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Chapitre 1

Introduction

Le micromagnétizsme est Uétude de la magnétisation spontande dans les maté-
rlanx ferromagnétigues. Cette magnétization, de norme constante, est sonmise 4 nne
coerzie libre, Mons nogs proposons J'étndier les conlignrations Dmites adimissibles
de la magndétisation dans certains régirmes asymptotiques. Les premiers résonltats
prisentés dans eette thise concernent la strocture géométrioque des parois (singula-
rités) des conlignrations limites d'on modéle micromagnétique en deax dimensions.
La similaried entre le probléme micromagndétione of les lois de conservation sealaires
pons permet d'obtenir, par la méme méthode, un deultat sor la strpeture des ondes
de choo de certaines solutions done Lol de conservation scalaire en one dimension
despace. Enflin, la formolation eindtigue do probléme mieromagnstiogne nous ineite
A nous copcentrer sur I'étade des équations cinétiques et nons obtenons un résoltas
de régularisation pour les movennes en vitesse,

1.1 Modéles micromagnétigues

Mous commengons oo chapitre introdoetil par goe brdve deseription de la phy-
sicque du micromagnétizme et de tmois modéles simples en denx et tmois dimensions.

1.1.1 La physigue du micromagnétisme

Ln matériag ferromagnétigue est soamis & nne énergle qui dépend de la ma-
snétization spontande an s=in do omatétian. La magnétization J est un champ oe
vectenr défini sur le domaine £ de B® occapd par le matdrian., de norme eonstante
feale A la magndtisation de satpration Sz = 00 On note o le champ de vectenr &
valenrs dans 57 donnant la direction de la magnétizsation: J = wJde. Dans Uénergie
fnicromagnétioue, on distingue les quatte termes syivants :
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. - . - = N - . -
- Lénergie ' échange est donnde par A _r” [W |, Elle traduit la préférence du maté-
rian pone nn Equilibre dans une direction magnétioque constante. A est la constante
e raidenr, propre an matérian, oe dépendant qgue de Ta températnre,

- Liénergie démagnétizante Jdépend do champ démagnétisant H; efodérd par le ma-
tErian lni-méme. —div 0 agzit comme des charges magnétigues et My est déhing par
lee fguations de Maxwell: div H, = —div (Fi") et rob My = 0, qui ont lien sar tout

I'espace B2 fom pose J = 0 en dehors de 2], On délinie pour sinplilier le chamgp
démagnétisant A & partlr de « par

divi(H{u)+u) =0 dans B,

rot (H (u)) =0 dans B, (111

Notons que H ne difére de B, que d'un facteur moltiplicatil. L énergie démagniti-
e e o vy B 7 _ L _ - PR
sante est donnde par £ _]"3_,_ | 4 = _Il"” Hy o Jd hd_f;_:_ [H(w)|*, of Ky Toam -
- Lidnergie dCanisotropie est due & Vexistence Caxes “stractnrels” gqui sont des di-
rections privilézides pour la magnétisation dans o mateérian ferromagnétique. Elle
e=t dlonnée par A& _]'” Wiw), oft K est la constante d'anisotropie et W est une fonction
qui est minimale sur les directions privilégides, On distingoe Manisotrope aniaxiale
(nn axe privilégié] de Vanisotropie planaire [un plan privilégié), Cette derniére est
importante dane le cas d'un échantillon mincee do matérian [Blm mines ).

- Enlin, I'énergie du champ extérienr H_, est donnde par —.J5 _II"” 7 TR

MNons eonsidérons un Hlm minee o matécian ferromagnétione, ainsl on ne prendra
ern cotnpie gue Nanisotropie planaire dans le plan o D, O supposs que ce plan
est le plan horizontal (0.r.y). On note (o) les composantes horizontales de la
magnstisation « et wy sa composante verticale. La fonetion ¥ est minimale =or le
plan horizontal : on supposera ¥ 2> 0 et V() =i et senlement =i wy = 0. En
lalbsenee de champ extérienr, le matérian est soumis A Fénergie e

E= A [ IVal? 4 n‘,,f | () 4 H{‘J-f[u:l. (1.1.2)
S0 J B3 - 0

s C . .\ i a . e

Lénergie dépend de denx paramétres o s lparamétre de longuear ) et € 1= =

ol [ 4

(paramétre adimensionnel|. Les conligurations micromagnétiques stables sont des
rninima locanx de £

Le premier parameétre d est appeld loozoeor d'échange, 1 donne la taille eritiogue
de Uéchantillon en-dessons de laguelle la senle conlignration stable est la magneé-
tisation oonstante. Dans le eas of Dépaissenr Jdo bl est snpérieare 4 d tont en
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restant Erée indérienre an diamétre de Uéchantillon, on observe expérimentalement
Vexistence de domaines dans lesquels la magnétization est constante. Ces domaines
sont stpards par des parois dans lesguelles la magnétization change hrosquement e
direction [le paramétre d'échange o donne Uépalssenr caractéristique de ces parois).
En pratigue, d = 1 mm et les diamétres des échantillons observis sont de Uordre de
10 pirny, 1o paramétee o est done considénd eomme nn petit parameétre.

Monz pe rentrons pas dans les détails done deseription précis des difdrents types
de parais : nous suggérons la lecture do lvree de A Hobert et AL Schiifer, [HS], qui
et une réldérence trie compléte sur la physioue do micromagndétisme et sur la nobion
e domaine magnétioue.

1.1.2 Description de trois modéles

Le= trolz moddles déerits cl-dessons cormespondent & oo Il minee dans le plan
horizontal, ddpaissenr supetienre 4 . On sopposera alore que la magnétisation ne
deépend pas de la variable verticale, On considére done des domaines & evlindrigues
I3 = s (—hoh) ol h =0 et 0 C B La magnétisation u est définie sur € 4 valeurs
dans 54 On suppeose que £ est on onvert wéenlier.

Pour chacun des trois modéles cl-dessons, an petit paramétre = est déding en fonetion
des paramétres d et Q. L'énergie lihre [1.1.2) est divisée par le factenr =/, on se
place ainsl & la boooe dchelle ponr dtadier le rdégime asvinptotione = — 00,

Maodéle AG: faible anisotropie.

Ce premier modéle a été introdoit par Po Aviles et Y. Giga dans [AGL], dans un
contexte différent do mieromagnétisme, maiz il est togt 4 fait adapte & la modéliza-
ticn d un Bl winee oo matdrian erromagnétigue dous (e de Tailble anisotropie).
L'Enereie libre est Lo snivante :

.1 a3
EAT ) :[|T"u|‘ | t[|1—|u|1|-
g5 LI &

ol w2 — B est sonmis 4 la econtrainte div e — 0. w désigne ici la projection de
e magnétisation sur le plan horizontal. Eo eflet, dans le cas d'un matérian de faible
anisotropie, O <<= 1 et dans U'énergie lbre, o'est 'énergie démasnétisante qui est
e plue forte. Dans ce modéle, on sappese done que la magoétisation est sonmnise
A la contrainte d’étme A divergence nolle. Le paramétre = correspond A ?_"'a. rour le
fer, matérian doux qui présente nne anisotropie eubique, € ~ 1077 = est done hien
petit devant 1.

Une suite de magnétisation [w ) dans AR viriant div w, 0, %z = 0 et
=Up f'.',’."""[u,.:l < a0 est compacte dans LP(2), ¥p < 4oo [ce résultat est démontnd
re=i
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par différentes méthodes dans [DRMOT], [ADM] et [JP1]).

Modéle RS : forte anisotropie, sans vortex (scalaire).

Cle denxifme modéle a éed introduit par T, Riviére et 5. Serfaty dans [RS1]. 11 mo-
deéli=e g blm minee dan meatsrian ferromagnétigue ayant nne forte anisotrople
) == 1. Citons par exemple le Samarinm Cobalt SmCos, avee @ =~ 107 Lénergie
danisotropie Pemporte sor les autres termes dans (1.1.2] et la magnétisation est
contrainte dans ce modéle & rester dans e plan priviléegid do matérian. La magnéti-
sation est alors un champ de wetenr 2-dimensionnel onitaire, » ;0 — ' Lénergie
e=t donode par

o :
ER ) = = [ "W xe|* 4 —f | H {u)|*.
457 = Jme

Le paramétre = cormspond & la lonzgear d'échange .

Revrargue 1: La version bidimensionnelle de [1.1.1) qui définie J{w) est

{ div(H(u) 4 uw) =0 dans B,

rot (A {u)) =0 dans B2, (1.13]

ol # est Vextension de w par 0 bors Jde T8

Rewargue 2: Tout champ de vectenr unitaire « € F1{2.58") admet un relévement
¢ dans HOR) (v = %) wiriliant _fﬂ | Wb _II';-! |Wae|* [ef. [C1]). Ce modéle 213 s
ramine done A un probléme scalaire =i Uon éendie ane telle phase o de la magnéti-
sation u plutdt que la magnétisation elle-rméme.

Il est dérmontré dans [RE2] quiune suite () dans HY{Q,5") virifiant w, = & avee

a € H'08Y, sup||d: || = 400 et sup Efw ) < 4o0 est compacte dans LF,
c=h r=
Wp < 400, La pregve consiste 4 montrer que la suite (6.) est compacte dans LF,

Vo = oo,

Maodéle ARS : forte anisotropie, avee vortex,

Cle trojsidme modéle a étd introduit par Fo Alonges, 3. Serfaty eb T, Rividre dans
[ARS[. I g'agit de modifier le modéle BS en antorisant la magnétization 4 sortir
iy plan priviléglé par la forte anisotropie, de sorte gue les conlizorations en vortex
devienment admissibles. Lénergie est donnde par

. g 1 2
f'.':’.'l"'n’lzujl :J{;|"Tu|J | _:[ | [ f|u3|

afl w00 — 5% Le paramétre £ est comme dans le modéle B2 la longuenr d’ échange

ek '-.-*' Dans le cas o noe forte anisotropie, © == | et done o, <= 2 dans ce
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mexléle, on pose la condition o, < =" avee 8 = 0.
La compacité dans LF, ¥p < foo, de toute soite [w.) dans FH{O.57) telle que
sup FA(w) < pae est démonerie dans [ARS).
=i
Pour chacun des trois moddéles cl-dessus, on appellera conliguration licnite tonte
fonetion w de M. LR qui est limite d'une soite (v, ) vérifiant les hypothéses
nfvessaires an réenltat de compacitd, On appelle co processns de passsge 4 la llmite
relaxation micromaznétioue. Tonte conligoration limite vérilie le probléme hyperbo-
Liggue snivant :
= [y,um,0),
div @ = 0 dans D{E7), (1.1.4]
|| = 1 dlans £

Tonte conbizuration mieromagndtigue lirnite est done un champ de veetenr unitaire
Zilimensionnel & divergence nulle dans €2 et tangent an bord de £ L'ensernble des
solutions du probléme (1.1.4] est vaste. Par exemple, pour o'importe qoel ensemhble
A fermé du plan, qui est de mesure nulle, ef gqui contient le bord de 2, le champ
de vectenr V5 (dist(- A)), on ¥ I:—-.*','H.fi!,] et dlist(-, A) correspond A la fonction
distance & 'epsemble A, est solution de l::].].-*] LoD agtres salptions de []_]_:]:] s0l-
tiennent en rernplacant la fonetion distance par une combinaison de mf et de sup de
ces fonctions distanee [ex: W (inf {dist(- Q). sup {dist (-, P).dist (21} } ), ofl P et
) eont des points de 2] Nons espérons que la relaxation micromagznéticue perimet
de sélectionner parmi les solutions de (1.1.4] des solutions particuliéres qui ont les
propricifzs des conlizurations micromagnétiques olservies expérimentalement. MNo-
tarnenent, Uensemmble singolier des conhigorations obtennes par relaxation microma-
sndtigque est-1 nn ensemble de dimension 1 gqui correspondralt anx paris olservies
(ef. [HE]) séparant les domaines magnétiques?

1.2 Configurations limites pour le modéle RS

1.2.1 Formulation cinétigue et compacité

Liidée de formuler e probléme micromaznétiooe en un probléme cinétigne re-
vient a4 P-E. Jabin et B. Perthame. Pour le probléme ACG, les premidres preoves de
la compacité des suites de magnétisations d'énergle borode (ef., [ADM] et [DEMOL])
reposent sur nn argpment de compacitd par compensation. Or, 1 savére que les for-
rnulations cinétigues ef les résultatz de compacité en moyvenne englobent argment
de comnpacité par compensation: dans [JP1], la relormolation eindétiogne do probléme
lié an modéle AG permet d'obtenir la compacied, Dans [H52], T, Riviére et 5. Ser-
faty s'inspirent de cette fdée et donnent one interprétation cinétigue do probléme
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rmathématioque relatil an modéle BS et nous la rappelons iei.

L wariahle cindtique (réelle) sera notde o, ¥ L=(0R), la fonetion de troncatnre
inf{ g ) sera notde dans tout ce chapitre ¢oMa (par la suite, on la notera parfols 7).
Iune part, dans [RE2], équation cinétiogue suivante, vérilide par toute configuration
limite & = ¥ du modéle BS, est établie

(=) Woylda) = —d. div(e™™)  dans D0 = R). (1.2.1)

ylgha) désigne la lonetion caractéristique de Pensemble {d —a < 0},

Dautee part, dans [RS2], 11 est démonted que, quelles gque solent la saite (w, — %0
de magnétizsations H' la suite =, — 0 et la fonetion ¢ < Mg ..,._..I'.-F'Iiﬂ:l. telles oue
les suites (|[|d, || o) et (£ ()] solent uniformément borndes et ¢, — o dans LF,
T oo, onoa Uinégalitd snivante :

f f|:|h- (e )| < liminf Fr, (e, ). (1.2.2)
AR SO : T —=D

Ainsi, la distribntion div e est une mesure de Radon sur 22 % B, et on ne peut
que rernargquer Panalogie de Péquation cindtique (1.2.1) avee celle obtenue dans la
formlation cinétigue done ol de conservation sealaire aveo condition dentropie
(el [LPT). Cest pourgnel, on appellera la mesare I, 0= div 5 la mesnre entro-
ricye.

Dans les chapitres 2, 3 et 4 de cette théss, nous nons intéressons i ensemble soivane
de conbizurations lmites pour le modéle BS:

.,.'H div [:5":.'

. — ] ] Jir = y .l”u !“! 3
) { w:l —C tel gue dive = 0Oet Tae L™(0) } (1.2.3)

virifiant uw = &' et Up € M0 x R)

oft AU = B diésizne Vespace des mesares de Hadon lioies dans ©F < B Note
cotfjecture est que Vensemble Mg (€0) est le bon espace pour Jdéfinir la D-llmite
di probléme variationne] associé an modéle B=, U'énergie lmite Stant donnde par
[L7)i02 = B Mais, le résnltat de D-convergence est encore hors de portde. On ap-
pellera malgrd tone la quantied |D[(2x B) = [0 f; [div e**| U'énergie limite.

Fon moditiant 1égérement Ja démenstration do résultas de compacitd de [RS2],
nons démontrons quinne famille (¢.) de L™(02), telle que la distribotion U, est une
mesnre de Radon fnie sue Q< B, ¥ = 0, et que les soites (| (€0 R)) et (|| w)
sont uniformément bormées en =, est compacte dane Dpe o L7 HII l::c'l'. Annexe A
Théoréme A0 Ce résoltat sera utilis® dans les chapitres 3 et 4 de la thése.
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1.2.2 Configuration limite d'énergie nulle

Mous nons somimes intéressés dans oo premier temps & la caractérisation des
confignrations limites Jd'énergie nolle, o'est-A-cdime vwrilane

div & =0 dans D0 x E). (1.2.4]

Notons que sl la phase ¢ est régulidre, la condition [1.2.4) est virilide: la mesnre
eptropigue détecte done les singularités de la phase.

Dans le chapitre 2 [ Théoréme 2.1.1), nous montrons la iéelprogue de cette observa-
tion : une conlignration lmite de Mg, (Q) vériflant {1.2.4] est localement Lipsehitz.
Vaprés 'ésalitd div e 0, il est facile de volr gque les ensembles de oivean oe
la fonetion o =ont alors des Dznes droites guil ne peovent se eroi=er. =0 8 est nne
hande de longuear infinie dans B* on =i 2 = B, la confignration doit done étre &
magnétisation constante. Pour dantres domaines € de B, toute configuration de
Mg () a une fnergie strictement positive.

En partienlier, les conlignrations en vortex (i]l:" la forme wir) %) EONLVETIE
oheervies dans les expériences et qui apparaissent done naturellement privilésiées,
ot noe Energie non oulle dans e modéle, Le principal défant do modéle RS réside
dans le fait de eonsidérer la phase de la magnétisation plutSt goe la magnétisation
elle-méme. Dans noe conliguration en vortex, la magnétisation n'a pas de lizne de
=ant alors que sa phase a un saot de 27 le long done demi-dmoite, Lénerzie dans ce
mexléle est contenue dans les sants de la phase et non dans les sante de la magndti-
sation senlemnent, ce qui est contraire an sens phivsigque.

Cest un défant que n'ont pas les deax antres modéles AG et ARS puisque la phase
plintervient pas dans le ralsonnement mathématione @ les conligurations en vortex
ont une fnergie nolle dans ces denx modéles. Pour le modéle AG, il est démontrd
dans [JOP] que senles les conligurations & magnétisation constante et les configura-
tions en vortex ont ane énergie nolle

Par ailleurs, dans le moddle aver vortex ARS, une confignration optimale est domn-
née par les Seross-tie walls” (el [ARS]). La pertinence do modéle ARS ofside dans
e fait que e tvpe de parois [les “cross-tie walle”) =ont obeservies exporimentalement
(ef. [HE]]. Ces parois consistent, & léchelle =, en une ligne de sant sur laguelle des
vortex =ont disposds périodicuernent.

Si e falt de considérer la phase de la magnétization [modéle "sans vortex") nous
Clojzne de la rfalité phyvsigque do probléme micromagostioue, le probléme matheé-
maticue lie an modéle BS reste cependant ingéressant: le résoltat déont dans le
paragraphe snivant est spécilique an modéle “sealaire” BS et 0'a pas d7équivalent
ponr Uinstant dane les modéles “vectoriels” AG et ARS.
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/W\ /_ﬁw_’
wgl 4
S i: e H
__r-”/\‘“'“-__ __F-f"'f\-l'a.q_ r

Fla., 121 — Non-unicitd duw seindmum de Uinergie Bgle dans le cas won-scalaire
w, = Vhdist(- ) oi I' = 80, & gauche, ef Vhdist- P UQ), & droite, ont la
méme Energie Nmite,

1.2.3 Suites minimisantes et unicité

Considérons nne snite de magnétisations (uw.) € H'(0.8") telle que u, réalise le
minimm de E,, %= = 0 {on sait que le minimum de B est atteint dans 57 ¥ = 0,
ef. [C2]). On suppose que les phases ¢ de w,. =ont uniformément borndes en = dans
L= Dans [RS1], 11 est démontrd gque tonte valenr dadbérence ¢ dans LF, ¥p < oo,
ey

de la famille () réalise le minimom de Uénergie limite _jr?_ ],.! |cliwie | et que la

fnesnre entropigque véribe la condition de signe sgivante,
- A f o idAm P
Toc B, dive™" 20 on WaecR, dive™" <. (1.2.45)

Ui econtre-exemple donnd par W, Jin et BV, Kohn dans MK, dans le cadre de
Uétucde do modéle AG, montre qu'il 0’y a pas unicied des confignrations minimisant
I"énergie correspondante 4 |, _II;-! [eliv(e™® )| dans le medéle AG (ef. fgure 1.2.1).

Dans le probléme sealaire RS, Mooicité va étre déduite de la condition de sizne
(1.2.5) sur les mesures entropiques. Ce ré=ultat rappelle le résultat dnnicitd de la
solntion entropigue done Lol de conservation scalaire,

Hoit w £ M (D). Camme 2 est un champ unitaire & divergence nolle, il existe une

fonetion g & W0 telle que w — =g et qui satisfait le probléme d Harnilton-
Jacahi

{ |Va| =1 dana: £, (124

g=>0 = AL :

o démontre dans le chapitre 3 [ Théorédme 3.1.1) que 51 w = =% "5 admet une
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Fia, 1.2.2 = Configuration associde § la solution de siscosite @ gauche (d'énergie
fsans vorter” K, ) et configuration Yen diamant” & droite (ddnergie B, < F,)

phase ¢ qui satisfait la condition de signe
Ta e B, div &= =0, (L.2.7)

alors g est la solution de viscositd de (1.26]. Cette solution est unigque et donnde
par g. — dist . A2, De plos, on obtient la régolaritd BV ponr la magnétisation : en
effet w, = —WHdist(- .00) € BV (0.5

e résultat a ponr consfguence (Corollaire 3.1.1) Vonieité (au signe prés) de la
limite u, des suites minimisantes ponr 'énergle do modéle RS 0w, = £ distl. 202).

Le contre-exemple de [Jh] laisse penser quiun tel sésultat d'unicité est eompromis
pont le modéle AG, I ne le contredit copendant pas. Dans [ARS|, les antenrs re-
marguent que. ponr e modéle ARS. dans e eas dun domaine 2 rectangolaire. la
magnétisation associde 4 la solution de viscositd w, izt -, 202 pe minimise pas

Pénergie limite si lon n’antorize pas les conligurations en vortex (ef. Figure 1.2.2).

Le réspltat o anieitd pour le modéle BS n'a pas sealement comme constquence
pnieite de la limite des snites minimizantes, 11 est nne des clés qul permetira d'ol-
tenir la rectifiabilité de Vensemble des singularitées de tonte conbizaration lirnite Jdo

rncelele H=.

1.2.4 Rectifiabilité

Dans le cas afl la phase ¢ d une configuration micromagnétique est dans B2,
e mesnre entropigue est donnde par la formole explicite

cii'-.'l:-r."-"‘*'"jl X{a-cacst} (e — et R H'LJ, = LN (1.2.8]

Joodésigne Vensemble de saut de o, qui est Fensemble des points = Jde £ wriliane

Jat, o cBet T, € 8 tels que at £ a et

| .
lim — | fla) —a™|dy =0, (1.2.4)

Ot T ai [_,.]



12 1. Introduetion

oil 5 (xr) = {w e B.(z): Hly—r)-e, =0} sont les deux demi-bonles centrées en T,
détermindes par 1. On pose alors @5 () = a® . Lensemble J, est dénormbrablement
H' rectifialile (el |[AFP|). Dans la formule [1.2.8), on associe d chagoe point de
Jo le vectenr wy, tel que ¢ < @7 et la fonetion yya- ooaep désigne la fonetion
caractéristique de Vensemble {(ra) € O x B d i(z) < a < ¢ (z)}. Dans ce cas
particulier ofl & € BY(0), la mesure de défaut

T f |div 2| € M(12),
B
A support sur J,, est 1-rectiliable.

Dans le cas géndral des configurations mites do modéle BS, on ne peat pas
espérer la régularité BY de la phase. En effet, dans [ADM], est construit nn exernple
dune eenfiguration mite possible pour le modéle AG gl n'est pas 4 variation
hornde, eet exemple s'adaptant anx denx antres modéles. Alnsi, pour démontrer
o rectihabilitd de la mesure de défaut, on ne pent directement ntiliser la théorie
des fonetions BY. Solt nne magndétisation « et o noe de ses phases, qui o'est pas
foreément BY, on délinit Tensemble des sants J, de o par [1.2.9), en général il n'a
pas la propriéte d otre de dimension de Hansdorfl 1. On se propose de démontrer
que si w = &% est dans Vensemble de confignrations limites Mg (), Vensemble Js
est e mesnre de Hansdorf 1-dimensionnelle finie. quil est dénombrablement 7!
rectifiahle et que Ja mesoare de détant restreinte & J, est donnée par (1.2.8).

La technigne de démonstration est la suivante : on effectoe un blow-np en chague
point rde £2 o la densité snpérienre -dimensionnelle de g est strictement positive
eb fipie, soib en chague point de lensemmble

o {.‘r = 0 imesup M

R | "

e (0, 4 :C:I}.

i délinie, ¥r = 0, les fonetions dilatées o (y) = @lry-tx). Ces fonetions satisfont les
hypothises do théoréme de compacité démontrd dans Pannexe A [Théortme A1),
done il existe une suite r; et une fonetion &, € L) (B telle que (&, ) converge dans
"'-'alm-. vers .. Ensuite, Uargument essenticl est la séparation de la variable cinétigue
dans les mesures entropigques de la limite ¢, aprés blow-gp, la eonfignration limite
vierilie I'égquation particalidére

div e'®="" = hla]w (1.2.10]

ot h 1 B — | est Lipschitz et ¢ est nne mesore de Radon positive sur B2, En
[ait, ce rzpltat p'est pas spéciligque an probléme scalaire do modéle BS: pour les
corlignrations micromagznétiones des modéles vectoriels ainsi que ponr les solutions
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dune 1ol de conservation scalaire, les mesures entropigques, apres blow-np, sont de
le forene (1.2.10].

L suite de la démonstration est spéciline & notre modéle sealaire, poisoo’on ntilise
le rosultat oo chapitre 3. ef notamment UVinterpeétation en terme de solution de
viecosite, en déconpant B en intervalles sur lesgquels boest de sizone constant, Cirace
A noieied et la réealarité BY de la limite &, oous montrons que la mesare o est
de la forme cH' LK oil o = 0 et K est soit nne dmoite soit une demi-droite, ¢ ot &
e dépendant que du point = de blow-up et pas de la soite (7). On obtient dans le
chapitre 4 (Théoréme 4.1.1) le résultat snivant : soit uw € M 5 (2] et o la phase
associde 4w par la définition (1.2.3), alors Vensemble 2 est dénombrablement H!'
rectifiable et Uensemble de sant J, de la phase ¢ cofneide R presgque partont avee
oo obtient une formole explicite pone la mespre entropique frestreinte 4 J ¢

div [ef# =] L0, X |- cacat] (2= — e ).y H'LJ, Va c R, (1.2.11]
la mesure “restante”, 8 1= p L0 0,0, étant orthogonale & K eest-i-dire & virilie

a( ) 0 pour tont borélien & de BF de mesare K Onie. Enfin, on obtient la
prapriété VMO suivante : pour M presque tont © £ € L

1 -
lim — [ |ob — ¢h| =0,
r—a0T T Heix]

ofl o est la moyenne de o =or 8.0x].

Mous n'obtenons pas la rectibabilit? de la mesore de défant. Néammoins, nous
conjecturons que la mesure de défant g, se concentre sur Vensemble de sant J,.
e'est-d-dire que la mesore & est nolle (ee qui implique gque la mesure de défant est
rectifiable, 4 support sur J, ). De ploe, nous conjectnrons que H' presgue tout point
r dans 85 0, estoun point de Lebesgue de ¢, Mais le probléme reste ouvert pour
linstant.

1.2.5 Application aux lois de conservation scalaires en une
dimension d’espace

Dans 'étnde des conhgnrations Dmites do modéle RS, nous avons noté 4 plo-
slenrs reprises des similitudes avee le probléme hvperboligue des Iois de conservation
scalaires. Soit ¢ £ L] (B = B) virifiant la lol de conservation

@
i
B(0,) = gy € L7(E),

5
| ;—_J_|.f"|:r;l:l| 0,  dans T'(B* x E), (1219
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ol /R — B est snpposte 7 et strictement convese, avee o condition
é a . . R
m(f,r,a) m[mr"-. i) 4 = | Fileh a)] & M R = R7). (1.2.13]
o

Ln résnliat hien conno Jde P Lax et O Oleinick est existence et anicitd dans
.I'_-J'M_. dle la solution ¢ de (1.2.12] wériliant la condition entropigue

mit,r,a)c M (B xR (1.2.14)

[I=

ol M7 désigne les mesnres de Radon positives. De plus, dans le cas prézent de la
ditension 1 en espace, ils olservent la rézolarisation BV instantands o une telle
solution o partant d'une donnde initiale gy =eulement L5,

En adaptant la méthode déerite dans le paragraphe préeedent au probléme (1.2.12)-
(1.2.153), nous démontrons dans le chapitre 5 [ Théordme 5.1.2) la rectiliabilité de
len=eirble e sant Jde togte solution ¢ de [\].2.12:} vieriliant la condition plus faible
(1.2.13). En effet, la similarité entre les denx problémes est mise en évidence par la
ré-foriture do probléme (12121201213 sous la forme snivante : on pose

XNl i= (0. F(e)), alors ¢ est solution de [1.2.12)-[1.2.13) =i et seulernent =i

div X{4) =0, dans TR x R)

gL
Tac B, div X(gra)e M (R = R).

Mons abtenons un résnltat semblable & celul do chapitre <. Précisgment, Vensemhble
de sant de toute solution & de [1.2.125-11.2.13), issne dune donnoée initiale o, dans
L'on =R, est dénombrablement H' rectiliable et la mesare de défant, définie par
paltr) .]r_?_ [l za)|da, se décampese en la somme de denx mesnres singuliéres
e par rapport & Fagtre © une mesote 1-rectiliable & snpport sur Vensemble de sank
de ¢b et une mesure orthogonale i la mesore H'.

Remargue : LUn résultat de rectiliabilite dentique & celol do Théoréme 4101 a 668
obtern par O De Lellis et Fo Otto dans |DO] pour les configurations limites do
meeléle AG. Liabsence de résoltat dunieité et de rségglaried BY sous nne hvpothise
e signe rend le probléme plus délicat ponr ce modéle. La démonstration, plos longoe
et plus techoigue, & le mécite de sadapter an probléme done ol de conservation
scalaire 4 plusienrs dimensions d'espace (ef. [DOW]). En effet, en dimension despace
strictement supérienre & un, le probléme [1.2.12) avee la condition de signe (1.2.14]
aclimet e anigue solption mals gqul n'est pas oredment & variation bornée, De plos,
le problémme (1.2.12) n'a pas Céquivalent en terme dégquation " Hamilton-Jacoli
ern dimension strictemment supétienre & 1 La méthode Jde O De Lellis et F. Citto
passe elle aussi par la efparation de Ja variable cindétigoe dans la mesore entropigue
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de Ja limite du blow-np (el (1.2.101). Nous pesons la question de savolr =i oane
méthode danalyvee lindaire ne permettrait poas de mootrer la régolariteé BY lorsque
vne conclicion do type [T.210) est satisfaite par les mesores entropiogues assocides 4
une loi de conservation sealaire, meme en dimension despace = 2. Cette question
reste ouverte, elle motive la denxidme partie de la thése dans Jaguells oons nons
concentrons snc le point de voe cinétigue do probléme micmomagnstione.

1.3 Interprétation cinétique

1.3.1 “Entropies de Kruzhkov"

Le= entropies régulidéres ont ébé définies dans [DRMO1]: ® est une entropie ré-
guliére s et senlement si @ £ C=(R2R7) virifie ¥ c C=({0R?), la condition
{ divm =0 et [ = 1) implique div ®{m) = 0.

Danes chacun des trois modéles dioerits en premidre pactie de ce chapitte, les confi-
surations micrormagnétigques limites wirillent

div @u) & M(2). O entropie rdgnlidre. (1.3.1)

Dane le eas wetoriel, Ventropie de Kroghkov associée 4 £ € B est la fonetion définie
par ©{x) = £ x(z,£), ¥ € 0, ol yir.£) : 11, cma)- £ est la variable cinétique. 1 est
démontré dans [DRMO 1] que les entropies de kenzhkoyv sont des limites an sens de la
corrvergence ponctuelle d'one snite dentropies réguliéres. Alnsi, la condition (1.5.1)
impligque que la divergenee dane entropie de Rrozhkov est une mesare de Radon.
Les interprétations einétigques de [JP1] poor le modéle AG et de |[RE2] pour le medéle
RB= domment une expression explicite des mesures div @), ponr toute entropie $©
de Kruzhkov (pour e modéle HS les entropies de Kruzhkow sont donmées par les

troncatures de la phase: ™ ¥a € B). Pour le modéle “scalaire” RS, Uinformation
zur les senles entropies de Keozhkov soflie & obtenir les eésultats de rectiliabilied
citds ci-dessus [Pensemble Mas (£2) est délind noiguement & partir des entropies de
hernzhleoy ). Cela ne semble pas étre le cas pour le modéle AC e la démonstration
de [DO)] néeessite Uinlormation sur toutes les entropies. Néammolns, Uinterprétation
cindtigue des modéles AG et RS permet dCobtenir la régularité de Soboles =202,
T o« EI p o= 2, pour les conlignrations limites (el [JP2]) 11 nons a done semblé
intéressant de donner yne interprétation cinétique an dernier modéle ARS. Ponr
eela, nous reprenons la démonstration de P-E. Jabin et B, Perthame (of. [JPL]) qui
donne PVinterprétation cindtique domodéle AG pour lequel les magndtizations [u,)
=ont suppostes A divergence nolle, ef nons Vadaptons an cas on on ne fait plus cetie
hypothése de divergence nolle sur les magndétisations (a:). Nous démontrons dans
le chapitre 6 [Théoréme 6.1.1) qu’une configuration limite do modéle ARS virifie
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pne équation cinétigue de la formme

£ Wox(wg) Ef.?';r;ﬂﬂr.{]. dans TF(0 = B, (1.3.2)

o |52

oil Yo £ MY |a| < 2, g, est une mesure de Hadon dans 0 % B Nous obtenons ainsi
la régularied de Soboley WP(0), ¥s < EI P = % pour les confignrations mites do
meléle ARS en appliquant le ésultat de [JP2].

1.3.2 Equations cinétigues

Lo clernier travail préseaté dans cette thése [Chapitne 7) porte sor les dguationes
cinétigques lingaires géndrales. Lenr domaine dapplication est vaste: elles penvent
provenic de la mise en dquation d'un probléme cinétigue (dquations de Viasov et de
Boltzrmann par exemple ), maiz elles pegvent aussi provenir de la reformoolation d7on
probléme hyperboligue cormme une ol de conservation scalaire og un des problémes
lmites micromaznétioques Svogqués dans les chapitres précédents. Dans le eadre do
probléme miermaznetione, nons espétons gue les méthodes d analyse lindaire déve-
loppées dans ce dernier chapitre ponr Uétode des éouations cinétiones permetiront
de s’affranchir en partie de Dusage de la théorie de la mesare sdométrigue pone ar-
river an résultat de meetifiabilité de Veosemble de sant par une prenve plos concise
et éventpellement obtenir la rectibabilité de la mesoare de défant. Notre éinde reste
dans e cadre de la dimension 1 despace. Le probléme de la généralisation & plusienrs
dimensions n'est pas irnmédiak, 11 est lai=se en suspens ponr Uinstant.

Mons considérons e probléme cinétiogue suivant

“ o g
a1 (FlEze)) 4 al H:IE (flt.ze)) = glize), dans DR xR =x R),
(0] =0 dans B2,

(1.3.3)

oilge L) (B =R, xR,)etac=(RE). Le probléme [1.3.3) admet une unigue
solution dans L (ef. [P]) et, dans le cas oil le terme sonree g est régolier, cette
solntion est donnde par la formuole snivante

flt.zw) [ glrr — (i — 7)alv)o)de.

Cn snppos: que la fonction o satistait lo condition de noo-dégiénéreseence habitnells
|::c'[. |J.J:"l'|:| M =030 =0 kel que Yus BYe =10,

o t:{.:' € [—-M.M]||a(v) —u] < :]) < (. (1.3.4]



LA, Interprétation eindtigue 17

Lin phénoméne de rfegnlarization pour les moyennes en vitesse de la saolotion §
de (1L33] a étd observd et a fait PVobjet de nombrens résnltats, appelés “lemmes
de movenne cinétigues” dans la littérature. Les rélémences sar ee sujet sont ml-
tiples et nous proposons la lectnre de [BOP| ponr nne revoe des résnltats obitenns.
On appelle moyenne en vitesse de f toute fonetion o € L (R x B) de la forme
pii.x) Il"*E St el wlde avee ¢ une fonetion O 4 snpport compact.

Dans [GLPS]. il est démonerd que =i f et g sont dans J'.-:[R ' :{sz. alors tonte movenne
en vitesse g de foest dans HY(REY < B), et la norme B9 de p est estimée par les
normes L7 de et g La générali=ation de ce résultat dans LF, ¥p € (1, + o), est
ohtenne par un argument dinterpolation dans [DLAM] et [B]. Dans lenr edeent artiele
[JFP2), P-E. Jabin et B. Perthame preonent en compte la régularité de et g dans la
variahle o, oo qui pertnet dCameliorer Vexposant de Sobolewy ponr les moyennes en vi-
tesee. Line hypothése de régularité en v sar §est pertinente dans le cas par exernple
oit [1.33) vient de la formulation einétigue dun probléme de lol de conservation
avec condition d'entropie (el [LPT]] o des problémes micromagnétiques dvaoquis

procodermment, car la solotion © est alors one fonction caractéristigue en o, Clest

le Jermme de moyvenne démonted dans [JP2] qui permet d'obtenir la régularicd WooF,
1 ] - . - . . -

s o, 1= p< 7 pour les configurations limites micromagnétigues.

Dans les résnltats de [DLM], [B] ou [JPZ], Uhypothése LF, p = 1, sur f est
cruciale et trés pen de résaltats existent & Chenre actoelle dans le cas o Uon soppose
seulement [ e Ly o Lidée do deroier chapitre de la thése est de faire nne ypothése
e régularitd en v sur le terime souroe g, sans hyvpothése sypplémentaire sur la solution
I opour obtenic nn eésoltat de régularisation pour les moyennes de fo Dans [DR]
vne technigoe de blow-np poor un probléme de Lol de conservation scalalre améne
A une équation einétigque de la forme (1.33) avee g € L et dg une mesure de
Radon. Sur la solution € L) de I'équation, aucune antre estimée n'est donnde.
Sons ces hypothéses, un résultat de précompacité L' faible est démontrd dans [DR].
Mons ameliorons ce résnltat en montrant nne inegalité de type Sobolev-Polnear? qui
implique la compacité L' forte.

Prévisdment, nous obtenons [ Théordéme 7.1.3) que =1 g € .I'.-EJHI:R!' A R:.Fl'r:;fl:Rﬂ:I:I
aver | < p < foc et s = ';. alors toute movenne en vitesse de la solution  est dans
Wi TR, = K, ) et =a norme WP g'estime en fonction de la norme L7 W2 de g
Motons gque ce réspltat inelut le cas p = 1, cas qui ne peat pas gtre atieint par ane
techoigue Jdlinterpolation. Ce cas particolier est traité dans la derniére section do
chapitre, of oo fait Uhyvpothoss gue o dérivée en v de g est ane mesnre de Badon
sur B = B, = B, Le théordme 7.1.3 nous dit que, sous cette hypothése sur g, les
moyvennes en vitesse de la solution § sont dans B r:-l (B, =R.), ¥s < 1. Ce résultat est
optitnal dans le sens ofl F'on sattend & ce que les moyvennes en vitesse Jde la salution
£ oaient des singolarités de codimension 1 et done ne solent pas dans Wl

[

. Mous
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peartons anssi la possibilitd d'obtenir la cégolaritd BY pour les movennes de [ par
dens contre-exermples. Le premier e ces contre-exemples montre goune indgalite
de Polneard L7 (majoration de la norme L7 des movennes par la norme L) B
de g0 est impossible, Par contre, nous donnons un saltat Cindgalité de Poineard
17 faible [Théorédme T.1.4): 6 g € .I'.-'[RJ' x R BV, :|:| plors tonte movenne e
vitesse de la solution [ de [1.3.3) est dans Vespace L5=(RE* % R) et =a norme L5
p=t estimide par la norme .I'.-I:__L_J'J'l':_. e g Le denxiéme contre-exemple envisage le cas
d'un terme sonree g verihant Fhypothése

_ 1
||1'r|:-:.|1p—[f lg| = 4o
r—id T g e

ponr presque tout (fr) £ (0, + oo = B, Cette nouvelle hypothése est naturelle
puizgu’elle est en particalier vériliée dans le cas ol g est la dérivie en o de la
mesnre entroplioue asociee 4 nne ol de consecvation. Méme aves cette hvpothése,
les movennes en vitesse peovent ne pas étre 4 variations borndes.

Mons soulignons enfin que les inégalitds abtennes dans ce dernier chapitre, qui sone
de type Sobolev-Poincaré, e distingpent des estimées qui ont éte obtennes dans
les précedents lermes de moyvenne (el [BOP]), estimées qui sont plus A& interpriter
cormime des inégalités ' interpolation.

1.4 Conclusion

Lin résultat de rectillabilité a o868 obtenn pour les parois en micromagnétisme ek
pone les ondes de choo de certaines solutions Jdune lol de conservation sealaire. La
question de la concentration de la mesgre de défant sor lensemble de sant | parod
on onde de choe| se pose. Un tel résultat a &8 démontrd dans [DR| pour la solu-
tion entropigue Jane ol de conservation scalaire en nne dimension d'espace, sons
une hyvpothidése sor Ie Qox plus faible que la stricte comvexitdé gl permet JCavolr la
rerularization BY dans e résoaltat de P, Lax et O, Oleinik. Les méthodes J ana-
lyvee lindaire développées dans e dernier chapitre de eette thése ponr les dquations
cinéticues 4 noe dimension despace pegvent pent-étre aider 4 résoadre le probléme
e Lo concentration des mesures de défant dans oo cadre plos 2énéral que celul de
[DR|. Pour cela, 11 est essentie]l de géndraliser ces méthodes A plusienrs dimensions
il e
e antre guestion se poss: Phypothése de la séparation de o variable einétiogue
dans le terme sonree permet-elle Jdabtenir la régularicé BY des moyennes en vitesse
des =solutions daoe dquation cinetigue? Une antre facon de prdsenter le probléme
seralt de se demander quelle hypothése sor le terme souree aménerait A la régnlarice
BY des movennes en vitesse.
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Remarque : Les chapitres 2, 3,4, S et G, gui prosentent des résoltats )i éorits danes
deg articles oo preprints], sont rddigés on anglais. Nogs donnons icl les iéférences

CXACLEE

Chapitre 2: avee T, Rividre, Regularity for micromagnetic conlignrations
having zero jump energy, Cale, Var, Partial DéfFerendiol Eguations 13 2002],
1 3, SRU-A02.

Chapitre 3: avee L. Ambrosio et T, Riviere, A viseosity property of minimi-
zing micromagnetic configurations, Comee. Pure Appl. Math, 56 (2003 ), oo 6,
ik ]-65N,

Chapitre 4: avee L. Ambrosio, B Kirchheim et T Rividee, On the rectilali-
lity af defect measares arising in micromagnetic domains, Nonfinear profdems
in mathernatical physies and related fopdes, 11, 2060, Int. Math. Ser. [N.Y),
2. KhwwerPlenwm, New York, [2002].

Chapitre 5: avee T, Rividre, The rectiliability of shock waves for the solotions
of genninely non-linear sealar conservation laws in 1+1 1), Preprint [2002].
accessible snr http: ) Swww math sciences univ-nantes_ It~ lecomber.
Chapitre 6: Kinetic formulation of a mieromagnetio problem, Prepring [2003],
accessible sor http: Swwwomathosciences. univ-nantes It/ ~ lecimber.
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Chapitre 2

Régularité des configurations
micromagnétiques d’énergie nulle

Les vesultatls exposds dans oo chapilre sond le frudd d 'une collaboraiion aves Tris-
tan Hividre, s sond paras dons Calewdios of Variations and Pariial Dffereniial Eoua-

ticres, of. (LRI,

2.1 Introduction

[n this paper, we consider the following family of enerav-functionals, related to
micromagnetios (see [RE1] for a mere detailed presentation of the physical relevanee

= o 1 .
Eofu) = 3 L|w|— | I/; H?

where €0 s a bounded simply connected open domain of B, w € HY{0.5') is the

of Ehe model] :

vector [eld corresponding to magnetization and &, the demagnetizing vector Held.
deline] Ty
divie + H,0 =0 inR?
{ enrl{ H,) =0 in B*

where @ 15 the extension of w by O ong of £3.

COne of the main issues s to aocderstand the asymptotic bhehavionr of confiznra-
tions having uniformmly boonded enerey B while = — 0. Let ne recall the compactness

result, proved in [RE2]:

e e ). Assune that B (w,) < € and ¢, [ p= = N. Then there exist w ard

Let =, — O ar] u. £ H'I:!!-.‘:-":I ench that w, bas a lifting &, £ H'I:E?.R] [1..
e

n
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gin LP, ¥ p < a0 =uch that, up toan extraction o, — & and o, — o strongly in LF,
Voo o,

Moveover, w and o werity:
i) diva =0 in DR,
i) w=e" ae in L,
i) divighe 4 u*) iz a bounded] Radon measgre on £1

We denote by wt the rotation by 2 of w = (a0, Le vt = [—wgu )

C will denote the class of conples (u.g), w8 — St and & € LY R, satistying 1.
] and ii].

The measyre tli\'l:r.'m Fae :I that vanishes as long as u is a smooth diversence-free
unit veetor field, was introdoced in [RE1] as being the most probable candidate for
the U-convergence of £ In particular, it was proved in [RS1] that

lirninf £ () = inf [ |eliv (e +u ).
T —all .-_.:.:'_ Py

Mevertheless, it s not impossible that © may be larger than the set of conbznrations
which can be meached by the above comvergence process. Precisely, it conld happen
that & C C, where & denotes the set of (w,qd) such that a0 and ¢ are limits in L' of
seequences (u, ) and (g, in H'(Q) which satisfy u, = & ae in O, E (u,) <,
and ||, || g < N, for some &N = 0,

The measnre divigu + u'), for any (wd) € Cp, admits the following interpretation
in terms of troneations @ the truncated wector Oeld T s delined by

{ T = infigh.a),

Toy = T2,
It was proved in [RS2] that (a,0) in & satishies the following equality,
divighee 4 u™) = — [:]ix".f“rrrfn. [:f-!.l.]]
Jm

It i= not elear that (2.1.7) holds for any (ag) in Co 16 would be perhaps more relevant
tor replace C by the elass C% of [w,) satisfying 1), i) and

iv] divi ™ is a bounded Badon mea=snee on 02 = T

Let us recall the following inequality, proved in [R32]
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Proposition 2.1.1. [f (u.g) € Cp. then

[|d|'a.ﬂ:|71u Fou )| = [f|diuT“'u|n'n£lim in[[|f’-:f:-n- H, |
A0 SR A0 per o

Jor all sequences w, = e g £ HYQ), such that B (u,) and ||d.||= are wni-
formdy bounded, and &, — & in L' {we depote H, by H_ ).
Therefor:, we have

C,CChCC. (2.1.2]

But, we dont know whether these inelusions are strict of nob.

At this stage of the development of the anderstanding of onr problem, it seeme
more reasonable to expect [ [div T ulda to be the [-limit of E. in O instead of
T divighe + w)|. In this paper, we explore how far [[|div T°u|da characterizes the
lack of smoothness of conhgnrations in Cp . Precisely, onr main result is the following

Theorem 2.1.1. If (i) € Cp. then Hers is an equivalence belween ;

1. divT=uw = 0, in D(Q), a.e ac R

2 e HVE(0).
Moveower, if 1. fand 2.) holds, then for ang o CC 52, ¢ is Lipschitz in w and leoel
sets of b v w are siradghi segmends hat cross ecach abher nowhers e w.

Actually, for every (wg) € O, condition 1. i= equivalent to
div T = 0 in D02 = ]).

Inleed, it was proved in [RE2] that for every () € Cp, a — div T is continuous

frorm B to T

The proof of the eguivalence between 1. and 20 in Theorern 2,11 = based on a kinetic
mterpretation of the problem, given in [RS2]. Let us define y on 2= R by y(ra) — 1
iFei(x) < @ and y(r.a) = 0else. Then, the following kinetic equation holds for every
(reyel) inn O

() Wonlza) = —d,(divT™u), in (0 = R). (2.1.3]
This was inspired by a kinetic interpretation, made n [JP1], of the “Aviles-Giga
problem™ This last problem, which was alsostudied in [ADM], [DEMOL], and [JK].

has many similarities with the one we consider bereo.

The local Lipschitz regolarity of ¢ i= abtained by rewriting equation for o in snitable
coorlinates so that 1t becomes, nnder assumptions 1. (or 2] of Theorem 2,11, an
ertropic solution to Borger equation.
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2.2 Proof of Theorem 2.1.1

2.2.1 Sobolev regularity

Let n= prove the equivalence o Theorem 2,11,

Step 1@ Let {(w.gh) € Cp and assnme that & H"'IHI:EI:I.
Let us prove that for any & € O=(R) and £ £ C=(02),

ff:]i'r'.f'“u hia)da£iz)ds = 0. (2.2.1)
B0

We proceed to astandand regularization. Let (45,) be a sequence of smooth unetions
which tend to ¢ in FY5(0). Then, w. — w in FY30), and thus in L' Sinee 7 is
continuons from L' to LY aniformly in e € B then

[[dir]""’uni[.l'jld.‘rhlinﬂrfr:—:- [fdi"-"lruffﬂ(-"':'d“'j'fﬂ:'d”-
] S H A

Let H e a primitive of b,

x|
[ [ div T, £(x)dz hia)da f ’f div w, bl a)da §(z)dz
S e
[ H (bl ) Jeliv wp £z Jedx
A0

But, sinee w, — w in J'J""""I:E?] and w is divergence-free, diva, — 0 in H-V30).
Moreover, Hig,) — Hid) in HY=080), e (o H(o,)(diva, ) — 0. Therefore, (2.2.1]
hiolids=.

Since hoand £ are arbitrary, we have div 7> = 0 in D(Q), ae o€ B

Step 2: Now, let (we) € Cp and assume that divi™u 0, ae ina < E Soce
i — div T is continnons from B into D) (see [RE52]), we have divT™e = 0 in
D« B). Then the kinetic equation (2.1.3) becomes

() W x(xa) =0 (2.2.2)

We prove new that (2.2.2) implies that & ¢ HY? Precizely, we have,
Lemma 2.2.1. (Kinetic averaging lemma)

Let fgp e LB = B saiisfiing IZei“:I' Naflza) = glza), let h € CF(R)
and f iz defined by f(z) = [ f(r.a)h(a)da, 9z € B2, then §  HV(RY).
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Let 7 € Q and & = 0 such that B (rg) © Q, let us deline yp by yp = 3@ wher
@ O, 8 = 1 on B (zp), supp(d) © By (5). Then, ypsatishies (). V_yr — g
where g = (™) (V@) € LY(R? x B). From Lemma 2.2.7, we have,

Th e CF(R), x7(x) [xﬂ:r.n]hliﬁ]rfr: = H""II:R::I.

Let ng choose B o=neh that hl:r::I l, ¥a £ |—.""." — 1N 4 1| with N ||-c;l':-||,,_. aril
supplh) < [-N — 2N 4 2].

Wr & Biry). ¥riz) ]1 x[x,a)hia)da _L{m{_ﬂ hiajda Hi{d(x)) where H is a
primitive of . As Hia) = a.%a € |[-N — LN + 1], 37(x) = @{z). Vo € B (z).
Henee, o £ H"":[H,[::.;.]:I. Wig £ L.

The equivalence in Theorem 2.1.1 i= proved.

Proofl of the lemmo 22,7 © Kinetic averagiog lemmas were introdoeed] by FL Clolse,
P Lions, B, Perthame and B Sentis in [GLPS] We give here a simpler prool of
this regularity result, adapied to onr situation, which was commupnicated to us by
E. Perthame.

_i't i= the partial Fourier transform in = of F: _f[in]l ﬁ ]* e ir{_."li:.'.rt:ldu'.

Taking the partial Fourier transform of the equation (2.2.2), we abtain

.E[I:r.'a":l ' .{]fﬂ{.ﬂ:l el ae in (Ea) € B x B,

and.
il.a) + f(£.a)
L4 iflef=) £

fig.a)

Sinee _iFI:QZI -ra f({-n]ial:ﬁ]rfr:- we hawe

.’?EI:.:!:I
[T+ df [eo=)-.8|

Fle)? < f (F(Ea) + [a(.0)|* )da f da.

But,

jlzl:ﬂ:l f h:l:ﬂ:I i [" el
: d Y de < Oh) | ——
L|1 G e N O ) ‘ VT et

Cik
L+ €]

[

where E:'|:I|:I dlepends only on f.
Sinee "f"f.r'."-'[a.'-'] Lo (1 |21 FLEN e, we have
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11131, ) < COR)(IAE + 132=) = CRFI2: + lal[Z2).
Then, f e HYS(E"). [ |

Actually, from (2.2.2) we can bootstrap to lmprove the regularity of & obtained
phove. Precisely the following propesition holds.

Proposition 2.2.1. Lel (w) e Cp, if divT™a =0, ae dna c R, then g & H=[0),
T el 1.

Prisaf of Propogition 221 The regolarity of @ and y are linked as follows:
b € W) —= x € .I'.-2|:R.H'E-' (£2)3. (223

Ireleed, we have

f||x|:--"]||i,-g-u-ffﬂ f[ lx(x.) _'E:lz”ﬂ:llﬁd:rrf.-'ﬂfn

& — ol

f |ﬂ} T)— 6 Iﬂld i,

1._ yll =4

The last termn in the above identity is finite if and only if ¢ € W=10Q), which implies
the equivalence (2.2.3].

Sinee HY3(02) — WHQ), i 6 & HY3(0), then x € LY(R.HI[Q)).

Let =p & 02, r = 0 such that By, (zq) © @ and e delined abeove,

Set y1 = F (14 |[€]F) 5 r(£.a)) where F-' is the inverse Fourier transform in r.
Then, we easily check that y, € LS[BE® x R) and y; satisfies a kinetic equation
() Vex1 € L7 (B = B). From Lemma 221, v1 £ H"'JIZRJ:I

BEut,

XlE) fl:l FEP Yl Ea)hia)da = (L4 [£]* )5 x(€).

Thus, 37 = H"’JIZR:I-:::-I c Ht [R:]-
Therefom, ¢ £ HE ' TI:HII.
lterating the argnment above, we have & & H*(02), ¥ s < L

2.2.2 BV regularity of ¢

Here, we assume that 1. {and 20) in Theorern 2.1.1 holds.
The: [imit feld w satisfies:

dive =0 in £,
e — 0 an AL where ¢ 0s the ogpter unit-normal of S0,
| = 1 in £2.
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Moreover we assome that div ¥ &e = Ope. ina £ B, which implies that
dividn + ut) 0 By [2.1.1). Then, there exist two Lipschitz funetions g and b
sakisfying,

= Vg in 3,
e o Voko o 62,
where V- [—%.;’—J]- Let us deline the fonction W Ty

L! 8 — B
(x) — (g.h).

Since woand ¢ oare in L7, ¥ is Lipschitz and at every point where DT exists,
Jac(W) = Vg . VR = wt . (du 4 ut) = 1, because |u| = 1.
Let o, be a regolarizing kernel in B and st ¥, — 1= P Then,

W, — W poiformly on every cormpact sabset ol €2, (2.2.4)
Since VW S LF(Q), ¥p = oo, Jae W, — Jae Win L (), and we have

Jae W lza) — Jac Wiry), ae (rgy) e 0 (2.2.5)

Let {zg.00) & 02 satisfying [2.2.5). There exist= ¥ € M such that

1
Jac Woilroyo) = 3 n= N
By the inverse funetion theorem, for every n = W, there exist Vo an open nelghbo-

rhood of {zq ) and W an apen neighborhood of W [rg,y0), such that
Vo o Vo — W, s inversible, The convergences (2,240 and (2.2.5] allow us to choose
V,oamd W, such that !_'I-.,.H-“ contains an open neizhborhood W of

(oa.fa) = P{m0.ua).

By a diazonal argument, sinee T i= stoooth, we have, op to an extraction,

Jac U (zy) = —é Yo £ M, ¥(zy) € 2 Then, |[Jac ¥ =iy < 2 and (¥
i= bounded in W) Since the injection W=7 C C[W) is compact, there
exists T 2 I'.'_'I:H-':I such that

Pl — P pniformly on every compact snhset of W (224

r

Moreover, since [ Jae W_ | ey 38 uniformly bounded, then % is Lipschite.
Finally, [2.2.4) and (2.26) imply that ¥, o ¥ ' — ¥ o WP ae in W oand then,
o = [d on W,

Similarly, we have ¥* o W = [d on ¥ 1{W7).

IF vz st Vo= 'I:[[':I. 17 iz an open neizhborhood of (xoye), B is an open neigh-
borhood of (go,h) = Flzpen) and ¥ 0 V' — W s inversible. Moreover, ©-1 = g*
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ie Lipschitz.

For any funetion £ delined on V., owe will denote by _i': the function § o 1 defined
o Wl =inee T s Lipechitz, the BY meglarity of & will imply the BY regolariey of

i,
Proposition 2.2.2, b is @ weak solution to Hurger equation e

} - -85 o di .
b AL h— f —— =1L 227
e OFW) j;,- Jr';;'_-:r | TR i il
Moreaver, for every 8§ € CHRR),

th - .
Yo e CF(W), f "‘.ll:-c:l}]— | J"'I:-c;li-]f—l 0, (2.2.8]
= 1I ﬂ;lh g
where Fis defined by F'(#) = ¢5'(i). i € R
Procel of Proposition 282

Step Io Let us show that o s a weak solution of Burger equation [2.2.7).

Let p e € (IR®) such that supp(p) C B(0.1). the unit ball of B*, p = Dand o= 1
and let po(x] = nplnz), then g, = d# p. — o in HYE).

Sinee Wl is Lipschitz, using the change ol variables formuola of [ECG]. chapter 3, we
also have ¢, — & in HY3 (W)

Let 02 (W) and v = ¢ o W, Let wu, . dinee v s Lipschitz, then v £ HYE
and since dive = 0in H-Y% we have,

f[:]irunj.:- — f{diru:l.:' 0.
But.

) ) ) el
[f_lzc:uh'r;l"]u [[( ° I:mb-::ﬁn:l-:l‘il) i (—I:I'_I::n'.-.-:;l.':-":lll [-') ‘ I] u
Joir el o Faly i

&l - .
[ [(E[c:nscﬁnj{lﬂf) =g

'i )
| (.rTffffl‘*ai-n:IIZIl[-') (grsin g 4 c:m-;-:j:-]] .:-
Ll

Making the change of variables (z.y) — Wiz.y) = (g.h), we get
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i o - - 7 - - - -
./:amlii:usr;l"]u [L [;?lzﬁ:ﬁlf.lu:lﬁiﬂcﬁ I r;—Ir_l||:£:£:ui-im,,:l[r;l:-iirl i - L'cx-im:l] T

- —r;?'r
— &1n ¢, §in r,l—
Jue g

— sin g (hEing + cosg) i::i ] v (2249

Irn one hanoed. 'II,—"‘:;I“ — g—‘; in H-Y2% In the other hand. for every function § in

O (RLR), _."I:ﬂl-,,.rj:l — flbb) in H"":[H':I. s0 we have
[ o i, .
— gin g, BN —1 — [ —(=in )" —u.
: g : el

The same argnment applied to the second term in [2.2.9) gives

[ —I:l:l::hr'.ln:ll' S f [ blﬂ-:]}:l —:—.lrl |".I|:-::|}hl11-::|} | mb-:];:lf : ] . i:?.‘i‘.]l:l]
iy

Similarly, one can show that

j;df;':hmﬂ:- ]u_:-[ [ cmﬂ:-:I —Li:ﬁﬂ.':{f.JL(I—-tJ}—hlrltJ}:l;ﬂh}]E (2.2.11)

Ther, From ['E!.'E.][]:] anl [:E.‘E.] 1], we have,

T T .
e T =0 (9212
f”.( Ep G}Eih)l \2.2.12)
[y
1 2 aR

Sinee -:;I_Z-'- e HY? we have

TEL "_‘u'l.'-ll— “;\-ll_ —--—- £ 4
leleed, | a0 _r— BT ‘ﬁmn fn — o in L7, T = -

P ' o= 172 L TR 'lm-
And sinee @, — ¢ in HY? .r‘]:'n T rq}

Finally,
N TR T
—+ — 0 %o e C7F(W).
ﬁ.(Jff'glﬂﬂh) v € G
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Step 20 The second part of Proposition 2.2.25s a siimple consequence of the fact that
iz a 1.!.!:4]-: solution to Burger equation en W oand o < HY* (W)

Let S.F € C=(R.R) be such that

Ff) =t50t)., vieR (2.2.13]
Yo (W,
S - -:'j'l".l i |".I )
S r,l:l— F &) — [ '?'I:r,l:l—.: - K |:-::|:-:|—.: (2.2.14]
/L:l [: jlg [: elh Jw dth :

Indeed, let ¢, e a sequence of functions in (W) which tends to o in HY W),
(2.2.14] holds for . ¥ £ . Since _il'[uf_J":l — _."II-:J_':-II in HYA (W), ¥ f € ', and sinee
g, — Dehin H ""il:ﬂ':l. where I denotes any [rst-order derivative, then we can
pass to the mit in the right-hand side of the eqoality to obtaio [2.2.14).

By [2.2.13), we have,

[ (B2 4 () f v@ (2 122) 5 (2.2.15
Jw H}]ﬂﬁ | H}]ﬂ'ﬁ Jw B ':{I}] g H9 b \2:2.13)

Applying (2.2.12) to the test function Fn"'[riu]ﬁ. we have

TR
—_— 5 0w IH.
[1 (f_jﬂ b ih) (b, )T ne

Pas=ing to the limnit, the above equality holds for F"[rijl. then the right-hand =ide in
(2.2.15) vanishes, and (2.2.15] viekls to (2.2.8). This proves Propesition 2222
|

Lemma 2.2.2, There exisis T C W, a neighborhosd af (g0.hq), sweh that
ae BV(T)

Proofl of Levema 2.2.2;

Assume W =gy — aug + o x|hg — G.hg + 3|, with 2,3 = 0.

For any » € LYW, by Fubini and Lebesgue theorems, the following limit

fap--101 [ hod- T
[ i g.h) df = lim f j ulg + ah) dh do
P S [

holds for any g in J,. where

J, = {g Lebesgue point of g — u(gh), for ae b €|hy — 3.0 + 3}
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Note that £'|gs — augs + alyJd,) = 0.

Let &= ||| o ared let us define the trapezoid
T={{gh) B —r—N{go+tr—g)=h—hg <r+ Nig+r—g)and g = g}

where ¢ = O and g i= any value picked in J; such that T C W
From oow on, gy will denote the origin of the g-axis, we will write g = 0. We set
W+ :=Wn{g=0}.

e L"T 0 in (W) and since 0 € J-. we have

E a
LA fJJ""Jq":-[tlfj'[tlfjdh 0. (2.2.16)
- — S LA . | N
iy 2 Sh Jhoen '

=i

e

o O, [

. At

lodleed, let ye € C(R), xelg) = 1 for g = =, yelg) = 0 for g < 0 and x{g) ? foar
g & [0z]. Then, 90 € O],

96 | 9 & 5 -8 ¢ i -
! — oo gl Y (PO R B
/1.‘1 ('::-:i'_l:.' b Sn g ) x«(g)elg.h)dgdh j;l. (UHH Fg f'i.h) Yo — iy’

i:‘i.‘i.]'r']
e O£ .J';.

_ ] T dap-40 _ hod- T B
f Gy = - [ [ d{a.h)E(g.h) dh dg — (0,13 (0,5) dh.
PATE = Ja . [

far— 10 fag—41

Henee, letting = — 0 in [2.2.17) vields to [2.2.16).

Similarly, sinee J; = Jg 5 for 5 Lipschitz, the second result of Proposition 2.2.2

implies that %50 € IE'”I:R.lR:I satisfying [2.2.13),

I o T o [ - ) N
[, (5“““5 ! “iﬂ}lﬁ) I /:D ) S(@){0.h)T(0.R) dh = D, (2.2.18)

Let us recall a elassical aoigqueness result in the theory of conservation laws for
one-dimensional space. The following result s contained in Theorem 6.2.2 of [D2]:
Theorem 2.2.1. L=t we LW satisfying

I oe.Jd,,

2 WS F c CRRR), S conver, F satisfying (16), Yo € O=(WH), v =0,

el e hap T .
Slu)o + Flu) o S(u)(0h)e(0R)dh = 0. (2.2.19
[ (s v rw) s [ swommonazo @2

fap— 121
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Assuwme that e L1(WH) also satisfies 1. and 2.
Then, Yo J, M0,

f |wel . Fa) — @l h)| dh < f [w(0,R) — w(0.h)|dk
Ty T

where T, | = Mlgg+7r—g) +ha—r Mg +v —g) + hg + 7| is the section of T at
the abscisse g.

Therefore, if the vight-hand side of the ineguality s equal io zero, v and & oodneide
ae in T

Observe that o satisfies 1. and 2. New. let us consider v € L0 L™ (RY.R) such that
Too (R xR), 0 20 Y5 F < CRRE), S convex, F =atisfying (2.2.13)],

f f(:-..n 22 | Py %) ! [.5'[¢=l'-:.]l(-i'|]|:'|:[].hj.:1‘h3[] (2.2.20]

with wy(h) -c;l_':-[[].h:l it he |hg — 3.0 + 3], vplk) =0 else.
Hoch a o exists and s unique (see [D2), chapter V1), Moreover,
g ([0, + ac), Ly (B)). Then, ¢ satisfies 1. and 2. Henee,

= Ak in T (2.2.21]
and o ioherits the local properties of . In particolar, o £ H].'EM._[:H'_ o R:I aril
g~ 'g..) is Lipschitz from |00 to L} _(E). Yo < oo [=ee [Se], [Sm]).

Henee ¢ € BV(T), which proves Lemma 222 Sinee ¢ is in 8V, then ¢ is in
B,
Moreover, g |||T_J|:_r1..:l||;_|(Tq| i= Lipschitz in |O.gy + | which will be nsefol in the

[ollowing section.

2.2.3 Lipschitz regularity of ¢
The resularity of i ey be irnprowved as follows :
Lemma 2.2.3. r; is Lipschitz in T where T is the neighborfood of (go.ha) given by
Lemmma 2,22,
Proof of Lemnmma 2225 The weak entropy solution to Borger equation on BEY x [E,
e, has the following property (see [Sm]]: 3C =0 st
ik — [t o
9g>0¥o »0,ae hek LW@htol-vleh) ©
q

o

Thus, the application h — ¢'(g.k] — =k is noninereasing and h — o (g,k), as a sum
of monotone funetions, is BV _(R), ¥g = 0. Then, the right limit < (g4, ) and the
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lefe limit &g ) exist ¥h € B, ¥y = 0. Moreover we have (g, ) = dig.h, ).
Therefore, one can apply to o the method of generalized characterisitics, develop-
ped n [D1], which gives the following mesules

A generalized characteristic for ¢ is a Lipschitz eurve g € [a.b] — £(g) such that [or
a.e. iy € [ab]. £(g) € [Plg.Llg), ) (g.Llg) |-

¥(g.h) € B x B, there exist at least one backwanl characteristic and a unigue
[orward characteristie,

A characteristic g delined on a maximal interval [a,b) satisfying

Yy £ |ak), @gnlg) ) = vignlg), ). s ealled a shock.

I ab{gh_) = gk, then the nnigque forward characteristic through (g.h) i= a
shock.

The =t of shocks [= at most countable and ¢ bas Dmits on each side of any shoeok. On
the complement of the set of shocks, o = continnoos. Then, the Bankine- Hozonior
condition holds on any shock.,

But, ¢ satishes entropy equalities in T becanse of [2.2.18) and (2.2.21), so there
car’t be any shock in L Indeed, suppose 3 s 8 shock ineloded in 8, then for all
(5.8 in I'."!I:R.[E:I. satistying [2.2.13), entropy equality (2.2.18] yields to the following
Rankine-Hugoniot condition

Flamial-) — Flanlg)s) = qle) |Slanlg)-) — Sla.nig) )]

Thiz equality holds for all (5.0 € C5(RR) satislying (2.2.13] anly if

(grplg) ) = [g.nlg), ), which contradicts the delinition of a shock.

Therefore, ¥(g.h) € T, ¢lgh ) = ¢(ghi). In this case, there s a unigue backward
characteristic throngh (gk). It i= delined on [0,g] by

{ £(g) vl k)
£ig) .

Moreover, ¢+(g.£(g)) = «(g.k). Yo € [0.g], and distinet characteristics can’t intersect
each other in 1" (see [[31], Theorem 5.3 and Corollary 5.2).

Thus, the characteristios of ¢ are defined] in 7, they are straighé lines which do not
intersect each other in 7

Let g e |._5,._r1.;. I §| arcl fy F By in T Let £, resp. Lo, the characteristic of v passing
throngh (g0 ), resp. (ghz). Sinee £ oand £z do not interseet each other in T then
|y — Fa| = ﬂp. — po| where p; = dblg,h;) is the slope of £, i = 1,2
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Henee, % g e |§-_r,'.:. [ f| .
- - - 2
"'.'-"n'i|.h2 'E |r5,- |{l:'[;ﬂr-j||:|— I',Jl:l:,llr?fjl L= nllrh — Ir'!_'\-l

Recalling that g — ||r3|:_r,l..:l||;_|(Tq:, i= Lipsehitz in 0,9 + . we dednce finally that i
ie Lipschitz in T
|

End of the proaf of Theorenm 2.1.1: Sinee U1 is Lipschitz cn W, ¢ dall is Lipechitz
i PN Then, for almost every (zq,u0) € Q. there exists a neighborhood of (zq.)
in which o is Lipschitz, heooe & is locally Lipschitz in €0, Let o ZC 22, Wi is delined
e in o Thus, the equality div e = Vb (e = 0 in T'(w) is actnally satisfied a.e.
1w,

Let (zg.0) € w, if Vi) exists, then it i=s orthogonal to (). The slope at
(zo.am) of the level st {¢ = o(zoan) = a} is ()" = (&™) and then is constant.
Thetelore, level sets of ¢ are stralght lines which do oot intersect cach other sinee o
ig Lipschitz, The prool of theorem 2.1.1 15 complete.

2.2.4 A global result

Let us reeall that every (wgh) in Cp satisles the limit condition
e — Don 92 where @ denotes the onter nnit normmal of 293,

Taking into acoonnt this condition, Theorem 2.1.1 has the following corollary

lf_ln-rvl'.'n-llEl.rjpr 2.2.1. Let 0 be any bownded, regular ff?&}. sinply connected, closed
domain of B, Then, ihere docsn’t exist any couple (u) in Cp satisfying div 7w =0
i FIZE?:I. ae. oS B,

Proof of Corollary 2.2.1

Let {w.e) in Cp satislying div 7% = 0 in D(Q), ae. in a € B, By Thearem 2.1.1,
level sete of ¢ are strajzht sesments which don’t eross each other in the nterior of
L

I" will dencte the set of points xy € 0 such that there is a unique level et {6 = a}
croesing o0 ak ro.

If =y & T, the limit ¢(x,) ,I.itr.:l. J_'— -rH.-I:c-I iz )dr existe and is equal to a. Sinee
git=nl -J-'|:.1'|:|:| 0, whepe ra'l:.'r.;.:I 15 the ogter oit-normal aof @02 at g Then, the lewel
et of o which crosses 00 at zp s included i its normal &tz
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Cne can easily =ee that for any 5 € @02, there is at least one level set of o winich
croeses AUL at oz,

Let zp € 800D, there 15 at least two level sets {6 = a} and {6 = b} with a # &,
which eross 202 at xp. Then, for all ¢ € [a.b], the level set [ = o} crosses S8 at 1y,
sinee it can’t cross any other level set in €. One can see that the st 00 is £
nesligible.

Thus, for every zo € I, the mgment S [r = a0 — se(xe),0 < 5 < ¢}, where ¢
is such that SN a0 = {xgaf}, s included in the level =et {0 = &(xg)}. Suppose
that for every = € (L.0), = xTn — se(1g), there exists = # ) & 40, such that

dist(z,20) = |z — '], Since CHAMTY = 0, x ean be chosen such that there is a
point ' in [ which realizes dist{z,80). Therefore, = is on the normal of 80 at 2" < T
which s ineluded in a level set of 6 Then, two level sets of & orces cach other at
r £ £, which is impossible.

Mo, suppose that for every = € I, there existzs = E|§.I'| znch that

dist(z,20) = |r— 2| where = = 7y —se(xg). Then, either ), € 80\ ar S is normal
tor 41 at To and =i, Therefore, S8 must be a cirele and the normals of 2 [and then
the level sete of ¢ eross each other af the center of the eirele, which i= impossible.
Corollary 2.2.1 1s provec.

Cnce this work was completed, we learnd that similar results for Aviles-(Giga
problem were independently esiablished by POE. Jabin, F. (o and B, Perihame in
[JEAP, wsing different methods,
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Chapitre 3

Propriété de viscosité des
configurations micromagnétiques
minimisantes

Les véswltals exposds dans ce chapitre sond le fradt dane collaboraiion avee Lutg
Armlrosio et Tristan Rividre, ils sond porus dans Commandcations on Pure and A p-
plied Mathematios (of [ALR[).

3.1 Introduction

The abject of study of the present paper is the space of divergence froe it weotor
fields w of a bounded domain £2 of B? admitting a lifting ¢ in L™ R) (u = ™)
snch that the distribution I, in DO = B) delined by

< Uezm) == — fr /‘e‘-“."““ AT (3.1.1)
o aifR S 0

iz a bounded Radon Measore in £2 = B

Here we use the notation é(x) A a = inf{g(x); e} and integrals with respect to the
parameter & will alwavs be understood with respect to the Lebeszoe measure on B,
We call M, (9] the space of divergence free unit vector fields in 2 satisfying (3.1.1)
for a suitable lifting .

Observe that if w admits a sufliciently smooth lifting & (say ¢ is Lipsehitz) then
div(e*®™) = 0 in D[] for all @ € B and therefore I7, = 0 [this condition is in
fact necessary and sofliclent for the existence of a Lipschitz lilting, see Chapter 2],
Therefore the measure L7, 35 related to the “omp set”™ of o [or, more precisely, the
“jurnp set” o @), This expectation is confirmed by the explicit expression of 1 given
in [RE31] under the a griord assnmption that ¢ 1s a BV funetion.
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The space M, (0] was introduced in [HS1] and [RS2) by the thind author and
&, Berfaty in connection with a variational problem related to micromaznetism that
we hriefly describe. For a given simply connected bounded domain 0 of B® and a
positive parameter £ = 0, we consider the following energy, for aoit wector-field @ in

WA, 8Yy,

- 1 2 .
Eolu) == [ | W[ 4 Tfr = . (3.1.2)
o R

where = —W((7w i), & = won G, & = 0in B¥Y O and & is the kernel of the
Laplacian on B* so that, in partieolar, we bave divia + /) 0in D{R*). It was
proved in [RS1], [RS2] that, from any sequence u.,, € WH0LSY) such that =, — 0
and £, (w, )= O lndependently of o, one can extract a subsequence iy, CONVELRING
strongly in L[] for any p < oo toa limit o in Mg (02). Moreover

Eale) =2 f f |div(e™**)| < liminf £, (u. ] (3.1.3)
darR S0

is the eoxpected -Limit of £, a5 = — 0 [notice also that it i= not hard to show that
Enl i) equals L7 [(€2), but this is not steictly relevant in onr discussion|. One can for
instance prove that, see [RS1], [RS2],

£ —aDust b2 Wiz Al gy o (52

lim inf Fofu) =2 inf [ [‘|n'e'u|i-r.""""“"]| 2|aa| (3.1.4)
Jack S0

where |#0| = the perimeter of €, if 2 has a Lipschitz boundary. One of the questions
left open in [RS1], [H52] was to describe the [imit of minimizing eonlignrations of
B It was conjectured in these works that, representing o as —V g for a suitahle
I-Lipschitz fnnetion g, the funetion g is a viseosity solution of |[Wglf — 1 0 in
(2. Sinee g i= equal to 0 on S0, this fact woold imply that: g(z) = dist{x; 29), the
unigue viscosity solution of the boundary value problem. 16 was proved in [RE2] that
any Limit & of mindmizing sequences of &, has to satisfy

div(e®™=) = 0, Fa R (3.1.5]

The following theorem, which i= the main resalt of the present paper, answers posi-
tively to the above problem left open in [R52)
Theorem 3.1.1. Let v = =V g be a divergence free andd vectar-field in the space
My (). IF (3.1.5) holds then g is a viscosity solufion of [Wg|* —1 =0 in Q. In
povticidar we fave

q(x) JTLEa {alu) + |z — v} (3.16)

and therefore g is locally semdeoncave fn Q and v € BV,(; 5).
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[t was proved in [RS2] that the maps in M, (80) satisfy the kinetie equation
eV oy, = —d(div(e)) DG« R (3.1.7)

where y . [(x) ylgplz) —a) and x is the characteristic function of B It seems
that the standar] theory of kinetie equations does oot direetly apply here to dedoee
from the sign condition of the jumps (3.1.5] the unigueness resole (3.1.6], whereas
the viscosity methods are very efficient. This being said, doe to the natoral kinetic
meaning of [3.1.5), it would be niee to have a direct proof of theorem 311 via the
kinetic equation approach.

A we mentioned above o consequence of theorem 3.1.1 i= the following eorallary.
Corollary 3.1.1. Let u, be a fomily of wnii vector-fields over a bounded smeooth
sirnply connecded domain O of B2 such that

I_ina Eiiug) _I_iTrll:linI' V() : we W8T = 2|85,
afiid .Jr.un tte « 7 = [, where 7 ds e andd fangent fo J0. Then
iy — wt, 1= W disk[z, S0 i LF(CL)

Sror anay p o o

A gimilar problem to [3.1.2) s the =0 called Aviles-Cliga problem where, instead
of constraining « to be unit, one requims e o be a gradient, say @ = =%V " and
w e W B, and one introdoces the Gingbure- Landag funetional

.1 . §
GL(V g) == [ [V3g] ;f{lf’ﬂl‘—lj'. (3.1.8)
4 61 - J1f

The asvinpiotie analysis of this problem, as = tends to 0, has been extensively deve-
lopped in [ADM], [AGT], [AG2], [DRMOT], [DRKRMOZ), [JP1], althongh a complete
M-comvergence resolt is still not available, One of the relevant facts showing op when
one tries to compare these two, apparently wvery similar, relaxations [(3.1.2] and
(3.1.8]) ol the eikonal equation |"'._"_r1|2 —1 = 0 iz that non viscosity solution can some-
times realise a fundamental state of the limiting Aviles-Giga Funetional. Thiz result,
shown Ty W.lin and R Kohn in [JK], is in striking contrast with Corollary 3.1.1.
The apparently similar problems (3.1.2] and [3.1.8) earry a major difference: in
the Aviles-Giiga problem there is no obstroction for W to have vortices, this is troly
a vectorial problem, whereas in (3.1.2) the energy [I7;] is not 0 near to vortices, sinee
g jump in the lifting is foreed. In this sense the latter problem i= a sealor one. In
[ARS| the formulation [3.1.2) s slightly “relaxed” in order to release the topological
constralng not to have vortices. 16 has to be noticed, see the results in [ARS], that
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in this more general framework the viscosity solution i=s not minimizing anvenore n
the [lmit = — 0.

e theorem 3.1.1 has heen obtained by s within a more general research project
airned toshow the conntable rectiliability of the “jump set” of veetor Belds of M, (0]
ad an explicit representation, in terms of the jumps of &, of L7, Indeed, it can be
proven by the constroction in [ADM| that the weetor Helds » € M (€2) need not
be in BV(Q), not even locally, and therefore this regularity result for the jump set
has to be established independently from the BY theory.

Acknowledgments : This work has been carried out while the first o authors were
insiting the Mathemabics departimend of Ehe ETH-Zarvick. They wowld like io thank
the departmend for éls hospitality.

3.2 Proof of Theorem 3.1.1.

Take w = ™ — =V g sati=lying the assnmptions of theoremn 3.1.1 1w £ My, (0]
and w =atishes the sign condition (3.1.5). We elaim that g i= a viseosity solution of

Vol —1=0. (3.2.1]

We recall the delinition for g to be a viseosity solution of [3.2.1) (see for instance
[CEL]L or [AD] delinition 6.1).

{a] gis a viscosity subsolution of [(3.2.1) in 2 for any =5 € 0 and any & € (0
snch that g — 0 has a local maximoum at ;. o0 =atisles

|2 | () < L. (3.2.2)

l::h::l 15 a visooslby supetsolution of l::."].‘i.] Vin SVl for any xg £ EL and any & £ {'.‘:__""[_f!]
anch that g —10 has a local minimonm at g, o satislies

|V [(xn) = 1. (3.2.3)

Finally, g 1= a viscosity solution of [3.2.1) if g is both a viscosity snbsolution and a
viecosity snpersolution of (321

Slep T

It i=s standard to prove that g (s a viscosity subsolutlon of [3.2.1). Assuming g — o
arldmits a local maximm at ry € Q. we have for any £ 2 0 emall enoogh and o € 51

0 < |glz) — Pzn)] — [o(zg + b)) — g + )|
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psing the fact that g is lipschitz, with a lpschitz constant equal to 1 We then bave
O < ¢ 4 gy + dw) — o [xg).

Therefor:

— = V(1) - w 4 alt).
Choesing w = —WVei(za)/|Vi(xza)| (we assume |Vei|(zo) # 0, otherwise (3.2.2) is
already troe) we get [3.2.2),
Sen 2:
We shall prove now that g is a vieccsity supersolution of (32,1, This requires some
more work aned the croncial nse of the sign condition [(3.1.5).
Let &0 £ ©75(2) and assume that g— < admits a local minimum at o € 2. Without
loes of generality we assume that glzg) = (zg). We shall prove that |[Wo|(z,) = 1.
We hirst proceed to a dilation process which = oot absolutely ynavoidable in the
prool below, ot makes the presentation cleaner.
Let x € €7 Hz) with ¥ = 1 in 1. Becanse of the sign condition [3.1.5) we have

limm bup [ [ |eliv [f'm*ﬂjl = lim "*'lP' - [ iliv [r‘mﬁ'":'l:.;.,
* atB . Belxn) » aEB - Hor (o)

| . (3.24)
lim sup —— [ [ e Ty S O 0] = o
r—D P o] ¥ Barizn)
where x. . = x([- — xq) /v ). This being granted, we define for any r =0,
e i ro + rx)
[T w(zy + rr)
aelT) 'Fli_r;[::.;. Frz) — glzo))
i [z :l:ﬁ"l:]’.:. Frz) —wlzg) )
Using (3.2.4] we have
|i|r1:-j|1p[ f |divie™ )| = 0. (3.2.5]
r—0  JSacl J e,

Therefore we may use the compactness resnlt of [R52] (in fact sorme modified version
af it, see Theorem AOL of, Annexe A, =aving that from any sequetes 1o e )
My (F) such that |-!'.-’,_j| arl |||TJ_,-||,,_. are nniformly bounded, one can extract a
strongly converging sequence ¢y in LA(By), ¥p < +00) to deduce that there exists
g sequence r; tending to zero snch that

iy, —* (. in LP(H,) ¥p=< 4o (328
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As a consequence w,, converge o e, c— e o LF(B)) for any p < 20, Assuming,
possibly extracting a further subsequence, that g, oniformly comverge in 5 toa
1-Lipschitz function g... we immediately obtain that ¥4g. = —e** . Moreover

dive™="" =0,  ¥ac R,
|j:.'~].‘£.'r']
o — e adimit= a @lobal minimom on &y at 0,

where @1, = Ao -z, A = |Ve|izg) and w 1= Veiizg )/ | Ve (zg)| whenever X 2 0 (if
A =0 we choose any w € 5.

Chserve that after this linearization onr goal 1s to prove oow that A > 10 We argne
by contradiction and assome that & < 1.

Inn ordder to ensure that 035 a stcict minimunm of g, — .. we add to this funetion a
=mall quadratic quantity -:’.'".1'”2. where d = 0 will be chosen so that A= A+ 24 < 1.
We then denote for any & =10

Folx) i= gool) — o () + 8] ="

CObserve that f5 = 0on By, that f5(0) = 0 and that this minimom is achieved only
at 0. Moreover, our choice of 8 ensures that |V fz| = 0in H,.

Let = = 0 be the minimum of f5 on @5 amd let a® be the essential supremom af
i, on A the connected component of I5 I|:|[].'."|:I containing (. We choose @ < a*
snfliciently elose to a*, so that 2® — o < 7 and

1 + sin [:% Fa” —rt) = 227
Notiee that all level sets &, := [ fj = s} are, for 0 € s < 7, compact sulsets of B
Moreover, as ¢, = a} has strictly positive Lebesgue measore, the co-area formnla
for Lipschitz funetions and the non-degeneracy of % imply that the sot

5 {s c(0,7): HUE.N{de =al) =0, KYME, N{d. =a*}) []}

has strictly positive Lebesgue measure. Setting w® = [ —wpwy ), ot 1= (=207, and
v o= WV il we choose s £ 8 where the Tunetion

L E f R N T s . oy B
E,

iz left approximately continnons, e

Lirm [ﬂ Hds = I s).

a0
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By applying the coarea formula, we have in particular

limn I[E'M‘“""' + At — Eﬂizi] N

r—=0

=)
= —j (efF=" p Nt — 28 ) o,
[ K

where C{r) = 1A (s — f5)H /=,
Applying the sign assumption, we get
0= — [ V. (" 4 ot —245) — (e=" . dt — Bdet) . p

2 .
(3.2.8)
We decompose B, into T o= B oo, = el and 1) = E N {d, < al. Siee
e At — 2art = W combining this fact with (3.2.8) we finally abtain that

0= | (&4 ot —200") (Vg — Aw + 28x). (3.2.9)
ri

On the other band, nsing the identity a - 5" = —a™ . b, on I we get

I[e'k' + At — 282 (Wi — Aw + 287)

= .V — Eei“ + Vg ¢ (Ao — 2dx)
e Vg + A Vi g + ]
Therefor:
nﬂ_:f £ Vg + AV g + &2, (3.2.10)
BA 1 o 2a}

Fora g “a’*wehave 72 S gt mf2 —a<xf24a"—a < a?" and therefore
RN (-;bm T r::) <0, (3.2.11)

Observe now that [|Vg, +e®|[f =242V g, o™ = 21 —sin(gd., + I — a)) and.
by our cholee of a, we have

(™ W) = cos (-;bm +T—2r — EI!)
=1 — =in* (r.flm + g — E-J - 23 (1 — =1 [::ﬁm + g — E-J) (3.2.12)
= RV g+
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Combining (32100, [3.2.11) and [3.2.12) we get a contradiction, since 10 by our
choiee of 5 has strictly positive H'-measure. Thus g is a viscosity solution of
|Walf —1=01n .

Finally, since the right hand side in [3.1.6) is a viscosity solution in € with the
same boundary values, the unigueness theoremn o lest order viscosity solutions with
cotrvex Harmiltonians leads to (3.1.6]. Sinee

,r_:|=| c—y| - ogly) < ORI on B for any g € 54

on any ball B < O, it turns oot that D%y < (B in B as well. Therefore g is
locally sermi-coneave in L 1 is well known that gracients of concave or scmi-coneave
[uoetions are locally BV,

Remark 3.2.1. (bserve that the abowve presended proof gives o new approach for
the first pard of the proof of the main result of Chapter 2 saying that ang u = €% in
M, sabisfing U, =0 is Lipscehitz,



Chapitre 4

Sur la rectifiabilité des mesures de
défaut dans un modéle
micromagnétique

Les véswltals exposds dans ce chapitre sond le fradt dane collaboraiion avee Lutg
Ardrosio, Bernd Kirehheim ef Tristan Rividre, ils sont paras dans an ouwerage dédid
a (. Ladyzhenskayga (Kluwer Academdc), of JAKLR[

4.1 Introduction

Cliven a bonoded domain Q of B, we consider the space of maps w : 0 — C

sakisfying

| =1 a.e. in €1,
(4.1.1)
div e =0 in D).
Fauivalently, taking w = Vg 1= [—d. g.0:, 7). this space coincides with the space

af all funetions g : 2 — B solving
|[¥g[f =1 ae inf.

Insicle this laree spaoe we will restriet our attention to the following class of vector
Lields:

i — O st dive =0 and 36 £ L™ satislving w = &**
Mg, (82)
and U, = div (") iz a finite Radon measgre in € % B

(4.1.2)
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where dfr) A a denotes the minimum between o) and . Notice that the eondition
on the lifting in (4.1.2) is nonlinear, nnlike the divergence-free constraint,

The space Mg, () was introdueed n [RS2] and s the natural limit space of
the two dimensional variational problem modelising micromagnetism without vor-
tiees (=ee [RE1) and [ARS
consider the energy

for a detailed presentation of this problem). In Trief, we

1 .
f |H.|* dx,
JRE

where H, [the so-called demagnetizing field) is the curl-free vectorfield related to w
by the PDE div {a + H,) = 0, @ being the extension of » to B? Y 12 with the wvalue
0. Assurning that Fo(u.) < € and w, e with ¢, € B uniformly bounded in
L in Theorem 1 of [HS2] it is shown that the family ¢ has limit points [in the
! topology) as = — 07 and that any lmit point fulfils (4.1.2). Moreover, we have
the I' lim inf ineguality

Foolu) - f:|‘~r-u|2 |
o5

Ii::'n‘iﬂl' .I'-.-:_klin"""*'jl = 2|0, (6 = )
whenever gy, — ¢, This compactness result can be extendeod to the My, space,
sre: Theorem AL in Annexe A
The prool of these facts 1s based, among other things, on some methods developed
i [ADM] and in [DRMO1] in the vwery elose context of the Aviles-Giga problem [see
[AGT]. [AGZ]). In this setting one considers the energy funetionals

F(w) fn [:WH-F | m dr,

=0 that the vector lelds Ve, up to a rotation, are exactly divergence-Tree ot take
their valnes on S' only asymptotically.

At this stage a full M-eonvergenee theorem in the micromagnetios case (and in
the Aviles-Oliga problem as well) is =till missing, although as we said the T lim inf
inequality is koown to hold in general and the I limsoap inegoality has heen proved

arcl [ARS

lead to &

in some partienlar sitpations. Besides, the results in RS2
characterization of energy minimizing conlgorations.

The completeness of the I'-limit analysiz of this wariational problem requires a
decper understanding of the space Mg () Lo particolar, a more precise deseription
of the singular sets of arbitrary maps in M g, () is a very natural question.

As explained in [R52], the measure div (e “detect=" the singular set of o:
for instance, it is proved in Chapter 2 that @ i= locally Lipsehitz io £ 00 and only if
div I:e‘-"'ﬁ'“:l Oin TF(Q « B). In the particular case where the lifting o is a funetion
of bounded] variation it is established n [RS1], [HE2] (using the Vol pert chain rule

J-u':."".n:l]
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in BV that the measnre dive’#™ i= carried by S, where S, i= the conntably H'-
rectifinble set where & has a discontinnity of jump type, o an approximate sense
(mee Section 4.2). Precizely, for any ¢ £ BV{Q) such that div e*# = 0 one has

div (™) = ¥pa- cacat) (6% — % Ty H'L I (4.1.3)

whete o are the approximate limits of & on both sides of 55 and : Is chosen
in such a way that ¢ < o, and ¥y ..+ is the characteristic function of the
interval (6@ ) in B Finally H'LJ, denotes the 1-dimensional Hausdorfl measnre
restricbed] to J,.

e main motivation o this work is to extend soch a desceription of the jump
=ct b liftings o of vwotorfields in Mg, (2], In [ADM| an example of a vectorfield in
Mg (02) which 15 not in BV(0,8') is given. Precizely, the authors give an example
of a map n the so-called Aviles-Giga space AG [see [AGL], [AG2], we follow the
terminology of [ADM]] which is not in BY{2). We recall that AG (0] is made by
all enlutions » of the eikonal egquation such that

5 3 o 3
div ﬂ .- _u i= a hnite Hadon measyre in 02
el iy

for any orthonomal basis (£.9) of B Becanse ol the sinilarities between the two
spaces it happens that this map can be made also in Mg, (the technical reasons is
that small jumps are penalized with a power faster than 1, see (4.3.5) and [R31]).
Therefore the B space 1s too srmall for our analysis and there is oo hope to achieve
ot goal by geing the classical resglizs of the BV theory.

[t is prosed in [RS2] that a lifting & of a vectorlield in My, solves the Tollowing

kinetio equation :
ie’ ™ W, [(o(x) —a)] = &, (dive' ) in DY xR (4.1.4)

whete v denotes the characteristic funetion of B, . By applyving now classical results
of regularity of velocity averaging of solutions to kinetic equations [see [DLNM]],
one gets that solutions to [4.1.4) for which the jump distribution div (e*#") 15 a
finite Radon measure are in W90 for any o < -' and p o= g- Taking advantage
of the specilicity of the solution [ [x(b(z) — a)| solving the general equation
e VL i g, whem g iii'u.'I:r"'".“*'":l. PE. Jabin ard B Perthame in [JP2|

improved the Soboley exponentz and showed that

1 3 .
e W) e 3 and @ o= 7" (4.1.4]

Atill being a nice improvement, this i=s far from being enoongh to tell us something
of the structure of the singolar set of o [one wonld like for iDstance to get as olose
as possible to the situation where op = 1),
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Leaving a=ile the classical lnear funetional analvs=is approach, which is perhaps
not the most appropriate one to explore onr non lnear space Mg (0], we adopt
here a mmore direct approach working direct]ly on the singolar set o throogh a blow-op
analysis of the measure p (B) = [ )(F = E).

Cne main result is the following stractare theorem.

Theovem 4.1.1. Let b be a fting of v € Mg (Q) as in (§.1.2). Then

i} The jump set Js is countably H' -reetifiable and coincides, up to H' -negligible

sebs with
. lrjlr i
¥ {T c 8 limsup M = []} )
r

r—aldt

I addition
div [n’-"-"““:ll_.f.,-. X s~ cacst] Iir."" —e'® 1w HL S, Vac R, (416

(i) For H'-ae x € QN J, we have the following VMO property:

. 1 —
lim — [eh — | =100,
Ll L H|-|:J'|

where ¢ is the average of ¢ on B (x).

fiif) The measwre d 1= u, LY L) s orthogonal fo HY, de
B Horsl wdith HII:H:I S M = A(H) =10

Comparing this result with the BT theory, we expect that (i) eonld be improsed,
showing alss eonvergence of the mean values as r — 07 (and thos existence of
an approximate limit at Hl-ae. = € Q4 J, |0 Moreover, by (4.1.3] and the VMO
corlition ont of Je we expect al=o that the measgres div T are concentrates] on
J.. If this is the case, by the formula (see Theorem 4.3.1(i))

[ [ |div &*#"*| da (4.1.7)
4B

one would get that the measure 8 in (i) is identically 0 and full rectifiability of
the measure . All these problems are basically oper, and it would be Interesting
eviern to show that & =8 singular with respect to the 2-dimensional Leboesgne mea-
snre, thus showing that & s a Cantor-type measure (acceording to the terminology
mtrodueed in [DeGA] [A] for BY fnnetions). We prowve that & is identically 0 by
mmaking an additional mill] reeylarity assgmption on 2. oamely H'I:? My E) =0,
=ee Theorem 6.3 whose prool 1= based on the results in [ALR).
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Ar explained in the paper the onigueness of the tangent jump measure while
dilating at & point where the l-upper deosity of the jump measore Is nonzero is
strongly related to the unigueness result established in [ALR).

[t i= Dkely that this analyeiz can be extended o scalar iirst order eonscovation
laws with strictly convex non-linearities, where the classical Oleinik uoigneness resnle
plays the mole of our unigqueness resolt in [ALR|. Precisely, given a solution ¢ on
E' = R of

A A o)
ot | ihr

for A" = 0 and assuming that, for any § € Lip({R), one has that

il

HEad) I N @)
bl dr

7 = MET = R,

where S°4" = € and where M, (B x B) denotes the the distributions which are
Badon measgres in BY x B, then we expect a similar strocture theorem to be trpe
[or the messure .

Mow we briefly describe the contents and the technigues nsed in this paper. Seo-
tion .2 contains some basic material about BV [noetions, approximate continnity,
approximeate jumps. The main result s Propesition 4.2.1, where we [l a necessary
aid suflicient condition for a [Heing o to be a fuoetion of bonoded varation.

=ection 4.3 contains the main basie properties of the space Ad g, In particolar
we shenr the identity (4.1.7) and, as a consequence, the absolute continuity of g,
with respect to M.

In =ection 4.4 we study some properties of concave fonetions whose gradient
satizlies the eikonal equations. These properties are psecd in the last section of the
paper for the classihcation of Dlow-ms,

mection 4.5 (s devobed to somne abstract eriteria for the rectilliability of scts and
measures in the plane. We nse a elassical blow-up technique (see [Pr] for much more
on the subject), studying the asymptotic bebavionr of the resealed and renorma-
lizes]l measures around a point. The renormalization factor we yse is simply the
raclius of the hall [see Delinition 4.5.1 ) The new observation here is that very wealk
informations about the strocture of blow-npe allow to show that points where the
upper L-dimensional spherieal density i= positive are indeed pointe where the lower
I-dlimensional spherical density is positive, see Theorem 4.5.10 In onr problemn. this
information is used to show that p, L0 S,) has zero l-dimensional density, ard
therefore (s orthozonal with respect to Y.

Section 406 s devoted o the classilication of blow-ups. Here we use the klea
that any wector-valped measure becomes, alter Dlow-op, & constant moltiple of a
positive measgre ab ae, blow-np point. This idea was Oret n=ed Iy B De Clorg
tor elassily blow-ups of sets of Tnite perimeter (which tnrn oot to be hallspaces) in
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s fnndamental work [Def3] on the reetiliability of the reduced bonndary of sets of
[inite perimeter. Here this idea 3= pushed forther, considering the measares

[ e div e ™™ da, [ ala)div e F da,
Jr Jm

all alsolotely continuons with respect to pe, and blowing up at Lebesgne points of
all the respective densities. We show o this way that any blow-np iz elther constant,
of jumps on a line, or jumps on a halllioe, with a gniform (Les independent of the
choesen subeeguence | lovwer bound oo the width of the jump. This suffiees to apply
the results of the previous sections, angd to Infer rectilability,

While complefing this work we learned that 0 De Lellis and F. OHo indepen-
dently established fn [DO] o structure theorvem simdlar to Theorsm 411 for the
Awiles-(Viga space. Their proof, still based on a blow-up argument, is more elaborate,
sinee dn the case of the dviles-(Yiga space the elass of bow-wps is a priorvi richer. It
5 glso inderesting fo potice thatl no conpection wilh the theory of vizcostly solulions
is wsed i dheir paper.

We elose this introdoction with the following table, snmmarizing the ootation
psed] withoot fnrther explaination in the paper.

0l A bounded open =et in B

i M b The minimpm of e and b

it b The maximum of & and b

TR The sealar prodoact of o and w

(THI] The angle # € |07 such that o - w = |v||w|cosd
u The: anti-cloelwiseo :'.'J-"E rokabicn aof o, [— o]
g The vector (cosa, sina)

H.{r] The ball with centre = and radius r (x = 0 can he omitted)
H! Hansdorfl I-dimensional measare in R*

S 'nit sphere in B2

MIX Finite Badon measures in X

Mo(X) Positive and linite Radon measares in X

pl Hoestriction of g to 8 defined by you.

4.2 Continuity points, jump points, BV functions

Let us introdoce some wealk notions of continoity and jump, well stadied in the
context of BV oetions. All of them have a local nature and, to Ox the ideas, we

give the deflinitions for some oction fe LD (R BE™).

|Approximate limit) We say that [ has an approcimate limit at = i thewe
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exists @ = [B™ such that

1
lim — | Fla) — a|dy = 0.

LElE TR Sl .I'3|-|:.I':I

The vector & whenever exists 1= unigque and iz called the approximate licnie of
foat zo We denote by 55 the set of points where f has no approcimate Timit.
[Approximate jump points| We say that o s a jump point of 0 0F there
exist at,a” € B™ and . € 8 such that at # o and

1
lim — | Fly) —a™|dy =10,
r—dt T Hl: (=]

where B (r] {w € Bir) 1 (g — x):w, = 0} are the two hall balls
determnined by v, The triple (b a0 ) is uniquely determined up to a change
of orientation of e and a permotation of (o |0 We denote by Jp the set of
Jump points of F

It is not hand to show (see |[AFP]) that S, J; are Borel sets, that J, © 5. and
that 5; is Lebesgue negligible.
The following Lemma has been proved in [Al] in a more general context. For the
=ake of completeness we Inelude the proot,
Lemma 4.2.1. Let (x) be a fomily of continnous functions defined on B which
separaies poinds, Ledoh £ .I'.-”"'I:EEII and sei gy 1= ypad. Then the following implicabions
hald :
i) o has an approvimate il ol = if and ondy if all functions dy have an approxi-
sreale Wit al T
(it If = 45 either an approcimate connaity poind or o fqamg pond for all femetions
dhp, writh Ehe saome novmal Lo the Jumep, Bhen e same is trae for o,
Proof:
(1) We prove only the nontrivial implication, the
Let us set X i= [— e .|| ¥ ]- By the Stone-Weierstrass thearem the algebra 4
generated by the family (x)en is dense in the set of continuons lunction of X,

" one.

LX), encleweed with the sup norme I oy 0cb has an approximate limit at o for any
I we infer that oo has an approximate limit at > for any € 4 Sinee 4 s dense
i (X, the identity fonetion is the unilorm limit of a sequence of lunetions of 4,
o that ¢ has an approximate lmit at >

(i) The prool is similar, working in the two hallspaces determined by the common
normal to the jumps.
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Remark 4.2.1. Coneerning staternent (i), notice that il we assine in addition that
T is a jump point for at least one of the noetions &, then x muost be a jump point
af @, Ty [1).

We are going to apply this mes=olt with () = (x v B) A e, where (b)) is a
family of open intervals. It is easy to check that the family () separates points if
and only if the elosed set Y U(B.e) has an empty interior.

We recall also sote basic factz about BV nnetions which will be nsed thronghont
the paper. We say that 2 € LY E™) iz a BV [bonnded variation] function, and
we write w € BV(QR™) (B' can be omitted), if its distributional derivatives D,
L.

. =" . :

(D ey 1= — [ udr e (), 8 = 1,2

Jo I

are representable by finite B™-valued Radon measures in 2. We denote by |Dwu|(2)
the total varfation of the B* -valued measore Du = (0w, Do),

When £ H""I:F?;R"‘:I we have Du = Vel and therefore

| Dl () [ IV da.
J0

We recall that the jump set of @ BV funetion o i=s countally H'-rectifiable and that
lf et — u | < [ Du)(02). (42.1)
Ja

Moreover, H'-a.e. any approximate discontingity point i= a jump point, e
HU S ) =0 (4.2.2)

Now we imvestigate nnder which conditions a lifting of a funetion = € B17(0,8")
ig itsell o BV honetion.
Proposition 4.2.1. Let o< L™(80) be such that
i) wi=e'* € BV(0,8Y);
fii) LT, 1= dive®®™= 2 M0 x B).
Then d £ J'J‘]."IIE?:I e

| D)) = C [|UL]I9 % R) + | D (€3]]

S some consfant O,

Proof: Let ¢y € BV(Q) be given by Lermma 4.2.2 below, satisfying e*® — &' ¥ Then
there exist= a noigue & £ .I'.-":I:!.'!.E:I such that & = ¢y - 27k, The goal (s o show that
ke BY({Q.E).
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[t is elear, sinee g € V(0] N L™, that div (") & M(Q x B). Therefore we
can dednee that

OO (T I:-r.".""ﬁ*'" — r‘."'ﬁ*i":'] Wb dads| < IE'-'" ﬁ"”_-_- i:-*l.‘.-!_f‘]]
B

for any o € C7(02), with © = [0 (€2 = B) 4 |07,](02 = B). Notice that |27, |0 = R)
can be estimated (see [4.3.5)) with |Ddy|(22) and this, in turn, can be estimated
with [ De|(02).

We cheerve that ef='# — giatlaotdzkl — pila-2=klfe Pixine ¢ < 02 and assuming

E(x) = 0 to fx the ideas, we dednee from the remark above that

dnlx] 4 2rki=x]
[(:nﬁ i I:f.""'h'“{"] A f cosale’™ — r""‘:'['r]:lrfr:
- .

Al =)

Zxk[x)
r'iﬁ:'lﬂf sl B - IT-'|:||:-1':|] (“EE_ ]:l el
o

gi%ol=) (wh(z) cosda(z) —irk(x) singalz])

rk(z) ([]])

Combining this fact with (4.2.3) we have proved that

i

Thi=s shows that 20k is o finite Hadon measgre in €. A similar argoment [ replacing
cosa by sine in (4.2.3]) works for D2k

g | 15 LU=y Sl T

|
[n the proof above we gssd the following lemomes, which ensoares the existence of
a AV lifting.
Lemma 4.2.2 (BV lifting). Let w & BUV{OR?) such that [u| = 1 almoest everya-
Rere in Q. Then there evists op € BV (Q,|-27 2x]) verifying
fi) w=e'"" ge inll;
(i) |Den|() < Cp|Dee|(0), where O s an absolule consiani.

Froaf-
Let £, be a smooth function from B into |[—%.+ Z] such that for any [xy.2) In
S' verifying =, = 0, £5(z) is the angle in |—: §| such that ef fol=) "::lluih-U']j.' W

- . L
introduce £; to be a smooth map from B into [0,27] such that for any z = (z1.72)
in 8" verifying r, < %. £.0z) s the angle in [0.27] such that eif=l=) — o
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=inee u (wy,2z) is in BV{R?), by the mean value theorem and the eoarea
formnla in BV we may fnd o € |—:—1| snch that

5 ey (e (620 = | ey |(£2).

thus & =[x € @ : wi(r) = a} is a Onite perimeter set, By virtue of the Vaolpert's
chain role (see Tor instance [AFP|, Theorem 3.96), we have that both £pow and £ o
are in L™ 0 BV(2) and their total variations can be estimated with |Owu|(9). Using
now the decompesahbility theorem [[AFF], Theorem 3.84), we have that

= XELoPw + yoE L T u

i= in BY(2) and

|D66)() € [6allw + [all] [DXEI(R) + [D(E 0 w)l(2) + | D(E; 0 u)|(2).

By eonstruction we have % — u ace. in 0 and ¢ s o solution of onr problem.

4.3 The space M, ()

[ this section we introdoee the main object of study of the preseot paper.

Definition 4.3.1. We denote by M (90 the space of twvo-dimensional vector Oelds

win L[58 satislying

(P1) dive =0 in D[

[P2) there exists a lifting ¢ &€ L™(), Le. a map ¢ satislying » = «*%, such that the
distribution U in D0 = B) defined Ty

(U er(za)) = — [ /‘!‘."“‘:"'*'“ N ol radeda
SJRAD

is a finite Radon measure in £ = R,
For @ € B we set 7w = ™ € L'[0,8") (this is a slight abuse of notation, since
T depends on the lfting and oot only on w, bot it is justified by the fact that in
the ollowing the lifting of & will be kept [xed), so that

ST [{flh".f'"u; Wl -a)) da. Y& (0 x R).
Ju

Notiee that, since ¢ € L™(02), then [P1) implies that divT™e = D for all a € B
snch that |a| = ||¢ - Finally, we denote by g, the projection of || on the Drst
variahle, e,

pal B) = |UL)(B = R) for any 3 £ Borel.
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=i

[n the following theorem we state some basie properties of the trooeated vector
felds 7w and a pselul representation formola for D,

Theorem 4.3.1. Let uw & My, (). Then, the following properties hold :

i) The map a — divT=u satisfies the Lipschitz condition
|l::f1'|1.' T ey — {div T -e.:',-}l = £V || —a| Ts (8. (4.3.1)

fit) palB) _jr?_ |cdiw Tow| () da for ang Borel set B C Q. In particelar div TP is
a findte Hadon measare i 82 for ae. a2 K.

fiti) For a.e. a & B we have

a4

— div TP db — divT™u dn M),
24 . s d—at

Proof: (1) Follows by the elementary inequality [7w — T < |b— al.
(i) For any @(za) = flz)gla), with f € C=(02) and g € O={E] we have

Uil a)) = — [_ﬂj‘l:ﬂ:l ['.f“'u W flz) drda.
Jm s
By approximation, the same identity bolds if g 95 8 bonnded Borel funetion wich

eornpact snpport. New, choosing an open set A < 0 and f e O=(A4) with || f][. =1

and § = ¥ja..5 we get

ﬂ"&
U] (A % (a4 d]) = —f ['I'E‘u W () daedh,
=3 L n

=0 bhak

i
—|Ua| (A % [—moa]) = —f T -V f(zr)ds Yac R
dri 0
Being § arbitrary, this gives that div e i= a finite Radon measore in A and
{76l (A x (—20.a]) 2 |div Tul(4)
Tl —a|] = [div el
for a.e. o € B By integration it follows that
|7 A = R) = [|di\' T u|(A) da (4.3.2)
Jm
for any open set A C Q2. On the other band, the inequality

[t (6 B < f |eliv 1) (£2) . (4.3.3)

SR
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I= easy to prove, using the delinition of O, From (4.3.2] and [4.3.3) we obtain the
colncidence of the measnres g anid ]" |div ™| da.
The property [111) 12 an easy consequences of (1] and of the Lipschite propecty
(4.3.1) 2 it suflices to choose Lebesgue points of the integrable funetion
o |div T |[€2).
|

The following covering technical lemma will be nsed to show the abaolute congi-
oty of e with respect to H'
Lemmma 4.3.1. Led K e g compact sel of 01 Then, there exisls a sequence
(e, ) C O (0 [0,1]) such that

fi) v =1 om K oand spt o, — K asn — oo
(it) hmsup [ |V, | dz = IFHII:H:I-
n—a-toe S}

Proof: Let L = HYK). By the definition of Hansdorf] measore, for any r = 1 we
ean hnd a Onite number of halls &, = Bir, r;] whose union covers A and soch that
re = L/n and E:. 2r; = L4 1/n. By the subadditivity of perimeter, the open set
A, = UB; has perimeter less than 7L 4 7/n. Then, we set o0, — y4 ® g, when
=, = 1/mis chosen =o small that still @, = 1 on K (it sufliees that =, < dist(K,24,))
ated the support of & = compact. Sinee the total variation does oot inerease nnder
eorvolution (see for instance Proposition 3.2(¢) of [AFP]) we have

| =1

f V6, | dz = | Do (Q) < |Dya|(€) < 7L 1
L4

ml
and therelore o, has all the stated properties.

|
Theorem 4.3.2 ( Absolute continuity ). The measure o ds absolutely condinuous
with respect to B, de. p(B) = 0 whenever B is a Borel W' -negligille sei.
Proaf: By the mner regolarity of g it entlices to show that there exists O = 0 such
that, for all compact sets K C 0, p, (R < OHYK ) We will prove that, foralle € B
snch that div 79 i= a Radon measore on 02, the inequality |[div Tou|[K) < 2eHY K
holds for any ecompact st /& C Q. Then, since div TMa = 0 as soon as |a| = || ..
by Theorem 4.3, 1030 we obtain

s [ [|r1i1.".f"“'u||:h']n'r:£2r||r;1||.,_-7"'£'|:h']|.
SR

Let e € B be soch that o o= div 7™ s a Onite Badon meazgre on €0, By the Halmn
decomposition theorem, there exists two disjoint Borel sets A7, A7 such that, if o
and ¢~ denote respectively the positive and negative parts of ¢, then »* = e L A5
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Since || = ot 4 e, it soflices to prove that o (K) € aHY(K) for any K < A
cornpact and g (K] < aHYUK) for any K C A compact.

Let KW AY be compact and lee {200 < O™ [0,1]) be given by Lemma 4.3.1.
We hawve

v () (K] < lim [L'“_ﬁr?-' — lim [T“‘u-"?und.t
et Lt}

i —a Pl

< limsup [ | W, | dr < =M (K.
n—axx  If)

A similar argnment works for compact sets K C A
|
L the case when ¢ £ BV (D) one ean nse Volpert’s chain rule in BV to obtain
an explicit formula for div 7w, see [RS2]: it turns oot that

div Tu = ylag g e — ' ), ML, (4.3.4)
where
1 b ==
yla.h ] -1 ifg" —a=g
0 el=e.

-

Moreover, the divergence free condition gives €% . p, — &% cp, at any point in J,.
Iy particnlar, choosing e, in =uch a way that @ = @, Fubini theorem and (4.2.1]

Five
[7a](£2 = R) [|n:lh' T u| (2] da ff Yo cacati|e — T | dH'da
SR ®Ja,

| .
= ’f ™ — e (2 A E|r;l' — ) dH < 2|Dg|(Q). (4.3.5)
S
The following lemma provides an integral representation of the divergenee, assn-
ming rectifiability of the mea=ore and existence of jumps.
Lemma 4.3.2. Let uw € L=[R* %) and let K C B e countally W' -rectifiable. If
divu iz a Hadon measure in B? and HYUK NS0 J) =0, then

divul K = (u" —w ) oM LK NJ,.

Proof: Argning as in Theorem 4.3.2 and n=ing Lemma 4.3.1 one can easily show
that dive << H'. hence divel /& is representable by 8H'L K for some density
fupetion @ The noetion & can be characterized by a blow-up armument, ns=ing the
fact that K becores a line [here the rectiliahility of & plays a role) after hlow-op
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and u becomes a jump fuoetion or a constant fuonetion at H'-a.e. blow-up point of
i
|
The following campactness result is proved in Annexe A [Theorem A1) adap-
ting the truncation argurment of [RE52].

Theorem 4.3.3 (Compactness). For any constant M 2 0 the set
[o e L) 1 [|edb]|we + [LFs](92 x B) < M}

is compact fne L0 with respect to the strong bopology.

4.4 Some properties of concave functions

[ this section we stody some properties of coneave funetions g whose gradiene
zatislies the eikonal equation. We recall that the superdifferential dg(z) of g at = is
the closed convex set delined Ty

dglx):= [p € B*: gly) < glx) +p- [y —x) Yy € B°}.

It follows imrmedliately from the definition that the graph of dg,
Le. {[rp): pe dglx)} i= a closed subset of B x B Morover, the Lipschite as-
sumption on g gives dg(z) © B, for any r. Finally, dglx) = {Vg(z]} at any diffe-
rentiability point of g.

For any w € 8" and any r € B, the left and right directional derivative along w
of g at = are delined by

i e als 4w — glx)
Voalr) rllf;_ - _

For any x € Jy, we denote in the following by (Vg™ Vg ) the triple delined in
Section 4.2,
Proposition 4.4.1. Let g : B — R be concave and satisfying |Vg| = 1 a.e. e B
Then, g satisfies the Jollowing properties :
fi) If Vg has an approsimate it ol z, then g is differentiable af . Morea-
wer, seffing D_ = {x 4 tWValx) : t < 0}, for H'eae gy € D, Vg has an
apperocinate limdt at y egual to Valx).
(i) Let J be the sel of approzimale jump poinds of Vg and led oz £ J. For any
w € 8 such that w - v, = 0, the pariial derivatives Vig(z) erist ared

Voglz) = w - Vg (r) = w- - Vo' (z) = Viglz) (4.4.1]

Mareaver, setting D7 = {z + Vg™ (z) : § = 0}, for H'-a.e. y € 7. Vg has
it approciveie Hmil equal o Vet ().



4.4, Quelgues propriétds des fonctions concaves of

fiti) For all o = 0, we define the following sets
Joi=dxed: |Wa'(z) = Vg (z)| = a}
Y. {re B diam (Bg(z)) = al.
Then, J, T X, and ¥ is closed.
Proof: The first two statements can be proved in the same way and we prove only

the second. By the definition of J there exist w. £ 8" and Vg™ (z). Vg () € S
=nch that

1 .
him ———— |Valy) — Va©iz)|dy = 0. (4.4.2)
et L2 BE(z)) | HE (=]

Fer oz 0, let us define
glr +ry) — L'l:l'j
r

Then, Vg, (y) = Vglr + ry). By [44.2), Vg, comerge in L' H)) when r — 0% to
the [unetion

HEE|

gy

X Vat(z) Hyer, =0
|I:-| EI: g':' H . -
Ve (z) Hyer, <0,
By Sobalev embedding, this implies that (g, ) uniformly converges in B, toa
1-Lipschitz function gy satislying Ve, = (7. Sinee g.(0) = 0 we have that go(0) =0
and therelore gq s unigquely determine]

() v Vgt(z) iy =0
toly) v Vg iz) iy =0

But, for any w £ 8!, we have

glx + rw) — glx)
-

Vioglz)= lm lirm g, {w) = galw)
r—afrt s
ani
Voolr) [ glx —rw) —glx)
L4

r

lim —_r,l,l:—u-'] — ol —w ).
—_F r—aidt

Therefore, i we assome that w <. = 0, then

Voglr) = w- Vg (z) and V glz) =w- Vg (z)

Moreover, we have W _oglz) = Vg(r) sinee the restriction of g to Bw is concave.
Lt us= new prove the second part, Let o € Jand let g £ 0 Sinee the restriction
af g to D7 18 concave, we bave

T‘l‘-y i:'|g[:‘l_'|l:| E ?1‘_.!5, |::|q|:g:| E T\rg. [r:ll:lll:'T:I ?q |:f:| ) ?I:,l |:'T:I 1
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Since g is 1-Lipschitz we aobtain that
Vg @) = Vo oly) = L (4.4.3)

By 14.2.2], for H'-ae. y € B® either Vg has an approximate limit at g, or g is an
approximate jump point of Vo 10y € D0, g can™t e a jump point of Vg, Indeed,
assuining that ¢ € J and applying (4.4.1] with w = Vg~ {x), we have

Vg i) = Va (y)- Vo (z) 2 Vg (y)- Vo (z) = Vg - olw).

By [4.4.3), Vg (y) - Ve (z) = V'gly) - Vg (z) = L.
Thus, Vg (y) Vatiy) Vg (z), which contradicts the assumption g £ J.
Therefore, Wy has an approximate limit equal to Vg (z) at H'leae v € D7 The
same argurment can be gsed for 07 and (03] s proved.
(iii) First, let us show that J, C ¥, Indeed, since g is differentiable a.e, for any
r & J, we can hnd diferentiability points =, comerging to r sach that Vgl
cornverge to Vgt benee the elosedness of the graph of Sg ghves that Vgt () and
Vg (x) are in dg(x). Thus, diamdg(x) = o and = € Yo,

The closedness of ¥, i= an immediate consequence of 8 compactness argoment
Based on the closedness of the graph of Jg and on the face that dg(=) < Ry for ETiLY
I.

4.5 Rectifiability of 1-dimensional measures in the
plane

L this section we consider a measure g € M (02) absolutely continuons with
respect to K, Lo vanishing on any H'-negligible set. We define
Blr Bix
&, p.x) = lim inf M E*(pi,r) = lim sup M

r—at r il '

(4.5.1)

A general property is that ©%u.r) is lnite for Hlae x (see for instance [AFP|],
hence the absolute continnity assumption gives that @%(p.r) & finite for p-ae. o
We deline also

Y= re 2 8%px) >0}, Yo re: B,(px) =0} (4.5.2)

p H
anid noties that Zl:; are Borel sets and IIZF i }:J;- Motiee al=n that }:r-.' i= a-finite with

respect to A, as all the =ets

.= {r e B8%px) = al (4.5.3]
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satisly H'YE,) < 2p(Q) 0 (see [AFP], Theorem 2.56). Therefore, Ty the Radon
Mikodym theorern, we can represent

po=plX0 4 pl (2% X0 fH' LY +pl{24 X0 (4.5.4]
for some [ & LYH' L}:r_‘.:l. Notiee that the residual part pm = pl [0 L) s
"orthogonal” to HY in the following sense :

HYUB) < 420 = pT(F) =0

Thiz is a consequence of the fact that ©*(p" ) is 0 for p"-ae. x.

The following delinition s a particular case of the general one given in the fun-
damental paper [Pr|.
Definition 4.5.1 (Tangent space to p). Given o & 02 and v = 0, we deline the
rescaled measares p, & M (S — 23] Ty

plz + rR)

r

Mo B)

for any Borel set B < [0 — x)/r, =0 that

1 — %
[ ot doet) ;fu(*’r )rﬁuty]l Vo € O, (0 — 2)fr).

We denote by Tan(pr) the collection of all limit points as ¢ — 0 of p__, in the
dunality with O (R ).

Notice that the deflinition above makes sense beeause the sets (Q — ) /v invade
B a= r — 07, Moreover, as

.H.r:r[:‘r:ilﬁ':l M

=14 RO [(u,x) YR =0
for v sofficiently small (depending on /), a simple diagonal argoment shows that
Tan(p,x) i= not empty whenever 8% p. ) is Onite (and thus p-ae ).
Theorem 4.5.1 (Positive upper density implies positive lower density).
Assume that for some ¢ € }:P' the Jollooing propertics hold
{i} The density function fir) = p(B(z))/r is continuous in (0,8) for some § €
(0, dist(z,H2) ),
(i) &) is finite;
(i) There erists e, = 0 such tha any wonzern measure € Tan(px) is repre-
sendable by cH'L L. whers ¢ = ey and L is either a line or a halfline fnot
necessarily passing through the origin.
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Then x € }:F
Proof: We introdoee Orst some notation. Given a line or a hall line L intersecting

the et ball By, we denote by L the line containing it and by £ its direction |1|'
L= L the orientation does not mateer). We denote by by € [0,1) the distance of L
frorn the ceigin. Fipally we define dp € [—1,1] so that

vE LM B, — veE LB, and y-& = —d,.

An elementary geornetric argnment shows that, if d; = 0 and XYL N A < 1/2,
then by = '..rFEI.IrZ-E

We assume by contradiction that o= & 3:F. Le. Balpr) = 0L Heneeforth, we fix
a positive mumber g < minde, /2.8% p.x)} and find a decreasing sequence (/) with
FIR) < /4 and then r; < I, such that fiir;) = g and fit) < g for ¢ € (v By (v s
the Orst r below B at which [ hits g). Notiee that necessarily £;/r; = 40

Possibly extracting a snbsequence, by assomptions (i), (i) we can assnme that
the rescaled measares p; — p, . weakly converge, in the duaality with I'.",._[:H"}]. Lox &
Radon measure ¢ = cH'L L, where L s either a line or a halfline and ¢ = o

As Iu,-(ﬁ,ﬂ g we obtain that o 5] u(ﬁ,j > . On the other hand, as
el ) < gr for any v £ (1,4) we obtain

viB) =g arl B < qr Wre (14

Iy particular the right derivative of g{r) .= o B )/ at r = 1 is nonpositive.
Cn the other hand, we have

viB)=r¢ (.:1‘;_ Foafrt— jli) wr = 1.

=0 that

d

FE[T]

d dy 4 JTF— B
dr v

{:,r?'i — f'.s.r. ‘n..-":] ._ j'i.
e vi1-hy

Thiz derivative 1s strictly positive iF o, < 00 I dp = 0 we notice that

[

re=]

HY LB =3<Z <
[ l.'

hJI-—'

henee hy = '.,-"'_ijn"ﬂ and ky = 1L,-'"] — hi. Therelore the derivative above = strictly
positive inoany case. This contradiction proves the theomemm.
|
The following rectiliability result is part of the folklore on the sabject, Dot we
include g proof for comvenience of the reader.
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Theorem 4.5.2 (Rectifiability critevion). Asswme that for p-ae r € X there
erists @ unil vector & = £(x) such that any measure o € Tan(p,r) is concentrated on
a fine povalled fo £, Then }:F s countably H'-rectifiable.

Proof: For no = 1, let 5, be delined by

|
S, {u’ 0 B (ur) = —}
rn

As H'LS, = Zrp it follows that H'S,) < a0, therefore Ty the decompesition
theorem [see Corollary 2,10 in |[F]) we can write S, = 8710 5", where 57 11.5% = 0,
5r = countahly H'-rectifiable and 5 is purely unrectifiable, i.e. its intersection with
any rectifiable curve is H'-negligible. Let us show that H'I:.f':::l 0. Themn, }:# will
be contained in a conntable ynion of rectiliable curves and Theorem 4.5.2 will be
prosed.

Let us define, for any direction w € 8, for any angle @ € (0.3). ¢ € B arrl

ro= 0, 5, (zwd) as the intersection of Hr[u'] with the cone
{g.r c R\ {z}: |c:m—:~|:y_:_';:..']| = |i:u—i|fl‘|}

having = + B as axis. Sinee 5* s purely unrectifiable, by Theorem 3.29 in [F], for
H'-ae. © € 5¥ we hawe

_ HYS M S (rw )
[t sup

r—alrt r

1
zosind  Woc8WhE ([].%j.
Inn particolar, lixing @, we bave

Slrit(z)d 1
Lt Eup‘ul: (=& (z) :I:I =
it r 12r

sin i fewr H'-ae r € S
Assuming by contradiction that H'(S¥) = 0, choose © € 5" where the above density

property holds and a sequence r; | 0 soeh that g, — @ locally weakly in B and

it [H,.,IZJ:.Q : |:.1':|.I5|:|:| - 1

~ 12n

i =in ., l::-*l.E-.;_:]

3 |":-

By assumption we know that » is concentrated on a line L parallel to £, and (4.5.5)
gives

Fr |:5'| (0,87 I:I].ﬂ:l:l = % girndd == (0,

We will obtain a contradiction by showing that the line L passes throngh the origin.
If not, there is ¢ = 0 such that w(B_) = 0, so that p{ 8. (r))/r; i= infinitesimal as
¢ — 20, This is pot possible becayse = £ }:F.
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4.6 Classification of blow-ups and rectifiability

[ this section we analvze the ssyinptotic behaviour of good [ftings & of veotor
eleds a2 Mg () 1o Proposition 4.6.1 and Theorem 4.6.1 we show that generically
a blow-up prodoees a lifting ¢, with special [eatures, e either approximately
coptinuons or jumping on a lioe or on e halllioe, Moreover, there 35 a rich family of
truncations which tnrns o, into a BV, vector Held.

Then, in Theorerm 462 we prese rectifinhility of the I-dimensional part af g, by
showing that the normal to the jump is independent of the sequence of radii chosen
for the blow-up, and a lower boood an the width of the juomp of @, The (st infor-
fnation comes choosing o Lebesgae point for the density Iinetion H characterized
by

[r:”"di'-.' 1% da .f-fl.!.l_i,.
SR

The seeond indormation comes choosing Lebeseue point for the density funetions He
characterized by

f{_“.k"di\'.;.ﬂ”r{ﬂ j}-k}]é_ F{ E I:]E:II_'I'D
H

Thiz aspect of the proot 1= quite delicate, since a prior the jomp can be arbitracly
zmall and oo uoiversal constant o the lower Dound can be expected, unlike ino the
theory of minimal surfaces. A linearization around k& 1 shows that small jumps
are noiguely determined by all vectors He.
Proposition 4.6.1. Lef v & My, () and lei € L=(Q) be a lifting satisfying (P2)
in Definition .31, For pa-almaost every o € B, fom any seguence r, — 07 one
can erbract o subsequence v, such that the functions ¢ (1) 1= oz + r;7) converge
ta ., in LD (RF).
Muoreover setting u.,, 1= % the following propertics hold

i) There erist a nonnegative Radon measure v on B® and a Lipsehilz moap

h: B — R such that
div T, = kla)e ¥a € K.

fii) There exists a frinite or countalle famiy of open segments (possidly unbounded )
I = (By.eg) such that
fa) RS U T, has an empty fnterior;
(b)) for all I, div '.f:._:'rr:,: 0
o) for all I, either div '.f:‘u_,_. 5 g ponnegabive mmeasere for all @ € § or
div {7 i o non-positive measure for alla c I
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Proof: By Theorem 4.3.2 we know that g, is absolotely continuons with respect
to M, henee [see Section 4.5) the upper density &% p . r) is lnite for pg-ae T
Heneetorth, we choose =, with this property, Sinee g, (HSy) el B {rg))fr s
equibonmcled with respect to e for any lixed &, the compactness Theorerm 4.3.3 andd
g diagonal argnment ensure the lirst part of the staterent, We can also assnme that
the resealed measures (pg),, ., as in Delinition 4.5.1 weakly converge, in the duality
with I'.".‘L_I:RHII. b =oane Hadon measnre .

[t arder to obtain the property stated o (D) we impose adiditional [Tot generic)
conditions on ry. By Theorem 431000 we have that, for all g € (), the Radon
[HEas e f{ gla)div i™u da i= absolutely continuous with respect to u,. Let 1D he a
countable =t dense in CE] and set

g [_rﬂ:ﬁ Idiv T da Tge [
Jm

Then, by the Radon-Nikodym theorem there exist functions f, € L) such
that vy = h p,. By Proposition 4.5.1(i1] again we obtain

[[hy — hye e [[_q[nj — g la))div T o) da < sup g — g [ || elpes
iyl JR A0

for any v CX(62) and any g, ¢ € C(E), hence |[h, —hy|[. = sup g — g (the L=
nori is computed nsing pe as relerence measure .

Let s eonsider the Borel set £ ﬂ"-.ll_lg: 5, ol approximate continuity points
of all maps Ry, for g & D Let B0 be the space of bounded Borel Tunetions on 0,
erwlowe] with the sup oorm. By the previous estimate, the map B which associates
to g = £ the fnoetion

f.(x): ap—lirﬂflglz_.;r:l. re

i= 1-Lipschitz between I and B=(0'). By a density argnment 7 extends to a
I-Lipschitz map delined on the whole of C[R) and each point = of 0F is an ap-
prosimate continuity point of all functions b, g € (R}, with approximate limit

R, (x).

We hix 1y € 0. Hesealing vy as in Delinition 4.5.1 we obtain

(#g)ca,r = Frglzo 4 7 ) phas Jarcr
and the approximate continuity of Ay at =, tegether with the fact that the npper
density is lnite, ensures that I::a'ﬁjl_,"_,.l weakly converge, in the doality with O [R7),
£ .f.ifﬂlz.t.;.:ln. Cn the other hand, the ideotity

L - f gla)divi™w, da

SR
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and the comvergence in the sense of distribntions of div T, to div T, give
fgl:u]ll:div':l"“um;f} dir — Hg[r.;,]f fdv Vg€ CLRY), £ € (R,
3 2

Now we fix &0 € CF(R*) such that [, £ode = 1 (assuming with ne less of generality
that w[R*) = 0) and notice that consequently

|12, ()] = ||‘~?+:n||m_/; lg(a)] da.

If particular, if g, weakly converge to the Dirac mass at a, then B, (7] is bonnded.
and any limit point b satislies

(vl une) = [ ¢dr  vEeCm @)
RE

Thiz implies that & does not depend on the approscimating sequence, but only on a.
The Lipschitz property of h follows directly by Proposition 4311, using £, as test
fiuretion,

Let ns now prove that (1) implies (i), assoming with no loss of generality that o
is a nonzero measure. Then it soffiees to take as intervals the connected components
of {h # 0} and the connected components of the interior of {h = 0}, By construction
the complement of the union of these intervals has an empty interior.

|
Theorem 4.6.1. Let w © My, [02) and let ¢ € L™=(02) be a lifting satisfying (P2)
in Definition {.5.1. For py-almaost every =o € 0, from any seqeence v, — 07 one
can erfract o subseguence v, such that the functions & (r) == @z + r;x) converge
in L (B7) to . Morsover the jump set Ju of e coincides, up to H -negligible
sets, either with the empiy set, or with a line or with o halfline K, not necessarily
pussing throuwgh the origin.

IfK is aline and oy € 8 A € R are such thai K = A4 Ruwg: (see Figure §.6.1),
ther g, is constant in the halfspaces TF defined by

It = [yEEE: {y—.d]-u,{}ﬂ}, F_::{yE B [y—,el]-ua--:n,]. (46.1)
If K is a halfline and wy € 8, A € B are such thai K = {A 4 twy & = 0}

(see Figure §.6.1), then the approvimate limits ¢ and ¢ are constant H' a.e. on
K. Moreaver, ¢ is equal to ¢t ae in Ty | whers

- A
T*::F*I"‘I{ = | J -u.'J'-:-‘-‘—u*-u.'-}.
A U |§|'—..-‘1.| g ] -’l-::l
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Proaf: Weeping the notation of Proposition 4.6.1, in the following we denote by L7
the set of all [ such that T; s not a connected compornent of the interior of {7 = 0}
Then, if I & LY, div T™u,, = Dforanya € I 11 € L7, either div T2, is nonnegative
and nonzero o any o € 0 of divi™@e,, s nonpositive and nonzero for any a < 1.
Let ns set wy o= & (e Vi ey
div T, — div ™, — 0 and

Then w is divergenee [ree, hecanse

I:':. [-:'l-.:'.-'h:lu"'.d-.,g I EJ-:'!.-.;-"'E| Elbg I E:'m--.:."'.-'.';.

=l

I."i [-:'l-.:'-\.'h:lu"'.u I

gidnetbl _ bl ) o idnefa (46.2)

we obtain that div 7w, = div TPu . for & £ ), therefore

'.'J.-l"l' |r -.-:u‘ { h[ﬂ-:l E‘; :II];:I 'E |r‘ I..I.Hli]

oy particular w & Ma(£2). Moreover, either div 7w is nonmegative ¥a € B or
div 7™, is non-positive ¥a £ B I we are in the Orst sitgation, Ty Theorem 3.1.1.
any funetion @ < FF""“I:[E.E] snch that w =% " i= a viseosity solution of the
eikonal equation |Wgl* —1 = 0 on B2 Therefore, g = concave and w, € B ([R¥)
(mee [AD| ] 1F we are in the second sitnation, for any funetion g € W= (R such that
wy, = Vg we have the same staternent. In both cases, Ty applving Proposition 4.2.1,
we obitain that o, € BV _(R?).

[n order to stady the jump set of o we hest stody the hehavions of ehe fonetions
iy 16T ¢ LY by the previous discussion we obtain that any funetion g satisfying
n, — =% is alline (heing concave and convex) aned therefore w, = constant. As
Ly, = 0, from Propesition 42,7 we obtain that oy is constant as well.

[ the following we consider I € Lo and, to [x the ideas (since the argument
ie similar for both cases). we assome that div ™, 1s a nonzero aned oonnezative
measure for any & £ 1.

We denote by J) the set of approgimate jump points of ¢y, Ty we & unit normal
of Jpand by ¢, @ the corresponding approximate limits of gy on each side of J,.

Bince dive, = 0, then wy - &% wy - e oom J Thus, w +e2'¥ ) and we

|:“‘|:. T

chooss wy — ez “) Then, the explicit formala (4.3.4) given in Section 4.3 gives

eiv Ty = yla.d . )(e™™ —ef50)  wy H L,

whiere
| T
yleo ) —1 by =a =<
0 el=e,



G2 4, Sur la rectihabilité des mesares de délant dans an modéle micromagnétiogue

But, div Ty is nonnegative for all o € B Then, |¢" — ¢ | < 27, sinee, otherwise,
there would exist a € B such that y{ad) o (e — &% )owy < 0L In particnlar J; is
al=n the st of approsimate jump points of w10 g0 = @, then (&2 — ™5 )0y 2 0
for any a € [o) .y | Therefore, we must have ¢ = ¢ and |¢b)" — @] < 2r H'-ae.
oi Wy anid

div 1w, Xiar ][rr:IIIn‘“ — et ) HL . (464

Claim L. ¢ = o and ¢, = b H'-ae on J.

First. of all, we notice that o = o] = o, = & H'-ae. on Sl Assoming by
contradiction that {6, < g} has positive H'-measure, we can find = = 0 such
that {¢" < e} N {df — ¢ > =} has positive H'-measnre, and then an interval
(3.5 (b ) with length less than =72 such that

Ea= e e () n{d —dy ==}

has positive H-measore. From [46.4) we infer that div T L & = 0 fora  (#.0),
while div 7w (E) = 0 for a € (- 2/2,7). Since & = 0 on (B, this contradicts

(4.6.3). The argument for ¢, is sirnilar,

Claim 2. For anv choice of I, m & L we have H'[:J.: o) =0

Suppese that there exist L € LY and A < 50 J, such that HU{A) = 0. Sinee
Ard, B, [4.6.4) yields div e, LA 0 for any a € B and [4.6.3) vields
Rla)elA) =0, =0 that »{A) = 0.

Cin the other hand, the funetion X i |I:.:? Wels — et ) - uy I8 eonstant H'eae on Jy
by Claim 1. Moreover, this constant is not 0 for any 2 € 0, Sinee e(4) = 0, then
|div T |(A) = 0 and therefore HY(JL N A) = 00 Sinee 4 < J), then H'Y{A) = 0

which contradicts the hvpothesis and proves the elaim.

Claim 3. For anv ! € 1, .} is contained in one line.
Let us recall that the normal goit veetor oy to J; is given by exl® +% ) ang is constant
H'-ae. on Jy. Let us assume that there exist 7, 7 € J; such that (zg — 3] -2 # 0
and assume [up to a permatation of zp and xg) that the sealar product is positive.
We st w fi—::— g0 that w-wy = 0, Sioee the restriction of g o the line Bw is
eancave, we must have

F;..flr[ﬂ'l] = v;.ﬁ.:[-"-’f]-

By Proposition 44,1 we get
?;.Ur:-'ﬁ:l Lt - l";_'r;l'l. |:_1-| :| Iy [:L_,im-l' :| 1

anil

?_.- .‘TE[:T'_?] PR T'r_ql I:.T:::I Lt - |:|-:“’.'¢ 1.
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=0 that w- (2% ) 2w (@)1 On the other band, since w . wp = 0 and o = o,
ther w- (e 15 = w. (e )" (this ineguality can be easily checked in a frame where
i by 0, =0 that wy = 0), which vields to a contradiction. Therefore J; must be
eontained in one line. By Claim 2, all sets J; with strietly positive H'-measare [ie.
those corresponding to [ € L) are contained in the same line. Let us denote this
Line by FL

Claim 4. There exists a elosed st /, C B such that H'(R ALY = 0

Let us recall that J, ecineides with the set Jgo ol approcimate Jjump points of
Vin (e'*)", where g is concave and satisfies |V L. Hince gy oy Al
i by H'-aeo on Jp, taking o = | — ¥ it iz clear that the closure K of
Jvo={r £ Jiog o |"f"_r;r' (z) — Va, (z]| = a} contains H'-almest all of J. By
Propesition 4.4.1, J= C ¥, where ¥, .= [z € B* : diam(2g(z)) = a} s a closed
set. Theretore K, C X But, ¥, T 5S¢, where Sg is the set of points where Vg
doesn’t have an approximate limit, Indeed, by Proposition 4401 | at any point o
where Wy has an approcimate limit the funetion g, is diferentiable, henee 8g,(z) is
a singleton. By (4.2.2) we infer

WU ) S WL ) S HU(S, N ) =

For any { € L7, for H'-almost every = € K. Vg, has an approximate [mit at

Hl-almest every v £ [ and the approximate lmit at ae. point in the secip | D7
i K
ie equal to Vg (z) = (e'f )", sinece dy s constant equal to by H'-awe on K. In the

saine way, one can show that Vg bas an approximate limit at a.e point in | D}
=z K
equal to (ef9)4 0 If K is the whole line, then | D2 [, where ' are the sets
x K
defined in [4.6.1). Therelore wy is constant ae in I'S and equal to 2% By Propo-
sition 4.2.1 we obtain that ¢ = constant in the two hall-spaces as well.

Mow, let us assume that & = not the whole line and le€ us show that & must be
a half-line. Assume that K (s not connected. There exists a bonnded open interval
5 eontained in B K, whose endpoints s, s, belong to Ko We will denote by K, Ko
the components of &, containing s, and s respeetively. Sec 87— || DF 70— 1,2

= Fy

The reglon B2 (B UR U R U] can be divided nto three parts A+, A, O (=
Figure 4.6.2). If 5 € A7 s a point of approximate continity of Va,, then Ve lv)
st be equal to (") otherwise the hall-line L0 wonld eross f) or fiy arnd
this wonld contradice the result of Proposition 4.4.1 [ii]. If y € A~ i5 a point of
approximate continnity of Ve, by the same argument, Vealy) IZEEE‘:I Ly e s
a point of approsimate continuity of Vg, then Wgly) can only be equal to (e770)
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PO

Fic. 4.6.1 — Behaviowr of &* when K is a line or a halfline.

Fia, 4.6.2 — K must be connested.
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Fici. 4.68.3 - K can't be a segment,

of (e [see Fignre 4.6.2). Then., 7 contains a set of approximate jump points of
V. But, Iy hypothesis, K, 0 = @, henee WY, N7 = 0. Therefore, K must be
cormnected.

[f A, i= not the whole line, then K, has one or two endpoints. Let A e one
el point of K, and let wy- be the nnit normal to K soeh thae K C© {A 4w 0 ¢ = 0}
Let us delioe the cone O Ty

[ {HEE:I'I.'{.-'”- ; u iy gt -..:p_-}.
| — Al
Let © be any open set containing & sueh that & MK 1A} and ¢ K = 0. Then,
div T = 0o DICY) for any a € B Using the result of Theorem 2.1.1, ¢y is locally
Lipschitz in C°. Therelore, for ae. = in O Viadr) exists and
divei#x) = (*#=)5 Ty (x) = 0. Then, V() i= parallel to &*#= forae. r € .
Therefore for any @ € B the tangent to the level set {o;, = a} at = {s orthogonal to
et #= which is equal to @2 on {¢ = a}. Henee, the level sets {o, = a} are straight
line=s oriented by [ri“:l' and the only possible conlizaration in C s the one described
in Fizure 4.6.1.

Finally, we can exelude the case of /) i= a segment or a single point (Figore 4.6.3).

loleed, ehoose B = 0 such that K © By Sinee HU(J Y By) = 0, the slicing theory
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of BV hnetions [see [AFP], Theorem 3.108) shews that for ae. r € (208 4 1) the
restriction of ¢ to @8 s (equivalent to] a continnons BV funetion, Therefore w, has
a continons Hfting in JB, and ite topological degree i= 0. This is in contradiction
with the fact that there are wrtices which have the same ofientation o, at the two
erlpoints of K. Therefore, K = a hall-line.

By Claims 2 and 4 we obtain that all lines (or half-lines) K, ! € L7, coineide.
Heneeforth we set K = K. By Lemma 4.2.1 and Bemark 4.2.1 we obtain that o
has an approximate limit H'-ae in B K oand H'-ae. point of K is a jump point
af @, Moreover, as all limits ¢ are eonstant on J, . the same is troe for ¢

[ |
Theorem 4.6.2 (Main rectiflability theorem). Lot v & Moy, (0] and ot
@& L) be a lfting satisfying [P2) in Definition 4.53.1. Then the set
= {reQ: 8% ugx) =0} (46.5]

is countably B -rectifiable and cofncides, up to W' -negligitle sets, with J,. Morsover,
for Hl-ae. x € f!l'l.l g, we hage

lirn Lﬂ [rin [ |eb(y) — | dy = 0. e
ot mr? seR S

Proof: Step 1. We show that 2 :— {6, (p..-) =0} is conntably rectiliable, nsing

Theorean 4.5.20 Tao this aim we show that for p-ae. @ any o |i|r1.I:l|!.'.£.:I_.-.r, in

Tanipg.r) is supported on a line whese direction deperids on x only.

Wee proved o Theorem 461 that |possibly passing tooa subseguence ] we car
assure that o, = élr 4 ry) — @ in LL(R¥). Moreover, there exists a closed set
K, the empty set, a line or a half-line, such that H'I:h'ﬂ;.Jm:l 0. Denoting ey we
the orientation of K such that e [Fet#a)f? Wi, now wee show that

div T e, = (1w

i

—Tul) wpMILK Yac R (46.7)

psing Lemma 4.3.2. Ta this aim., we need only to check that 72w, i= diversence-free
in 0% K I & belongs to some interval (5., this follows by the dentivy
div ™, = div My [see [4.6.2)) and by [4.3.4), becayse S, C K up to
H'-negligible sets. [n the general case one can argue by approximation, using the
fact that the complement of Uyb.c) has an empty intetior.

Une can show, by a direct computation based on (4.6.7), that the wector-valined
[Easre _j"sl e todiv Tu, da is oriented by wy, and precisely

. 1 .
f e *div T, da 3 (0 — o —sin(ol, —¢.]) weH' LK (4.6.8)
. 9 ;
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(this computation is easily done in a frame where wy — (1L0), =0 that

o —i A+ dkr for some & € D oand sinee the integrand is periodic and odd,
the integral of the second component is 0. Moreover, the vector-valued measnre
A= etedivi ™ wda satisfies, by Theorem 4.3.1011), the inequality [A] < .

This, there exists a vector-valued function H € L'(9,u,) sueh that Ay iy, ard
[H| < 1. In addition to the previons generic conditions impesed on g, assume also
that 1y is a Lebesgoe point of /7, relative to the measare g, Then

(M )onr, — Hizgda  in MR

T,

i the other band, the convergence o o, tood mplies
(A ) anrs j<-r."."i.'liw']'”'”1.'re i - [{.“"‘di\".f'"u_,_.dn i 'E"I:[EE].
B Ju

Theretor:

f e div T, da — H (zp)e.
=

Comparing this expression with 6.8 wo abtain

1 ) : . . = -
E I:r,'_l_;__ — g, — =in [r_'_l_',__ — -c;l:-”__:I:I ...'ﬁ-H' L& .I'f[u'.:.]r:.r. ENERTY
Therefore we does ot depend on the sequence chosen, bot only on ;.

Step 2. We show that p, (35 ¥ = 0 using Theorem 4.5.1. Since H'(SN S5 =0
whenever 5 # 5 are circles, the lamily of all cireles S such that pa(S) = D is at mest
countable, and the same is troe for their centers. Therefore we can choose =5 ont
of this set, so that the density funetion fr) = p, (B (rg)) i= continmons. In order
to check condition (3i0) of Theorern 451, for & £ QM (1.2) we deline the measures
Ao _J"ln"*"n:lh' 1w din, all absolutely continuous with respect to g, we denote by
.f},, e LM p) thelr densities with respect to g and we choose a Lebesgue polnt
zp for all functions J’T,_. [relative to u, ).
Assuming that o is not identically 0, we have to show that o = ¢ LK with

£ = clag) = 00 By [4.6.9) and sinee ¢, are constant on K, we koow that

o= cH'LK, whene ¢ is comstant on & Maoreover,

- 1
el f(zo)| = ;

(el — o) —sinfol, —d)|. (4.10)

Therefore, if ¢, —d | = 7/2, we have ¢ = {(7/2-1)/2 becanse |.f-1f (za)| = 1. Setting
fd = bt — e | /2 =0, in the following we show that d [and therelore o, Ty [4.6.10))
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ig unicguely determmined Tw .f?;,li:r.;.:l whenever d < 7/4. We can assume with no loss
of generality [poesibly making a rotation and adiding to & an integer moltiple of
2 ) that wy = (1.0), ¢f, = £d and ¢, = Fd. Then, arguing as in Step 1 we get

[r“‘“tiir'.f“u.,udﬂ Hi(zo)o Wk e(1.2)NQ.
o H

O the other band, computiog the left side we [ind that ite real part equals
ﬁ'__n FykYH'LK, where

Falky = (sinkd cosd — keoskd sind) .

Then Fi(k) # 0if and only if J'T,_.IZJ:.;.:I sl 7 0 and

2 Falk) (46.11]
KK — 1) Holxy) - wye -
It turns out that the ratios
Fol ke k(k2 = 1) Hylzo) - w .
D, .(d) : alk) [ ) Hylz) - wy (46.12)

Fyim)  m(m?—1) ,r",rm (To) - wye

(when defined] depend on zo, & and sz but not on 4, =0 that the funetions Fy arnd
Fyp are proportional whenever o, & satisfy (46.12]. A Tavlor expansion at & 1
sives

Fi(k) = (k= 1)(f —sinfeos ) 4+ (k — 1) sin” 1.

Therefore Fi(k] # 0 for & — 1 sufliciently small and the constant ratio between &y
and Fp most be eqoal to
i — sindcosd d=in® d

anl

d — gind cos d ' sin” d*

Therefore g{d) = g(d'), where

i —mint cosid

il =
H': ) fem~ &

A direct computation shows that g is strictly deereasing in (0.7 /4). Therefore d = &

Step 3. Now we show the last part of the statement. Since we know that p, LY s
a rectifiable measure, by Theorem 283 of [AFP| we know that Tan(p,L¥ x), = a
singleton for H'-ae. r £ 0 therefore 'lhnl:lu.i...?.‘:l i a singleton for H'ne » € X
Coming back to (4.6.9) we obtain that the jump ¢f, — d_ is uniquely determined

L=
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Hl-ae., and the same is true for o+ modolo 270 Henee, o is only determined
moulo 27, Hleae, on 2 oand & is given by ¢, = ol — (8l — &) when &7 is
krowrn.

Lt s deline the folloaving measnres, all absolutely continnons with respect to

Wkt1jx
Th f div ™ der, Yk € E.

Jkm

Let us denote by . € LY p) their densities with mspect to g, and let ns choose
a Lehesgne point ro of all functions of £, As In Step 1, we have

Zk+1)x
[ div T, da = i, (15)e Yk € 4.

lkw

By [4.6.7), divi™u,, =0 as soon as a & [¢_.070 |

Let us deline Xy = {k € Z: t.{xg) = 0} Then, k € Xp il and only if
(2Rm.2(k + Vw) N g,k = B Let &y € Z be such that ¢f, € [2kew.2(k; + 1i7).
Then, ¢, € |2(kq — In)7. 20k — I + 1)7), where I; € M depends only on ¢, —
and &y depends on Xp in the following way : £ Xy = {ky—7: 0= 7 < {5} Sinee
XNy only depends on my, then & only deponds on oy and ¢ = uniguely determined.
Thus o, and @ are uniguely determined pg-a.00 on 2. Heneeforth Hl-ae e X
iE 4 jump point af g,

Finally, [4.6.6) and the inclusion Ji C X follow by the fact that any blow-up
limit ¢, at points = ¢ ¥ is constant. [ndeed, & %= —V g, 15 constant, (being
T COncave andd afline, see Chapter 3] and L7, 0, o that @, = constant by
Proposition <21,

|

[n eonclusion, the statements made o Theorem 411 of the introduction follow
by Theorem 4.6.2 with the only exception of (4. 1.6]. The latter follows by applying
Lemina 4.3.2 to the vectorfield T e, with & = J .

Theorem 4.6.3. Lot u. b as in Theorern 4.0.2 and assaime et
HYE Moy ¥ =0,

where Bods defined by (4.6.5). Then pg 45 concendraied on J, and therefore s o
I-dimensional veciifiahle measure.

Proof: Let g be a L-Lipschitz fooetion such that w =% oand recall that 3
eoincides, up to M -negligible seta, with J.. The hlow-up argnment nsed in Chapter 3
shows that g i= a viseosity solution of the eikonal equation [Vg|® =1 = 0 inset Q4%
sinee Uy, = U for any blow-up funetion ¢e. at any point = € 0 S EL Therelore, g s
locally semiconeave in the open set A= 2% ¥ and its gradient (and = as well) s a
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B, function in A. By Proposition 4.2.1 we obtain that ¢ € 8V_(A) and (4.3.4)
gives LA = 0 becanse A0 0, is H-negligible, Therefore g is supported on ¥
and the absolute continnity of p, with respect to H' leads s to the conelusion.



Chapitre 5

Rectifiabilité des ondes de choc
pour les solutions d’'une loi de
conservation en dimension 1-+1

Les vésulials de ce chapitve ond 88 dovils en collaloration aves Tristan fividre
et font Uobjed dun preprind.

5.1 Introduction

[n the late [ifties, P Lax and O, Oleinick olserved a spectacalar rezularization
phenomena for the entropie solntions of geoninely non-linear scalar conservation laws
in one-space dirnension. They proved that for any measarable, boonded initial data,
an entropic solution becomes immediately BY for all positive time, and therelore,
the shock waves, where the entropic jump messare = concentrated, are rectilialle.
Let £ e CF[R) be strictly convex. Let us introdoee the folleawing notation, for any
b E:

(@ —b)° | TllEE g by [ B(E) de
Alah) [ - ] -

. . gz
[(a —B)* + (Fia) — F{B))F|*
The result of Lax-Oleinick roads as follows:
Theorem 5.1.1. [La], [Ol] Let F e C%R) be stricily conie.
Let dn(x) € LM LYR) and $(f.7) be a solution of
) )

da @ R _
i | I:},'fllrl:{.}:ll M in DR, = E),

al0.r] = gylx]
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sivch thiaot Yo € B the following enfrapic condiion is sabisfied
(x..a) f"[-m 14 r"1|r'|:',fa j| =0 (5.1.1)
mlr.Ea o B M a . dAal) = 0

wilere ¢ Aa denotes the truncature inf(ga). Then & iz in ViR = B) and thers
erists a counfably H' rectifiable subset J, of B, » B such that

gl z,t) [ |z a)| de= Ao, ) K LJ,
SR

[n this paper, we state a rectiliability msolt in the more general sitgation where
the jump distribotions [5.1.1] are only signed measores. Our resalt s the following :
Theorem 5.1.2. Lei F' € F(R) ke stricly conver. Let gg(x) € L™= N LYE) and
alt,x) be a soleiion af

oy 4
E . r_ |[Fig)] =0 in D'k, x R)
bl i { 51 -3]
$l0.z) = dnlx)
siecly Bt

o 7 .
me(x 1) mﬂr;u"-. i) ;—I [Floaa) € M (R <R, = R), (5.1.3)

where M denotes the space of Radon measiures. Then, there erists a countably H'
rechifiable subset J, of B, = B such fhad

ITHERY [ |miz.ta)| da = Alo, o ) H' LI, + 4, (5.1.4)
R

where 8, is the Candor part of p, satisfying
YiE Horel H'I:H:I < a0 == A H) = 0. (5.1.5]

The hypothesis of Theorem 5.1.2 [m £ M. instead of the usnal entropic as-
snmption m = 0) was mobtivated by I-limits of variational problems tor models of
micromagnetism [=ee [Ri] for a survey of these varions variational problems). The
question to know whether any o satisiviog the assomption of Theorern 5.1.2 15 in BY
of not remained open antil recently. In [ADM], under corresponding hypothesis in
a variational micromagnetic problem., L.Ambrosio, . De Lellis and O, Mantegazza
ave an example of a sologtion which s not in BY. The present sitpation shares
a common property with the one studied in [ADM]: the expected jump density
Afot b)) behaves Uke (6f — &) in a neighborhood of 00 [ndeed, this guantity
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Afent b ) gives, up tooa bonnded coeflicient, the difference between the ama bet-
ween the trapeze (6.0), (a7.0), (&5, F&)) and (6. F () and the area under
the graph of F between ¢ awd &, This property plays a crucial role in [ADM)]
to produce solutions oot in B1 and it = natural o think that their constroction
should give a solution of (5.1.21-(5.1.3) which is also not in BV, Therefore, the prool
of Thearem 5.1.2 15 somehow independant of 51 theory.

Let us introduce some notations. Let ns set X{gh) := (o, 8 (@), then (5.1.2) implies
that
div X() =0, in TR, = R)

and (5.1.3] i= equivalent to
Yac B, div X(pra)e M (R xR).

Inn Chapter 4, the class of Dunetions o £ .I'.-""IIE?.R]. whete 0015 a hounded solset aof
B2 snch that div £ = 0 and div €% is a Radon measure in © % B, was studied.
By analogy with this work, for any open domain 2 C B, we define

M (0] { @& L&) st div X(g) = 0 and div X{o 5 a) }

i | lnite Hadon measare in € = B

Let £ Mg, (€0, the total jump distribution pg of ¢ is defined as follows
¥ Borel subset of €, us(H) [ |div X a)|(B)da. (5.1
JB

We proved in Chapter 4 the corfesponding statement to Theorem 5.1.2, that i=
the L-dimensional part of g & ectillable. Oor prool of Theorern 5122 follows the
main steps of the proof of Chapter 4. One of the main ingredient = that a blow-
up solution to (5.1.20-(5.1.3) (e a limit &, of a squence ol dilated Tunetions
il x] = ¢z + ror)) solves the following “Dlow-up equation”™

EYS T _ %

5 IHI“[LI_,_.H 0 in (R = R), o
(5. 1.7

2 (6 ) + = [Pl A )] = hla)o(a)

ey g, 2 r i, S el ],

whete B oi=s a Lipschitz fonetion and » a positive measgre. 16 3s then proved below
that such =olutions, where the jump disteibotions are decomposed as hfa)e(r), ame
viery particolar and satisby

vlx) = eH'L K, (5.1.8]






