between any two sets of
vertices of size m. Note that if G is (e,m)-dense, then it is also (¢/,m’)-dense for any e’ < e
and m’ > m.

How is the above definition related to (v, d,n)-typicality? In fact, (v, d,n)-typicality is a
stronger concept. We prove two lemmas relating typicality and density. The following is
a variation of a lemma proved by the third author together with Alon and Krivelevich
in [5].

LEMMA 5.6. Every (v,p,n)-typical graph H has the following for every pair of subsets A,
B with |B| = vy~ 1p~2:

le(A, B) — p|A||B|| < 2|A|7|BlyEn*p.

Proof. Let Adjy be the adjacency matrix of H, and let M = Adj; — pJ where J is the
appropriately sized all-ones matrix. Note that for every pair of distinct vertices x,z’, we
have

Z Mw,va’,v = dH(xv'r/) —p(d(.’E) + d(l‘/)) +p2n < (1 + ’}/)pQ’I’L - 2(1 - ’)/)p27’l +p2n
veV(H)

< 3'yp2n. (28)

Next note that we have

2 2 2
e(A, B) = plAIIBIP = [ DD Moy | <IAID (D My | <14l D | DM,y
€A yeB z€A \yeEB zeV(H) \yeB
=AY | oM, Al D0 | Y MayMay
x€V(H) \yEB x€V(H) \y#y' €B
<nlA||Bl+ 4] ) > MM,
y#y'€B \zeV(H)

(2<8)AB A 2 < n|A||B| + |A||B|? 2 < 4| A||B]Pynp?
< nlA||Bl+ Al > 3ynp® < nlA[|B| + |A||BI*3ynp® < 4|A||B*ynp’.

y#y' €B

Here the first inequality comes from the Cauchy—Schwarz inequality and the last inequality
comes from |B| > v~ !p~2. Taking square roots gives the result. O

The following version of the above is more convenient to apply.

OLY POLY

LEMMA 5.7. Let 1>p,u >~ > n-'. Every (v, p,n)-typical graph a(which is either
balanced bipartite or general) is (0.99p(un)?, un)-dense.

Proof. First we deal with the case when G is a general graph. Note that p, > v >n!
implies un > v~ !p~2. By Lemma 5.6, we have that for any A > 1 and pair of subsets A, B with
|A| = |B| = Aun, we have |e(A, B) — p(Aun)?| < 2(Aun)z (Aun)yznzp < 0.01p(Aun)? (the last
inequality is 27% < 0.01)\%#% which comes from -y < wand A > 1).
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Now suppose that G is a balanced bipartite (v, p,n)-typical graph with parts X,Y. Add
a copy of the Erdés-Rényi random graph G(n,p) to both X and Y to get a graph H. Note
that for any vertex v, we have E(dy(v)) = (1 £ v)2pn and that any pair of vertices u,v have
E(dg(u,v)) = (14 7)2p?n. Note that these quantities are each 1-Lipschitz affected by < 2n
coordinates. By Azuma’s Inequality (Lemma 3.6) and the union bound, we get that with
high probability H is a (27, p, 2n)-typical general graph. By the general graph version of this
lemma with p/' = u/2, H is (0.99p(un)?, un)-dense. This implies that between any sets A C X,
B CY with |A] = |B| = Aun, we have eq(A, B) = ey (A, B) > A20.99p(un)?, that is, that G
is (0.99p(un)?, un)-dense (as a balanced bipartite graph). O

The following lemma shows that it is possible to delete a small number of edges from any
graph so that its complement is pseudo-random. Here H denotes the set of edges on V(H) not
present in H.

LEMMA 5.8. Letl > p, p > nt Every d-regular balanced bipartite graph G on 2n vertices
has a (d — |pn|)-regular spanning subgraph H such that H is (0.48p(un)?, un)-dense.

Proof. Choose v with 1 > p, u > vy > n~!. Consider an arbitrary 1-factorization of K, ,
in which every colour either only occurs on G or only occurs outside G (this exists since every
regular bipartite graph has a 1-factorization). By Lemma 5.1, K, ,, is (y, 1, n)-typical. Let E be
a subgraph of K, ,, formed by choosing every colour with probability 0.5p. By Lemma 5.3 (a),
E is (27, 0.5p, n)-typical with high probability. By Lemma 5.7, applied with 7" = 2+, p’ = 0.5p,
p=p, Eis (0.48p(un)?, un)-dense.

Since E and G \ E are unions of perfect matchings, they are regular. Since E is (27, 0.5p, n)-

POLY

typical, the graph G\ F is d’-regular for some d’ > d — (1 + 2v)0.5pn > d — [pn] (using v <
1). Therefore, we can find some (d — |pn])-regular subgraph H of G which is edge-disjoint from
E (using that G is bipartite). Since H® contains F, we have that H is (0.48p(un)?, un)-dense
as required. O

We will need two lemmas showing that deleting a small number of edges from an (e, m)-dense
graph does not change the pseudo-randomness too much.

LEMMA 5.9. Let G be (e,m)-dense and H a subgraph of G. Then, G\ H is (e — e(H), m)-
dense.

Proof. For any A > 1 and sets A C X, B C Y with |A| = |B| = Am, we have e\ (4, B)
ec(A,B) —e(H) = Ne —e(H) > \(e — e(H)).

RV

LEMMA 5.10. Let G be (e,m)-dense and M a matching in G. Then G\ E(M) is (e —
m, m)-dense.

Proof. For X\ > 1, let A and B be sets with |A| = |B| = Am. Since G is (e, m)-dense, we
have eq (4, B) > A\2e. Since M is a matching there can be at most Am edges of M between A
and B. Therefore, ecn 1 (A, B) = Ae — dm = A (e — m). O

6. Regularization lemmas

In our proofs, we will need a number of intermediate lemmas saying that a graph G can be
modified into a regular graph. Broadly speaking, there are three types of modifications that
we will need: deleting a small number of edges, adding edges from a disjoint dense graph or
adding a small number of vertices.
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6.1. Regularization by deleting edges

Here we will prove results about finding a regular subgraph by deleting edges from a graph
with very high minimum degree. The goal of this section is to prove Lemmas 6.6 and 6.7.
The following theorem of Cristofides, Kithn and Osthus is a result of the type we want in this
section (see [20, Theorem 12]).

THEOREM 6.1 (Cristofides, Kithn, Osthus). Let G be a graph with minimum degree
§>n/2 and r an even number with r < 3(6+/n(26 —n)). Then, G has a spanning
r-regular subgraph.

The following version of this will be a bit easier to apply.

LEMMA 6.2. Let n=' < & < 1. Let G be an n-vertex graph with 0(G) = (1 — e)n. Then,
G has a spanning 2[(1 — ¢ — 8¢2)n/2]-regular subgraph.

Proof. Set § = (1 —¢)n >n/2 and r = 2[(1 — ¢ — 8%)n/2]. Note that r is even and has
r < 10+ /n(20 —n)) (using \/n(26 —n) = ny/1—2e >n(l — e — 2¢%), which holds for € <
1/2). Apply Theorem 6.1 to get the lemma. O

We will also need a balanced bipartite version of this lemma. To prove it we use the following
theorem of Ore and Ryser (see [41]).

THEOREM 6.3 (Ore, Ryser). A balanced bipartite graph with parts X,Y has no spanning
d-regular subgraph if and only if there is a set T C'Y with d|T| > ) _\ min(|N(z) N T, d).

Using this, we can prove a bipartite version of Lemma 6.2.

LEMMA 6.4. Let n~! € ¢ < 1. Let G be a balanced bipartite graph with vertex classes
X and Y with |X| =|Y| =n and 6(G) > (1 — €)n. Then, G has a spanning (1 — ¢ — 8&?)n]-
regular subgraph.

Proof. Note that there is an ¢ € R with (1 —2—8%)n=[(1—e—82)n| and 1> ¢+

POLY

n~!>é&>¢e>n"t Note that §(G) > (1 —é)n. Fixd = (1 - £ —8*)n = [(1 — e — 8?)n].

If the lemma does not hold then by Theorem 6.3, there is a set T'CY with d|T| >
Y wex Min(|N(z) NT|,d). Fix |T|=(1—-7)n and an = [{z € X : min(|N(z) NT|,d) = d}|.
Note that §(G) > (1 — é)n implies |N(z)NT| > |T| —én for all z € X. Using this d|T| >
> pex min(|N(z) NT|,d) implies d(1 —7)n > (1 =7 —£)(1 — a)n® 4+ dan. Plugging in the
value of d gives (1 — € —82%)(1 —7) > (1 —7—&)(1 —a) + (1 — & — 8?)a, and therefore (& +
862 —a)T > 82(1 —a). As a<1 and 7> 0, we must have that o <&+ 822. Therefore,
7> E09 and o < £+ 882 < 1.16 < 0.002 give 7 > 42.

8% —a
Note that |[N(z)NT|<(1—7)n < (1—4é)n <d which implies that (1 —¢&—88%)(1 —

Tn? =d|T| > > cymin(IN(z)NT],d) => ¢ [N@)NT|=e(X,T) > |T|0(G) >

(1 —7)(1 — é)n?, a contradiction to ‘8% > (. O

We want versions of the above lemmas for coloured graphs. Our lemmas will furthermore
provide regular subgraphs with a better global boundedness than the starting graph. To do
this, we use the following lemma which shows that any properly coloured graph has a subgraph
with better global boundedness. It is proved by selecting the subgraph randomly.

LEMMA 6.5. Let 1> > n~!andke {1,2}. Let G be a properly coloured, globally n/k-
bounded graph on < 2n vertices with < (1 — 20e)n colours having > (1 — 20e)n/k edges and
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5(G) = (1 —e*)n. Then G has a spanning subgraph H with 6(H) > (1 — ¢ + 18¢?)n which is
globally (1 — e)n/k-bounded.

Proof. We say that a colour is large if it has > (1 — 20e)n/k edges in G. Other colours
are called small. For a vertex v, let £z (v) and £g(v) be the numbers of large colours through
v in H and G, respectively. Similarly let sg(v) be the number of small colours through v.
Note that £ (v) < (1 — 20e)n and s¢(v) = dg(v) — o (v) = 20en — e2n always hold. Let H be
the subgraph of G formed by deleting every edge having a large colour independently with
probability p = & + 2. The following hold for all vertices v and large colours ¢ by linearity of
expectation.

E(|Er(0)]) = (1= p)lEc(o)] < (1 —e —*)n/k,
E(dr (v)) = (1 = p)lc(v) +s6(v) = (1 = p)da(v) + psa(v)

>(1—e—e)(1—en+ (e +e2)(20e — e?)n = (1 — & + 18% + 20&%)n.

Note that |Ey(c)| and dg(v) are both 1-Lipschitz and affected by < n edges. By Azuma’s
Inequality (Lemma 3.6), the probability that either of these deviates from its expectation

. . —(3n/2)? . POLY . .
by more than e3n/4 is < 2e— "~ = o(n~2) (using n > e!). Taking a union bound, we

have that with high probability all large colours have |Ep(c)] < (1 —¢e)n/k and all vertices
have dg(v) > (1 — € + 18¢2)n. Also, small colours ¢ always have |Ex(c)| < (1 —¢)n/k. Thus,
with high probability, H is globally (1 — ¢)n/k-bounded and has 6(H) > (1 — ¢ + 18c%)n, as
required. U

By combining this with Lemmas 6.2 and 6.4, we prove the main results of this section.

POLY POLY POLY

LEMMA 6.6 (Regularization lemma for high degree general graphs). Letn ' < v < ¢ < 1,
and let G be a properly coloured n-vertex graph with < (1 — 20e)n colours having > (1 —
20e)n/2 edges and 6(G) > (1 — ?)n. Then, G has a spanning subgraph H which is globally
(1 — &)n/2-bounded and (7, d,n)-regular for some § > 1 — ¢ + 92.

Proof. First apply Lemma 6.5 with k =2 in order to get a subgraph G’ with §(G’) >
(1 — e + 182%)n which is globally (1 — &)n/2-bounded. Then, apply Lemma 6.2 to G’ with
¢/ = & — 182 to get a subgraph H which is r-regular for r > (1 — (¢ — 18¢?) — 8(e — 18¢%)?)n >
(

POLY

1—¢e+9%)n (using ¢ < 1). O
LEMMA 6.7 (Regularization lemma for high degree bipartite graphs). Let n~! < 0% Le<
1, and let G be a properly coloured balanced bipartite graph on 2n vertices with < (1 — 20e)n
colours having > (1 — 20e)n edges and §(G) > (1 — &?)n. Then, G has a spanning subgraph H
which is globally (1 — €)n-bounded and (v, §,n)-regular for some § > 1 — ¢ + 9¢2.

Proof. First apply Lemma 6.5 with £ =1 in order to get a subgraph G’ with §(G’)
(1 — & + 182%)n which is globally (1 — &)n-bounded. Then, apply Lemma 6.4 to G’ with &’
£ — 182 to get a subgraph H which is r-regular for r > (1 — (¢ — 18¢%) — 8(¢ — 18¢?)*)n — 1
(1—c+92%)n (using £ < 1).

O w I wv

6.2. Regularization using a disjoint dense graph

The following two lemmas take a graph G which is close to being regular and a disjoint dense
graph E, and modify G slightly using edges of E in order to produce a truly regular graph.
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Lemma 6.9 will be applied later in the paper, while Lemma 6.8 is a technical lemma to facilitate
its proof.

LEMMA 6.8. Ford > m, let G be a balanced bipartite graph on 2n vertices with §(G) > d — 1
and 2k = ZveV(G) max(0,d(v) — d), let E be an edge-disjoint (1,d — m)-dense graph, and let
M be a matching in E of size m — k such that dg(v) =d—1 <= v € V(M). Then, there is
a subgraph H C G and a matching N in E of size m so that H U N is d-regular.

Proof. The proof is by induction on k. The initial case is when k& = 0. In this case, note that
every v € V(G) must have max(0,d(v) — d) = 0 which implies A(G) < d. Since §(G) > d—1
and dg(v) =d—1 < v € V(M) we have that GU M is d-regular

Suppose that k¥ > 1 and that the lemma holds for all ¥’ < k. Let X and Y be the parts of
G. Note that since §(G) > d — 1 and both X and Y have exactly e(M) degree d — 1 vertices,
we must have k=3 _y max(0,d(z) —d) = e(G) —dn+e(M) =3 ., max(0,d(y) — d). In
particular, this implies that X and Y each have < k vertices of degree > d+ 1. Letz € X,y € Y
be vertices with max(0,d(z) — d), max(0,d(y) —d) > 1. We have d(z) > d+1, d(y) >d+ 1.
Since there are m — k vertices in Y of degree d — 1 and < k vertices in Y of degree > d+ 1, Y
has at least n — m vertices of degree d. Similarly, X has at least n — m vertices of degree d. This
implies that N(z) and N(y) have subsets of size d — m consisting of vertices of degree d. Since
E is (1,d — m)-dense, there is an edge wv € E with u € N(x), v € N(y), and d(v) = d(w) = d.

Let G'=G—-zu—yv and M'= M Uuv. We have that M’ is a matching because
dg(u) =dg(v)=d#d—1 which implies wu,v ¢ V(M). Note that §(G)>d-1,
Ywev(e) max(0,de (w) —d) =2k =2, e(M')=m—k+1 and de(v)=d—-1 <= vE
V(M'"). By induction, there is a subgraph H of G’ and a matching M in E with the required
properties. O

The following version of the above lemma will be easier to apply.

LEMMA 6.9 (Regularization using a disjoint dense graph). For d > 2m, let G be a balanced
bipartite graph on 2n vertices with e(G) < dn + m, 6(G) > d and E an edge-disjoint (1,d/2)-
dense graph. Then, there is a subgraph H C G and a matching M C E of size < m so that
H U M is d-regular.

Proof. Since §(G) > d, we have that ) .y g min(0,d(v) — d) = 2¢(G) — 2dn < 2m. The
result follows by applying Lemma 6.8 with m’' =k =3_ .y ) min(0,d(v) —d)/2 <m and
M = (). To see that F is (1,d — m')-dense for this application, note that d > 2m is equivalent
tod—m > d/2. O

6.3. Regularization by adding vertices

Here we show that a nearly-regular graph can be made regular by adding a small number
of vertices (and edges adjacent to those vertices). We will need the Gale-Ryser Theorem
concerning which degree sequences are realizable by bipartite graphs (see [46]).

THEOREM 6.10 (Gale, Ryser). Let 1 >--- >, and y; > --- 2y, be non-negative
numbers. There exists a bipartite graph with parts X, Y with degree sequence x1, ..., T, in X
and y1,...,y, in Y if, and only if, we have 31 y; = S0 @ and S _ y; < S, min(t, ;)
fort=1,...,n.

We use the Gale-Ryser Theorem to prove the regularization lemma of this section.
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LEMMA 6.11 (Regularization by adding vertices). Suppose that 0.01 > & > v > n~ L
Every (v, ,n)-regular balanced bipartite graph G on 2n vertices is contained in a d-regular
balanced bipartite graph G’ with parts of size < (14 9v)n for d = [(1+ 5v)dn], where,
additionally, all edges of G' \ G touch V(G') \ V(G).

Proof. Let m =dn —e(G). Since e(G) = .y d(z) = (1 £v)dn?, we have 2y0n* < m <
8y0n?®. Let X’ and Y’ be two sets of new vertices with |X'| = [Y'| = [%]. Note that yn <
|X'[, Y] < 9yn. Choose a graph H between X’ and Y’ with exactly d[% ] —m = d|X'| —
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m edges (a graph with this many edges exists since v > n~! implies |X'||Y’| > v?n? > d).
Moreover, choose H so that A(H) is as small as possible. This ensures that 6(H) > A(H) — 1.
For each vertex v € V(G) UV (H), let k, = d — dgum(v). Note that 6(H) > A(H) — 1 implies
that any integer ¢ has either ‘t <d— A(H) or ‘¢ > d— §(H)’, and so

Yot ift<d-A(H)
z’'eX’
Z min(t, ke ) = (29)
o' X > ke ift>d-5(H).
z'e X’

Since G is (7, d,n)-regular, for v € X UY we have k, < 9vd. Note that ), ko = d|X'| —
en(X)Y)=m=dlY|—eq(X,Y) =3 cyky Order the vertices of ¥ as yi,...,y, such
that k,, >k, >--- >k, . Note that, for all t=1,...,n, S'_ k, < 9ydt < ynt < |X'|t =
> wex t- We also have 22:1 ky, <>,y ky = >, cxs kw. Combining these with (29), we get
that for all ¢, we have Zle ky, <>, cx min(t, kyr). By the Gale-Ryser Theorem, there is a
graph J; between X’ and Y such that d;, (v) = k,. By symmetry, there is a graph Jy between
X and Y’ with dj,(v) =k, for all v € X UY’. Now G' = GU H U J; U Js is d-regular. Note
that all edges of G’ \ G touch X' UY’ = V(G’) \ V(G), completing the proof of the lemma. O

7. Completion

Our strategy for finding rainbow perfect matchings and Hamiltonian cycles is to first find
nearly-perfect matchings or near-Hamiltonian cycles and then modify them. In this section,
we collect the ‘modification lemmas’ which we use to complete nearly-spanning structures into
truly spanning ones.

In all lemmas of this section, we will have a dense graph which is disjoint from the
matchings/cycles which we are trying to complete. The matchings/cycles are turned into what
we want by modifying them gradually using edges of the dense graph.

7.1. Perfect matchings
The following lemma extends a matching by one edge.

LEMMA 7.1. Suppose that we have the following edge-disjoint subgraphs in a balanced
bipartite graph G with parts X, Y of size n.

e A matching M with e(M) > (1 — 0)n.
e A (1,6n)-dense graph E.
e Graphs Dx, Dy with dp, (z") > 20n for each 2’ € X and dp, (y') > 20n for each y' €Y.

Let x € X andy € Y be vertices outside M. Then, there are vertices u, v, M., m, with uv € E,
xmy, € Dx, ym, € Dy, umy,vm, € M such that M’ = (M U {xm,,, uv,ymy,}) \ {um,,vm,}
is a matching.
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Proof. Let o be the permutation which exchanges vertices of M and fixes all other vertices.
Note that since dp, (x) > 20n, dp, (y) > 20n and e(M) > (1 —0)n, we have |Np,(z)N
V(M)|,|Np, (y) NV (M)| = 6n. Since E is (1, 0n)-dense, it has an edge wv from o(Np, (z) N
V(M)) to o(Np, (y) N V(M)). Now taking m, = o(u) and m, = o(v) gives vertices satisfying
the lemma. 0

By iterating the above lemma, we can turn nearly-perfect rainbow matchings into perfect
ones.

LEMMA 7.2 (Completing a matching). Let 1 > 0,p Se>n L Suppose that we have the
following colour-disjoint subgraphs in a properly coloured, balanced bipartite graph G with
parts X,Y of size n.

e A rainbow matching My with e(My) = (1 — e)n.
e A (p(fn)?,6n)-dense graph E.
e Graphs Dx, Dy with dp, (z) > 30n for each x € X and dp, (y) > 30n for eachy € Y.

Then, there is a perfect rainbow matching N in My U E U Dx U Dy using < en edges in each
of B, Dx and Dy, where, additionally edges of Dx in N pass through X \ V(M) and edges
of Dy in N pass through Y \ V(Mj).

Proof. We will repeatedly apply Lemma 7.1 to produce rainbow matchings
My, ..., M, _cny) with e(M;) = e(Mo) +i and V(M) C V(M;). We will maintain that M;
always has at most ¢ edges of each of F,Dx,Dy, with the edges of M; N Dy passing
through X \ V(M) and the edges of M; N Dy passing through Y \ V/(Mj). When finished,
N = M,,_.(n,) Will then satisfy all the requirements of the lemma.

At the (i+4 1)st application, we apply Lemma 7.1 with M = M;, vertices z; € X \
V(M;),y; € Y\ V(M;) and E' = E\ C(M;), D% = Dx \ C(M;), D}, = Dy \ C(M;) — the
graphs F, Dx, Dy with all the edges with colour in C(M;) removed. Using Lemma 5.10 and
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e(E N M;) < i, the graph E* is (p(fn)? — ifn,fOn)-dense (and so (1,0n)-dense since 0,p > ¢
implies p(6n)? > endn). Also e(Dx N M;),e(Dy N M;) < i gives dpi (2),dpi (y) = 30n —i >
20n for each x € X and y € Y. These show that the assumptions of Lemma 7.1 hold for M;,
E', D%, D%, x;, y; and so we can apply it to obtain a matching M, containing one more edge
than M;. The matching M;; is necessarily rainbow since it is a union of a submatching of M;
(which is rainbow), and one edge from each of E?, D% and D} (which are all colour-disjoint
from each other and from M;). From Lemma 7.1, the new edges of M;;, in Dx and Dy pass
through z; € X \ V(My) and y; € Y \ V(My), respectively, as required. O

7.2. Hamiltonian cycles

The following lemma joins two long cycles together using edges from some disjoint, dense
graphs.

LEMMA 7.3. Let1 > )\ }§'>\ P ‘ﬁﬁ 0 ‘§’>‘ n~!. Let C,Cy be two vertex-disjoint cycles of length
> M. Let E, F,G be (p(6n)?,0n)-dense graphs. Suppose that Cy,Cs, E,F and G are all
edge-disjoint. Let zy € E(C) U E(C5).

Then, there is a cycle C in C; UCy U EUF UG with vertex set V(Cq) UV (Cs) containing
1 edge of each of E, F,G, and, additionally, zy € E(C).

Proof. Without loss of generality, assume that |C}| < |C2|. Choose arbitrary orientations of
Cy and C5. Let o be the permutation mapping v to its successor (in the cycle containing v).
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Let X1 be the set of vertices v € V(C1) with |[Ng(v) NV (C2)| < 20n + 2 and let X5 be the set
of vertices v € V(C4) with [Np(o(v)) NV (C2)| < 26n + 2.

Suppose |X1| > An/3. Noting that |Cs| > |Cy] = | X1]|, pick a set Y7 C V(Cy) with |Yi]| =
| X1] and note that ep(X1,Y7) < |X1[(20n +2) < p|X1|? (as A > p, ), contradicting that E
is (p(6n)?,6n)-dense. Thus, | X| < An/3. Similarly, | Xs| < An/3, and thus we may pick zo €
VI(C1)\ (X1 UXo U{z,y}).

Let yo =o0(xp). We have |(Ng(xzo)NV(C2))\{z,y}| =>20n and [(Nr(yo) NV (C2))\
{z,y}| = 20n. Since G is (p(fn)?,0n)-dense, by considering appropriate disjoint subsets
with size On of (Ng(xo) NV (C2))\ {z,y} and (Np(yo) NV (C2))\ {z,y}, respectively, we
have the following. There is an edge zw € E(G) with o(z) € (Ng(zo) NV (C2)) \ {z,y}
and o(w) € (Nr(yo) NV (C2)) \ {z,y}. Now C = C, UCy — zoyo — z0(z) — wo(w) + xgo(z) +
yoo(w) + zw is a cycle with the required properties (see Figure 1). O

Next we prove a similar lemma which joins cycles together. In the next two lemmas, we
will have both directed and undirected graphs on the same vertex set. The cycles we obtain
in both lemmas will contain a mixture of edges from the directed and undirected graphs.
In such a situation, ‘cycle’ just means a graph which is a cycle after turning all directed
edges into undirected edges, that is, we do not care about directions of edges in cycles at all
(the actual purpose of the directed edges in the lemmas is to control degrees through certain
vertices).

POLY POLY

LEMMA 7.4. Let 1 >8> 60> n"! and m < 6n/2. Let C={Cy,...,C,,} be a 2-factor.
For each i =0,...,m, let x;y; € E(C;). Let E be (1,6n)-dense and Dx, Dy digraphs with
dT(Dx),d"(Dy) = dn. Suppose that C, E, Dx and Dy are all edge-disjoint. Suppose |Co| <
on/2.

Then there is a 2-factor C' with < m cycles in which each cycle contains an edge x;y; for
some i > 1. Additionally, C' contains 1 edge from E, 1 edge from F which starts at xo and 1
edge from G which starts from yj.

Proof. Choose arbitrary orientations of C,...,C,,. Let o be the permutation mapping v
to its successor (in the cycle containing v). Let U = {x;,y; : ¢ > 1} and note that |U| < 2m <
On. We have |N§X (o) \ (UUCH)| = on—0n—6n/2 > én/3 and |N1J5Y (yo) \ (UUCy)| = on —
On —on/2 > on/3. Since FE is (1,0n)-dense and On < dn/6, by choosing appropriate disjoint
subsets of size fn, we have the following. There is an edge zw € E with o(z) € Nj; (x0) \
(UUCy) and o(w) € NZSY (yo) \ (UUCy). Now C' =C —zgyo — z0(2) — wo(w) + zgo(z) +
yoo(w) + zw is a 2-factor with the required properties (see Figure 1). ]

By iterating the above lemmas we obtain the following lemma which turns a rainbow
2-factor into a rainbow Hamiltonian cycle. Once again we have have a combination of directed
and undirected graphs. When we say a directed graph is properly coloured, we mean that the
underlying undirected graph is properly coloured.

LEMMA 7.5 (Completing a Hamiltonian cycle). Let 1 5> D S0 n!andm < pOn.
Suppose that we have the following colour-disjoint, edge-disjoint, properly coloured graphs on
a set of n vertices.

e A rainbow 2-factor C = {Cy,...,Cp,}.

e (p(6n)? 4+ mbn, On)-dense graphs E, F,G.
e Digraphs Dx, Dy with d¥(Dx),d"(Dy) > én + m.
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For each i=0,...,m, let x;,y; be a pair of adjacent vertices in C;. Then, there is a
rainbow Hamiltonian cycle C'in EUF UGU Dx U Dy UCyU---UC,, so that, additionally,
C\ (CoU---UC,,) has < m edges of each of E, F,G,Dx, Dy, the edges of C' in Dx all start
in {xg,...,2m}, and the edges of C in Dy all start in {yo,...,Ym}-

Proof. Choose A with § > \ > p. The proof is by induction on m. The initial case is when
m = 0 in which case the lemma is trivial. Suppose that m > 1. If |Cy|, |C1| = An, then apply
Lemma 7.3 to Cy,Cy, E, F,G. If |Cy| or |C1] < An, then apply Lemma 7.4 to C, E, Dx, Dy . In
either case, we get a new 2-factor C’ with < m cycles, where each cycle contains an edge x;y; for
some ¢. Additionally C’ contains at most one edge from each of E, F, G, Dy, Dy, with remaining
edges from C. This implies that C’ is rainbow since C was rainbow and E, F, G, Dy, Dy were
all colour-disjoint from each other and from C. From Lemma 7.4, we also have that if C’ has
edges in Dy and Dy, then they start at x¢ and yg, respectively.

Let E',F'.G',D., D} be E,F,G, Dx, Dy with colours of C'\ C deleted to get (p(fn)? +
mén — On,On)-dense graphs E',F',G’ (using Lemma 5.10), and digraphs D%, D} with
d*t(D%),d" (D) = én+ m — 1. The lemma holds by induction. O

8. Near-decompositions into rainbow structures

In this section, we prove our main results on matchings and Hamiltonian cycles. Most of
the results here are of the form ‘every properly coloured graph with certain properties can
be nearly-decomposed into rainbow matchings/2-factors/Hamiltonian cycles’. These results
build on one another. First, we find near-decompositions into nearly-perfect matchings. Then,
we use completion results from the previous section to find near-decompositions into perfect
matchings. We use these to find near-decompositions into 2-factors. Then, we again use
completion results from the previous section to find near-decompositions into Hamiltonian
cycles.

8.1. Nearly-perfect matchings

In this section, we show that every properly coloured d-regular, globally d-bounded bipartite
graph has a near-decomposition into nearly-perfect rainbow matchings. This is proved by
iteratively finding such matchings individually using Lemma 4.6. For a d-regular, globally
d-bounded bipartite graph G, consider the following recursive process producing matchings
My, ..., M.

P1: Fort =d,...,ed, apply Lemma 4.6 to G; in order to partition its edges into a randomized
rainbow matching M; and a graph G;_;.

We emphasize that this process is run in decreasing order with ¢. The reason for this is that if
we define the process like this, then the graphs G; turn out to be approximately ¢-regular for
every t.

If we were able to run this process for (1 —o(1))d many steps, then we would obviously
produce the desired (1 — o(1))d edge-disjoint nearly-perfect rainbow matchings in Gy. To show
that we can run it for that long, we need to show that with high probability G; satisfies
the assumptions of Lemma 4.6. There are two assumptions of that lemma which need to be
maintained: (v, t/n,n)-regularity and global (1 4 )t-boundedness.

Maintaining global boundedness. Recall that in the matching M; produced in G; by
Lemma 4.6, every edge ends up in M; with probability roughly ¢~!. This means that at step
t — 1 of P1, for any colour ¢, we have
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E(|Eg, . (0)]) = P(c & C(My))|Eg, (c)| + P(c € C(My))(|Ec, ()| = 1)

~ (1 Ee ) e, o) + 2l

: (1Ba, (@] - 1)

<t—-1.

Here, the last inequality is equivalent to ‘|Eg,(c)| < ¢’. Thus, one would expect the global
t-boundedness of G; to be preserved throughout the entire process. By using Azuma’s
Inequality, we can show that this happens with high probability.

Maintaining regularity. Here we explain how to preserve (v,t/n,n)-regularity between the
applications of Lemma 4.6. First note that if Lemma 4.6 produced perfect matchings, then
there would be nothing to check — then G; would always be t-regular (and hence (0,t/n,n)-
regular). But the matchings produced by Lemma 4.6 have size (1 — o(1))n, and so over time,
one would expect the maximum degree of the graph to become bigger than t after a large
number of steps. One thing that we will never lose is the minimum degree — the graphs will
always have §(G}) > t, since there can be at most one edge from each matching M; present at
any vertex.

To preserve regularity, we introduce another step to our process in addition to P1. Fix some
large constant k, and do the following;:

P2: whenever t =0 (mod k), modify G; slightly to make it into a t-regular graph.

This step ensures that G; is (7,t/n,n)-regular for all ¢ and suitable ~. Indeed, for any ¢, there
is some k' < k with Geppr (t + k' )-regular and A(Gy) < A(Gyyr). Thus, we have t < §(Gy) <
A(Gy) < t+ k, which implies that Gy is (k/t,t/n,n)-regular.

Step P2 is performed using Lemma 6.9. This lemma turns a graph G; with §(G;) > t into
a t-regular graph G} by deleting some edges and adding a small matching N disjoint from
G:. Edges in this matching N are given a new ‘dummy colour’ which was previously unused
in Gy. While these dummy colours can end up in our matchings M;, the total number of
dummy colours is small (at most n/k), and so after deleting the dummy colours, we still have
nearly-perfect matchings in G.

A concentration lemma
The following lemma will be used to show that the global boundedness of a graph decreases

suitably after repeated applications of Lemma 4.6.

LEMMA 8.1. For Ce<0.1 and m < D, suppose that we have random variables
X0, X1,X2,..., X, with D—m—1>% and £ <Xy <D, such that, for every t=

0,...,m —1, and for any values of X, ..., X;, we have,
1
X: — 1 with probability (1 — 5)D — tXt
Xy = )
X with probability 1 — (1 — 6)D tXt.

Then, we have,

—<2p

P(Xm > (1 —|—3Cs)(1 _ %)X(J) < eTecrT .

Proof. Let ¢=P(Xy1 =X, —1|Xo,....X;) =(1—¢e)5—X;, and note that
E(Xi1|Xo, -, Xe) = Xe(1 — ) + (Xy — 1)g = (B5=12) X, Let Y, = (1 — Ce/D)! 5. Note
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E(Xi41| X050 Xe e
that E(Viy1|Yo,..., V) = (1 — Ce/D)r+12Eplfowd) — (1 - Ce/D)1! p2eEe X, =
(1-Ce/D)1+ 5=5=)Y: < (1 -Ce/D)(1 +Ce/D)Y; <Y;. This shows that Y, is
a supermartingale.

Note that for ¢t < m, we have

(1—C€/D)Xt+1 _ Xt

Yies - Yi = (1 - Ce/D)’

D—t—1 D—t
X1 — X CeX. X
(1 t| A1 to_ i+l !
= (1= C¢/D) (D—t—1) D(D—t—1)+(D—t—1)(D—t)‘
1 Ce D
< _ t
<(1-Ce/D) (D—t—l+D—t—1+(D—t—1)(D—t)>
302
< —.
D

The third inequality uses the triangle inequality, the 1-Lipschitzness of X; and X; < X <
D. the fourth inequality comes from D —t—-1>D—-m—12> % and Ce < 0.1. Hence, Y; is
%—Lipschitz.
By Lemma 3.7, we have,
2p2

P(Y,, >2Yy+s) < eTscim
Substituting Yy = Xo/D, s = vXo/D and using Xy > D/C and m < D gives

_~2x2 _.2
p(ym > (1 +7))§)U> < eToie < e T (30)

Note that, as m < D and Ce <0.01, by (4) and (6), we have, %<1+303

Substituting Y;, = (1 — Ce/D)™ 5= and v = Ce into (30), and using this gives

m (D_m)XO —<2D
P(X,, > (1 1- 2)X,) <P(X,, >0 T TR0 ) cetmer, O
( m 2 ( +3C€)( D) 0) ( ( +C€)(1Cs/D)mD) e

Analysis of the random process

Now we prove the first decomposition result of this paper. All our other decomposition results
build on this. It produces a near-decomposition into nearly-perfect rainbow matchings in a
dn-regular graph which is globally (1 — o)dn-bounded.

LEMMA 8.2. Suppose that we have n,¢,8,¢ with n=! Lo<s <land/? < n.

Let G be a coloured balanced bipartite graph on 2n vertices which is dn-regular, locally
¢-bounded and globally (1 — o)én-bounded. Then, G has (1 — o)dén edge-disjoint rainbow
matchings My, ..., M _,s, with e(M;) = (1 — o)n for all i.

POLY POLY POLY POLY

Proof. Choose k,v,v,p so that n! K v < p<Lv < k™! <Lo<§<1. Set D= [(1-—
“Hén].

CLAIM 8.3. There is a D-regular subgraph Gp of G and a (6pnD,vD/6)-dense graph Ep
with Gp and Ep edge-disjoint.

Proof. Apply Lemma 5.8 to G with y=v§/8 and p’ = k=16 in order to find a (én —
|k~ 16n])-regular subgraph Gp of G so that Ep = Gp is (0.48k15(vdn/8)?, vén/8)-dense
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(to apply Lemma 5.8, we use that 1 > k~16,v§/8 > n~1). Since dn — |k~dn| = D, the graph
Gp is D-regular. Note that Ep is (6pnD, vén/8)-dense (using 6pnD < 0.48k~15(vdn/8)? which
comes from p < k=1, v,8). Now vD/6 > vdn/8 implies the claim. O

We will define a random process producing spanning graphs Gp_1,...,Gup,Ep_1,..., E,p
and rainbow matchings Mp_1,..., M, p. They will always have the following properties:

(a) G is (v,d/n,n)-regular;

(b) My C E(Gq) with e(My) > (1 —p)n;

(¢) 0(Gq) = d and e(Gq) < dn + kpn;

(d) Eqis (1, %1)-dense and edge-disjoint from Gy;

(e) o if k{d, then G4 C Gg;

o if k|d, then G4_1 \ Gy is a matching of size < 4kpn in E;. This matching has a
dummy colour cg.

Note (a) (c¢) and (d) hold for Gp and Ep: indeed Gp is D-regular (implying (a) and (c)), while
Ep is (6pnD,vD/6)-dense (which combined with (D — 1)/2 > vD implies (d)).
The process producing Gp_1,...,Gup, Ep_1,...,E,pand Mp_1,..., M, p is the following.

e If G, is globally d-bounded, then My is the (random) matching produced from Lemma 4.6
applied to Gq withn =n,y=+,p' = p/20,¢ = ¢, = d/n. Note that 1 > §’ >SpP>y>nt

and n > ¢ hold with these parameters (using & > & > v§/2), allowing us to apply the lemma.
Additionally:

— if k)[d, then let Gd,1 = Gd \ Md and Ed,1 = Ed;

— if k| d, then apply Lemma 6.9 to G4\ My and E4 with d =d—1 and m = e(Gy \
My) — (d — 1)n (using that, by (d), Eq is (1,d’/2)-dense, by (c), e(My) = (1 — p)n and by
p < k™Y,v,8 we have 2m = 2(e(Gg \ My) — (d —1)n) < 4kpn < von/2 < d'). We get a
subgraph H; and a matching Ny in E, of size < 4kpn. Let G4—1 = Hy U Ny with the edges
of Ny given the dummy colour ¢4 to get a (d — 1)-regular graph. Let Eq—1 = E4 \ Ng.

e If GG, is not globally d-bounded, then we stop the process.

We show that the properties we need in the process hold.
CLAIM 8.4. As long as the process goes on, (a)—(e) hold.

Proof. First we prove (b), (d) and (e).

(b) This is immediate since M, was produced by applying Lemma 4.6 to G4 with p’ = p/20.

(d) We have Eq = Ep \ U;c(411,p),5 Ni and e(N;) < dkpn. As Ep is (6pnD,vD/6)-dense,
this implies that Ey is (6pnD — 4kpn[(D — d)/k],vD/6)-dense (using Lemma 5.9). Since
421 > vD/6 and 6pnD — 4kpn[(D — d)/k] > 1, this implies that E; is (1, %5%)-dense

(e) This is immediate from the construction of G4—1: When k t d, then G4—1 = G4\ My C
G4 holds. When k | d, then G4—1 = NgU Hy C Ny U (Gy \ My) with Ny ‘a matching in Eg of
size < 4kpn’ which has dummy colour cg.

Next we prove (a) and (c). First recall that (a) and (c) hold for the starting graph Gp. If
k| d+ 1, then, by construction, G4 is d-regular which implies both (a) and (c).

Suppose then that k td + 1 and d < D. Fix d = min(k[(d 4+ 1)/k] — 1, D). Note that G is d-
regular (as d=Dork | d + 1 in which case G gis cZ—regular from the application of Lemma 6.9).
Also note that 0 < d—d <k —1 (the first inequality comes from d < D and k{d+ 1. The
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second inequality comes from k[(d +1)/k] —1 < d+k —1). Because ktd,d — 1,...,d + 1, we
have that

GdZGdA\(MdAUM(iilLJ'-'UMd_;,_l). (31)

Since the graphs M; are matchings, this implies 6(Gq) > 6(G ;) — (d—d) = d. Next, (31)
implies A(Gg-1) < A(G) = d < d+ k, which combined with §(Gy) > d implies that Gy is
(k/d,d/n,n)-regular and hence (v, d/n,n)-regular since k/d < k/vD < 2k/von < ~y. Thus, (a)
holds. Finally, (31) implies e(Gq) < e(G;) — e(My) — - -+ — e(Mg41) < dn—(d—d)(1—p)n <
dn + kpn, completing the proof that (c) holds. O

To show that the process does not end too early, it remains to show that G, is globally
d-bounded.

CraM 8.5. With probability > 1 —n~!, Gy is globally d-bounded ford = D, ...,vD.

Proof. Note that by (e) and pp%\ v, k=15, for any dummy colour ¢;, we always have
|Ec,(ci)] < 4kpn < vD/2 < d. For a non-dummy colour ¢, if |Eq,, (¢)| < vD/2, then |Eg,(c)| <
vD/2 < d for all d. Tt remains to prove the claim for non-dummy colours with |Eq, (¢)| = vD/2.
Let ¢ be such a colour.

Let Y be the number of colour ¢ edges in G4. From Lemma 4.6, we have that as long as
the process goes on, we have P(e € E(Mg)|e € E(Gq)) = (1 —p)%. Since M, is rainbow, for
any colour ¢, the events ‘e € E(My) and ‘f € E(My)’ are disjoint for distinct e, f € E(c). This
implies P(c € C(My)|Y§ = y) > (1 — p)4. Recall that, Gy consists of a subgraph of G4\ My
together with maybe some dummy colour edges. This implies that the event ‘c € C'(My)’ is
contained in the event ‘Y] | < Yj —1’, which gives following.

1
<Yy — 1 with probability > (1 — p)gydc
Yi,= X
Y with probability < 1 — (1 — p)EYdC'

Let Z¢,,. .., ZS be random variables with Z¢, = Y5 = |Eq,, (¢)| and, foreachd = D, ..., vD +
1, for any values of Zf,, ..., Z3, we have

1
Z§ — 1 with probability (1 — p)EZg

Zg 1= 1
Z§ with probability 1 — (1 — p)gch.

Note that Y, is stochastically dominated by Zy, that is, specifically we have P(Yy > z) <
P(Z5 > x) (to see this note that Yy and Z, can be coupled so that Y, is always bounded above
by Zd)'

Let X{ = Z{,_, and note that X, ..., X, satisfy the assumptions of Lemma 8.1 with D = D,

e=p,C=2v"", m=D—d. Therefore we have,

d D—d ‘
IP’< iz 5Zp(l+ 6V1p)) = IF’(XD > <1 - D)Xg(l + 61/1p)) < 4e0001/ D

—4
<n .

The last inequality comes from D > dn/2 and v*p?s > n~!. Note that (1+ 6V’1p)%Z <

(146~ 'p)L(1 — 0)dn < d (using the global (1 — o)dn-boundedness of G and pr~ 1, k=1 < o).
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Thus, for every colour ¢ with |Eg,(c)| = vD/2, we have P(|Eg,(c)| = d) =P(Yy > d) <
P(Zy > d) <n~* for all d. By the union bound over all ¢ and d, we have that G is globally
d-bounded for all d > vD with probability > 1 — n=L. O

Since there are < [D/k] < on/2 dummy colours, we have that each M; contains a submatch-
ing M/ of size > e(M;) — [D/k] > (1 — p)n —on/2 > (1 — o)n containing no dummy colours
(using (b)). Finally note that we have (1 — v)D > (1 — ¢)dn matchings (using o > v, k). O

The following lemma takes a decomposition into rainbow matchings (as in the previous
lemma) and outputs another such decomposition where the matchings are nicely spread out
around the vertex set.

LEMMA 8.6. Lett > pn,pt > 1 andp < % Let G be a properly coloured balanced bipartite
graph on 2n vertices with 6(G) > t and My, ..., M; edge-disjoint rainbow matchings in G with
e(M;) = (1 — p*)n for all i. Then, G has edge-disjoint rainbow matchings My, ..., M, _,, with
e(M]) > (1 — 10p)n for all i and also 6(M{ U ---UM/) > (1 — 101p)t.

Proof. For a bipartite graph H on 2n vertices with A(H) <t, let fy(v)=
max((1 — 100p)t — dx(v),0) and f(H) = 5 3,y g f(v). Note that f(H) < tn — e(H) (since
A(H) <t implies that all vertices v have fr(v) <t—dg(v)). For H = M; U---U M, note
that e(H) > (1 — p*)tn and hence f(H) < tn — (1 — p3)tn = p>tn.

Let Ny,...,N; be a family of ¢t edge-disjoint rainbow matchings in G such that H = N
U---UN; has e(H)—4f(H) as large as possible. By the previous paragraph, we have
e(H) —4f(H) > (1 — 5p®)tn.

Cramm 8.7. f(H)=0.

Proof. Suppose, for contradiction, that f(H) > 0. Let U be the set of vertices v in H
with dg(u) < (1 — 10p)t. Note that vertices v outside U have (1 — 100p)t — dg(v) < —90pt <
—1 (using pt > 1). We have |U|(1—10p)t+ (2n — |U|)t > 2e(H) > 2¢(H) —8f(H) > 2(1 —
5p3)tn, which implies that |U| < p?n.

Let u be a vertex with fz(u) > 0. This implies that dp(u) < (1 — 100p)t and hence dg(u) —
dp(u) > 100pt > 4|U| (using t > pn). Choose some matching N; with u ¢ V(N;) (one must
exist since dy(u) < (1 — 100p)t). Let N/ C N; be the set of edges in N; that touch a vertex in
U, so that |N/| < |U|. As dg(u) — dg(u) > 4|N/| and G is properly coloured, we can pick some
y € Ny (u) so that y is in no edge in N/ and uy has colour outside of C(Nj).

Let F, C N/ be the set of edges in N; with the same colour as uy or which contain y,
noticing that, by construction, V(F,) NU = 0. Let N/ = (N; \ F,) U {uy} to get a rainbow
matching. Let H' = (H \ N;) UN/ to get another union of ¢ rainbow matchings. Note
that fu(u) = fu(u) —1 and fp (w) = fu(w) for w#u (using V(F,)NU =0), so that
f(H') < f(H)—1/2. We also have e(H') > e(H) + 1 —e(F,) > e(H) — 1. Combining these
gives e(H') —4f(H') > (e(H) — 1) — 4(f(H) — 1) > e(H) — 4f(H), which is a contradiction
to the maximality of H. d

e(H) —4f(H) > (1 — 5p®)tn. These imply that H has at most pt matchings of size
< (1 —10p)n (since otherwise we would have e(H) < pt(l—10p)n+ (t —pt)n =
(1 —10p?)tn < (1 — 5p*)tn, giving a contradiction to e(H) > (1 — 5p*)tn). The union of
the remaining matchings has minimum degree > (1 — 101p)t and so satisfies the lemma. O

The following lemma strengthens our previous rainbow matching decomposition result
(Lemma 8.2). It bootstraps that lemma in two different ways. First it removes the condition

Note that f(H) = 0 is equivalent to §(H) > (1 — 100p)t. Recall that 22:1 e(N;) =e(H) >
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that the host graph is regular, replacing this with the condition that it is (v, d, n)-regular.
Secondly, the decomposition produced is nicely spread out as in Lemma 8.6.

OLY POLY

LEMMA 8.8. Let n=! < v <K p,6d <1. Let G be a properly coloured balanced bipartite
graph on 2n vertices, which is (v, , n)-regular, and globally (1 — p)dn-bounded. Then, G has
edge-disjoint rainbow matchings My, ..., M_,)s, with e(M;) = (1 —p)n for all i and also
o(MyU---U M(l—p)&n) > (1 -2p)in.

Proof. We will first prove the lemma when we additionally have ‘p < §<0.01. Assuming

POLY POLY POLY

that, choose n™* < TLoKELD < §<0.01.

By Lemma 6.11, there is a balanced bipartite, regular graph G’ containing G which has
< 1lyn extra vertices in each part with G'[V(G)] = G. Colour the edges of G’ so that the
edges of G retain their colours, and any edge e ¢ F(G) gets a new colour ¢, (which only occurs
on e). Let n' = |G’|/2 < (1 + 11v)n be the size of the parts of G’. Since G'[V(G)] = G and

G was (7, d,n)-regular, the graph G’ is (6'n’)-regular for some &'n’ = (1 & o)én (using n=! <
v < 0 < §<1). Note that G is globally (1 — 0)d’n’-bounded (using (1 — p)dn < (1 — o)8'n/
which comes from v < o < p).

By Lemma 8.2 applied to G’ with £ =1, we have (1 —0)d'n’ > (1 — 20)dn edge-disjoint

rainbow matchings M, ..., M )5, with e(M;) = (1 — o)n’. For each i, let M{ = M;[V(G)]

to get a rainbow matching in G with e(M;) > (1 —o)n’ —22yn > (1 — &)n (using v < 0 <K
£). Note that §(G) > (1 —y)on > (1 — 20)on.

Apply Lemma 8.6 to G and M7, ... ’M(/1—20)57L with ¢t = (1 — 20)on, n = n, and p = £. This
gives edge-disjoint rainbow matchings M/, ..., M(N1—§)(1—2(7)5n with e(M]") = (1 —10&)n

for all 4 and also 6(M{'U---UM}_ ¢ 5,5,) = (1 —101§)(1 —20)én. Note that

(1—¢)(1—20)6n > (1 — p)én (using £, < p) and consider the matchings M/, .. ., M{_pysn-
Now the lemma holds for these matchings because e(M/) = (1 —10&)n > (1 — p)n, and
B U+ UMY y5,) > S U UMY )y opy5,) = (1= (1 = 20)m = (1= p)dn) >

(1-1018)(1 —20)dn — (p— € — 20+ 2£0)dn > (1 — 2p)dn (using §,0 L p).

Now we will prove the general case when we just have n=! < vy < p,d < 1. Choose p such
that n=! < 5 < P < p,6 < 1. Apply Lemma 5.3 (b) to G with p’ = 0.01 in order to partition
the edges of G into 100 spanning subgraphs Gy, ..., G1op with each G; (27, 0.016, n)-regular and
globally (1 +v)(1 —p)0.016n < (1 — p)0.016n-bounded. For i = 1,...,100, applying the ‘p <
0 < 0.01° case of the lemma to G; gives a family of rainbow matchings M7, ..., M(Zlfﬁ)().()l(Sn
with e(M}) > (1 —p)n for all i and also 6(MjU--- UM _ 5, ) > (1 —p)0.016n. Taking the
union of these families for ¢ = 1,...,100 gives the required edge-disjoint rainbow matchings
(using p < p). O

8.2. Perfect matchings

In this section, we find near-decompositions of graphs into perfect rainbow matchings. This is
done by taking the near-decompositions into nearly-perfect rainbow matchings produced in the
previous section and then using a completion lemma from Section 7 to turn them into perfect
matchings. The most straightforward to prove version of this is the following.

LEMMA 8.9. Let 1> 0,p Se>ntandt<n. Suppose that we have the following edge-
disjoint subgraphs in a properly coloured balanced bipartite graph on 2n vertices.

e Rainbow matchings My, ..., M, with e(M;) > (1 —e)n and §(My U --- U M;) > ¢t — 10en.
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o A (2p(6n)?,0n)-dense graph E.
e Graphs Dx, Dy with 6(Dx),d(Dy) = 46n.

Additionally suppose that My U---U M,, E, Dx, and Dy are colour-disjoint. Then, there are
edge-disjoint perfect rainbow matchings Mj,..., M; in EUDx UDy UM; U---U M,.

Proof. Let X and Y be the parts of the bipartition. We construct the matchings My, ..., M/
one-by-one using Lemma 7.2. They will have the following properties.

(i) sy EDxNM)) =2 ¢ V(M;)NX.
(ii) x2y € E(Dy N M) =y ¢V(M;)NY.
(iii) e(ENM/) < en.

Suppose that we have constructed matchings Mj, ..., M. satisfying the above properties. Let
Es=FE\(M{U---UM!), D% =Dx \ (MjU---UM!), D}, = Dy \ (M]U---UM!). Using
(i), e < 0, and §(M; U+ U M,) > t — 10en, we have dps, () = dpy () — [{i: x ¢ V(M;)}] =
§(Dx) — 10en > 30n for any x € X. Similarly, dp: (y) > 30n for y € Y. By (iii) and Lemma 5.9,
the graph E, is (2p(6n)? — sen, On)-dense. Hence, using sen < en? < ph?n?, E, is (p(6n)?, 0n)-
dense. By Lemma 7.2 applied to M4, £°, D% and D5, there is a rainbow perfect matching
M|, satisfying (i)—(iii). O

Dense graphs are less convenient to work with than typical ones. The following lemma
is a version of the previous one which replaces the colour-disjoint dense graphs by a single
colour-disjoint typical one.

POLY POLY POLY

LEMMA 8.10. Let1 > p > e > v > n~!. Suppose that we have the following edge-disjoint
subgraphs in a properly coloured balanced bipartite graph on 2n vertices for some t < n.

e Rainbow matchings My, ..., M, with e(M;) > (1 — )n for each i, and 6(My U --- U M) >
t — 10en.
e A (v,p,n)-typical, balanced bipartite graph G which is colour-disjoint from My, ..., M;.

Then, there are edge-disjoint perfect rainbow matchings M, ..., M} in My U---UM; UG.

POLY POLY POLY POLY

Proof. Choose 1> p > p1 > 60> e> v > n"!. Choose three disjoint sets of colours
Cg,Cp,,Cp, from G, with each colour put independently into Cg,Cp, and Cp, with

POLY

probability 2p;p~1/0.99, 50p~—! and 50p~!, respectively (this is possible since p > p1 >0
implies 2p1p~1/0.99 +50p~! +50p~t < 1). Let E, Dx, Dy be the subgraphs of G with
colours from Cg,Cp,,Cp,, respectively. By Lemma 5.3 (a), with high probability E is
(27, 2p1/0.99,n)-typical and Dx, Dy are (2v, 50, n)-typical.

We have that §(Dx),d(Dy) = (1 — 2v)50n > 46n. By Lemma 5.7 applied with =0, p =
p1/0.99 and v = 27, E is (2p;(0n)?, On)-dense. By Lemma 8.9 applied with § = 6 and p = py,
we obtain the required perfect matchings. O

Combining the above with Lemma 8.8, we get the following versatile lemma guaranteeing
near-decompositions into perfect rainbow matchings.

POLY POLY

LEMMA 8.11. Suppose that we have n,d,p with n~™! < v < p,6 < 1. Let G be a properly
coloured, (v,9d,n)-regular, globally (1 — p)dn-bounded, balanced bipartite graph of order 2n.
Let H be a properly coloured, colour-disjoint, (,p,n)-typical, balanced bipartite graph
on the same vertex set as G. Then, GU H has edge-disjoint perfect rainbow matchings
M, ..., M(l—p)én,'
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POLY POLY POLY

Proof. Choose n™! < v < € < p,d < 1. By Lemma 8.8, there are edge-disjoint rainbow
matchings M, ..., M_.)s, with e(M;) = (1 —¢)n for all i with §(MyU---UM;_oys,) =
(1 — 2¢)6n. By Lemma 8.10 applied with ¢ = (1 — €)dn, there are edge-disjoint perfect rainbow
matchings M{,...,M(’l_s)n in HUG. O

As a corollary, we obtain that a typical properly coloured graph can be nearly-decomposed
into perfect rainbow matchings as long as there is a gap between its global boundedness and
its degrees.

COROLLARY 8.12. Suppose that we have n, 6, p,y with n~" < vy < p,d < 1. Every properly
coloured, (v, d,n)-typical, globally (1 — p)dn-bounded, balanced bipartite graph G of order 2n
has (1 — p)dn edge-disjoint perfect rainbow matchings.

Proof. By Lemma 5.3 (a), G can be partitioned into a (2v,pd/2,n)-typical graph H and
a colour-disjoint (2v,d — pd/2, n)-typical graph G’. Since (1 — p)on < (1 —pd/2)(1 —p/2)dn,
G’ is globally (1 —pd/2)(6 — pd/2)n-bounded. By Lemma 8.11 applied with p’ = pd/2, and
0'=96—-pd/2, G'UH has (1 —p3§/2)(0 —pd/2)n = (1 — p)dn edge-disjoint perfect rainbow
matchings. O

Applying the above lemma when the host graph is K, ,, we can show that any proper
colouring of K, , has a near-decomposition into perfect rainbow matchings under natural
conditions on the sizes of the colour classes. This gives us Theorem 1.9, which we restate with
our notation as Lemma 8.13.

LEMMA 8.13. Let 1> &> n~L. Let K, be properly coloured with < (1 — 20e)n colours
having > (1 — 20e)n edges. Then, K, ,, has (1 — e)n edge-disjoint perfect rainbow matchings.

Proof. Choose 1> ¢ > p'§§ ~ S nt By Lemma 5.1, K,, ,, is (v, 1,n)-typical. Apply
Lemma 5.3 (a) with p=p, d =1, and v = in order to partition K, , into a (2v,p,n)-
typical graph J and a colour-disjoint graph G with §(G) > (1 — 2v)(1 — p)n > (1 — &%)n. Apply
Lemma 6.7 to G in order to find a subgraph G’ which is globally (1 — &)n-bounded and (v, §,n)-
regular for some § > 1 — & 4+ 9¢2. Since € > p, we have that G is globally (1 — p)én-bounded.
By Lemma 8.11 applied with v/ = 2v to G’ and J, there are edge-disjoint perfect rainbow
matchings My, ..., My _ s, in G" U J. Since € > pand § > 1— e+ 922, we have the required
perfect rainbow matchings in K, ,,. O

As a corollary, we show that having quadratically many colours guarantees perfect rainbow
matchings.

LEMMA 8.14. Let 1>¢ p;; n~l. Let K, be coloured with at least 2en? colours. Then,
K, has < (1 — €)n colours having > (1 — &)n edges.

Proof. Suppose otherwise. Then, K, , has <n? — (1 —&)n- (1 —&)n = 2en? — e?n? edges
outside of the (1 —&)n largest colours. This means that K, , has < 2en? —e?n? + (1 —¢)n

colours. By € > n~', this is smaller than 2en?, contradicting the lemma’s assumption. ([

>OLY

COROLLARY 8.15. Let 1> e > n~!. Let K., be coloured with at least en® colours. Then,
K, ., has (1 — e)n edge-disjoint perfect rainbow matchings.
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Proof. Let ¢’ =¢/40. By Lemma 8.14, K, , has < (1 —20¢')n colours having > (1 —
20¢’)n edges. By Lemma 8.13, K, , has (1 —¢')n > (1 —e)n edge-disjoint perfect rainbow
matchings. O

8.3. 2-factors

Here, we use the perfect matching decomposition results from the previous section in order to
show that suitable properly coloured complete graphs have near-decompositions into rainbow
2-factors. These 2-factor results are a stepping stone for finding Hamiltonian cycles. The basic
idea of the proof is to join rainbow matchings together into 2-factors. Suppose that we have
partitioned the vertices of a graph into sets V7, ..., Vi of equal size, and that we have rainbow
matchings My, ..., M) with M; going from V; to Vi1 (moa k). Note that if the matchings
My, ..., My are all colour-disjoint, then My U - - - U M}, is a rainbow 2-factor. The proof strategy
in this section is to partition the edges of a general graph G into balanced bipartite subgraphs
in which we can find perfect rainbow matchings using results from the previous section. Then,
we can put these matchings together in the way just described and obtain 2-factors.

First we will need the following standard lemma which asserts that there exist complete
graphs with rainbow Hamiltonian decompositions.

LEMMA 8.16. For prime n > 3, there exist properly n-coloured K,, with decompositions into
(n — 1)/2 rainbow Hamiltonian cycles.

Proof. Identify the vertices of K, with Z/nZ. Colour ij by ¢+ j (mod n). For =
1,...,(n—1)/2, let C; ={ala+i):a=1,...,n}. Note that C; is rainbow since we have
ala+1i),d' (¢ +1i) € C; = cla(a+1)) =2a+1,c(a’ (¢ + 1)) = 2a’ + 14, and so distinct edges in
C; have distinct colours. Since n is prime and i < (n—1)/2, a+ki=a (modn)=n |k
which implies that C; is a cycle. The cycles C1,...,C(,_1)/2 are disjoint because for i # j,
a(a+1) = b(b+ j) implies that b+ j = a and a + ¢ = b, which implies i + 7 =0 (mod n). O

Using the above, and results about perfect matching decompositions, we can prove our first
result about 2-factor decompositions. The following should be compared with Lemma 8.11. It
shows that under analogous assumptions to that lemma, one can find a near-decomposition
into rainbow 2-factors. It also has a divisibility condition on the size of the host graph. This
divisibility condition will later be removed.

POLY POLY

LEMMA 8.17. Let1 > d,p SELS v > n~', with k prime and k | n. Let G be a properly
coloured, globally (1 — p)dn/2-bounded, (v, §, n)-regular graph, J a properly coloured (v, p, n)-
typical graph which is edge-disjoint and colour-disjoint from G. Then, G U J has (1 — 2p)dn /2
edge-disjoint rainbow 2-factors with cycles of length > k.

Proof. Partition V(K,,) randomly into k sets V1, ..., V} of size m = n/k. Partition C(G U J)
randomly into k sets C1i,...,C}, with each colour ending up in each set independently with
probability 1/k.

By Lemma 5.2(d), with probability 1 — o(k*n~!), the balanced bipartite graphs G[V;, V;]
are (27,8, k~n)-regular and globally (1 +~)(1 — p)dk~2n-bounded. Also by Lemma 5.2(d),
with probability 1 —o(kn~'), the graphs J[V;,V;] are (2v,p,k~'n)-typical. Let G,p.=
Ge,[Va, Vo] and Jup.e = Jo.[Va, V). By Lemma 5.3(a), with probability 1 —o(kn='), the
balanced bipartite graphs Ggp. are (4v, k=16, k~n)-regular, and the graphs Jap,c are
(47, k~1p, k~'n)-typical. By a union bound, with high probability these hold for all the graphs
Gap.es Jap,c simultaneously (using n~! < k™). Since 4 < p, the graphs Gap.c are globally
(1 —p/2)(k~18)(k~'n)-bounded.



942 RICHARD MONTGOMERY, ALEXEY POKROVSKIY AND BENJAMIN SUDAKOV

For any a,b,c € {1,...,k} with a # b, apply Lemma 8.11 to G, be and J, p . with n' = k= In,
§ =k=16, p =k 'p, v/ =4y. This gives a family Mg, . = {M} et l<i< (- _2(5n}

of (1 — p)k~26n rainbow matchings with every matching M’ , € Ma b,c having V( abe) =

a,b,c

V, UV, and C’(M; pe) C Ce.
Consider a proper k-colouring of K} with vertex set {1,...,k} and a decomposition into
rainbow Hamiltonian cycles Hi, ..., H(;_1)/2 (which exists by Lemma 8.16). For every i €

[(k - 1)/2]a JE [(1 *p)kiz(sn]v and t € [k} let szt - U abeE(H;) M(Z,b,c
c=c(ab)+t (mod k)

Cramv 8.18. For all ¢, j,t, Fft is a rainbow 2-factor with cycles of length > k.

Proof. Without loss of generality, by reordering the vertex sets Vi and colour sets CJ, we
can suppose that Kj is ordered and coloured so that the Vertex sequence of H; is 1,2,...,k
and so that c¢(a(a + 1)) +¢ mod k = a. Then, FJ Ua VM

Letv € V(Fft) with v € V,. We claim that NF7 (v) = {z,y} for some x € Vy41,y € Vo—1. To

see this, note that since M7 at1,a0 M7 1.a.a—1 are perfect matchings between V, and Vi, 1.1, V-1,
respectively, they each have one edge through v. Let these edges be vz and vy to get two vertices
with z,y € N(v). To see that there are no edges other than vz, vy containing v, note that v € V;,

and none of the matchings forming F;/ 7. other than Ma 1.0 and M; 1 touch V,. We have

a—1,a,a—

shown that F; J + 1s 2-regular and so a 2—fact0r.

To see that F}, J_ has no cycles shorter than k, consider a cycle C' with vertex sequence
V1,V2,. .., Vs. Wlthout loss of generality, we can suppose that H; is labelled so that v; € V}
and vy € Vg. By the previous paragraph, this implies that v; € V; (;mod x) must hold for all 4,
implying that s > k.

To see that F]t is rainbow, note first that it is the union of rainbow sets of edges Ma atla

for a = 1,..., k. For any such matching, we have C'(M; , +1, o) € C,. Together with the colour-
disjointness of C, and Cy/, we get that Ma at1,q and M, 41,00 are colour-disjoint for a # a'.
Thus, Fff is rainbow. O

Note that F] and Ff, o are edge-disjoint for (i, 7,¢) # (¢, j',t') (since any matching M

a,b,c
contained in exactly one of the 2-factors Ff ;» and matchings Ma ber M ,f,:b,_rc, are edge- dlSJOlnt
for (a,b,c,d) # (a',¥,c,d")). The total number of 2-factors we have is k x (1 —p)k=26n x (k —
D/2=1-p k"% >(1-2p)% O

In the remainder of this section, we prove that the above lemma is true even without the
divisibility condition on n. The idea of the proof is to randomly partition the graph G into
subgraphs which do satisfy the divisibility condition. Applying Lemma 8.17 to each of these
subgraphs gives a decomposition of them into 2-factors. By carefully putting the 2-factors
together, we get a decomposition of the whole graph into 2-factors. First, we need the following
standard number-theoretic result.

LEMMA 8.19. Let1> e > 571> k' > n~!. There exist prime numbers ki, ks € [k, (1 +
e)k], integers ' = (1 £ ¢)s and nq,...,ny = (1 £e)n/s so that ny + - - - + ny = n and for each
i=1,...,8 either ky | n; or ks | n;.

Proof. Since 1> &> k~ L we can choose two distinct primes ki, ko € [k, (1 + 0.2¢)k].
(When ¢ is constant, this is a consequence of the Prime Number Theorem. More generally, we
need the result of Hoheisel that there is some fixed number a > 0 such that for sufficiently large

n, there is a prime in the interval [n, (1 + n~%)n]. (See [11]). Since ¢ > n~! implies 0.2¢ > n~?,
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we get that there is a prime in [z, (1 + 0.2¢)x] for sufficiently large z). As e > ki ' ky 1,57 >
n~!, there are integers 21,22 > 100n/esk with kjz; + kozo = n. (See [47, Corollary 2, p.
25, 26]. Applying this corollary with a = k1,b = ko, n’ =n — (k1 + k2)[100n/esk] gives non-
negative integers x, y with k1x + koy = n — (k1 + k2)[100n/esk]. Letting 2z, = x + [100n/esk],
zo =y + [100n/esk] gives the numbers we want.)

For some appropriate s” > 50e~!, pick integers my, ..., my so that m; = (14 0.5¢)n/sk;
and Zf;l m; = z1. This is possible as z; > 100n/esk. Similarly, for some appropriate s’, pick
integers mg 41, ..., mg so that m; = (1 4+ 0.5¢)n/skq and Zf/:s//ﬂ m; = 2s.

For each 1 < ¢ < s”, let n; = kym;, and for each s” < i < &, let n; = kam;. Then, for each
1<i<s,n;=(1£0.5¢e)n/s. Thus, asny + - -+ + ny = n, we have s’ = (1 + €)s. The numbers
ki1, ko, ' and nq,...,ny, then satisfy the conditions of the lemma. O

The following lemma shows how any large set can be evenly covered by subsets whose sizes
satisfy the divisibility condition of Lemma 8.17.

POLY >OLY POLY

LEMMA 8.20. Let 1> e> 513 k™1 > 4> n~L. There exists a family H of partitions
of [n] and a number s = (1 £ €)§ with the following properties.
(i) H=MiU---UMgyy2, with each M; = {M}, ..., M?} for disjoint sets M}, ... M}
satistying M| = (1 £ e)n/s and Uj_, M = [n]. _ _ .
(ii) For each i,j there is some prime number k! € [k, (1 + ¢)k] with k] | |M]|.
(iii) For each distinct pair x,y € [n], there are (14 5¢)slog”n sets M} containing both x
and y.

Proof. Apply Lemma 8.19 in order to find a number s = (1 4 ¢€)3§, primes k1, ke = (1 £ e)k

and numbers nq,...,ns = (L £ e)n/ssothat n; +--- +ny =nand, foreach ¢ =1,..., s, either
ki | i or ko | n;. Let M*, ..., M* be disjoint subsets of [n] with |M?| = n;.
Choose s%log?n permutations oy,...,0,: log2n Of [n] uniformly at random. Let M; =

{os(M"Y),...,0i(M?®)} and H=M;U---UMge,2,. Note that as a consequence of the
properties from Lemma 8.19, all the conditions of the lemma hold for H aside from (iii).
We will show that this condition holds with high probability.

Let 2,y € [n] be distinct vertices. We have P(z,y € M;) =>2"_, ('5)/(5) = (1 £ 4e)s™".
Let X be the number of families M; which contain z,y. We have that X is bounded
above and below by random variables with distributions Binomial(s?log?n, (1 + 4¢)s™!)

and Binomial(s?log” n, (1 — 4¢)s™ 1), respectively. From Chernoff’s Bound, we have P(|X —

slog®n| > 5eslog®n) < 4e™ - T = o(n=2) (using £ > §'). By the union bound taken over
all pairs z, y, we have that with high probability all pairs z,y € [n] have (1 & 5¢)slog® n families
M, containing both z and y. O

By combining the lemmas of this section, we can prove Lemma 8.17 without the divisibility
assumption.

POLY POLY

LEMMA 8.21. Let 1> 6,p, logflng k='>~ > n~!. Let G be a properly coloured,
globally (1 — p)on/2-bounded, (v, d, n)-regular graph and let J be a properly coloured (v, p,n)-
typical graph which is edge-disjoint and colour-disjoint from G but has the same vertex set.
Then, G U J has (1 — p)dn/2 edge-disjoint rainbow 2-factors with cycles of length > k.

POLY POLY POLY POLY

Proof. Choose 1 >6,p,log"'n> ¢ > §! SES v>nh
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Apply Lemma 8.20 to find a family H of partitions of V(G) and a number s = (1 £¢)§ so
that the properties in that lemma hold (with the associated notation). Let ¢ be a random
permutation of V(G). Lemma 5.2(c) implies that for each 4, j with probability 1—o(n™t), we

have that Glo(M7)] is (27,0, |M/|)-regular and globally (1 4 ~)(1 — )o|1\ -bounded, while
J[o(M?)] is (27, p, | M]|)-typical. Noticing that there are s®logn < n choices for (i,7), fix o
then, so that this holds for each 4, ;. Note that, for all distinct vertices x and y, there are
1+ 56)510g n sets M? containing o~ '(z) and o~ !(y), and hence there are (1 + 5¢)slog®n
sets U(Mj) containing  and y. Relabelling the sets 0(M7) by Mij7 we can now assume that
the properties from Lemma 8.20 hold for the family # (with the associated notation), G[M; I is

(2, 8, | M?|)-regular and globally (1 +~)2(1 — p) ‘ ‘ -bounded, while J[M?] is (2v, p, | M?|)-
typical.
Partition the colours independently at random into sets C1, ..., Cs. Let G and J% denote

the subgraphs of G and J, respectively, consisting of coloul_* C; edges. By Lemma 5.2(a),
for all i,j,¢, with probability 1 —o(sn~1) the graph GY[M}] is (4v,d/s,|M!|)-regular and

globally (1 +7)?(1 — p) =5 ‘ ‘ -bounded, while J [M?] is (47, p/s, | M/|)-typical. Thus, as there
are at most s*logn < ns ChOlces of (z j,t), we can fix sets C1, ..., Cs so that this holds for
all 4,7, t.

For any edge e, let dy(e) be the number of partitions in H which contain some set containing
e. From the properties from Lemma 8.20, we have dy(e) = (1 «+ 5¢)slog® n. For each edge e,
choose an arbitrary injection f, : [dy(e)] — [s*log? n] for which e is containing in some set in
M () for all m € [dy(e)]. For each edge e, choose a number m, out of 1,..., (14 5¢)s log® n
at random. For i =1,...,s° log2 n, let G; and J; be subgraphs of G and J, respectively,
consisting of edges e with f.(m.) =i (here it is possible that m. > dy/(e), in which case f.(m.)
is undefined. When this happens, the edge e is placed in neither of the graphs G;, J;). Note
that edges of G are placed into G; and J; independently with probability 1/(1 + 55)slog2 n.

For i=1,...,5%log’n and j,t=1,...,s, define G;;; and J;;; to be the subgraphs
of G and J with vertex set Mf consisting of edges zy which are simultaneously con-
tained in E(G;), contained in Mj and whose colours are in Cji; (mod s)- Note that G ;;

and J;;, are formed from G©[M; /] and JC [M]] by choosmg every edge with proba-
bility 1/(1 —|—5€)slog n. By Lemma 5.2(b) with probability 1 —o(n~'s), the graph G;

|M/|)-regular and globally (1 +~)3(1 — p) oM} 2 -bounded, while

S (87’ (1+56)52 logZn’ (1+5¢)2nslog® n

Jij s (87, m, |M/|)-typical. Using |M?| = (1 +¢e)% and p>> e,7, we have that
. 5| M7
Gi . is globally (1*})/4)7(1_’_58)‘255 ‘log%
s*logn < ms~! choices of (i,4,t), we can fix the choices of m. so that this holds for each
1,7,t.
Apply Lemma 8.17 with ¢’ =

-bounded. Noting again that there are at most

5 r_ J r_
(1+5¢)s2 log? n? p (1+56)92 log? n’ n = |Ml |’ 7= 127 and

kK = kf in order to find a family F;,, of (1 —p/2)(1+5§)‘§%‘log2n edge-disjoint rainbow 2-
factors with cycleb of length >k in G, ;U J;;, (for this application, we are using 1>

POLY POLY

5plog ' n> s> k1> 4> n! to conclude that 1> §,p/ > k=1 >~/ > n/~1. The
divisibility condition in Lemma 8.17 comes from the property of k] in Lemma 8.20). Since
|MJ| = (lzi:s)” and p > e, we can choose a subfamily Fi ;i of size (1—p) on__ TLet

2s3 log?n
on

UJ 1 F j , to get a family of (1 p)m edge-disjoint rainbow 2-factors in G U J

Wlth cycles of length > k. To see that these are rainbow 2-factors note that for j # j’ the
graphs G, ;U Ji ., and Gy iy U Ji o, are vertex-disjoint (their vertex sets are M/ and M7
respectively) and colour-disjoint (their colours are contained in Cj; (mod s) and C,/ +t (mod )5
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respectively). Since the 2-factors in {F;; : 1 < i < s? log2 n,1 <t < s} are all edge-disjoint, we
have a total of (1 — p)dn/2 edge-disjoint rainbow 2-factors as required. O

By combining the above with a regularization lemma, we can find 2-factor decompositions
in nearly-complete graphs which have few large colours.

LEMMA 8.22. Let1>e,log 'n> k™' > ~> n~!. Let H be a properly coloured, (v,1 —
2, n)-typical graph with < (1 — 60e)n colours having > (1 — 60e)n/2 edges. Then, H has (1 —
3e)n/2 edge-disjoint rainbow spanning 2-factors with cycles of length > k.

1

POLY POLY POLY POLY

Proof. Choose 1>¢,log”'n>p>k'>~>n"'. Apply Lemma 5.2(a) with p =
p/(1—¢%), § =(1—¢?%) and v =~ in order to partition H into a (2v,p,n)-typical graph .J
and a colour-disjoint graph G with §(G) > §(H) — A(J) > (1 — 3¢%)n.

Apply Lemma 6.6 to G with ¢’ = 3¢, v =« in order to find a subgraph G’ which is globally
(1 — 3¢)n/2-bounded and (v, 8, n)-regular for some § > 1 — 3¢ + 81¢2. Note that G’ is globally
(1 — p)dn/2-bounded (since p < €).

By Lemma 8.21 applied to G’ and J with v/ =2y, § =6, p=p, k =k, there are (1 —
p)on/2 > (1 — 3e)n/2 edge-disjoint rainbow 2-factors with cycles of length > k. O

8.4. Hamiltonian cycles

Here we take the 2-factor decompositions from the previous section and modify them into
Hamiltonian decompositions. The proofs and results in this section are very similar to the
ones in Section 8.2 where we took nearly-perfect matchings and modified them into perfect
matchings. The following is the first result we prove about turning a family of 2-factors into a
family of Hamiltonian cycles. It parallels Lemma 8.9 for turning nearly-perfect matchings into
perfect matchings.

As in Lemmas 7.4 and 7.5, the following lemma has a mix of directed and undirected graphs.
As before in the cycles we build, we do not care about the directions of their edges.

LEMMA 8.23. Let 1> 5> D S0>k 1> n ! and t < n. Suppose that we have the
following edge-disjoint, properly coloured graphs on a set of n vertices.

e [y, ..., F; rainbow 2-factors with cycles of length > k.
e (3p(6n)?,6n)-dense graphs E1, Es, E3.
e Digraphs Dx, Dy with 67 (Dx),d7(Dy) > 3dn.

Additionally suppose that FyU---UFy, Ey, Es, E3, Dx and Dy are colour-disjoint. Then,
there are edge-disjoint rainbow Hamiltonian cycles Cy,...,Cy in F4y U Ey U EsU Dx U Dy U
FU---UF;.

Proof. Fori=1,...,t,let m; be the number of cycles in F}, and note that m; < k~'n < pfn.

Cramm 8.24. There are matchings My, ..., M; with A(M;U---UM,) < 4n/k such that
M; C F; is a matching of size m; containing exactly one edge from each cycle of F;.

Proof. Choose each matching M; uniformly at random from all matchings containing exactly
one edge from each cycle of F;. If t < 4n/k, then we trivially have A(M; U---U M) < 4n/k.
Otherwise, note that for any vertex v, its degree in M; U --- U M, is stochastically dominated
by Binomial(t,2k~!). By Chernoff’s Bound with € = 1/2, the union bound and ¢ < n, we have
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P(A(M; U---UDM,;) > 4t/k) < Ane=2/12k < 1) (using n=! < k~* and 4n/k < t). A choice of
matchings satisfying the claim thus exists. O

Let M; = {z}y},..., 2"y }. We construct the Hamiltonian cycles Cj,...,C; one-by-one
using Lemma 7.5. They will have the following properties.

(i) xyGDXﬂCiéx:mg for some j € {1,...,m;}.
(i) yx € Dy NC; = y =y for some j € {1,...,m;}.
(iii) e(E;NC;) <k~ 'nfori=1,23.

Suppose that we have constructed Hamiltonian cycles Ci,...,Cs satisfying the above
properties. Let Ef = E;\ (C1 U---UCy) for i =1,2,3, D% =Dx \(ChLU---UC), Dy =
Dy \ (C1U---UC). Using (i), 67 (Dx) > 3én, and A(M; U---UM,) < 4n/k < én, we have
dB} (z) > dBX (z) — d-il;xm(clu--ucs)(x) > 6" (Dx) —4n/k > on+nk=! > én+mgy, for any
x € X. Similarly, dB; (y) = dn+mspq for y €Y. Using Lemma 5.9 and (iii), Ef, ES, Ej
are (3p(6n)? — s(k~'n),0On)-dense. Since k~'ns,ms10n < p(6n)?, they are also (p(6n)? +
ms110n,0n)-dense. By Lemma 7.5 applied to Fii1, EY, E3, E5, DY, Dy with 6 =0, p=p,
m=mgsy1, 6 =0, (xj,y;) = (x],y]), there is a rainbow Hamiltonian cycle Cyy satisfying
(i) (ii). O

We will need the following easy lemma.

LEMMA 8.25. Let § > n~L. Every graph G with §(G) > on has an orientation D such that
dt(D) = on/3.

Proof. Orient the graph at random. Note that for any vertex d*(v) ~ Binomial(0.5,d(v)).
By Chernoff’s Bound, we have P(d*(v) < d(v)/3) < 2e~4V)/54 L 2e797/54 = o(n~1) (using

d > n~!). Taking a union bound over all vertices shows that some suitable orientation
exists. g

The following version of Lemma 8.23 will be easier to apply.

LEMMA 8.26. Let1> p > v, k=1 > n=!. Fort < n, let I, ..., F, be edge-disjoint rainbow
2-factors with cycles of length > k. Let G be an edge-disjoint, colour-disjoint (v, p,n)-typical
graph. Then, there are edge-disjoint rainbow Hamiltonian cycles Cy,...,Cy in Fy U---U F; U
G.

Proof. Choose 1> p>6>p > 0>~k 1> n"l. Choose five disjoint sets of
colours Cg,, Cg,, Cg,, Cpy, Cp, from G, with each colour put independently into
Cg,,Cg,,Cg,,Cp,,Cp, with probabilities 4p;p~!, 4p1p~?t, 4pip~ 1, 10dp~1, 106p~*, respec-
tively (this is possible since p >6> p1 implies 4p;p~ ! +4pip~! +4pip~t +105p~ +
106p~t <1). Let FEy,Es Es, Dx, Dy be the subgraphs of G with colours from
Cg,,Cg,,Cg,,Cpy,Cp, , respectively. By Lemma 5.2 (a), with positive probability F1, Es, E5
are (27v,4p1,n)-typical and Dx, Dy are (27,106, n)-typical. By Lemma 8.25 and (2, 10, n)-
typicality, Dx and Dy can be oriented so that 67 (Dx), d*(Dy) = 3dn.

By Lemma 5.7 applied with u=0, v =+v/2, E, Ey, E3 are (3p;(0n)?,6n)-dense. By
Lemma 8.23 applied with # = 0, p = p;, we obtain the required Hamiltonian cycles. (I

The following lemma should be compared with Lemmas 8.11 and 8.21. It produces a near-
decomposition into Hamiltonian cycles under a similar assumption to those lemmas.
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POLY

LEMMA 8.27. Letl = 6, p, log71 n> vy > n~Ll. Let G be a properly coloured (v, §, n)-typical
graph which is globally (1 — p)on/2-bounded. Then, G has (1 — p)dén/2 edge-disjoint rainbow
Hamiltonian cycles.

POLY POLY POLY

Proof. Choose 1> 6,p,log " n> p1 > k=1 > 7> n~'. Apply Lemma 5.2(a) with p’ =
p1, d = 3§ and v =~ in order to partition H into three colour-disjoint graphs G’, J; and J,
so that J; and Jy are (2v,p1d,n)-typical and G’ is (27, (1 — 2p1)d, n)-typical. Setting §; =
(1 —2p1)d and using p > p1, we have that G is (27, 81, n)-typical and globally (1 — p1)d1n/2-
bounded.

Apply Lemma 8.21 to G’ and J; with 7' =2+, = 61, p’ = p1, k =k in order to find (1 —
p1)d1n/2 edge-disjoint rainbow spanning 2-factors Fi, ..., F(1_p,)s,,/2 in G' whose cycles have
length > k.

Apply Lemma 826 to Fi,...,F(1_p)n/2 and Jo with p=26py, v/ =2y, k=k, t=(1—
p1)01n/2 in order to find (1 — p1)din/2 edge-disjoint rainbow Hamiltonian cycles in G. Since

POLY

p > pp implies (1 — p1)din/2 > (1 — p)on/2, we have enough cycles for the lemma. O

The following lemma should be compared with Lemma 8.22. Under similar assumptions, it
produces a near-decomposition into Hamiltonian cycles rather than 2-factors.

LEMMA 8.28. Let 1> e,log”'n> v > n~L. Let G be a properly coloured, (7,1 —¢€2,n)-
typical graph with < (1 — 180¢)n colours having > (1 — 180e)n/2 edges. Then, G has (1 —
6e)n/2 edge-disjoint rainbow Hamiltonian cycles.

POLY POLY POLY POLY

Proof. Choose 1> ¢,log”'n>p> k!> > n'. Apply Lemma 5.2 (a) with p' =
p/(1—€?), 6§ = (1 —¢?), and v =~ in order to partition H into a (2v,p,n)-typical graph J
and a colour-disjoint (27,1 — p — €2, n)-typical graph G.

Let ¢ = y/p+ €2, and note that ¢ > p implies ¢ < &’ < 2e. Hence, G’ has < (1 — 60g")n
colours having > (1 — 60¢’)n/2 edges. Apply Lemma 8.22 to G’ with v/ =27y, =€/, k =k in
order to find (1 —3¢")n/2 edge-disjoint rainbow spanning 2-factors Fi, ..., F1_3.)n/2 in G’
whose cycles have length > k.

Apply Lemma 8.26 to Fi,..., F(1_3.)n/2 and J with p =p, v =27, k =k, t = (1 — 3¢')n/2
in order to find (1 —3&")n/2 edge-disjoint rainbow Hamiltonian cycles in G. Since (1 —
3e")n/2 = (1 — 6e)n/2, we have enough cycles. O

We can show that when a properly coloured K, has few large colours, then it has a near-
decomposition into Hamiltonian cycles. This is ‘half’ of our proof of the asymptotic version of
the Brualdi-Hollingsworth and Kaneko—Kano—Suzuki Conjectures. The other half will be in
the case when there are many large colours, which is performed in Section 9. The following
lemma is a restatement, in our notation, of Theorem 1.10.

LEMMA 8.29. Let 1> e > n~'. Let K, be properly coloured with < (1 —¢&)n colours
having > (1 — €)n/2 edges. Then K,, has (1 — e)n/2 edge-disjoint rainbow Hamiltonian cycles.
Proof. Choose1>> e,log"'n > ; > v > n~L. Let G be an arbitrary (v, 1 — £2, n)-typical
subgraph of K,, (it exists, for example, by Lemmas 5.1 and 5.2 (a) or (b)). Note that since

POLY

€ > €1, G has < (1 — 180¢eq)n colours having > (1 — 180e1)n/2 edges. By Lemma 8.28, G has
(1 —6e1)n/2 > (1 — €)n/2 edge-disjoint rainbow Hamiltonian cycles. O

We now restate, in our notation, Corollary 1.11, and deduce it from Lemma 8.29.
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POLY

COROLLARY 8.30. Let 1> ¢ > n~!. Given a properly coloured K,, let U be a random
subset of (1 — e)n vertices. Then, with high probability, the subgraph induced by U has (1 —
2e)n/2 edge-disjoint rainbow Hamiltonian cycles.

Proof. Take n with e > n >1 /n. By Lemma 5.2(c), G[U] is with high probability globally
(14 1)(1 — €)?n/2-bounded, and hence (1 — /2)|U|/2-bounded. Thus, by Lemma 8.29, G[U]
has (1 —¢/2)|U|/2 = (1 — 2¢)n/2 edge-disjoint rainbow Hamiltonian cycles. O

9. Rainbow trees

In this section, we show that the Brualdi-Hollingsworth and Kaneko—Kano—Suzuki Conjectures
hold asymptotically. Part of this result was already proved in Lemma 8.29, which shows that
the asymptotic versions of the Brualdi-Hollingsworth and Kaneko—Kano—Suzuki Conjectures
hold in colourings of K, which have few large colours. In this section, we focus on colourings
of K, which have many large colours. Such colourings should be thought of as being close
to 1-factorizations.

The basic idea of the proof is to note that for any properly coloured K,,, we know how to
find a large set of vertices S so that the induced subgraph K,[S] has a near-decomposition
into Hamiltonian paths. Indeed, a random set S will have this property (by combining
Lemmas 5.2(c) and 8.27). To find a near-decomposition into spanning trees, we modify the
paths in K,,[S] by extending them one vertex at a time to cover all of V(K,,).

9.1. Small rainbow trees

Here we prove a result about near-decompositions of globally bounded graphs into rainbow
forests which are sufficiently small. We remark that this lemma is only needed to deal with
properly coloured complete graphs which are not 1-factorizations — if one only wants to
prove an asymptotic version of the Brualdi-Hollingsworth Conjecture, then this section can
be omitted. ,

The result we prove in this section is essentially the following: for m > k, every properly
coloured globally m-bounded graph with > (1 4+ o(1))mk edges has a near-decomposition into
m rainbow k-edge forests Fi,...,F,,. This is relatively straightforward (see Lemma 9.1),
however, we need to find such a near-decomposition that interacts well with a large vertex
cover. Here, a vertex cover S is a set of vertices which contains at least one vertex in each edge.
We develop Lemma 9.1 through Lemma 9.3 to arrive at the result we need, Lemma 9.5.

LEMMA 9.1. Let1> B > k/n, m > fn and 0 < £ < m. Let G be a properly coloured, glob-
ally m-bounded, n-vertex graph, with e(G) > (1 + 8)(km + £). Then, G has m edge-disjoint
rainbow forests Fy, ..., Fy,, so that each F; has k + 1<) edges.

Proof. Note that if k =0, then selecting ¢ edges gives the required forests. Assume then
that k& > 1. By deleting edges if necessary, assume that e(G) = (1 + 3)(km + £).
Choose integers d., ¢ € C(G), such that L%J <d, < f%} and - o) de = km + ¢,
where we have used that
E E G E
Z V G(C)|J < Z |Ec(c)| _ e(G) —km+4l< Z P G(Cw .
1+5 1+38 1+8 1+5

c€C(G) c€C(G) c€C(G)

Let C1,...,C,, be sets in C(G), so that each C; has size k + 1</, and each colour ¢ appears
in d. sets C;. Note that this is possible as d. < m for each ¢ € C(G) and Y | (k + 1<py) =
km + (. Let F{, ..., F! be edge-disjoint rainbow forests in G with C(F]) C C; for each ¢ and so
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that | U, E(F/)|is maximized. Suppose that | U, E(F!)| < km + £, for otherwise FY, ..., F},
satisfy the lemma.

CLAIM 9.2. For each colour ¢, |[E¢(c) \ (U, E(F)))| < 1+B + 2k.

Proof. Fixing a colour ¢, let M be the edges with colour ¢ not in U, E(F)), and suppose that
M| > |Eg(c)| —d.+ k+1. As YI" | |[E(F!) N Eg(c)| < d., there is some j for which ¢ € C;
but F'} contains no colour c edge, so that, furthermore, |V (F})| < 2k. But then, as |[M| > k + 1,
there is some colour ¢ edge in M which is not contained in V/(F7), contradicting the maximality
of ULy E(F))l.

Thus, we must have |M| < [Eq(c)| — de + k +1 < |Ea(c)] — [ B2 + 2k <m — | 125
2k = [1+/31 + 2k.

O +

Next, let F1, ..., F), be a set of edge-disjoint rainbow forests in G with F/ C F; and |E(FZ)| <
k + 1<y for each i, so that | Uj | E(F;)| is maximized. Suppose that there is some 1 <j<m
for which [E(F))| < k+ 1{<sp- Any edge outside of U™ ; E(F};) must be contained in V( F;) or
share a colour with F;. Thus, by Claim 9.2, we have

e(G) < |UL, E(F)| + (2) *’“(mf”k)
gkm+z+4k2+km
148

<km+ 0+ 4k% + kpm(1 - 5/2)

< (1 + B)(km + ) + k(4k — 5%m/2)
< (14 B)(km + ) + k(4k — 5°n/2)
<+ B)(km + 1)

where we have used that m > 8n and 1 > 8 > k/n. This contradicts e(G) = (1 + 8)(km + £),
and thus there is no such j with |E(F})| <k + 1<y O

Given a large vertex cover S in a graph G, we wish to find edge-disjoint k-edge rainbow
forests so that large degree vertices outside S are in every forest while small degree vertices
outside S have degree at most 1 in every forest. Lemma 9.1 can almost cover the edges within
S with forests. We now expand this to prove a lemma almost covering these edges as well as
the edges next to vertices with small degree in A :=V(G) \ S.

POLY PO

LEMMA 9.3. Let 1> B> ¢ > k/n and m > pn. Let G be a properly coloured, globally
m-bounded, n-vertex graph, with e(G) = (1 + ﬁ)km and let A be a set of vertices with |A| < en
which contains no edges in G. Furthermore, suppose d(v) < m + 2k for each v € A.

Then, G has edge-disjoint k-edge rainbow forests F1, ..., F,,, where, additionally, for any
veAand1l<i<m,dp(v) <1,

Proof. Note that the lemma is trivial if k¥ = 0, and follows immediately from Lemma 9.1
when A = (). Suppose then that k,|A| > 1. Let Gy be the subgraph of edges of G with no
vertices in A. Let k" and £ be integers with 0 < ¢ < m maximizing k'm + ¢ subject to e(G1) >
(1+ B?)(kK'm + ¢) and k'm + £ < km. By Lemma 9.1, G; contains edge-disjoint rainbow forests
Fi,...,F}, so that F] has k' + 1<y edges. If k'm + £ = km, then these forests satisfy the

m

lemma SO suppose that k'm + ¢ < km, and therefore e(G1) < (1 + %) (K'm + €) + 2.
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Let Go = G — Gy and pick an integer A so that Bkm/4 > MA| > Bkm/8 (which is possible
as |A| <en, m > Bn and B> ¢). Note that
e(G2) = (14 B)km — (1 + B2 (K'm +£) — 2 > (1 + ) (km — k'm + £) + Bkm/2 — 2
> (14 B3 (km — K'm +0) + Bkm/4 > (1 + B3 (km — k'm — £) + M| A].
By deleting edges if necessary, assume that e(Gs2) = (1 + 82)(km — k'm — ¢) + M\ A|. Choose
integers d,, v € A, such that | 22002 | < ¢, < 292002 and S (d, — \) = km — K'm —

1+p2 1+52
L. Let Ai,..., Ay, be sets in A, so that each A; has size k — k' — 1<y and each vertex v

appears in d, sets A;, noting that this is possible as for each v we have, as 8 > k/n and

m > (n,
d(v) — A
1+ 2
and D" (k— kK —1ycoy) = km —E'm — €.
Let FY', ..., EF be aset of edge-disjoint rainbow forests in G with, for each ¢, F/ C F/ C F] U

m

G4 and dF/( ) < 1 for each v € A; and dp/(v) =0 for each v € A\ A;. Furthermore suppose
|, E(F”)| is maximized subject to these conditions.

d, <1+ <1+dw)(1—B2/2) <1+ (m+2k)(1 - 82/2) <m

CLAIM 9.4. For eachv € A, |E¢(v) \ (U™, E(F!"))| < ﬁfT;A + 2k.

Proof. Fixing a vertex v € A, let E be the edges through v not in U™, E(F}"), and suppose
|E| > de,(v) —dy + k. As Y10 [V(F) N {v}| = da,(v) — |E| < d,, there is some j for which
v € A; but F}’ contains no edge adjacent to v. But then, as |E| > k and G is properly coloured,
there is some edge in £ with colour outside of C(F]’), contradicting the maximality of | U/,
E(F!).

Thus, we must have |B| < de,(v) = de+ k < da, (v) = [“292 | 4k <mo+k — [223] +

kg[ﬁHﬂZ 1+ 2k. O

Let Fy,...,F,, be a set of edge-disjoint rainbow forests in G with F/' C F; C F'UG3 =
F! UG5 and |E(F;)| < k for each 1 < i < m, and dp, (v) <1 foreach 1 <i<mand v € A, so
that | U2, E(F;)| is maximized. Suppose that there is some 1 < j < m for which |E(Fj)| < k.
Any edge in G5 outside of U ; F(F;) must contain a vertex in V/(F;) N A or share a colour with
F};. Recall that there are no edges in G within A, and note that every edge in E(F;) \ E(F}) is
in G5. Thus, as F’ C E(Fj) is a forest with k" + 1</} edges and no vertices in A, we have,

V(E) N Al = |E(F)\ E(F)| <k~ K 1y <k -,

and, hence, |V (F;) N A| < min{|A|, k — k’}. Thus, by Claim 9.4, and noticing that G+ is globally
|AJ-, and hence en—, bounded, we have

2
e(Gz) < | U, (Fi)\E(Fi’)|+min{A|,k—k:’}~(W—I—%)—I—ken
<km—(Km+0)+ (k—Fk) fom + |A] +2k* + k
< km m 175 1+52 en

<km—kK'm — 04 B*m(k — k) + X1 — B%/2)|A| + 2k* + ken
< (1+ B2 (km — K'm — €) + MA| + (2k* + ken — AB?|A]/2)
< (1483 (km — E'm — £) + N A| + (2k? + ken — B*kn/16)

< (14 B*)(km — E'm —£) + \A|,
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where we have used that 1> 8> e,k/n and A|A| > km/8 > 3%kn/8. This contradicts
e(Ga) = (1 + B%)(km — k'm — £) + M AJ, so Fi, ..., F,, must satisfy the lemma. O
We can now prove the main result of this section.

POLY POLY

LEMMA 9.5 (Near-decomposition into small rainbow trees). Let 1 S>> k/n and
m 2= fn. Let G be a properly coloured, globally m-bounded, n-vertex graph, with e(G) >
(14 B)km and S a vertex cover of G with |S| = (1 —e)n = 2m. Then, G has edge-disjoint
k-edge rainbow forests F1, ..., F,,, where, additionally, for any v ¢ S either v € V(F};) for all
i, or dp,(v) < 1 for all 1.

Proof. Let k' = 0 and let G; be the empty graph with vertex set V(G). Iteratively, for each
i > 1, if ¥’ <k and there is a vertex v; ¢ S with degree in G at least m + 2(k — k'), do the

following. Let d; = [M], let d; = min{d;,k — k'} and pick a set E; of d;m + 2(k —

k") edges next to v; in G, remove them from G and add them to G1, and increase k' by d;. Let
G be the remains of G at the end of this process.
Pick ¢ so that this produces a series of vertices v1,..., v, integers df,...,d, and disjoint
edge sets Ei,..., Ey. Note that £ < n — |S| < en and, for each i < ¢, we have |E;| =d,m +
2(k — E‘_ll d;). Note further that, if k' <k, then dg,(v) < m+2(k— k') for each v ¢ S.
Furthermore if ¥ < k, then

e(Ga) =2 e(G) —kK'm —2k - £ > (k — K'Ym + Bkm — 2ken > (1 + B/2)(k — k")m

where we have used that m > fn and Se. Therefore, by Lemma 9.3, if k¥’ < k, then G»
contains m edge-disjoint rainbow (k — k')-edge forests Fj,..., Fy,, in which dp/(v) <1 for
each v ¢ S. Note that we can also assume this when k' = k. '

For each i = £, —1,...,1 in turn, greedily, for each j € [m], add d; edges from E; to F7,
so that the resulting subgraphs, Fi,..., F,, say, are still edge-disjoint rainbow forests. This
is possible as, firstly, when we come to add edges from FE; to each forest FJ’-7 v; is in the
d'm; +2(k — ZKL d}) edges in E;, which are disjoint from E(U/",F}) C E(Gl) and Ej, j > 1.
Each forest to which we add d; edges from E; will have (k—Fk')+> . d; =k — Z]Q "
edges. We add in total, from FE;, d; edges to each of m forests, so at each addition there are at
least dj +2(k — >, _; d;) unused edges left in E;, and therefore we can add d; edges from E;
without any vertices or colours in the forest we are adding edges to. Note that, in this process,
if an edge is added to a forest F' j’ adjacent to v ¢ S, then an edge is added adjacent to v in all
other forests F; as well.

Thus, noting that the resulting forests each have k edges, Fi,...,F,, are edge-disjoint
rainbow k-edge forests, with {v ¢ S :d) > 1} C F; for each 1 < i < m and dp,(v) < 1 for each
1<i<mandveS with d, =0. O

9.2. Completion

In this section, we show how to modify nearly-spanning rainbow trees into spanning ones. The
starting point of this section is Lemma 8.27. That lemma implies that in any properly coloured
K, there is a set S of size (1 — o(1))n such that K, [S] has a near-decomposition into rainbow
Hamiltonian paths P, ..., P(1_s(1))n/2- Indeed a random set S will have this property since it
satisfies the assumptions of Lemma 8.27 by Lemma 5.2. Our goal in this section is to take such
a family of rainbow paths, and modify them into a near-decomposition of K, into rainbow
spanning trees.

The paths P, ..., P1_o(1))n/2 are modified into spanning trees gradually, that is, we switch
edges on them one at a time to get bigger and bigger rainbow trees. During this modification
procedure, we always have a family of rainbow trees T1,...,T(1_(1))n/2 Which satisfy several
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properties that guarantee that it is possible to keep extending them. We will now informally go
through these properties and explain why each is natural. The first property is the following:

(a) S CV(T;) for all i.

This property simply comes from the fact that the trees T; are formed by enlarging the paths
P;, and the paths P; had V(P;) = S. Property (a) is useful to have because we will have more
control over vertices outside S due to the fact that they were untouched by the starting paths
Pla cey P(l—o(l))n/2~

(b) For every v ¢ S, the tree T; has at most one edge through v.

Since we aim to produce trees which are spanning in K, every vertex v ¢ S will eventually
need to be added to every tree. Condition (b) will ensure that every vertex v ¢ S always has
enough free edges to be added to every tree. Without it, it is possible that all the edges in K,
through v lie in some small subfamily of trees T7,...,T,,, preventing the addition of v to the
other trees.

(¢c) For a tree T;, there are n — |T;| colours ¢ outside T; with |Eg, (¢)] = (1 — o(1))n/2.

For a vertex v ¢ V(T;), it will not always be possible to add an edge from v to T; in order to
produce a rainbow tree. While properties (a) and (b) ensure that there are free edges from v
to T;, it is conceivable that the colours of all these edges are already present on T}, so v cannot
simply be added while maintaining a rainbow tree. We get around this by finding some colour
c outside of T; and two edges e € E(c), f € e(T;) so that T; — f + e is a rainbow tree, that is,
we switch an edge on T; for an edge of some previously unused colour. This operation frees up
the colour ¢(f), which we might be able to use to attach v. Property (c) ensures that there are
many colours ¢(f) which can be freed using this operation.

(d) There is a graph H disjoint from T7,...,T(1_o(1))n/2 in which any set of k colours covers
at least (1 — o(1))n vertices (where k is a large constant).

Property (d) plays a similar role to property (c), that is, it allows us to free up more colours,
with the hope that eventually we free a colour which is present at some vertex v ¢ V(T;) (and
then add that vertex to the tree T;). The reason we need both properties (c¢) and (d) is a bit
technical. In general, property (d) is more powerful, except that to invoke it we need k colours
outside the tree T;. This will not happen towards the end of our process when there might be
only one colour outside the tree. On the other hand, (¢) can always be invoked to free up a
small number of colours. The strategy is to combine the applications of (c¢) and (d), that is,
first we apply (c) to free up k colours, and then we use (d) to free up enough colours to add v.
The following lemma is what we use to exchange edges on a tree with edges outside it.

LEMMA 9.6. Let T be a tree and G a graph with no isolated vertices with V(G) C V(T).
Then, for every v € V(G), there are edges xv € E(T) and yv € E(G) with T — zv + yv a tree.
In particular, there are > |G|/2 edges e € T for which there is an edge f € E(G) withT —e+ f
a tree.

Proof. Let yv be an arbitrary edge of G containing v. If yv € E(T), then T — yv + yv is
the required tree, so assume that yv ¢ E(T). Since T is a tree and {y,v} CV(T), T +yv
has a cycle C containing the edge yv. Let xv # yv be the other edge of C containing v. Now
T + yv — xv is the required tree.

Thus, to every v € V(G), we can assign a pair of edges e, € T, f, € G containing v with
T —e, + f, a tree. Since v € ¢, for an edge e € F(T), there can be at most two vertices
v € V(G) with e = e,. This gives |{e, : v € V(G)}| > |G|/2 as required. O
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The following is the basic extension lemma which drives our proof. Under conditions to be
compared to (b)—(d), it shows how to extend a tree by one vertex. The idea of the proof of the
lemma is to show that by performing two switches as in Lemma 9.6, we can free up nearly half
of the colours on T'. At least one of these colours will have an edge going to 7', which can be
added to extend the tree.

LEMMA 9.7. In a properly coloured n-vertex graph G, suppose that we have:

T a rainbow tree with |T\ =n-—1;

v ¢ V(T) with d(v) > $n + b;

c & C(T) with e(c) = b;

H a graph on V(T') in which any set of b colours of C(T') covers > n — 2b vertices.

Then, there is a rainbow tree T in T U H U E(c) U E(v) with V(T") =V (T) U {v}, e(T"\T) <
3 and dr/(v) = 1.

Proof. 1If there is a colour ¢ edge next to v, then clearly we can add such an edge to T to
get the required tree. Assume, then, that every colour in C'(v) is on T, and thus, in particular,
Vie) cV(G)\ {v} =V(T).

Let J be the set of edges j € E(T) for which there is a colour ¢ edge e; so that T} :=
T — j + e is a (rainbow) tree. By Lemma 9.6 and e(c) > b, we have e(J) > b (for the application
of this lemma, we take G to be the set of colour ¢ edges).

For each j € J, let H; be the graph of colour c(j) edges in H with no isolated vertices. By
Lemma 9.6, we have

V(H;) CV({e € E(T)) : 3¢ € E(H;) s.t. Tj — e+ ¢’ is a tree}). (32)

Note that the trees T; — e + €’ above are always rainbow (since T is a rainbow tree on V(T')
missing colour ¢(j) and V(H;) CV(T)). Let

J' ={e€ E(c)UE(T): 3 arainbow tree T, in T U H U E(c) with V(T") = V(T),

e(T'\T) <2, c(e) & C(T))}.
Then, for each j € J, by (32), we have V(H;) C V(J'). Therefore, V (U, H;) C V(J').

As |J| 2 b, we have [V(U;c; Hj)| 2 n —2b. Thus, [V(J')| = n —2b, so that [J'| > in—b.
As C(v) c C(T), C(J') C {C}UC( ), |[T|=n—1 and d(v) > %n—i—b, there is some edge e
adjacent to v and f € J' with c(e) = ¢(f). Then, using the tree T} from the definition of .J/,
the tree T} + e satisfies the conditions in the lemma. g

Iterating the above lemma, we can turn nearly-spanning trees into spanning trees. The
conditions we need are to be compared with (a)—(d).

OLY POLY

LEMMA 9.8 (Completing rainbow trees). Let 1 > B, k1 Se>nt Ina properly
coloured K, suppose that we have the following:

(i) S CV(K,) with |S| =2 n —en;
(ii) T1,...,T1—sp)/2 rainbow trees with V(T;) 2 S;
(ili) for each Ty, there is a set Ct of n — |T;| colours outside of C(T;), where each colour in
C% has > n(1 — 8)/2 edges;
(iv) for each v & S, dr,(v) < 1 for all i;
(v) H asubgraph on S disjoint from T4, ..., T, (1_gp)/2 in which any set of k colours covers
at least n(1 — ) vertices.

Then, there are n(1 — 83)/2 spanning rainbow trees in K,.
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Proof. Set r =n —|S| < en.

CrAM 9.9. Let H' be a subgraph of H with e(H') > e(H) — 4rn. Any set of fn/2 colours
in H' covers at least n(1 — 203) vertices.

Proof. Consider a set Y of 3n/2 colours in H'. Since 3, k~* > candr < en, we have 867 1r -
k < pn/2 and thus Y can be partitioned into disjoint subsets Y7, ..., Ygs-1, of order > k. Since
e(H \ H') < 4rn, one of these subsets Y; has < 4rn/(837'r) = fn/2 edges in E(H)\ E(H').
Since |Y;| > k, by the assumptions of the lemma, Y; covers at least n(1 — ) vertices in H. At
most An of these might be uncovered in H' (any uncovered vertex like this must have a colour
Y; edge of H \ H' passing through it. There are < fn/2 such edges). This shows that Y; covers
at least n(1 — 2/3) vertices in H'. O

Let T7,... 7T7/1,(1—8/3)/2 be a set of edge-disjoint rainbow trees in K, satisfying (ii)—(iv) and
also

(vi) e(T{\Ti) < 3(IT7| = |T3))-

Additionally, choose this family of trees so that 22;(11—85 )/2 e(T}) is as large as possible. We
claim that all the rainbow trees T} are spanning. Suppose for the sake of contradiction that
there is a vertex v ¢ V/(77) for some j. By (iii), and as |T}| < n, there is a colour ¢ € C7 outside
C(T}) with > n(1 — B)/2 edges. Since T} satisfies (ii), we have v ¢ S. Let G~ be the subgraph
of K, on V(T;) U{v} with the edges of T deleted for all 4, the edges not touching S deleted,
and edges with colour in C7 \ {c} deleted. Let G = G~ U T].

Since the trees T} satisfy (iv), the number of trees is n(1 — 84)/2, and |S| > n — en, we have
de(v) = 3|G|+ Bn. Since the trees T] are rainbow, |S| > n — en, and |Ex, (c)| > n(1 — B)/2,
we have |Eg(c)| = fn. Let H = HN G to get a graph with e(H') > e(H) — Zc’eci |E(c)] —

ST (TN Ty) > e(H) —rn/2 — 3rn (using [C}| < r, (vi), [Tj] > |9], and |T}| < n). By
Claim 9.9, any set of Sn/2 colours in H' covers at least n(1 — 2f3) vertices.

Apply Lemma 9.7 to G, with the tree T7, vertex v, colour ¢, graph H', n' = |T]| + 1 and
b= pBn. This gives a rainbow spanning tree 7} in G' containing at most three edges outside
T} and having dr (v) = 1. Note that the family of trees {7} : i # j} U{T}'} satisfies (ii)—(iv)
and (vi). Indeed S C V(T}) € V(T}') implies that (ii) holds. For (iii), we have that C7 \ {c}
is a set of n —|Tj| —1=n—|T}| colours outside C(G) U C(T}) 2 C(T}') with > n(1 - 3)/2
edges. For (iv), we have dr» (v) < 1 by the property from Lemma 9.7 and dr/(u) < dr:(u) < 1
for u & S\ {v} since there are no edges in G'\ T through such u. Finally, (vi) comes from
the properties from Lemma 9.7 since e(7} \ Tj) < 3. Thus, we have a larger family of trees
satisfying (ii)—(iv) and (vi), contradicting the maximality of the original family. O

9.3. Near-decompositions into spanning rainbow trees

Now we combine everything from this section to prove the asymptotic version of the Brualdi—
Hollingsworth and Kaneko—Kano—Suzuki Conjectures. We will need the following standard
lemma.

LEMMA 9.10. Every graph G with e¢(G) > (1 — (¢/2)*)n?/2 has an induced subgraph H
with 6(H) > (1 — e)n.

Proof. Let S be the set of vertices v in G with d(v) < (1 —¢/2)n. We have 2¢(G) < (n —
|S)n + |S](1 — £/2)n which combined with e(G) > (1 — (£/2)?)n?/2 gives |S| < en/2. Let H =
G\ S to get a graph with 6(H) > (1 —¢/2)n —|S| = (1 — ¢)n. O
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We will also need the following lemma about switching edges between a tree and a forest.

LEMMA 9.11. Let T be a tree and F' a forest all of whose edges touch V (T'). Then, there is
a tree T' which contains F' and is contained in T U F.

Proof. Note that T'U F' is connected since T is a tree and all edges of F' touch T. Let T” be
a connected subgraph of T'U F' which contains F' and has e(T”) as small as possible. If T" is
acyclic, then we are done. Otherwise, T’ contains a cycle C'. Since F' is a forest, C' must contain
at least one edge of T. Deleting this edge gives a smaller connected graph contradicting the
minimality of e(T"). O

By combining everything in this section with our earlier Hamiltonian decompositions,
we can show that the Brualdi-Hollingsworth and Kaneko—Kano—Suzuki Conjectures hold
asymptotically when the colouring on K, is close to a 1-factorization.

1 POLY POLY

LEMMA 9.12. Let 1> g,log7" n >~y > n"'. Let K, be properly coloured with > (1 —
~y)n colours having > (1 —v)n/2 edges. Then, K, has (1 —8¢)n/2 edge-disjoint spanning
rainbow trees.

Proof. Choose 1> e, log7 ' n > i > B, k1 Sv> Y > 0 > nl

Set aside small colours: Let C' be the set of colours with > (1 —y)n/2 edges in K,,. By the

POLY

assumption of the lemma and v; > v, we have eg, (C) > (1 —v)?n?/2 > (1 — (v1/2)*)n?/2.
By Lemma 9.10 applied to K,,[C] with e = 74, there is a subgraph G of K,, with §(G) > (1 —
~1)n, having only colours of C. Set n; = |G| > (1 — 71)n and note that G is (31, 1, ny)-typical.
Choose set S: Fix ng =[(1—v)n]. Apply Lemma 5.2 (c¢) with p=na/ni, n' =mny,
p=1/2 and v =3y, in order to find a set of vertices S C V(G) of order ng with
G[S] globally (14 37v;)(n2/2n1)na-bounded, and G[S] (671,1,na)-typical. Note that G[S]

OLY POLY

is globally (1—0.9v)ny/2-bounded (using ny = (1 —~1)n, no=[(1—v)n] and 1> v >
7). Note that in G[S] any colour of C covers at least > (1 —~v)n — (n —n2) > (1 — 2v)n2
vertices.

Set aside a pseudo-random graph H: Partition G[S] into subgraphs G; and H with every edge
placed in H independently with probability n. By Lemma 5.2 (b), Gy is (121, 1 — 1, n2)-typical
and globally (1 + 671)(1 —n)(1 — 0.9v)ny/2-bounded (for the application take p=1—1n, u =
(1-0.90)/2, ' =ny, § =1, v/ = 6y1). Since v > 1, Gy is globally (1 — 0.50)(1 — n)ny/2-
bounded. By Lemma 5.4 applied with p =1, &' =¢, k' = I:;, V' = 2v, H has the property that
any set of k colours of C' cover > (1 — &)n vertices.

Find near-decomposition of K,,[S] into rainbow paths: Apply Lemma 8.27 to G; with n’ = na,
v =12y, p=0.5r, § =1—mn in order to find (1 —0.50)(1 —n)ns edge-disjoint rainbow
Hamiltonian paths in G;. Using (1 —0.50)(1 —n)n2 = (1 —e)n/2, choose a subcollection
Py, ..., P (1—c)ns2 of these paths. Since G is a subgraph of G, these paths only use edges
with colour in C.

Add small colours into trees: Let Cp be the set of colours with > (1 —e)n/2 edges
in K,. Choose k =max(n —1—|CL|,0). By assumption, we have k < yn. Let G2 be the
subgraph of K, consisting of edges with colour outside Cj which touch S. We claim that
e(Gz) =2 (1 +n)k|(1 —e)n/2]. When k =0, this is obvious. Otherwise since 6(K,)=mn—1
and K, is properly coloured, we have e(G2) = 1> _odeox, o, (v) = [S|(0(K,) — |CL|)/2 =
E[(1—=v)n]/2 = (1 +n)k(1 —e)n/2. By definition of Cf, the graph G is globally | (1 — e)n/2]-
bounded. Apply Lemma 9.5 to G withm = |[(1 — e)n/2], &’ = 1.01v, 5/ =, S = S. This gives
us edge-disjoint rainbow forests Fi, ..., F|(1_c)n/2) of size k in Gs.
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Apply Lemma 9.11 for i =1,...,[(1 — €)n/2] to P, and F; in order to find a rainbow tree
T; containing F; and contained in P; U F; (T; is rainbow since P; and F; are colour-disjoint
which happens because C'(P;) C C' C Cf, and C(F;) N CL = (). In particular, each T; contains
k edges outside Cy, (the edges of F;). Since k > n — 1 — |Cp|, this implies that each T; avoids
k+|CL| —e(T;) 2 n—1—e(T;) colours of Cp,, each of which has > (1 —e)n/2 edges in K,.
Additionally, from Lemma 9.5, we have that for every vertex v € S, either v € T; for all 7 or
dr,(v) <1 for all i. Let S'=SU{v ¢ S:veT, for each i} and note that [S’| > |S| = [(1 —
v)n]. Now for each i and v & S’, we have dr,(v) <1 and also S’ C V(T;).

Make trees spanning: Observe that H is disjoint from G; and Gs. (The former holds by
construction of G;. The latter by C(H) C C C Cf, and C(G2) N CL, = 0), and hence H is dis-
joint from the trees 71, ..., T|(1—c)n/2)- Apply Lemma 9.8 with S = ', trees T', ..., T(1_gc)n/2,
H=H,3 =¢, k' =k and ¢ = v in order to find (1 — 8¢)n/2 edge-disjoint spanning rainbow

>OLY

trees in K,,, where we have used that ¢, 1/12: > v O

Combining the above with our earlier result about Hamiltonian decompositions, we prove
that the Brualdi-Hollingsworth and Kaneko-Kano—Suzuki Conjectures hold asymptotically.

THEOREM 9.13. Let1 > ¢ > n~L. Every properly coloured K,, has (1 — €)n/2 edge-disjoint
spanning rainbow trees.

Proof. Fix1> e, log”'n>~> n~'. If K,, has > (1 = 4)n colours having > (1 — y)n/2
edges, then the theorem follows from Lemma 9.12. Otherwise, K, has < (1 — v)n colours having
> (1 —~)n/2 edges, and the theorem follows from Lemma 8.29. O

10. Concluding remarks

There are various other areas in which our results have implications. We mention some of them
here.

e Constantine made the following generalization of the Brualdi-Hollingsworth Conjecture.

CONJECTURE 10.1 (Constantine [21]). Every properly (2n — 1)-coloured Ka, can be
decomposed into edge-disjoint rainbow spanning trees which are all isomorphic to each other.

The best known result about this is due to the second and third author [44] who showed that
it is possible to find 10~ '2n edge-disjoint rainbow copies of some particular tree. While we
did not do this, our results still have implications for Constantine’s Conjecture. In particular,
Corollary 1.11 is relevant — it shows that under the assumptions of Constantine’s Conjecture,
we can nearly-decompose the graph into nearly-spanning rainbow paths.
Additionally, we expect that the methods in this paper can be generalized to prove the
true asymptotic version of Constantine’s Conjecture, that is, to find (1 — o(1))n edge-disjoint
isomorphic spanning rainbow trees under the assumption of the theorem. We think this is
plausible as the trees we find in the proof of Theorem 1.14 are all quite similar to each other —
they are all built from a length (1 — o(1))n path by making o(n) modifications. It seems likely
that, with some additional ideas, the modifications can be controlled in order to give a copy of
the same tree.

e Note a parallel between Theorem 1.14 and Lemma 9.5 — both of these results give a
near-decomposition of a graph into forests of the same size. We wonder if there is a common
generalization of these results.
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CONJECTURE 10.2. For € > 0, there exists an m € N so that the following holds for all k. Every
properly coloured, globally m-bounded graph G with km edges has > (1 — €)m edge-disjoint
rainbow forests of order k.

Currently, there are two extremes of this conjecture which are known to be true. Theorem 1.14
shows that it holds when |G| =2m and k = |G| — 1. Lemma 9.5 shows that it holds when
k = o(|G|). It would be interesting to prove or disprove it in general.

e Recall that the randomized rainbow matching M in Lemma 4.6 behaves like a uniformly
random perfect matching in a sense that any edge of G ends up in M with (approximately)
at least the expected probability d(G)~!. One can ask whether more can be proven, that is,
whether M shares more features with a uniformly random perfect matching. This is indeed
the case — Lemma 4.6 can easily be strengthened to say more about the matching M. For
example, with some work the following can be added to that lemma.

Ple € E(M)) = (14 p) 51 for cach ¢ € E(G).

n

Ple, f € E(M)) = (1+p) for each e # f € E(G).

02n?

PlogV(H))=(1+xp)p foreachve V(G).

The randomness of the matching produced in Lemma 4.6 may have applications in future work.
e Note that some of our results (particularly Lemma 8.2) are about graphs which may not
be properly coloured, but are only locally n®-bounded. It is natural to ask whether our other
theorems can be proved with ‘proper colouring’ replaced by ‘local boundedness’, or perhaps
even with the proper colouring assumption removed entirely. Some results in this direction
were recently obtained by Kim, Kiithn, Kupavskii and Osthus in [40] (see note below).
It would be extremely interesting to prove new results about spanning rainbow structures in
graphs with no local boundedness assumptions at all. For example in [43], the second and
third authors asked whether every globally (1 — o(1))n bounded K, , has a perfect rainbow
matching. If true, this would be a natural weakening of the recently disproved Stein’s Equi-n-
Square Conjecture (see [43]).

Note added in proof

The results of Theorem 1.2 and its corollaries were presented at the “Workshop on Probabilistic
and Extremal Combinatorics’ in Harvard on 07 February 2018 (see [42]). After the presentation,
we learned from Keevash and Yepremyan that they also found a proof of the Akbari—Alipour
Conjecture (Conjecture 1.3) for large n (see [39]).

Also after hearing our Theorem 1.2 at the workshop, Kim, Kiihn, Kupavskii, and Osthus
published the preprint [40] on 22 May 2018. In this paper, they proved (amongst others) that
every coloured K, ,, which is globally (1 — o(1))n-bounded and locally o(n/log®n)-bounded
has (1 —o(1))n edge-disjoint rainbow perfect matchings. This is on one hand stronger than
Theorem 1.2 since it also works for locally bounded colorings, but it is also weaker since it
requires all (rather than just few) colors to have size less than (1 — o(1))n. In particular, it
does not imply the Akbari—Alipour Conjecture or our results on multiplication tables of groups.
Independently from our work, Kim, Kiihn, Kupavskii and Osthus also proved results similar
to our Theorem 1.10 about decompositions into rainbow Hamiltonian cycles (that are both
stronger and weaker as we explain above). The main focus of their work is quite different from
ours and they deduce their result from a general theorem about rainbow F-factors for arbitrary
graphs F.
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Note added to proof

Recently a conjecture of Constantine (Conjecture 10.1) was proved for large n by Glock, Kiihn,
Montgomery and Osthus [28].
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