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PROOF OF A CONJECTURE ON INDUCED SUBGRAPHS
OF RAMSEY GRAPHS

MATTHEW KWAN AND BENNY SUDAKOV

ABSTRACT. An n-vertex graph is called C-Ramsey if it has no clique or inde-
pendent set of size C'logn. All known constructions of Ramsey graphs involve
randomness in an essential way, and there is an ongoing line of research to-
ward showing that in fact all Ramsey graphs must obey certain “richness”
properties characteristic of random graphs. More than 25 years ago, Erdés,
Faudree, and Sés conjectured that in any C-Ramsey graph there are Q(n5/2)
induced subgraphs, no pair of which have the same numbers of vertices and
edges. Improving on earlier results of Alon, Balogh, Kostochka, and Samotij,
in this paper we prove this conjecture.

1. INTRODUCTION

An induced subgraph of a graph is said to be homogeneous if it is a clique
or independent set. A classical result in Ramsey theory, proved in 1935 by Erdds
and Szekeres [1§], is that every n-vertex graph has a homogeneous subgraph with at
least % log, n vertices. On the other hand, Erdds [14] famously used the probabilistic
method to prove that, for all n, there exists an n-vertex graph with no homogeneous
subgraph on 2log, n vertices. Despite significant effort (see for example [8|1TL12]
24)), there are no nonprobabilistic constructions of graphs with comparably small
homogeneous sets.

For some fixed C, say an n-vertex graph is C-Ramsey if it has no homogeneous
subgraph of size C'log, n. It is widely believed that C-Ramsey graphs must in some
sense resemble random graphs, and this belief has been supported by a number of
theorems showing that certain “richness” properties characteristic of random graphs
hold for all C-Ramsey graphs. The first result of this type was due to Erdds and
Szemerédi [19], who showed that C-Ramsey graphs have density bounded away
from 0 and 1. This basic result was the foundation for a large amount of further
research; over the years many conjectures have been proposed and resolved as our
understanding of Ramsey graphs has improved. Improving a result of Erdés and
Hajnal [16], Promel and Ro6dl [32] proved that for every constant C' there is ¢ > 0
such that every n-vertex C-Ramsey graph contains every possible graph on clog, n
vertices as an induced subgraph. Shelah [33] proved that every n-vertex C-Ramsey
graph contains 2%(") nonisomorphic induced subgraphs. Answering a question of
Erdds, Faudree, and Sés [20,21], Bukh and Sudakov [I0] showed that every n-vertex
C-Ramsey graph has an induced subgraph with Q(y/n) different degrees.
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Despite this progress, there are several problems that have remained open for
quite some time. Two of them deal with the variation in the numbers of edges and
vertices of induced subgraphs of Ramsey graphs. For a graph G, let

®(G) ={e(H) : H is an induced subgraph of G}.

Erdés and McKay [20,2I] conjectured that for any C' there is § > 0 such that for
every n-vertex C-Ramsey graph G, the set ®(G) contains the interval {O, e ,6n2}.
Progress on this conjecture has come from two directions. First, Alon, Krivelevich,
and Sudakov [5] proved a weaker result with n° in place of dn?. Second, recently
Narayanan, Sahasrabudhe, and Tomon [30] proposed a natural relaxation of the
Erddés-McKay conjecture that ®(G) contains at least Q(n2) values (not necessarily
forming an interval). They showed that |®(G)| = n?>~°(1) and in [27] we proved
their conjecture that Ramsey graphs induce subgraphs of quadratically many sizes.
Next, for a graph G let

U(G) ={(v(H),e(H)) : H is an induced subgraph of G}.

Strengthening a conjecture of Alon and Bollobds, it was conjectured by Erdés,
Faudree, and Sés that for any fixed C and any n-vertex C-Ramsey graph G, we have
U (G)| = Q(n5/2). This problem appeared in several of Erdds’ problem papers [15]
20121]. Of course, since |¥(G)| > |®(G)|, our result in [27] implies that |U(G)| =
Q(n2), which was also proved much earlier by Alon and Kostochka [4]. Until now,
the best progress on the Erdés—Faudree—Sés conjecture was due to Alon, Balogh,
Kostochka, and Samotij [I], who proved it with the exponent 2.369 in place of 5/2.

In this paper we establish the Erdés—Faudree-Sés conjecture, combining ideas
from many of the aforementioned papers.

Theorem 1.1. For any fized C' > 0, there is v > 0 such that every n-vertex
C-Ramsey graph G has |¥(G)| = yn5/2.

As mentioned in [I5], we remark that the order of magnitude n°/2 is best possible.
This can be seen by considering a random graph G(n,1/2), where each edge is
present independently with probability 1/2 (it is well known that this is an O(1)-
Ramsey graph with probability 1 — o(1)). Briefly, one can use a concentration
inequality to show that with probability 1 —o(2"), the number of edges in any fixed
vertex subset of G(n,1/2) lies in an interval of length O (n®/ ?), and by the union
bound it follows that with probability 1 —o(1), for each 0 < ¢ < n there are at most
O(n3/ 2) different numbers of edges among ¢-vertex induced subgraphs. This proves
that |¥(G(n,1/2))| = O(n®/?) with probability 1 —o(1). See also [4, Section 4] for
further discussion of ¥(G(n,1/2)).

The rest of the paper is organised as follows. In Section 2] we give a very high-
level outline of the basic ideas of our proof and briefly compare it to previous work.
In Section [B] we collect a number of basic tools which will be useful for our proof
(some of which are standard, and some of which are new), and in Section H] we
present the technical details of our proof. Finally, in Section [l we discuss some
potential directions for further research.

1.1. Notation and basic definitions. We use standard asymptotic notation
throughout. For functions f = f(n) and g = g(n) we write f = O(g) to mean
that there is a constant C' such that |f| < C|g|; we write f = (g) to mean there
is a constant ¢ > 0 such that f > ¢|g| for sufficiently large n; we write f = O(g) to
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mean that f = O(g) and f = Q(g); and we write f = o(g) or ¢ = w(f) to mean that
f/g = 0 as n — oco. All asymptotics are as n — oo unless stated otherwise. Floor
and ceiling symbols will be systematically omitted where they are not crucial.

For two multisets A and B, let AAB be the set of elements which have different
multiplicities in A and B (so if A and B are ordinary sets, then AAB is the ordinary
symmetric difference (A\ B) U (B \ A)). For a set A, we denote by (’2) the set of
all k-subsets of elements of A.

We also use standard graph theoretic notation throughout. In particular, in a
graph, e(A) is the number of edges which are contained inside a vertex subset A,
and e(A, B) is the number of edges between two disjoint vertex subsets A and B.
For a vertex v and a set of vertices A, we denote the set of neighbours of v in A by
Ny(v) = N(v) N A, and we denote the degree of v into A by da(v) = |Na(v)|.

We also make some less standard graph theoretic definitions that will be con-
venient for the proof. For a set of vertices v = {v1,...,v;}, let N(v) (resp.,
Ny (v)) be the multiset union of N(vy),..., N(vg) (resp., of Ny(v1),..., Ny(vk)).
Let d(v) = d(vy) + - -+ d(vg) (resp., dy(v) = dy(vi) + -+ dy(vg)) be the size of
N(v) (resp., of Ny(v)), accounting for multiplicity.

Finally, we remark that we will often use variable names of the form n 4 to denote
the size of a set A. (This is really only a convention, not a definition; we will often
introduce n 4 before the set A has actually been defined.)

2. DISCUSSION AND MAIN IDEAS OF THE PROOF

According to Erdés [20], at the time the problem was proposed, he and Sés had
already proved the weaker bound that [¥(G)| = Q(n*/2) for O(1)-Ramsey graphs.
In fact, there are at least two reasonably simple ways to prove this weak bound,
and both are instructive for our proof. To describe these, we define

U(¢,G)={e(H): H is an ¢-vertex induced subgraph of G}.

To prove that |U(G)| = Q(n3/2), it suffices to prove that |¥(¢,G)| = Q(y/n) for
each of 2(n) different choices of /.

One way to do this, as described by Alon and Kostochka [4], is to use a discrep-
ancy theorem and a switching argument. Erdés, Goldberg, Pach, and Spencer [22]
proved that in any n-vertex graph G with density bounded away from 0 and 1, and
any « € (0,1) bounded away from 0 and 1, there are two induced subgraphs G[W ]
and G[W*], with |W~| = [W*| = an, such that e(W™T) — e(W™) = Q(n%?).
Recalling the Erdés—Szemerédi theorem that O(1)-Ramsey graphs have density
bounded away from 0 and 1, we can find such W~ and W in any n-vertex
O(1)-Ramsey graph G. One can then obtain a sequence of induced subgraphs

G[Wol,...,G[W,y] by starting with Wy = W~ and switching vertices one by one
from W~ into W. Formally, fix an ordering wy ,...,w,, of W~ and an ordering
wy ..., wk, of WT, and let

W, = {wl_,...,w;nﬂ-} U {wf,,wj}

Then, we have |e(G[W;]) — e(GIWi1))| = |dw, (") — dw,_, (wan_is1)| < am,
so as e(G[W;]) varies over an interval of length Q(n%?2), it must attain Q(y/n)

different values. This proves |¥(an,G)| = Q(y/n), and we can apply this fact for
Q(n) different choices of v = ¢/n, proving that [¥(G)| = Q(n*/?). We remark that
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this basic approach was refined by Alon and Kostochka [4] and by Alon, Balogh,
Kostochka, and Samotij [I], to prove stronger bounds.

A second completely different way to prove that |¥(G)| = Q(n®/?), from Bukh
and Sudakov [10, Proposition 3.1], is to make use of the fact that Ramsey graphs
have induced subgraphs with many distinct degrees. Specifically, what Bukh and
Sudakov proved was that in any O(1)-Ramsey graph, there is an induced subgraph
with Q(n) vertices which is diverse in the sense that most pairs of vertices have
very different neighborhoods (to be precise, the symmetric difference of their neigh-
borhoods has size Q2(n)). In an n'-vertex diverse graph (with n’ = Q(n)), consider
a random subset U of an’ vertices (with o € (0,1) bounded away from 0 and 1).
By the diversity assumption, for most pairs of vertices u,v their degrees dy(u),
dy (v) into U are not too strongly correlated, and the probability they are exactly
equal turns out to be O(1/y/n). (A simple intuitive reason for this probability
is that dy(u) — dy(v) is approximately normally distributed with standard devi-
ation ©(y/n)). A simple linearity-of-expectation argument then shows that there
is an outcome of G[U] with Q(y/n) different degrees. Finally, given an an’-vertex
graph with Q(y/n) different degrees, we can obtain (an’ — 1)-vertex graphs with
Q(y/n) different numbers of edges, simply by choosing different vertices to delete.
This proves that |¥(an’ —1,G)| = Q(y/n), and again applying this fact for Q(n)
different choices of v = ¢/n/, it follows that |¥(G)| = Q(n%/?).

Observe that both the approaches described above seem to be somewhat com-
plementary. The discrepancy/switching argument, in its most basic form, gives
Q(y/n) different values of e(G[U]) that are distributed fairly evenly over a range
of length Q(n3/ 2). On the other hand, the diversity/anticoncentration argument
gives Q(y/n) values of e(G[U]) contained in an interval of length O(n). It is natural
to try to combine both types of arguments to obtain better bounds.

In fact, recent developments bounding |®(G)| by Narayanan, Sahasrabudhe, and
Tomon [30] and ourselves [27], make this idea seem even more promising. In [30],
the authors made the simple observation (using the pigeonhole principle) that in
any n-vertex graph G, there is a set A of \/n vertices with degrees lying in an
interval of length /n. If G is diverse, and U is a random vertex set of linear size,
then the degrees dy(z), for = € A, are likely to take n'/2=°(1) different values, very
tightly packed in an interval of length O(y/n). By augmenting U with different
combinations of vertices in A, we can obtain subgraphs of many different sizes, all
lying in a fixed interval of length O(n). Adapting these ideas to our context, and
using the further refinements in [27], one can prove that we can actually obtain
Q(n) values of e(G[U UY]) among subsets ¥ C A of a certain fixed size, tightly
packed in an interval of length O(n).

So, as a rough plan to prove Theorem [[LT] one might start with vertex subsets
W=, W+ of fixed size £ = ©(n) such that e(W*) — e(W~) = Q(n3/2), provided
by a discrepancy theorem. One would then switch between W~ and W to obtain
subsets Wy, ..., W; such that among the e(W;) there are Q(y/n) different values
e(Wi,),e(W,,), ... each separated by a distance of Q(n). One might then hope to
somehow use diversity and anticoncentration to show that each such W;, has an
“augmenting set” A; such that e(W;, UY') takes Q(n) different values as Y varies
over subsets of A; with some fixed size f(n). One would moreover hope that for
each j, the augmented values e(Wij U Y) fall in a specific interval of length O(n)
that does not intersect the corresponding interval for any other j. This would prove
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that [¥(¢ + f(n),G)| = Q(n®/?), and this fact could be applied for Q(n) different
choices of £ to prove that |¥(G)| = Q(n®/?).

There are several serious challenges associated with this kind of approach. First,
we need some way to introduce a random set U of linear size in order to use
anticoncentration for our augmenting sets. We have very little control over the
number of edges in such a random set (this number has variance @(n3)), so it
seems we must use the same random set for each W;, and apply our switching
argument after our random set has been exposed. However, it seems that doing
this would introduce new complications: the anticoncentration probabilities we are
interested in are of order O(1/+/n), which is not small enough to apply the union
bound over all i, given a single source of randomness. (It does not suffice to prove
things for most i, because the subsequence (i;) arising from the switching argument
comprises a negligible fraction of all 7).

Our approach is to first prepare vertex sets U?, W—, W, each of a certain linear
size, such that

(e(W) +ae(WH,U°)) = (e(W™) +ae(W,U°)) = 0(n*?)

for some a € (0,1). Then, as above, we switch between W~ and W7 to obtain a
sequence of sets W;, and identify a well-separated subsequence of Q(y/n) sets W;,
such that

(e(W,) + ac(Wi, U%) — (e(W;, ) +ac(Wi, ,,0°)) = 0(n)

j—1

for each j. Only then do we choose a random subset U C U° of size a‘U0|,
which we may use for anticoncentration. By construction, the e(WZ—j uU ) are well-
separated in expectation, and the added randomness does not too severely disturb
the increments e(W; UU) — e(W;_1 UU). Because we do not have any real control
over the spacing of the 7;, we must additionally carefully compensate for the buildup
of deviations caused by “large gaps” between the ;.

Of course, before we even expose the random set U we need to decide which
vertices should be in the augmenting sets A;. Recall that we would like to be able
to use anticoncentration to obtain 2(n) subgraph sizes of the form e(Wij uuu Y)
for Y C A; of a fixed size. Provided that we have been carefully maintaining
appropriate diversity properties through the construction, the only real requirement
for this is that the A; are sufficiently large (of size at least Q(y/n)). However,
ensuring that the different A; do not “interfere” with each other is a much more
delicate task. With the pigeonhole principle, for each j we can show that there
are y/n vertices v such that each dw, (v) + adyo(v) is contained in an interval I;

of length /n, and we might hope to use such a set of vertices as our augmenting
set A;. However, the pigeonhole principle gives us no guarantee of “consistency”
between different j, and it might happen that the intervals I; jump around in such
a way that there is a lot of overlap between the augmented values e(U uw;, U Y)
for different j. It seems to be quite difficult to carefully choose the A; in such a
way that the I; are well behaved.

Instead, we sidestep this issue, with the insight that it is not actually necessary
for all the vertices in A; to have similar degrees into W;, UU; it suffices that A;
has a large hypergraph matching M; C (‘:j), such that the sums de,jUU('U) =
dWiqu(vl) 4+ +dWiqu(vk) are similar for each v = {v1,..., v} € M;. We may
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5576 MATTHEW KWAN AND BENNY SUDAKOV

treat the edges of M; as we would treat single vertices, forming our augmented
values (U UW;, U,ez v) from subsets Z C M.

Being able to use a hypergraph matching instead of a set of vertices affords us a
lot of flexibility. For fixed K € N, there are Q(nK ) sets of K vertices, and by the
pigeonhole principle, Q(nK ’3) of these K-sets v have exactly the same values of
dyy - (v), the same values of dy+(v), and the same values of dyo(v). If we obtain
the W; by switching randomly between W~ and W, then we can show that the
degrees dw, (v) are concentrated around a certain convex combination of dy - (v)
and dy+(v). In this way we can produce a collection of K-sets v such that the
degrees dquU('v) are quite well behaved.

Of course, these K-sets are not disjoint, but for large K we may apply a weak
form of the sunflower lemma of Erdés and Rado [17], to produce a hypergraph
matching M C (Z) (with & < K) of almost linear size, which has similarly well-
behaved degrees. With this as a starting point, it becomes feasible to use the
pigeonhole principle to obtain appropriate submatchings M J’ C M, and modulo a
lot of technical details we are able to more or less implement the plan described
above. To summarize, for each of /n choices of j we use anticoncentration and
a generalized notion of diversity to produce Q(n) values of e(U UW;, Ul,c,v)
among Z C M]’ of a certain fixed size in such a way that there is little overlap
between the values for different j. This gives us Q(n?’/ 2) subgraphs with the same
number of vertices and different numbers of edges, and varying the size of U allows
us to prove that |U(G)| = Q(n®/?), as desired.

3. BASIC TOOLS

3.1. Diverse neighborhoods in Ramsey graphs. In [10], Bukh and Sudakov
introduced the notion of diversity: an n-vertex graph is said to be diverse if
IN(z)AN(y)| = Q(n) for most pairs of distinct vertices z,y. We will need a slightly
stronger notion than diversity, which we introduced in [27]. Say an n-vertex graph
is (8,¢€)-rich if for any vertex subset W with [W| > dn, at most n® vertices v have

|IN(v) NW| < e|[W] or ‘N(v) N W‘ < g|W|. Note that a graph which is (4, &)-rich is
also (8’,¢)-rich if & > §. The next lemma appears as [27, Lemma 4], showing that
Ramsey graphs contain large rich induced subgraphs.

Lemma 3.1. For any C,d > 0, there exists ¢ = (C) > 0 and ¢ = ¢(C,0) > 0 such
that every n-vertex C-Ramsey graph contains a (9, €)-rich induced subgraph on at
least cn wvertices.

In [27], we introduced (0, ¢)-richness to derive a type of diversity for pairs of
vertices. Here we will need a type of diversity for larger sets of vertices. (recall from
Section [[] the nonstandard multiset definitions of N(x), N(y), and N(x)AN(y)).

Lemma 3.2. Fix k € N, and let G be a (d,¢)-rich graph on an n-vertex set V.
Then, for each x € (z) with |ﬂvew N(v)‘ > 6n, one cannot find a collection of n’

vertex subsets y € (Z) (disjoint from x and each other) such that |N(x)AN(y)| <
den.

Proof. Let W =, N(v). Suppose the statement of the lemma were false, and
such a collection Y of vertex subsets existed. Then, for each y € y, for y € Y, we
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would have ’N(y) N W’ < |N(x)AN(y)| < €|W], and the set of all such y would

contradict (6, €)-richness. O

Lemma only applies to x € (V) such that (,c, N(v) is large. In order

k
to apply it, we next show that in a rich graph, (1, ., N(v) is large for almost all

v
ze ()
Lemma 3.3. Fiz k € N, and let G be a (§,¢)-rich graph on an n-vertex set V, for

§ <P~ Then there are at most n*~1%9 subsets v € (‘2) such that |(N,e, N(v)| <

ekn.

vex

Proof. We will prove by induction that there are at most gn?='+% “bad” ordered
g-tuples v € V2 such that |ﬂv€v N(v)| < en for all 1 < g < k. This will prove that

there are at most kn®~1%°/kl < nF~1+9 subsets v € (}) such that |Neoeo N(v)| <

skn.

First note that the base case ¢ = 1 follows directly from (4, e)-richness, with
W = V. Then, assume for induction that our desired bound holds for ¢ — 1; we
will prove it for q. First, there are at most (¢ — 1)n9~'+% bad ¢-tuples obtained by
appending a vertex to a bad (¢ — 1)-tuple. Then, for each (¢ — 1)-tuple v which
is not bad (meaning |, ¢, N(v)| > €97'n), by (6,¢)-richness there are at most n°
vertices w with [N (w) N(),c, N(v)| < €|,ep N(v)|, meaning that there are at
most n?~ 119 bad-g-tuples that can be obtained by appending a vertex to a not-bad
(q — 1)-tuple, and at most ¢gn?~1*? bad g-tuples total. a

vEV

3.2. Tools from extremal (hyper)graph theory. We will make frequent use
of Turan’s theorem to find large independent sets in various auxiliary graphs. The
following form of the theorem appears, for example, in [6].

Proposition 3.4. Every n-vertex graph G contains an independent set of size at

least
2 d(v)l 717 z,,ew;;d(v) - <m“{”?_a>}>

veV(Q)

Next, a sunflower in a hypergraph is a subgraph in which every pair of edges has
the same intersection (this common intersection is called the kernel, and removing
the kernel from each edge gives the petals). We will need the following weak form
of the Erdés—Rado sunflower lemma [I7], which one can easily prove by induction
on the uniformity of a hypergraph.

Lemma 3.5. Fix k € N, and let H be a k-uniform hypergraph with m edges. Then
H contains an Q(ml/’“)—edge sunflower.

3.3. Probabilistic tools. We will need concentration and anticoncentration in-
equalities for random variables arising from random subsets of given sizes. Say a
random variable X is of (n, p, b)-hypergeometric type if it can be expressed in the
form X = ), ;a;, where ay,...,a, € R are fixed, |a;| < b for each 4, and I is
a uniformly random subset of {1,...,n} of size pn. The following concentration
lemma follows directly from [25] Corollary 2.2].

Lemma 3.6. Suppose X is of (n,p,b)-hypergeometric type. Then for any t € R,

Pr(|X — EX]| Zt)—exp(—Q( r ))

nb? min{p, 1 — p}
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5578 MATTHEW KWAN AND BENNY SUDAKOV

Next, say that X as above (of (n, p,b)-hypergeometric type) is of (n,p,b,r)"-
hypergeometric type if |a;| > 1/b for at least r indices ¢ (that is, many a; are
bounded away from zero as well as being bounded in size). The following central
limit theorem directly follows from a classical quantitative central limit theorem
first proved by Bikelis [9] (see also [26]).

Lemma 3.7. Fiz b > 0, and suppose X is of (n,p,b,n/b)"-hypergeometric type,
with |EX| < n/(2b2). Let F be the distribution function of (X —EX)/v/Var X, and
let G be the standard Gaussian distribution function. Then for all z € R,

1
IF(2) - G(z)| = O (m)

We only need Lemma [B7] for anticoncentration, so we state a simple corollary
for later use.

Lemma 3.8. Suppose X is of (n,p, O(1),2(n))"-hypergeometric type. Then, for

any —/n < x < +/n,
1

Proof. If [EX| < n?/3, then the desired result follows from Lemma Bl Otherwise,

the desired result follows from Lemma [3.6] since with probability 1 — 6_9("1/3), X
does not even fall in the interval between —+/n and /n. O

We also make the following simple observation, which will be convenient to
show that the various discrepancy properties we are able to establish will persist
with positive probability through certain kinds of random sampling. If a random
variable is of (n,1/2,b)-hypergeometric type for some n and b, say it is of (1/2)-
hypergeometric type.

Lemma 3.9. Suppose X is of (1/2)-hypergeometric type. Then, X — EX has
the same distribution as EX — X, and in particular, X > EX with probability at
least 1/2.

Proof. Suppose that X = 3., a;, and let X = Zigf a;. Since I is a random subset
of exactly half the indices {1, ...,n}, it has the same distribution as its complement

I, so X has the same distribution as X’. But observe that
n
(X +X)/2=) a;/2=EX =EX’,
i=1

so EX — X =X —EX'. ]

We remark that Lemma (respectively, Lemma [B.9) trivially remains true
when the relevant random variables are translated by a fixed constant. We will
therefore frequently abuse notation and say that translations of random variables
of (n, p, b)-hypergeometric type (respectively, (1/2)-hypergeometric type) are them-
selves of (n,p,b)-hypergeometric type (respectively, (1/2)-hypergeometric type).

Throughout the proof we will also frequently use Markov’s inequality; the state-
ment and proof can be found, for example, in [G].
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3.4. Switching analysis. In this subsection we collect some simple lemmas that
will be useful for tracking how certain parameters change as we gradually switch
from one vertex subset to another. First, we show that if we move between two
distant values, and most of the incremental steps are not too extreme, then there
are many intermediate steps with well-separated values.

Lemma 3.10. Consider a sequence pg, . . .,pr with pr—pg > A. Let A; = p;—pi_1,
and suppose that for some p we have

Z AzSH

A >p

Then, for any o < p there is an increasing subsequence 0 = iy,...,is = T, with
s> MN(p+o)—r/p, such that p;, —pi;_, > o forall1 <j <s.

Proof. We view p; as the position of a “particle” at “time” ¢. In the interval from
po to pr , consider A/(p + o) subintervals of length p separated by a distance of at
least o, with the first subinterval containing py and the last containing p,. We say
a subinterval I is “further” than a subinterval I’ if I is closer to p, than I’.

Let i1 = 0, and let I; be the subinterval containing pg. For j > 1, let i; > i;_
be the first time 7 that p; is in a subinterval further than I;_;, and let I; be this
subinterval. This process terminates when there is no subinterval further than I;
(let s = j for this value of j, and redefine i, = 7). Observe that at most x/p
intervals were skipped, so s > A\/(p+ ) — K/p. O

Next, the following lemma shows that if an ensemble of values move slowly in a
bounded region, then at least one value “follows the crowd” for quite a long time.

Lemma 3.11. Consider an interval I C 7Z with |I| = X, and consider a “time
horizon” 7 € N. Consider a set of “particles” R, and for each a € R, let p;(a) € I
represent the “position” of a at time i, in such a way that |p;(a) — p;—1(a)| < p for
each 0 < i < 7 (that is, the particles move with “speed” at most p). For o,pu > 0,
say a particle a is lonely at time 0 < i < 7 if

b€ R Ips(b) — pila)] < o} < .

That is, a particle is lonely if there are few other particles close to it. Now if
7 < |R|0?/(8up)), then there is a particle a which is never lonely.

Proof. Say a particle a is crowded if
{b € R:|pi(b) —pi(a)| < 0/2}| = p.

At any time ¢, fewer than 2u)\/o particles are not crowded. To see this, divide T
into 2)\/o subintervals of length o /2. If a subinterval contains at least u particles,
then all particles in that subinterval are crowded.

Now if a particle is crowded for every time jo/(4p) (among j € N with j <
4p7/0), then it is never lonely. To see this, observe that it takes at least o/(4p)
time steps for a crowded particle to become lonely. This is because the separation
between that particle and the particles within distance o /2 must increase by ¢/2,
and if two particles are moving away from each other, their separation increases
by at most 2p per time step. By this fact and the preceding paragraph, there are
fewer than (4p7/0)(2u)\/o) particles that are ever lonely, and if 8pTu)/o? < |R|,
then there is a particle that is never lonely. (Il
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4. PROOF OF THEOREM [
As in Section [ define
U(l,G) ={e(H): H is an ¢-vertex induced subgraph of G}.

As discussed in Section[2] in the previous bounds on |¥(G)| in [IL410], the approach
was to show that U(¢, G) is large for each of £2(n) specific choices of £. In this paper
it will be convenient to have slightly more flexibility: we show that ¥(¢', G) is large
for Q(n) different choices of ¢, but we do not specify precisely which choices they
are. We will prove the following lemma, which suffices to prove Theorem [T}

Lemma 4.1. For any fized C, there is ¢ > 0 such that the following holds. For any

n-vertex C-Ramsey graph G, there are f,h € N such that for any cn < € < 2cn,
either [U((£ — f) + h,G)| = Q(n*/?) or [T(2(¢ — f) + h,G)| = Q(n%/?).

Proof of Theorem [L1] given Lemma L1l We have

2cn
@) > 5 S (U~ )+ 0G|+ R )+ hG)=0(x?). O

{=cn

The first ingredient for the proof of Lemma ]| will be the following lemma
asserting the existence of a collection of vertex sets with certain discrepancy, regu-
larity, and diversity properties.

Lemma 4.2. For any fivred C, there are K € N and ¢ > 0 such that the following
holds. For any n-vertex C-Ramsey graph G, any o = a(n) > 1/2, and any cn <
£ < 2cn, there are disjoint vertex sets W=, W+, U° A, and a k-uniform hypergraph
perfect matching M C (‘2) of A for some k < K, satisfying the following properties:

(1) [W~| = |W*| =cn, |A| = Q(n*), and either |U°| =€ or |U°| = 2¢;

(2) (e(WH)+ae(U°,WH)) — (e(W™) + ae(U%, W) = Q(n%?);

(3) there are dy -, dy+,dyo € N such that dy - (v) = dw-, dw+(v) = dw+,

and dgro(v) = dyo for allv € M; and
(4) for each {x,y} € (1;[), we have |Nyo () ANyo(y)| = Q(n).

Here, the implied constants in all asymptotic notation depend on C' but not «.

We will prove Lemma 4.2 in Section LTl We remark that our proof can be easily
modified to give |A| = Q(n'~7) for any n > 0, and all that we actually need for
the proof of Lemma BTl is that |A| = Q(n'/2+7) for some 7 > 0. The choice of the
exponent 3/4 is merely for concreteness.

The next ingredient is the following lemma, showing that with positive probabil-
ity we can augment a random set of vertices in many different ways to get induced
subgraphs with many different numbers of edges.

Lemma 4.3. Consider any np = np(n) € N with np = w(logn), and suppose in a
graph G we have disjoint vertex subsets W, A,U° and a hypergraph perfect matching
M C (?) for some k = O(1), satisfying the following properties.
(1) |U°| > 3np, and |[M| = Q(\/np);
(2) [Nyo(z)ANyo(y)| = Q(|U°|) for each {x,y} € (1\2/1) ; and
(3) there are dw,dyo € N such that dyo(v) = dyo and dw (v) = dw +o(/np)
for allv e M.
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e(U7 U z> — anzdyo

zeZ

Then, there are B = O(1) and § = Q(1) (depending on the implied constants in the
above asymptotic notation, but not depending on np) such that the following holds.
Consider any ny < 6\/np, let D be a uniformly random subset of np elements of
U, let U =U°\ D, and define a to satisfy np = (1 — «)|U°|. With probability at
least 1/4,

{e<WuUuUz>:ZgM, |Z) = ny, anDH

zeZ
— QD).

We will prove Lemma [£3] in Section 2] using some ideas from [27,30]. Inter-
preting its conclusion in words, we state that one can obtain Q(nz\/@) induced
subgraphs with different numbers of edges by augmenting W U U with different
subsets Z C M of size n,. Moreover, this is still true if we restrict our attention to
those subsets Z such that there are about the expected number of edges an;do
between U and Z.

Finally, we show how to combine Lemmal2land Lemma[3]to prove Lemma L1l
Proof of Lemma 41 Apply Lemma with & = (¢ — ¢'n)/¢, for some small ¢/
(depending on ¢) that will be chosen later to satisfy certain inequalities. Until we
finally determine the value of ¢/, the constants implied by all asymptotic notation
in this section will be independent of ¢’ (that is, if say f < ¢'n, we may write
f = O(c'n), but not f = O(n)). Choose np to satisfy np = (1 — a)|U°| (so
np = c¢'n or np = 2¢'n, and in particular np < 2¢'n). Let ny, = cn, and consider
uniformly random orderings wy,...,w, of W~ and wi,...,w} of W¥. For
0 <t < ny, let

W = {w;, e ,w;w_i}, Wf = {w{r, e ,wj}, Wy =W, U W;r.

This means each individual W, (respectively, W;r) is a uniformly random subset
of ny, — ¢ elements of W™ (respectively, ¢ elements of W ). Define
Ny — & 7
dW.’ == dy-, dW.Jr = —dw+, dw, = dW.* + dW.*'
2 ’]’LW 2 ’[’LW 2 T
Now for each 0 < i < ny, and v € M, the random variable dy;, - (v) (respectively,

dy+(v)) is of (ny, p, O(1))-hypergeometric type for p = (ny — i) /ny, (respectively,
for p = i/ny) and has mean dy,- (respectively, mean dy,+). By Lemma

(with t = y/nlogn) and the union bound, we can fix an outcome of the orderings
wy ..., w, o and wf,...,wj{w such that |dw, (v) — dw,| < v/nlogn for each 0 <
i < ny and v € M. (Note that if p = o(1), the estimate in Lemma only
becomes stronger.)

This concentration would suffice to prove an approximate version of Theorem
[T that |¥(G)| = n®/?/ 1og®M n (simply using the single matching M to augment
each ;). However, in order to obtain an exact result we need to eliminate the
logarithmic factor in the estimate for |dyw,(v) — dw,|. We have the freedom to do
this because M (coming from Lemma 2] of size Q(n3/*)) is much larger than the
necessary size O(y/n) of our “augmenting sets” (as outlined in Section [2). In fact,
we could use the pigeonhole principle to easily show that for each ¢ there is a subset
M; C M of size ©(y/n) such that the degrees dw, (v), for v € M;, are contained in
a tiny interval of length only O(nl/ 4logn), centered at some point d;. But because
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we require consistency between the ¢ (in particular, we do not want the d; to vary
too much), things are a bit more delicate, and we will apply Lemma 3111

Claim 4.4. There are dy,...,dn,, € N and Mi,...,M,, € M such that the
following hold.
(i) Bach |M;| > v/
(ii) for each 0 <4 < ny and each v € M;, we have |dw, (v) — d;| = o(v/n); and
(iii) for each 0 < ¢ < ny, we have |d; —d;—1| = O(y/nlogn), and actually
|d; — d;—1| = o(y/n) for all but O(n'/4 log® n) indices 1.

Proof. The indices ¢ will represent points in time. Let u = y/n, let 0 = \/n/logn =
o(y/n), let A = 2y/nlogn, and let I be the interval of integers between —\/2 and
A/2. Let R = M (recalling that [M| = Q(n**)) and for each 0 < i < ny, and
v € R, let p;(v) = dw, (v) — dw, € I.

Note that each v € M has size k, so for each 0 < i < ny,, we have

o (w7 ) = do (w5 i1 ) | < 1

and therefore |dy, (v) — dw,_, (v)| < k. Also, we can compute

dw+ — dy-

Nw
So, with p = 2k, we have |p;(v) — p;—1(v)| < p. Divide the range of “times” between
0 and ny, into nyy /7 subranges of lengths 7 = |R|o2/(8puX) = O(n/*/log®n). For
each such subrange T, by Lemma BT there is some v € R which is never lonely
in that range; fix such a vr and for each ¢ € T, let d; = dw,(vr). For each
0 <i<ny let M; C M be a set of p elements v € M satisfying |dw, (v) — d;| < o,
which exists by the definition of loneliness. Recalling (), observe that |d; — d;—1] <
A = O(y/nlogn) for all 0 < i < ny,. Moreover, for all i except the ny /7 =
O(nl/ 41og? n) times where there is a “transition” between subranges, there is v
such that |d; — d;i—1| = |dw, (v) — dw,_, (v)| < k = o(y/n). O

Next (more or less) as described in Section 2] we identify a subsequence of
indices ¢ leading to subgraph sizes that are well separated in a certain sense. Let
e; = e(W;) + oze(UO,Wi) + nyd;, where ny, = 5\/c’_n/k: < 6/np for some small
0 = 6(C) > 0 (not depending on ¢') to be determined. The precise significance
of these quantities e; will become clear later, but the rough idea (as sketched in
Section [2)) is that we will eventually want to consider subgraphs consisting of some
W;, a random a-proportion of the elements of U, and n, vertices of M;. Note that
each d; was defined to be equal to some dyy, (v) < kn, so |d,,, — do| < kn = O(n),
and recall that n, < v/¢n. So, for small ¢, by property 2 of Lemma 2], we have

o= (e(WH) +ae (U W) ~(e(W™) +ae(U°W )41 (dn, ~do) =2 (n*2).
Now for 0 < i < nyy, let A; =e; —e;—1. Observe that
|(e(W;) + ae (U, W;)) = (e(Wi—1) + ce(U°, Wi—y))|

= (w17 oo () ) = (i (s —i0) + o (110 )|

<(1+a)n<2n,
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so the only way to have A; > 3n is if |d; — d;—1| = Q(y/n). By (iii) of Claim E4]
Z |A;] = O(nz (n1/4 log® n) (\/ﬁlogn)) = o(n3/2).

i:|A;|>3n
By Lemma BI0 (with 7 = ny, = O(n), A = Q(n%?), p = 3n, & = o(n®/?), and
o = n) there is an increasing subsequence of indices 0 = 41,...,4; = ny, with

t = Q(y/n), such that e;, —e;; , >n for each 1 < j <t.

Now, let D be a uniformly random subset of np elements of U°, and let U =
UY\ D. For a collection Z of vertex sets we write Vz = |J,., 2, and for each
0 <i < ny and some B to be determined, define

U, ={eW,UUUVz): ZC M, |Z]| =nyg, |e(U,Vz) —anzdyo| < Bnp}.

zeZ

Now the significance of the quantities e; should be more clear: we expect the values
in ¥; to be about e(U) + e; + anzdyo, so the idea is that the separation we have
established between the e;; should translate to the ¥, not interfering too much
with each other.

Note that we can apply Lemma 3] to determine § = €2(1) and B = O(1) such
that for each 0 < i < nyy, |¥;] = Q(nz/np) = Q(np) with probability at least
1/4. Indeed, the first condition of Lemma (3] follows from (i) in Claim 4] and
a sufficiently small choice of ¢/, the second condition follows from property 4 of
Lemmad2 and the third condition follows from (ii) in Claim 4] and property 3 of
Lemma[42] We will next show that there is an outcome of U for which many ¥;,
are large, and in addition the cumulative deviations introduced by the randomness
of U do not too severely affect the separation we established so far. To this end,
for each 0 < i < ny, define

0= o) o ) (s (o7) i 05, 1))

Basically, |g;| measures the deviation of the separation e(U, W;)—e(U, W;_1) from its
expected value ae(U°, W;)—ae(U°, W;_1). We will control the cumulative deviation
Soi¥|gil; the absolute deviations |e(U, W;) — ae(U°, W2)| are unfortunately too
large to control directly.

Claim 4.5. The following hold together with positive probability.
(i) There is a subset J of (0.1)t indices j for which |¥;, | = Q(np) (that is, a
positive proportion of W;  are large); and
(i) Y=i2lgil < O(ny/mp).

Proof. First we show that (i) holds with probability at least 1/6. As discussed
above, for each 1 < j < ¢, by Lemma [£.3] we have ‘\I'1J| = Q(np) with probability
at least 1/4. Let J be the set of j for which this fails, so E|7’ < 3t/4 and by
Markov’s inequality, | 7| < (0.9)t with probability at least 1/6.

Next we show that (ii) holds with probability at least 0.9, meaning that we can
use the union bound to show that (i) and (ii) hold simultaneously with positive
probability. For this, note that for each 0 < i < nyy, g; is of (‘UO ,nD/’UO ,O(1))-
hypergeometric type and has mean zero (because Edy(w) = adyo(w) for any w €
W), so by Lemma [3.6] we have

Pr(lg;| > r) < e_Q(TZ/”D).
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For a sufficiently large constant ), we have

o0 o0 B T2 N
Elgil =Y Prgil >r) <Quip+ > e /) <oqymp,
r=1 r:Q\/@

nw
EZ‘QJ < 2Qnw+/np,
i=1

and by Markov’s inequality > "% |g;| < 20Qny /np = O(n n D) with probability
at least 0.9. (]

Fix an outcome of U such that the above properties hold.

We now take a moment to summarize the situation so far. We have ¢'n <
np < 2¢n and ny = O(y/np) for some small constant ¢’ (and the constants in all
asymptotic notation are independent of ¢’). With e; = e(W;) 4+ ae(U°, W;) +nd;,
we have a subsequence of indices 0 = iy,...,4 = ny, for ¢ = Q(y/n), such that
€, — €, =N for each 1 < j < t. We also have matchings M; such that the
degrees dw,(v) for 0 < i < ny and v € M; are very tightly controlled (to be
precise, Claim 4] (ii) says that |dw,(v) —d;| = o(y/n)). Moreover, Claim
shows that many ’\I/ZJ| are large (specifically, |¥; | = Q(np) for Q(y/n) different
j), and the cumulative deviation Y./ |g;| < O(n,/np) caused by dropping to a
random subset U = U° \ D is not too severe. We next show that many of the ;.
are disjoint, which essentially completes the proof of Theorem [L[.I}

Claim 4.6. For sufficiently small ¢/, there is a subset J’' C J of Q(nl/ 2) indices j
among which each V¥, is disjoint.

Proof. For 1 < j < t,let ¥; = n(j —1) — >/ ,|gil, so that ¥; = 0 and %; >
(1 - O(ﬁ))tn, by (ii) in Claim The significance of these quantities is that
we have established the separation e;; —e;,_, > n, but this may be offset by the
buildup of deviations |g;|. That is, each increment ¥; — X, 1 =n — Z:'J;ij,1+1|9i|
is a lower bound on the separation between e(Wijfl) + e(U7 Wz'j,l) +nzd;;_, and
e(WZ—j) + e(U , W“) +nyzd;;, which approximates the separation between the values
in \Ill-j_1 and the values in \Ilij.

By Lemma BI0 (with 7 = ¢t = Q(n), A = %, = (1 —0(¢))tn, o = (0.01)¢,
p = n, and k = 0), for small ¢ we can find an increasing sequence j?, ... ,jgo
for s° > ((1—0(c'))/1.01)t > (0.95)¢, such that Yjo =X = (0.01)n for each
1 < q < s% By (i) in Claim FE5] deleting the indices not in J gives an increasing
sequence ji, ..., js, with s > (0.05)t, also satisfying ¥; —3; _, > (0.01)n for each

1<qg<s.
: : ! __ i A )
To avoid too many layered subscripts, for 1 < ¢ < s, define W = leq, dy = dzjq7
. . il
M = M, , eq = e, , and iy = i;,. Also, for 1 < g <'s, define I'y = Zi":i,q_lﬂ\giL

Our goal is now to show that quantities of the form e(Wq’ uUu VZ) arising from
the definition of [¥;; | are well separated for different g. This will basically follow
from the fact that ¥; — ¥ = Q(n), our control over the dyy, (v) for v € M;, and
the definition of the \Ilig .

Jq—1
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First, for each 1 < ¢ < s observe that

’
q

e(Wé’U)_e(Wé—lvU): Z (dU( )‘dU( W — z+1))

i=il_+1

%

>a Y (dUO (w:r) dUO( Wy — z+1)) - I
i=i!_+1
= ae(Wé, UO) — ae( é_l,UO) - Iy.
Next, for Z C M, and Z' C M, _,,
e(U,Vz) — anzdyol, |e(U, Vz') — anzdyo| < Bnp = O(np),
we also have

e(W,UU,Vyz) - e(W’ LU, VZ/) +e(Vz) —e(Vz)

= Z dWé Z dW/ 1 +O(?1D)

satisfying |Z| = |Z'| = ny and

veZ vez’!
=D (dy +o(vnp)) = > (dyy + o(y/ip)) + Olnp)
vezZ vez’!

=ngzd, —nzd, |+ O(np).
Recall that ¥;, —%; | = Q(n) and np < 2¢'n. For small ¢/, it follows that
e(W,uUUVZ) — (W’ WU UVy)
= (W) — eI )+ (W, 0) — (W, 1)
+e(W,UU, VZ) e(W,_,UU,Vz) +e(Vz) —e(Vz)
= (e(Wg) +ae(Wg, U®) +nzdy) — (e(Wi1)
+ae(W,_1,U°) +nyd, 1) —Tq— O(np)

:eq_eéq_rq_O( D)
> (Jg = Jg-1)n =Ty = O(np) =%;, —=%;,_, — O(np) = Q(n) > 0.

We conclude that the minimum value in \Ill-/q is greater than the maximum value in
\Ili;—l. Since this is true for all 1 < g < s, it follows that each \I/ijq is disjoint, so

we may take J' = {j1,..., s} H

Finally, let f = ¢/n and h = ny + kny = cn + 6v/cn. For 1 < i < nyy, observe
that if Z C M; satisfies |Z| = ny, then W; U U U Vy has exactly |UO‘ —np+h
vertices, and this number is equal to (¢ — f) + h or 2(£ — f) + h. Therefore, for
U=0{U—-f)+hort =2({— f)+ h, we have

w6z Y |w,| =0 (’n3/2). O

JET’
4.1. Proof of Lemma As outlined in Section Pl we will first construct
W=, W, and U° satisfying properties 1 and 2, and we will then use richness
(Lemma[3T]) and the sunflower lemma (Lemma[35]) to construct M satisfying prop-
erties 3 and 4. We remark that it would be possible to use an existing discrepancy
theorem (for example, a theorem in [22], as mentioned in Section 2] to construct
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sets W—, W, and U° satisfying property 2 using only the fact that G has density
bounded away from 0 and 1. However, since we are already using Lemma [3.1] for
property 4, it is convenient to instead use richness and anticoncentration.

So, consider ¢ = &(C) from Lemma B note that we can assume ¢ < 1/8, and
let § = X for some large absolute constant K which we will determine later. Let
G[V'] be a (4, ¢)-rich induced subgraph of G, with n’ := |V'| > 15¢n vertices, which
exists for small ¢ > 0 by Lemma 311 We will only work inside V', so all degrees
and neighborhoods should be interpreted as being restricted to V.

First, let U' be a uniformly random subset of V'’ with size 2¢ < 4cn. Let H C
(‘g/) be the auxiliary graph with an edge {z,y} € (‘g) whenever d1 (z) = dy1(y).
We show that with positive probability, the diversity of neighborhoods in G[V'] is
maintained for neighborhoods in U*, and simultaneously H is quite sparse, which
implies that there is a lot of variation between degrees into U! (this will be the
starting point from which we obtain our discrepancy for property 2).

Claim 4.7. The following hold together with positive probability.

(i) For each k¥ < K and xz,y € (‘2) with |[N(z)AN(y)| > eXn’, we have
[Nys () AN ()] > K6 and

(ii) there is a set W of at least Ten vertices such that dg(z) = O(y/n) for each
zeW.

Proof. We will show that (i) and (ii) each hold with probability greater than 1/2.
The proofs will be quite routine, using the concentration and anticoncentration
theorems in Section B3

For (i), observe that for each ¢,y € (Z) Ny () ANy (y)| = (N (@) AN () N U?|
is of (n',2¢/n’, 1)-hypergeometric type, and apply Lemma [B.6land the union bound.
(Recall from Section [II] the nonstandard multiset definition of AAB.)

For (ii), note that each dy1 (z) — dy (y) is of (n,2¢/n’,1,|N (z) AN (y)|)*-hyper-
geometric type, so if |[N(z)AN(y)| = Q(n), then by Lemma [3.8]

Pr(dy: (z) = dp1 (y)) = 0(1/\/5)-

By Lemma 33 (taking k = 1), there are at most n® = n°" vertices z € V/ with
N(z) < en/, and by Lemma [B:2 for every other vertex x € V', there are at most
n® = n" < nf vertices y # = with |N(z)AN(y)| < £2n’. For each € V’ of the
latter type, we have Edy(x) = O(n® + /n) = O(y/n), so by Markov’s inequality,
dp(z) = O(y/n) (for a sufficiently large constant implied by the big-oh notation)
with probability at least 7/8. Let W be the set of all x € V” for which this holds, so
that E|V'\ W| <n’/8 + n® < n’/4. Therefore, |W| > n’/2 > 7cn with probability
greater than 1/2. O

Fix an outcome of U' satisfying both the properties in the above claim, and
note that ’W \ Ul‘ > 3cn. Order the vertices x € W\ U! by their values of dy1 (z)
(breaking ties arbitrarily), let W contain the first cn vertices in this ordering, and
let W2 contain the last cn. By (ii) in Claim {7 for the (at least cn) vertices z
between W' and W? in this ordering, we have dg(x) = O(y/n), so there are at
least Q(y/n) values of dy1(z), and

xléllljlrllz di (z) — max di (z) = Q(Vn).
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Recalling that o > 1/2, this implies that
ae(W2,U") = ae(W,U") = Q(n?2).
Now, if
(e(W?)+ae(W?,U"))—(e(W") + ae(W',U")) > (ce(W?,U") — ae(W',U")) /4,

thenlet W~ = W' and W+ = W2 and U° = U!; property 2 is satisfied. Otherwise,
there must be a large discrepancy between e(Wl) and e(WQ). To be specific, we
must have

(2)

(e(Wh) +ae(W,U")/2) — (e(W?) +ae(W? UY/2) > (ae(WAU') —ae(W'U'))/4.

In this case, let U° be a random subset of £ = |U0‘/2 elements of U, let W~ = W2,
and let W+ = W', Then

(e(WF) +ae(WH,U%) = (e(W™) + ae(W~,U?))
= (e(WH) —e(W)) +a D (dw+(u) — dw+ (u))

ueUo0

is of (1/2)-hypergeometric type and has mean Q(n3/2), given by (). So, by Lemma
3] this random value is Q(n?/?) with probability at least 1/2. Also for each k < K
and x,y € (Z) with |[N(2)AN(y)| > eXn/, the random variable | Nyo () A Nyo(y)]
is of (©(n), 1/2,1)-hypergeometric type with mean Q(n), so by Lemma [3.6] and the
union bound with probability 1 — o(1), we have |Nyo(x)ANyo(y)| = Q(n) for all
such k,x,y. So we can fix an outcome of U satisfying both of these properties.

In either of the above two cases, property 2 is satisfied and | Nyo (€) ANyo(y)| =
Q(n) for each x,y € (Z) with |N(z)AN(y)| > eXn’. We also have |U°| = ¢ or
|U°| = 2¢, satisfying property 1. Now, fix some Q(n)-vertex subset A° disjoint from
Ul and W, and let M° C (’?;) contain every v € (/I‘;) with |V,eo N(v)| > ¥n’.
By Lemma [3.3] we have ‘Mo‘ = Q(n*).

Observe that there are only (kn + 1)3 possible values of the tuples

(dw+ (.’B), dw+ (CC), dUO (:E)),

so by the pigeonhole principle there are dy,_,dy,.,d;, € N, and a collection
M* C MY of size Q(n®~3), such that for each € M*, we have dy - (x) = di,_,
dy+(x) = diy,, and dyo(x) = dp. For sufficiently large K, by Lemma 35 M*!
has a sunflower with Q(n(K_3)/K) = Q(n7/8) = Q(n3/4+5) petals; take M? as this
set of petals, and let £ be the common size of these petals. Let v be the kernel

of the sunflower, and let dy - = di,- — dw-(v), dw+ = diy,y — dy+(v), and
dyo = dp;0 — dyo(v), so for @ € M?, we have dyy— (x) = dy—, dy+(x) = dy+, and
dUO (113) = dUO.

Finally, consider the auxiliary graph F' C (Af) which has an edge {z,y} € (Af)
whenever |N(z)AN(y)| < eXn’. By Lemma B2} the degrees in F are at most
ne < n¢, so by Proposition B4 (Turdn’s theorem) there is M C M? with |[M| =
Q(n®*) such that |[N(z) AN (y)| > eXn’, and therefore | Nyyo(z) ANpo(y)| = Q(n)
for all pairs {z,y} € (J;I)
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4.2. Proof of Lemma [4.3l As in the deduction of Theorem [[T] in Section [l for
a collection Z of vertex sets, let Vz = |J,., 2.

Our proof of Lemma will be quite similar to the proof of the main theorem
in [27]. Roughly speaking, we will first expose a random superset D' of D (we may
view this as “partially exposing” the random subset D). Using this randomness for
anticoncentration, we will construct submatchings S—, ST C M of size Q(\/@),
such that all the degrees from elements of ST into D! are higher by \/np than the
degrees from S~ into D!. Starting with any So C ST of some size n; — 1, we can
therefore obtain ny subsets Sy, ..., S5,,—1 such that the values e(W uUuU Vsi)
are separated by a distance of Q(\/%), simply by switching elements of M one-
by-one from ST into S~. Then, we fully expose the random set D (therefore
exposing U = U°\ D), and show that the values e(W U U U Vs,) remain fairly well
separated. We use this further randomness, and anticoncentration, to show that
for most i, there is a set X; of \/np elements of M which have different degrees
into W U U U Vg,, still concentrated in a known interval of length O(\/@). This
will prove that there are Q(ny\/np) values e(W UU U Vg, U 2), for @ € X;. (So,
our sets Z in the lemma statement are of the form S; U {x}, for x € X;.) The
additional requirement about the expected number of edges between U and Z will
follow from our proof basically for free.

We now proceed with this plan to prove Lemma H3l Arbitrarily split M into
two subsets S and X each of size Q(y/np). Let D' be a uniformly random
subset of U of size 2np, so that we may realize the desired distribution of D as
a uniformly random subset of D! of size n,. We will first observe some regularity
and discrepancy properties that hold with probability at least 3/4 with respect to
the random choice of D!. Let H C (S;) be the auxiliary random graph (depending
on D) with an edge {z,y} € (520) if dpi(x) = dp1(y). Also, let dp = (1 — «a)dyo,
recalling from the statement of Lemma B3 that 1 — a = np/|U°|.

Claim 4.8. The following hold together with probability at least 3/4.
. 0
(i) |[Npi(2)ANp:i(y)| = Q(np) for each {x,y} € (); );
(ii) thereare X C X and S* C S, each with size Q(,/np), such that dp: (x) =
2dp + O(,/nD) for each £ € X U S'; and
(iii) H has O(\/np) edges.

Proof. We will prove that each of (i)-(iii) individually hold with high probability,
then apply the union bound. The proofs will be rather routine, using the concen-
tration and anticoncentration theorems in Section B.3lin a similar way to the proof

of Claim A7 .
For (i), observe that for each {z,y} € ()g ), the random variable

|Np1(z) ANp1 (y)| = | Nyo () ANyo (y) N D

is of (|UO},2(1 —a), 1)—hypergeometric type with mean Q(np), so by the second
assumption of this lemma, Lemma B.6] and the union bound, (i) holds with prob-
ability 1 — |X°[%e~2mn) — 1 — o(1).

We next show that (ii) holds with probability at least 7/8. For each & € X0,
the random variable dp:(x) is of (‘UO ,2(1— a),k)—hypergeometric type, so by
Lemma[3.6] (with ¢ a large multiple of \/np), with probability at least 31/32 we have
dpi(x) = Edp: (x) + O(y/np) = 2dp + O(y/np). Therefore the expected number
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of £ € XY failing to satisfy this bound is at most |X 0| /32, and the probability more
than |X0|/2 failing to satisfy this bound is at most 1/16. If this does not occur, we
can find an appropriate subset X C X9 of size |X O|/ 2. A very similar argument
shows that an appropriate subset S' C SV with size |SO} /2 exists with probability
at least 15/16, and by the union bound we can simultaneously find suitable X, St
with probability at least 7/8.

Finally, we show that (iii) holds with probability at least 15/16. This will suf-
fice to apply the union bound over parts (i)—(iii). Note that the random vari-
able dpi(x)—dp: (y) is of (JU°],2(1 — ), O(1), | Nyo (@) ANyo (y)|)*—hypergeometric
type. Recalling the second assumption of this lemma that |Nyo(x)ANyo(y)| =
Q(’UO ), we may apply Lemma[38)to see that for any {z,y} € (520), the probabil-

ity {,y} is an edge in H is O(l/\/(l - a)|UO|) = O(1/,/np), and the expected
number of edges is O(,/n ) The desired result then follows from Markov’s in-
equality. O

Condition on an outcome of D! satisfying all the above properties (we will treat
D' as fixed for the remainder of the proof). By Proposition[3.4] the graph H (which
has |S°| = Q(y/np) vertices) has an independent set S? of size Q(,/np), meaning
that the values of dp:(x) for & € S? are all different. Now let ng = n, — 1, and
note that for small 6 we have ng < d,/np < ’52|/3. Order the vertices € S? by
their values of dp: (), let S~ contain the first ng elements of this ordering, and let
ST contain the last ng elements. By construction, we have

(3) min dp:(x) — max dp () = O(y/np).

zeSt

Here and from now on, the constants implied by all asymptotic notation are inde-
pendent of 4.

Now fix orderings vy ,..., v,
define

_ .- - + +
Si—{vl,...,vi }U{vl,...,vns_i},

let U; = WUUUVg,, and let e; = e(Vs,) +e(Vs,, WUU) = e(U;) —e(W UU). For
0 < i < ng define

(4) Aj=e;—ei
= e(Vsi, W u U) — e(VSFl, Wu U) + e(Vsi) - e(VSFl)

= dwuow (v, ) = dwow (v sy ) +e(Vs,) = e(Vs, )

= (dworn (v7) = do(v7))
- (dWUUO (U:S_Hl) —dp (vzs_iﬂ)) +e(Vs,) —e(Vs,_,).

Next we observe that with probability at least 1/3, our discrepancy properties are
to some extent maintained, while for many ¢ we can find many vertices in X with
distinct degrees into U;. Recall that D is a random subset of half the elements of
|DY.

of S~ and vf,...,vf{s of ST. For 0 < i < ng,

Claim 4.9. There are v1,v3 = Q(1) and Q2, Q4 = O(1) such that the following hold
together with probability at least 1/3.
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(i) There is a set Z; of (1 —71/(8Q2))ng indices ¢ such that for each i € 7y,
we have e(D,Vs,) =ngdp + O(np);

(ii) there is a set Zy of (1 —v1/(8Q2))ng indices 4, each with a set X; C X of
size 23| X |, such that the dy, (x) for € X; are distinct;

(iii) there is a set X™* of size (1 — v3)|X| such that for each * € X* we have
ldp — dp(z)| < Qay/np;

(iv) eng —eo > 3vingy/np; and

(v) Zi:|A,¢|2Q2\/@‘Ai‘ < mngy/np.

Proof. We will prove that each part holds with probability at least 0.99, except
(iv), which holds with probability at least 1/2. The values of 71, Q2,v3, @4 will be
determined in order, and will depend on each other.

For (iv), recalling (@), we observe

EAZ = E[ei — 61;1]

= (dquo (’ui_) —dp1 (v[)/Q) - (dWUUO ('U:S—i-&-l)
—dpr (vf,_i11)/2) ~Olns).

Recall from the third assumption of this lemma that dyypo(v) = dyo + dw +
0(\/@) for all v € M, and recall from (B]) that the degrees from St into D! are
larger by 9(\/@) than the degrees from S~ into D'. Also, recall that ng < d\/Mp-
For small 4 it follows that

Elei —ei1] = ©(vnp) — o(v/np) = O(ns) = ©(vnp).

So, Elen, —€o] = ©(ngy/np). Since e,  — €o is of (1/2)-hypergeometric type,
we may apply Lemma to show that for small v; it is at least as large as its
expectation Q(ng\/Mp) > 371ng\/Mip, with probability at least 1/2.

For (v), observe that for each 0 < i < ng, the random variable A; is of

(2np,1/2, k)-hypergeometric type, because it is a translation of the random vari-
able dp ('Uv—:s—i-&-l) —dp (v:) We have just computed that EA; = O(,/nD), so
by Lemma we therefore have Pr(|A;| > t) = exp(—Q(t?/np)). Now, for any
nonnegative integer random variable &, we have E§ = >~.°, Pr(§ > t), so

E[|Ai|l\Ai|ZQ2\/@} = ZPI'OAZ‘UHA”ZQQ\/@ > t)
t=1

= Q2v/np Pr(|A;| > Q2¢/np) + Z Pr(|A;l > 1)

t=Q2y/Np
—Qoyipe Bt 3 exp(=(#/np)) =e ) .
t=Q2/Np

For sufficiently large @2, this is at most (y1/100),/np, so

E Z |A;| < (71/100)ng/np,

|8 [>Q2y/np
and (v) holds with probability at least 0.99 by Markov’s inequality.
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For (i), recall from (ii) of Claim E.8) that each @ € S* has degree 2dp + O(y/np)
into D!. Therefore, for each 0 < i < ng, e(D,Vs,) is of (2nD, 1/2, O(\/@))—
hypergeometric type, and has mean ngdp + O(ns\/ﬁD) = ngdp + O(np). So,
applying Lemma with ¢ as a large multiple of np, we have e(D,Vz) = ngdp +
O(np) with probability at least 1 —~1/(800Q2). The expected number of indices ¢
for which this fails is (71 /(800Q2))ng, so by Markov’s inequality, the probability it
fails for more than (71 /(8Q2))ng indices ¢ is at most 0.99.

Next we consider (ii). For each ¢ and each {x,y} € ()2(), let

di= (dw () + dyo () + dyg, (®)) = (dw (y) + duo (y) + dvg, (y)) =0(y/np)+0(nz),
so |d;| < \/np for small 6. Then, observe that the random variable
dy,(x) —dy,(y) —d; =dp(y) — dp(x)

is of (2np,1/2,0(1),|Npi(x) ANp: (y)|)*-hypergeometric type. So, by part (i) of
Claim 8 and LemmaBR, Pr(dy, (x) = dy, (y)) = O(1//np). Let H; be the graph
of pairs {x,y} € ()2{) satisfying dy, (x) = du, (y), so we have Ee(H;) = O(y/np).
By Markov’s inequality, with probability at least 1 — 71 /(800Q2) we have e(H;) =
O(\/%), in which case by Proposition 3.4] H; has an independent set X; of size
2v3+/n, for some v3 > 0. The expected proportion of indices ¢ for which this fails
to occur is 1 /(800Q2), and by Markov’s inequality again, with probability at least
0.99 it fails for only a ~;/(8Q2) proportion.

Finally we consider (iii). For each x € X, dp(x) is of (2np, 1/2, O(1))-
hypergeometric type, and by (ii) in ClaimE.8 it has mean dp+O(/np). Therefore,
by Lemma B.6] with large enough Q4, we have |dp — dp(x)| < Q4,/np with prob-
ability of at least 1 — 3/100, and by Markov’s inequality this probability fails for
more than 3| X| vertices is at most 0.99. O

It is a relatively simple matter to put everything together to prove Lemma
Fix v1, @2, 73, Q4, and U such that all parts of the above claim are satisfied. By
(iii), for any 0 < i < ng, any € X*, and small §, we have
(5)

v, (z) — (ady + dw)| <dv, () +Qay/np+o(y/np) = O(ng)+Qay/np < 2Qa\/np.

By Lemma B.I0 (with A = 3ving\/np, p = Q2y/np, K = Y1ng\/ip, and 0 =
V/7p), and parts (iv) and (v) of the above claim, for large enough @2, there is an
increasing subsequence i1, ..., i, with t > y1ng/(2Q2), such that e;_1 —e; > \/np
for each 1 < i <t. Delete all indices not in Z3 N Z, (there are at most y1ng/(4Q2)
such) to obtain a subsubsequence 4}, ..., with s > y1ng/(4Q2). Let Z contain
every 4Q4th element of this subsubsequence, so that |Z| = ©(ng) = O(ny) and

le; — eir| = |e(Ui) — e(Uir)| > 4Qa/np

for every pair of distinct indices i,i’ € Z. Recalling (B, this means that for different
i € Z, there is no overlap between the sets of values {e(U;) +dy, (x) : * € X*}. By
the definition of X; in (ii) of Claim 0] this means that for each of the @(nz \/@)
choices of i € Z and & € X; N X*, the values e(W UU U Vg, () = e(U;) + du, ()
are in fact distinct. It remains to show that the e(U, VSiU{m}) are close to their
expectations anzdyo. We have e(U°, Vs,u(z)) = nzdpo, dp = (1 — a)dpo and
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ng =ny — 1, so by (i) and (iii) in Claim for sufficiently large B,

le(U, Vs,u(ay) — angdyo|=e(U°, Vs,uay) —e(D,Vs,) —dp(x) —nzdyo + ngdp+dp
< O(np +/np) < Bnp.

We have proved that the statements of Claims F§ and hold together with
probability at least (3/4)(1/3) = 1/4, in which case the desired conclusion holds.

5. CONCLUDING REMARKS

We have proved the Erdés—Faudree-Sés conjecture that for any fixed C, if G
is an n-vertex graph with no homogeneous subgraph on C'logn vertices, then G
contains Q(n5/ 2) induced subgraphs, no pair of which have the same numbers of
vertices and edges. We feel that this area is still a long way from maturity, and
there is much more room for further research toward understanding the structure of
C-Ramsey graphs. We hope that this research will inform future work on explicit
constructions of Ramsey graphs.

Regarding specific open questions, of course the Erdés—-McKay conjecture re-
mains an intriguing problem. We would also like to draw attention to the subject of
subgraphs with many different degrees: as mentioned in the introduction, answering
a different conjecture of Erdés, Faudree, and Sés [20,21], Bukh and Sudakov [10]
proved that C-Ramsey graphs have induced subgraphs with Q(y/n) different de-
grees. However, in random graphs one can actually find induced subgraphs with
Q(nQ/ 3) distinct degrees (this was proved in an unpublished paper of Conlon, Mor-
ris, Samotij, and Saxton [I3]), and it is not clear whether such an improved bound
also holds for C-Ramsey graphs.

Additionally, observe that the main result of this paper can be rephrased as the
fact that in an O(1)-Ramsey graph, for most choices of ¢, there are many possibilities
for the number of edges in a subset of ¢ vertices. We believe a natural next step
would be to study statistical properties of the number of edges in a random set of £
vertices. For example, is this random variable anticoncentrated? For general graphs
this question was first studied by Alon, Hefetz, Krivelevich and Tyomkyn [3] (see
[23128,29] for further work). Regarding Ramsey graphs, as we recently proposed in
a paper with Tuan Tran [28], could it be true that in any O(1)-Ramsey graph G, if
A is a uniformly random set of n/2 vertices, then Pr(e(G[4]) = ) = O(1/n) for all
x? In [27] we also formulated a version of this question for random subsets where
the presence of each vertex is chosen independently, which may be more tractable.

Finally, we believe an interesting further direction of research would be to con-
sider regimes where larger homogeneous subgraphs are forbidden (see [2[5][7,31]
for some examples of theorems of this type). In [27] we proposed the conjecture
that |®(G)| = Q(e(G)) for graphs G which have no homogeneous subgraph on n/4
vertices; we do not know a good counterpart of this conjecture for |¥(G)|, but it
seems likely that some nontrivial bound should hold.
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