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LINE VORTICES IN THE U��� � HIGGS MODEL

TRISTAN RIVI�ERE

Abstract� For a given U����bundle E overM � R�nfx�� ���� xng	 where
the xi are n distinct points ofR�	 we minimise the U����Higgs action and
we make an asymptotic analysis of the minimizers when the coupling
constant tends to in
nity� We prove that the curvature �� magnetic

eld� converges to a limiting curvature that we give explicitely and which
is singular along line vortices which connect the xi� This work is the
three dimensional equivalent of previous works in dimension two �see ��
and ���� The results presented here were announced in ����

�� Introduction

Consider n distinct points fx�� ���� xng in R� and E a U����bundle over
M�x � R�nfx�� ���� xng�

Recall that such a bundle is uniquely determined by its �rst Chern class
c��E� � H��M�x�Z� �Z� ����Z�n summands�	 that is n integers d�� ���� dn
which correspond to the integrals of c��E� on small spheres surrounding the
points x�� ���� xn� In other words E is uniquely determined by a curvature
h� � H��M�x� on E and for such a curvature one has

�


�

Z
S

h� �
X

i�xi� Int �S�
di�

where S is any closed	 oriented surface of R� enclosing some of the points
xi in its interior	 Int�S��

We suppose that �i di �� � and we make the following neutrality hypoth�
esis P

i	����n
di � ��

Under the previous hypothesis	 we can write the sequence of points
fxi� ���� xng and the corresponding degrees fd�� ���� dng in the form
fP�� ���� Pk� N�� ���� Nkg where the Pi� resp� Ni� correspond to the xi having
positive �resp� negative� integer di and are repeated as many time as to the
multiplicity jdij�

This paper deals with a variational problem suggested in �� by J� Fr�ohlich
and M� Struwe� For any section � of the C �line bundle associated to E and
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any connection �A on E	 consider the U���� Higgs action

S���� �A� �

Z
M�x

jr A�j
� � jd �Aj� �

�



��� j�j����

where r A� is the covariant derivative of � relative to
�A	 d �A is the curva�

ture of �A and V �j�j� � �
� ���j�j

��� is the Higgs potential depending on j�j	
which	 from a mathematical point of view	 could be replaced	 in the remain
of the paper	 by any �reasonable� potential on j�j �see ��� part �� which
forces j�j to be close to �� The aim is to minimize S���� �A� and to describe
the minimizers�

The words used above �section	 connection	 covariant derivative���� come
from geometry but there are also parallel words coming from abelian gauge
theory in physics	 that we will mix with the previous ones	 to designate the
same objects� We will also say that � is a scalar �Higgs� �eld	 �A is the gauge
�eld �or vector potential�	 d �A is the magnetic �eld� We will also called j�j
the density of the scalar �eld and �i��rA�� the current where � 	 � is the
usual scalar product on each �ber C and i� the �

� rotation of � on the ori�
ented �bre�

As it is pointed out in �� for jdij �� � S��� �A� � ��� in fact for any i � ��� n�
and r su�ciently small Z

�Br�xi�
d �A � 
�di �

thus by Cauchy�Schwartz inequality

�jdij�


r�
�

Z
�Br�xi�

jd �Aj� � ��� ��

integrating ��� �� in r we get
R
jd �Aj� � ���

Thus we will adopt the renormalisation proposed in ���
Consider the following closed 
�form on M�x

h� � �
�




P
i	������n

di � d

�
�

jx� xij

�
� ��� 
�

Where � denote the Hodge operator� h� is a curvature on E and it veri�es
the following equations�����

����
dh� � 
�

nX
i	�

di�xi in D��R��

d�h� � � in D��R�� �

��� ��

where d� � �d�� h� will be called the reference curvature �or magnetic �eld��
Consider a connection �A on E and �h � d �A it�s curvature	 we denote by h
the di�erence h � �h � h�� Formally since dh � � in R�nfx�� ���� xng andR
�� h�� � � for any regular bounded domain � of R

�	 thus there exists a
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global ��form A on R� such that h � dA andZ
R�
��h� h���h� �

Z
R�
h�h� �

Z
R�
dA 	 �h�

� �

Z
R�
A 	 d � h�

� � �

��� ��

�The previous a�rmations and equalities could be justi�ed rigourously by

assuming some regularity on �h in the neighborhood of the xi and in�nity�
For instance suppose �h � Lp�R�� for some � 	 p 	 �

� and d��h � Lq�R��

for some q 
 �
� � This would imply d�h � 
�

Pn
i	� di�xi in D

��R�� and the

existence of A � W ��s
loc �R

�� for some s 
 � such that h � dA in D��R����

In view of ��� �� we deduce that	 by considering
R
M�x

j�h � h�j� instead

of
R
M�x

j�hj�	 on one hand we are substracting the �same in�nite quantity�R
M�x

jh�j� independent of �A and	 on the other hand	
R
M�x

j�h � h�j� has no

reason	 any more	 to be in�nite �take �h � h� ���
Thus we are tempted to replace the classical Higg�s action by the following
one

�S���� �A� �

Z
M�x

jr A�j
� � jd �A� h�j

� �
�



��� j�j����

In view of formulating a well posed variational problem we introduce a �nite
covering U� of R�nfx�� ���� xng in each open set of which we can trivialize the
bundle� The transition functions are choosen to be regular and we introduce
the following set of minimisation

V �

��
�
���� �A�� � H�

loc�U�� C � 
H�
loc�U��R

��

s�t� on U� � U� �� � g���� and i �A� � g����dg�� � i �A�

�S���� �A� 	 ��

�	



We have the following theorem which was already established in �� and
whose proof is essentially based on the choice of a good gauge which makes
the functional coercive�

Theorem ����

min
�	� A��V

�S���� �A� is achieved �

After having given a proof of theorem ���	 in the remains of the paper	 we
will follow the approach of �
� and ���	 that is	 we will make the parameter
� � �


 tend to in�nity in view of forcing the density j�j to be close to ��

The problem is that we cannot expect	 for topological reasons	 to �nd a
section � of the previous non trivial bundle E taking it�s values in the unit
sphere of each �ber� This occurs only out of lines which connect the points
xi according to their multiplicity� The problem is similar to the one in di�
mension 
	 here in dimension � � necessarily has to have a degree around
those lines which is independent of the local trivialisation and this will makes
the energy tend to in�nity� That is the main di�culty that one encounters
when one tries to understand the behaviour of the mininimizers as � tends
to in�nity� The di�erent quantities seem to diverge and one has to work
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harder to get a norm for which something will remain bounded and con�
verge in some space�
The notation �S���� �A� is used in �� where this variational problem was �rst
introduced but	 since we make the parameter � tend to in�nity	 to be con�
sistent with ���	 the energy denoted by �S���� �A� becomes G
��� �A� where
� � �p

�
�

In fact	 as we will see later	 the scale � will be much more relevant than ��

Before we state our main result	 we need to introduce the notion of minimal
connection already used in ���� Let Sk be the set of all the permutations
in f�� ���� kg� The following quantity L is called minimal connection of the
sequence �xi� di�i	������n

L � min
��Sk

kX
i	�

jPi �N��i�j�

Consider any � � Sk which realizes the previous minimum �� is perhaps not
unique�	 we will call also minimal connection the � dimensional current IL

with support in
Sk
i	��Pi� N��i�� oriented by Pi�N��i� and having the integer

multiplicity

�x� � �
�
i s�t� x � �Pi� N��i��

�
�

L is of course the mass of IL�

Our main result is the following�

Theorem ���� For any sequence �n tending to zero and for any sequence
��n� �An� of minimizers of G
n on V 	 one can extract a subsequence	 still
denoted ��n� �An�	 such that	 for any � 	 p 	 ��


hn � d �An � h� strongly converges in H�
loc�R

�nsuppIL� �W ��p
loc �R

��

where IL is a minimal connection associated to the sequence �xi� di�i	������n�
Moreover the limit h� is the solution of

��� h� � h� � h�� � �
�IL � ��� !�

Remark ���� If	 for instance	 the minimal connection is unique	 thus the
complete sequence converges�

Remark ���� Contrary to the 
 dimensional case	 we are not able to give
a precise asymptotic expansion of the energy which should be of the form	
when di � ���

G
n��n� �An� � 
�L log
�

�n
�W �xi� di� � ���� �

Here W �xi� di� is a renormalised energy which represents the self interaction
of the minimal connection on itself� But this has not the same importance as
in the 
�dimensional problem considered in ��� and ��� since	 here	 we know
where the singularities are going to be located and the renormalized energy
W �xi� di� could be directly computed once we have �xed the xi and di�
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The asymptotic expansion of the minimal energy when all the minimal con�
nections contain a segment with integer multiplicity di�erent from � is an
interesting question see remarks 
�� and 
�
�

Remark ���� The analysis developed in this paper could be adapted for
solving non�gauge invariant problems in dimension �	 that is	 variational
problems for functionals of the form

E
�u� �

Z
��R�

jruj� �
�

��
��� juj��� �

For instance	 take � to be a convex domain of R� and g
 a boundary con�
dition which simulates the vorticity at the boundary� A particular choice of
g
 could be a �H

��approximation� of a map g� ��  S� having some
degree around di�erent points of �� i�e�

� jg
j � � on ��
� �n distinct points �a�� ���� an� of �� and n integers �d�� ���� dn� such thatP

i	����n
di � �

jg
j � � on ��n �
Sn
i	�B
�ai� � ���

deg�g
� �B
�ai�� ��� � di
� an upper bound for the Dirichlet energy of g


Z
��
jrg
j

�
�



�

nX
i	�

d�i

�
log

�

�
�K�

One can prove that	 given �n tending to zero	 from a sequence u
n of mini�
mizers of E
n among H

�
g�n
��� C� one can extract a subsequence which con�

verges in H�
loc�
"�nSuppIL� to an harmonic map u into S�	 where IL is a

minimal connection between the �ai� di� and the degree of u arround the
di�erent segments of IL corresponds to the multiplicity of the minimal con�
nection along its segments� Moreover	 if the minimal connection is unique	
the complete sequence converges� The proof of this theorem can be estab�
lished by following the main ideas of the proof of theorem 
� For instance
one can transpose word by word the ��compactness lemma �part �� to the
non�gauge invariant situation just omitting to write h�A�A�� h� � The case
where � is not convex is more complicated since it may happen that the
lines of singularities �i�e� the bad set ju
j � ��
� tend to touch �� as � ��

Remark ���� With some more work	 one could establish a stronger con�
vergence than H� away from the line singularities as in the two dimensional
case �see �
���

Remark ���� As in the two dimensional case	 the description of the mini�
mizers for � 
 � is much more interesting and also more di�cult than the
one of the limiting situation �see in dimension 
 for � 
 � ����	 ���	����� In
dimension �	 also	 we can ask similar question to the ones in dimension 
�
Are there several minimizers # In the particular case of a dipole with mul�
tiplicity �	 is the minimizer axially symmetric around the dipole # We can
ask also questions speci�c to the � dimension� For instance when the multi�
plicity d of our dipole is no more � how does the zero set of j�j look like #
We can expect to get d di�erent lines connecting the two poles in a way that
has to be described� The con�guration of those lines seems to be given by a
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��dimensional variational problem	 similar to the zero dimensional problem
in 
 dimensions given by the renormalised energy but depending strongly
on �� What could be the resulting interaction energy between those lines #

The paper is devoted to the proof of theorem ��
� The organisation of
the proof is similar to the one developed in ���	 but the dimension � induces
a lot of new technical di�culties� It is for instance much more complicated
to detect and to �catch� lines �which can be a�priori very bad� than a �nite
number of points�
One of the main di�erences comes also from the stress�energy tensor �see
part 
�!� which contains	 in dimension �	 a new term preventing a direct
local estimate of the density and its closeness to � �see ��� part ��� In
dimension 
 this closeness ensured quite directly the convergence except on
a �nite number of small balls� Here	 following ideas and classical methods
of the regularity theory for non�linear elliptic problems	 we deduce	 from
the conservation law of the stress�energy tensor	 some kind of monotonicity
formula which is the main tool for proving what we call an ���compactness�
lemma	 � with reference to the classical ��regularity lemma of the above
mentioned theory�� This ��compactness lemma says that	 if the energy on a
ball is su�ciently small compared to the global bound �in log �


� established
in 
��	 one can ensure that	 in the ball of half radius	 the density j�j is close
to �	 this is necessary for being far away from the non�compactness locus
�the bad part of R�nfxi� ���� xng� � From the ��compactness Lemma ��� we

deduce	 in part �	 that	 for any � 	 � the bad set is contained in c���

� balls

of radius �� and that	 in some sense	 we can bound the vorticity around this
union of balls �this is Lemma ����� Having located the bad set in something

which looks like a line when � � � c���
� ball or radius ���	 we �nally establish

a �rst bound	 independent of �	 which is a bound of the W ��p norm of the
magnetic �eld for any � 	 p 	 ��
 �see Lemma !�� �� This gives us a weak
convergence	 in W ��p	 of the magnetic �eld and Theorem !�� describes the
limit� In part � we work out of the limiting bad set for establishing really the
H� compactness	 in fact we were not sure that	 away from the limiting bad
set	 we could ensure the closeness to � for j�j which	 combined with the weak
W ��p convergence of the magnetic �eld	 leads directly to the compactness�
Here again the main ingredient is the ��compactness lemma� Finally	 in part
�	 we show that the limiting bad set which	 for topological reasons	 has to
connect the di�erent points xi according to the multiplicities di	 generates an
energy	 at the level �	 which is asymptotically greater than 
� log �


 times the
connection it realizes between the �xi� di� minus a positive quantity as small
as we want� This fact combined with the initial lower bound established
in 
�� forces the limiting bad set to be a minimal connection between the
�xi� di�� The di�culty in this part is essentially technical	 since	 the limiting
bad set	 is a�priori only a ��dimensional recti�able current whose support is
H��bounded�
In the appendix we prove some technical and basic Lemmas we use in the
paper�
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�� Preliminaries and Notations


��� Choice of a covering and a Coulomb Gauge

First of all we �x a particular covering of R�nfx�� ���� xng on which we will
be able to trivialize E and that will be used in the remains of the paper in
particular in 
�� for establishing an upper bound for the energy�
Suppose �rst that the indexing of the �N�� ���� Nk� is chosen such that the
trivial permutation �i � i� realizes a minimal connection i�e�

kX
i	�

jPi �Nij � min
��Sk

kX
i	�

jPi �N��i�j�

Suppose now there exists i and i� such that �Pi� Ni�� �Pi�� Ni�� contains more
than � point�

�st case� �Pi� Ni� � �Pi� � Ni��� We do not change the sequence
�Pi� ���� Pk� Ni� ���� Nk��


nd case� Pi � Pi� but Ni �� N �
i �or the opposite�� Suppose Ni � �Pi� � Ni��

thus we repeat one more time Ni in the negative terms and we add Ni in the
positive term thus �Pi� Ni���Pi�� NI �� is replaced by �Pi� Ni���Pi� Ni���Ni� Ni��

�nd case� �Pi� Ni� � �Pi� � Ni�� with Pi �� Pi� and Ni �� Ni� �

In the sequence �Pi� ���� Pk� Ni� ���� Nk� we repeat Pi and Ni such that

�Pi� Ni�� �Pi� � Ni�� � �Pi� � Pi�� �PiNi� � �Pi� Ni� � �Ni� Ni��

�th case� �Pi� � Ni� � �Pi� Ni�� with Pi� �� Pi and Ni� �� Ni

In the sequence �P�� ���� Pk� N�� ���� Nk� we repeat Pi� and Ni such that

�Pi� Ni� � �Pi� � Ni�� � �Pi� Pi� � � �Pi� � Ni�� � �Pi� � Ni� � �Ni� Ni��

Thus in all the cases we can change the sequence �Pi� Ni�i	������k and the
number k without changing neither the bundle nor the minimal connec�
tion in such a way that for i �� i� �Pi� Ni� � �Pi� � Ni�� � � or a point or
�Pi� Ni� � �Pi� � Ni���

We proceed to a last reindexing by associating to a couple �Pi� Ni�
the positive integer ni which is the number of times the couple is re�
peated in ��Pi� Ni��i	������k� The previous sequence is now represented by
��Pi� Ni� ni��i	������k� with k

� � k� k� will be denoted by k�

Let Oi be the middle point of the segment �Pi� Ni�	 and Ci�r� be the union of
the two half cones of vertices Pi and Ni and of base the disk perpendicular
to �Pi� Ni�	 of centre Oi and radius r�

We can choose r su�ciently small such that �i �� i� Ci�r��Ci��r� � � or
Ci�r� � Ci��r��

Let Ui � Ci�r� for i � k and Uk�� � R�n �ki	� Ci

�
r
�

�
� �Ui�i	������k�� realizes

a covering of R�nfxi� ���� xng on each open set Ui of which we can make a
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trivialisation of E� By di we denote the angular ��form around the axis
�Pi� Ni� oriented by Pi �Ni�

We will only consider trivialisations of E over the Ui whose transition func�
tions gi�k���x� � S� on Ui � Uk�� � Ci�r�nCi�r�
� verify

�x � Ci�r�nCi�r�
� g��i�k��dgi�k���x� � i ni di �
� ��

Suppose we have a trivialisation of E over the Ui whose transition functions
verify �
� �� we get all the others �verifying �
���� simply by multiplying by
ei� where � is a global function on all of R�nfx�� ���� xng� That is the change
of trivialisation we will consider most of the time�

Consider the following ��forms

A�
k���x� � �

�

P
i	����k

ni

�
x�Ni
jx�Nij �

x�Pi
jx�Pij

�
� Pi�Ni
jPi�Nijdi in Uk��

A�
j �x� � �

�

P
i	����k

ni

�
x�Ni
jx�Nij �

x�Pi
jx�Pij

�
� Pi�Ni
jPi�Nijdi

�njdj in Uj � j � k

�
� 
�

Clearly A�
l �l � �� ���k� �� is regular in Ul and we have

�j � k A�
k���x� � A�

j�x� � njdj in Uk�� � Uj � �
� ��

Moreover one veri�es that

�l � k � � dA�
l �x� � h��x� in Ul �
� ��

Thus	 suppose we have chosen a trivialisation of E over the Ui which veri�es
�
� ��	 �
� 
� is the expression in this trivialisation of a connection whose
curvature is h��
Consider now aH��connection �A on E that is �Aj � H�

loc�Uj �R
�� for j � k��

such that

�Ak���x� � �Aj�x� � njdj in Uk�� � Uj � �
� !�

Let �h � d �A in R�nfx�� ���� xng and suppose h � �h� h� � L��R��� Denote by
A the following global ��form on R�

A�x� � �
�

��
d�
�
h �

�

jxj

�
� �

�

��

�X
k	�

Z
R�

�X
l	�

hkl�y�
xl � yl

jx� yj�
dy dxk ��
� ��

Since h � L��R��	 dh � W�����R�� and since supp�dh� � fxi� ���� xng we
have dh � � in D��R��� Thus we have

dA�x� � dd�
�
h � �

�

��jxj

�
� d�d

�
h � �

�

��jxj

�

�  

�
h � �

�

��jxj

�
� h�x� in D��R��

�
� ��

This implies

d
�
�A� A� � A

�
� � in R�nfx�� ���� xng
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where �A �A� is a global ��form de�ned by

�A�A��x� � �Al�x��A�
l �x� in Ul �

Since H�
dR�R

�nfx�� ���� xng� � � there exists � � W ���
loc �R

�nfx�� ���� xng�R�
such that

�A� A� �A�x� � d��x� in R�nfx�� ���� xng �

Thus	 if we make the global change of trivialisation by multiplying the �ber
over x by e�i��x� the new expression of the connection �A is given by

�A�l�x� � �Al � d��x� � A�
l �x� �A�x� in Ul� �
� �

Consider now the set among which we are going to minimize G
	

V �

��
�
��l� �Al� � H�

loc�Ul� C � 
H�
loc�Ul�R

�� s�t�

�j � k �k�� � �je
inj�j � �Ak�� � �Aj � njdj in Uj � Uk��

G
��� �A� 	 ��

�	

�
� $�

where ei�j is the angular coordinate around the axis �Pj � Nj� in Cj�r�nCj

�
r
�

�
where we have �xed some horizontal direction equal to ��

Among V we say that ��� �A� is equivalent to ���� �A�� if there exists
� � W ���

loc �R
�nfx�� ���� xng�R� such that

�� � l � k � � �Al � �A�l � d� and �l � ei���l in Ul �
� ���

Proposition ���� Let ��� �A� � V 	 there exists ���� �A�� � V equivalent to
��� �A� such that

�� � l � k � � �A�l�x� � A�
l �x� �A�x� in Ul

where A�x� � � �
��d

�
�
��h� h�� �

�
jxj
�
� This is what we call the Coulomb

gauge of �h�

The proposition is proved just above	 the name Coulomb gauge comes from
the fact that

d�A � � in D��R��� �
� ���

Moreover one easily veri�es that

�l � f�� ���� kg d�A�
l � � in D��Ul� � �
� �
�

Thus

�l � f�� ���� kg d� �A�l � � in D��Ul� � �
� ���


�
� Existence of minimizers� Proof of theorem ���

In this part we prove the theorem � stated in the introduction� More
precisely we prove the following	

Theorem ���� For any � 
 � the minimum of G
 among V �de�ned by �
�
$�� is achieved by	 at least	 one class of couples ��
� �A
� �for the relation 
�
���� The ��
� �A
� verify

�
�



 j�
j

� �
�

��
j�
j

���� j�
j
��� jr A�

�
j
� in D��R�nfx�� ���� xng���
� ���
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and

�d�h
 � J
 in D��R�� � �
� �!�

where J
	 the current	 is the gauge invariant quantity equal to �i�
� d A�
�
�

in R�nfx�� ���� xng� Moreover j�
j�� J
� h
 are regular in R�nfx�� ���� xng�

Proof of theorem ���

Let � be a �xed positive real for the remain of the proof� Let ��p� �Ap� be
a minimizing sequence of G
� We haveZ

R�
jhpj� �

Z
R�nfx������xng

j�hp � h�j
� 	 C indep� of p � �
� ���

Thus by classical estimates for Calderon � Zygmund operators we have�Z
R�
jApj�

����

�

�Z
R�
jrApj�

����

� C

�Z
R�
jhpj�

����

� C � �
� ���

where Ap is de�ned by �
� ���

In the class of ��� �A� consider the Coulomb gauge given by Proposition
II��� For any l � k � � and K compact set in Ul	 we haveZ

Ul�K
jr Ap�

pj� � C �

thusZ
Ul�K

jr�pl j
�
� C � 


Z
Ul�K

j �Ap
l j
�j�pj�

� C � 


Z
Ul�K

j �Ap
l j
��

� 


�Z
Ul�K

j �Ap
l j
�

�����Z
Ul�K

��� j�pj���
����

�
� ��

Since A�
l is regular on Ul	

R
Ul�K jA

�
l j
� is bounded and from �
��!� we deduce

that Z
Ul�K

jA�
l �Apj� � C indep� of p � �
� �$�

Thus from �
� �� and �
� �$� it follows that �pl weakly converges in

W ���
loc �Ul� C � �up to a subsequence� and this is also the case for

�Ap
l � A�

l �A
p�

By lower semi continuity of the W ��� it is clear that the limit ��l�
� A�
l �

A
p

�l	����k�� minimizes G
�

The fact that equations �
� ��� and �
� �!� are veri�ed in D��R�nfx�� ���� xng�
and that	 moreover	 j�
j�� J
 and h
 are regular in R�nfx�� ���� xng is proved
in ����� Let us just prove that �
� �!� is veri�ed in D��R���

Let � be a bounded domain of R�	 since h
 � L����	 d�h
 � W�������	
moreover	 since

R
R�
�� � j�
j��� 	 ��� j�
j � L���� and this implies that
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the function J
 on R
� de�ned by J
 � �i�
� dA��
� in R

�nfx�� ���� xng is in
L������ � W��������

Thus

d�h
 � J
 � W������� �

and supp �d�h
 � J
� � fx�� ���� xng	 so this implies �
� �!��


��� An upper bound for the energy

In this section we prove the following lemma

Lemma ���� For any � 
 � we have

min
V

G
 � 
��L� ��Ln
�

�
�K��� � �
� 
��

where L is the minimal connection between the �xi� di� and K only depends
on �	 not on ��

Remark ���� Contrary to the 
�dim� case	 the upper bound for the energy
requires the introduction of an external parameter �� This is not because
the dimension � leeds to new technical di�culties	 this weaker upper�bound	
Compare to the two dimensional one �see proposition 
�! ����	 is intrinsically
linked to the dimension � for any minimal connection between the �xi� di�
containing a segment with integer multiplicity di�erent from ��
Consider for instance the case of a dipole �P�N� of charge d 
 � ie ��xi� di�� �
��P� d�� �N��d��� The minimal connection is the segment �P�N � with the
integer multiplicity d	 that is IL � d�j�P�N �j� and L � djP � N j� The
singular set tends to concentrate along this segment when � � �� Suppose
this con�guration is adopted for any � 
 �� Then the energy would be
greater than 
�d�jP �N j log �


 � Thus at the stage �	 what we call the bad
set prefer to decompose d distinct tubes between P and N which are close to
the segment �P�N � �but not too much so that the interaction energy between
them is at most of order � log log ���

Remark ��	� If �xi� di� admits a minimal connection which contains no
segment of integer multiplicity di�erent from �	 then Lemma 
�� holds for
� � �� It seems that this is a minimal connection that the singular set would
prefer to adopt�

Proof of Lemma ����

Let � 
 � and � 
 �� We construct ��l� �Al� in V verifying �
� 
��� First
of all we construct j�j�

For � � i � k consider ni the multiplicity of �Pi� Ni� in the minimal connec�
tion that we consider and for � � s � ni introduce Li�s to be the following
segments�
If ni � �	 take Li�s � Li�� � �Pi� Ni�� and if ni �� � we identify the perpen�
dicular plane to �Pi� Ni� passing by Oi	 the center of �Pi� Ni�	 with C and
denote by �ai�s�s	������ni the ni�th roots of � multiplied by �� �we suppose
� 	 r

� in such a way that ai�s � Ci�
r
�� and also for technical reasons which
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will be clear later�� Take Li�s � �Pi� ai�s� � �ai�s� Ni��

Consider �L the following union of segments

�L � �ki	� �
ni
s	� Lis

Let � be the following cut�o� function on R�

��x� � x for x � � and ��x� � � for x � ��

De�ne j�j�x� � �
�
dist�x�L�




�
� We haveZ

R�
jrj�jj��

�


��
��� j�j��� �

Z
supp���j	j�

C

��
� C � �
� 
��

where C does not depend on ��
We choose

�l � k � � �Al � A�
l in Ul � �
� 

�

We claim that P
l	����k��

Z
Ul

jA�
l j
� 	 �� � �
� 
��

It su�ces to prove that	 if one considers C� the union of the two cones of
vertices p � ��� � � �� and N � ��� ����� and of base the horizontal unit
disk of center � and if we take

A�
� �

�
�




�
�� z

jX � P j
�

z � �

jX �N j

�
� �

�
xdy � ydx

�x� � y��
in C�

A�
� �

�
�




�
�� z

jX � P j
�

z � �

jX �N j

��
xdy � ydx

x� � y�
in R�nC� �

where X � �x� y� z�� Then we haveZ
C�

jA�
�j
� �

Z
R�nC�

jA�
�j
� 	 �� �

This is veri�ed by a direct computation�

Let l � k� consider an orthonormal basis ��il��jl��kl� such that �kl �
Pl�Nl
jPl�Nlj �

Each horizontal plane is identi�ed with C �

If nl � �	 take

�l�x� � j�j�x�e�i�l in Ul �
� 
��

where l is the polar horizontal angle of x in cylindrical coordinates associ�

ated with ��il��jl��kl��

If nl 
 �� For � � z� � jPl � Olj � Dl �resp� � � z� � �jPl � Olj�	 denote
by al�s�z�� the point al�s�z�� � fz � z�g � �Pl� al�s� �resp� al�s�z�� � fz �
z�g � �al�s� Nl��� Take

�l�x� y� z� � j�j�x� y� z�
nlY
s��

�
� � ��al�s�z�

j� � ��al�s�z�j

���
in Ul � �
� 
!�
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where � � x � iy� �al�s�z� is the projection on fz � �g � C of al�s�z� and �
is an interpolation function between � and � verifying � � � in Cl

�
r
�

�
� � �

in Cl

�
r
�

�
and � � � outside� Precisely we take

for � � z � Dl ��x� y� z� � ��j�j� z� � 
�
�Dl

Dl � z

j�j

r
�

and

��j�j��z� � ��j�j� z� �

From �
� 
�� and �
� 
!� we deduce that

�k�� � j�j in Uk�� �

If nl � �� we have from �
� 
��Z
Ul

jr�lj
� �

Z
Ul

jrj�jj��

Z
Ul

j�j�
�

��
�d�ddz

� C � 
� 
 


Z Dl�


�

Z r
Dl�z

Dl




�

�
d�dz

� C � 
��
Dl� log
�

�
� ��

Z Dl�


�
log

��
��

z

Dl

�
r

�
dz

� 
�jPl �Nlj log
�

�
� C �

�
� 
��

where C does not depend on ��

If nl 
 � we writeZ
Ul

jr�lj
� �

Z
Cl�

r
�
�
jr�lj

� �

Z
UlnCl� r� �

jr�lj
� � �
� 
��

One veri�es that the second integral on the right hand side of �
� 
�� can be
bounded independently of �� Indeed	 in Uln�Cl�

r
���B
�Pl��B
�Nl�� j�j � �

and �����r
nlY
s	�

�
� � ��j�j� z��als�z�

j� � ��j�j� z��als�z�j

������ � C

nlX
s	�

�

j� � ��als�z�j

� C
nl

r
� � �

�

Recall that the � that we consider are strictly less than r��� The �rst
integral of �
� 
�� can be bounded in the following wayZ

Cl�
r
� �

jr�lj� �

Z
Cl�

r
� �
jrj�ljj

� � C

�


Z Dl

�
dz

Z
B��z�nUB�al�s�z��
�

�����r
nlY
s	�

�
j� � �al�s�z�

j� � �al�s�z�j

������
�
�
� 
�
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where B��z� denotes the horizontal disk of radius r
Dl�z
Dl

and center the point

��� �� z� in ��il��jl��kl��

We have ����� ��z
nlY
s	�

�
� � �al�s�z�

j� � �al�s�z�j

������ �
nlX
s	�

������al�s�z

���� 
 C

j� � �al�s�z�j
�
� 
$�

but ������al�s�z

���� � C� and

Z
B��z�nB�als�z��
�

�

j� � �als�z�j�
� C log

�

�

thus we haveZ Dl

�
dz

Z
B��z�nB�als�z��
�

����� ��z
nlY
s	�

�
� � �al�s�z�

j� � �al�s�z�j

������
�

� C�� log
�

�
� �
� ���

Concerning the horizontal derivatives in the second integral of the right hand
side of �
� 
� we use an upper bound given by ����� in ���� Finally one
veri�es easily that the energy of j�lj is uniformly bounded	 thus we deduceZ

Cl�
r
�
�
jr�lj

�
� 
�nl�jPl �Nlj� c��� log

�

�
�K��� � �
� ���

Combining �
� 
��	 �
� 
��	 �
� 
�� and �
� ��� we get the desired result�


��� Preliminary estimates

We establish	 �rst	 the L� bound for j�
j�

Lemma ���� Let ��
� �A
� � V be a minimizer of G
 then we have

j�
j � � in R�nfx�� ���� xng� �
� �
�

Proof of Lemma ����

Suppose � � fx � R�nfx�� ���� xng�j�
j�x� 
 �g is not empty� De�ne ��

in the following way

��
 � �
 if j�
j � �

and

��
 � �
�j�
j in � �

It is clear thatZ
R�nfx������xng

��� j ��
j
��� 	

Z
R�nfx������xng

��� j�
j
��� � �
� ���

Moreover since

�x � � jr A�
��
j

��x� �

����r A�

�

j�
j

����
�

�

and

�x � � jr A�
�
j

��x� � jrj�
jj
��x� �

����r A�

�

j�
j

����
�

�
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we have

�x � � jr A�
��
j�x� � jr A�

�
j�x� � �
� ���

The previous inequality combined with �
� ��� imply
G
� ��
� �A
� 	 G
��
� �A
�� contradiction�

We establish	 now	 preliminary estimates for A
 and h


Lemma ���� Let ��
� �A
� � V be a minimizer of G
� h
 � d �A
 � h� and A


de�ned by �
� ��	 we have for � su�ciently small�Z
R�
jA
j

�

����

�

Z
R�
jrA
j

�
� C

Z
R�
h�
 � C log

�

�
� �
� �!�

Z
R�
jrh
j

�
�

Z
R�
jr�A
j

�
� C log

�

�
� �
� ���

�r � � �x � R� �

r�

Z
Br�x�

h�
 � C log
�

�
� �
� ���

�r � � �x � R� �

r

Z
�Br�x�

h�
 � C log
�

�
�
� ��

and

�x� y � R� s�t� jx� yj � ��

jA
�x��A
�y�j � C

�
log
�

�

����

jx� yj����

�
� �$�

Proof of Lemma ����

�
� �!� comes from �
� 
�� and classical estimates on Calderon�Zygmund
operators�

From �
� �!� we know that

�d�h
 � J
 in D��R��

In the other hand	 by de�nition	 we have

A
 � �
�

��

�

jxj
� d�h
 � �

�

��

�

jxj
� J


From �
� 
�� and �
� �
� we have J
 � L��R�� andZ
R�
jJ
j

� �

Z
R�
j�i��r A��j

�
� C log

�

�
� �
� ���

In view of �
� ���	 we get	 by classical estimates on the Riesz potentialZ
R�
jr�A
j

�
� C

Z
R�
J�
 � C log

�

�
�

This proves �
� ����
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From �
� ��� we deduce jjh
jj
�
W ����B��x��

� C log �

 for any x � R

�� Thus by

Sobolev injection we haveZ
B��x�

h�


����

� C

�
log
�

�

����

�

H�older�s inequality on Br�x� leads toZ
Br�x�

h� � jBr�x�j
�
�

Z
Br�x�

h�


����

� Cr� log
�

�
�

This is �
� ���� Since
R
Br�x�

jrh
j� �
�
r�

R
Br�x�

jh�
j � C log �

 � taking the

trace of h on �Br�x� we get �
� ���

Finally �
� �$� is a consequence of �
� �!�	 �
� ��� 	 which both imply
jjA
jjW ����B��x�� � C �log �


�
��� and Sobolev injections�

The last preliminary estimate is the L� bound �in �

� of jrA��
j� This

estimate with �
� ��� and also �
� �
� are the only preliminary estimates
which are optimal� We have the following Lemma

Lemma ���� There exists C independent of � such that for any x verifying
dist �x� fx�� ���� xng� � C� we have

jr A�
�
j�x� �

C

�
� �
� ���

Proof of Lemma ��	�

Let x � R�nUn
i	�B�xi� 
���

There exists � 
 � depending only on r	 the diameter of the cones Ci�r��i �
k�� and l � k such that B�x� ��� � Ul �R�nUn

i	�B�xi� ���We will only work
in B�x� ���� Take the Coulomb gauge in Ul given by �
� � and change a
little bit the trivialisation on B�x� ��� such that the expression of �A over
B�x� ��� becomes

�y � B�x� ��� �Al�y� � A�
l �y� �A�y��A�x� � �
� �
�

We just have to multiply all the �bers overB�x� ��� by e�iA�x�y � Note that
�
� 
� implies

�y � B�x� ��� jA�
l j�y� �

C

�
� �
� ���

Combining �
� �$�	 �
� �
� and �
� ��� we have

�y � B�x� ��� j �Alj�y� �
C

�
� �
� ���

�l veri�es the following equation in B�x� ���

� �l �
�

��
�l��� j�lj

��� �A�
l�l � 
i �Al�r�l �
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Consider a dilation of rate � and denote

"�l�y� � �l��y� and "Al�y� � � �Al��y� �

We have

� "�l � "�l��� j "�lj
��� "A�

l "�l � 
i "Al�r "�l in B�x� �� � �
� �!�

Let "fl � "�l��� j "�lj
��� "A�

l "�l� from �
� ��� we have

�y � B�x� �� j "fl�y�j � C � �
� ���

Since d� "Al � � on B�x� ��� we write i "Al�r�l in the following form


i "Al�r "�l � d�
�

i "�l "Al

�
�

�X
k	�

�

�k
�i "�l "A

k
l � �

Let U and V be the solutions of the following equations��
�
� U � � in B�x� ��

U � "�l on �B�x� �� �
�
� ���

and ��
�
� V � "fl � 
d

��i "�l "Al� in B�x� ��

V � � on �B�x� �� �
�
� ��

We clearly have "�l � U � V in B�x� ��� Since jj "�ljjL� � �	 from elliptic
estimates we have	

jrU j�y� � C in B�x� ��
� � �
� �$�

Moreover	 since �l "Al is bounded in B�x� ��� d
��i�l "Al� � W���q�B�x� ��� for

all q 
 � and we have

�� 	 p 	 ��

Z
B�x���

jrV jp � Cp � �
� !��

Combining �
� �$� and �
� !�� we get

�� 	 p 	 ��

Z
B�x�����

jr "�jp 	 Cp � �
� !��

We consider now U� and V� the solutions of the following equations��
�
� U� � � in B�x� ��
�

U� � "�l on �B�x� ��
� �
�
� !
�

and ��
�
� V� � "fl � 
i "Alr "�l in B�x� ��
�

V� � � on �B�x� ��
� �
�
� !��

Clearly we have "�l � U� � V� and since the right hand side of �
� !�� is
bounded in Lp �p 	 �� we get

�� 	 p 	 �� jj "�ljjW ��p�B�x������ � Cp �

and this leads jr "�l�x�j 	 C by Sobolev embedings�
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Thus we have

jr "�l�x�� i "Al "�l�x�j 	 C indep� of � �

which is the desired result�


�!� The Maxwell Stress
Energy Tensor and the almost

monotonicity formula

Because of the renormalisation	 by substracting h�� in the energy	 the
conservation law of the Maxwell stress tensor given in ���� �formula �
���	
chapter 
�
� is modi�ed by a term depending on h� which could be bad for
us when we are close to the xi �that could make the monotonicity formula
blow�up�� That is the reason why we give explicitly the computation of this
conservation law�

Consider x� � R�nfx�� ���� xng� There exists � 
 � and l � k � � such that
B��x�� � Ul�

Let ��� �A� be a minimizer of G
 �we omit here the subscript�� Consider
� � C�� �B��x���R�� and the following perturbation ��t� �At� � V of ��� �A�

�i � k � �

��
�

�ti � �i in Ui �R�nB��x��

�At
i �

�Ai in Ui �R�nB��x��

and ��
�

�tl�x� � �l�x� t�� in B��x��

At
l�x� � Al�x� t�� in B��x���

We do not write the index l anymore since all the perturbation is in Ul�

We have

r At�
t�x� � r A��x� t�� � tr��x� t���r��x� in B��x�� � �
� !��

and

htkl �
�htkl � h�kl �

� �At
l

�k
�
� �At

k

�l
� h�kl

� �hkl�x� t��� h�kl�x�

� t

�
� �Al

�i
�x� t��

��i

�k
�
� �Ak

�i
�x� t��

��i

�l

�
in B��x�� �

�
� !!�

Since we still substract jh�j� to the energy and not jh��tj�	 we will have some
change in our stress�energy tensor compared to the classical one�
Since ��� �A� is a minimizer we have

d

dt

�Z
R�nfx�����xng

jr A�
tj� �

�


��
��� j�j��� �

�




X
kl

htklh
t
kl

�
jt��

� � �
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After computations we get

P
jkl

Z
B��x��

�

�j

�
jr A�j

� �
�


��
��� j�j��� �

�



hkl

�
�j

�

�

�k

�
r Ak

�
��

�j

�
�j �
� !��

�

�
�

�k


hkl

� �Al

�j

�
�

�

�l


hkl

� �Ak

�j

��
�j

�hkl
�

�j
h�kl�

j � �

�
� !�� is true for any � � C�� �B��x���	 thus we have

�j � �� 
� �
�

�j

�
jr A�j

� �
�


��
��� j�j��� �

�




X
kl
hklhkl

�

�

X

k

�

�k
�r Ak

��r Aj
��� 


X
k

�

�k
�r Ak

�� i� �Aj�

�
X

kl

�

�k

�
hkl�hjl

�
�
X

kl

�

�l

�
hkl�hjk

�

�
X

kl

�

�k


hkl

� �Aj

�l

�
�
X

kl

�

�l


hkl

� �Aj

�k

�

�hkl
�h�kl
�j

� � in D��B��x��� �

We have

�

�k

h�
r Ak

�� i�
�
�Aj

i
�

�

�k
�r Ak

�� i�� �Aj � �r Ak
�� i��

� �Aj

�k
�

Since the second Higgs equation �
� �!� is

�k � �� 
� �
P
l

�

�l
hlk � �i��r Ak

�� � �

and since
P
kl

��

�l�khlk � � �because hlk � �hkl� we have

X
k

�

�k

h�
r Ak

�� i�
�
�Aj

i
� �

X
kl

�hlk
�l

� �Aj

�k
� �
� !��

Note also that

X
kl

�
�

�k


hkl

� �Aj

�l

�
�

�

�l


hkl

� �Aj

�k

�
� 


X
kl

�hkl
�l

� �Aj

�k
� �
� !�
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Combining �
� !��	 �
� !�� and �
� !� we have

�j � �� 
� �
�

�j

�
jr A�j

� �
�


��
��� j�j��� �

�




X
kl
hklhkl

�

�

X

k

�

�k
�r Ak

��r Aj
��� 


X
kl

�

�k
�hklhjl�

�

X

kl

�

�k
�hklh

�
jl� �

X
kl
hkl

�h�kl
�j

� � in D��B��x����

�
� !$�

The previous identity is gauge invariant	 thus it holds on all ofR�nfx�� ���� xng�
This is the conservation law veri�ed by the stress tensor perturbated by the
term we were looking for

X
kl

�

�

�k

�
hklh

�
kl

�
� hkl

�h�kl
�j

�

Take x� � R
�nfx�� ���� xng �x� will be taken	 in the next computation	 as the

centre of coordinates�	 for any r 	 dist �x�� fx�� ���� xng� we multiply �
� !$�
by xj and integrate on Br���	 to give

� �

Z
Br���

jr A�j
� �

�


��
��� j�j��� � jhj�

�

Z
�Br���

�jr A�j
� �

�


��
��� j�j��� � jhj���x���

� 


Z
Br���

jr A�j
� � 


Z
�Br���

r�r A����r A����

� �

Z
Br���

jhj� � 
r

Z
�Br���

hklhjl�
k�j

� 


Z
Br���

X
jkl

xj
�

�k
�hklh

�
jl� �

Z
Br���

X
jkl

xj
�

�j
h�klhkl � � �

�
� ���

where � denotes the outward unit normal of �Br���� Denote by h 	 � the
following ��form h 	 �l � hkl�

k �
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We divide �
� ��� by r� and we get

d

dr

�
�

r

Z
Br���

jr A�j
� �

�


��
�j�j� � ��� � �jhj�

�

�
�

r

Z
�Br���


jr A���j
� �

��� j�j���

��
� 
jhj� � 
jh	 �j�

�
�

r�

Z
Br���

h� �



r�

Z
Br���

X
jkl

xj
�

�k
�hklh

�
jl�

�
�

r�

Z
Br���

X
jkl

xj
�h�kl
�j

hkl �

�
� ���

This looks like a monotonicity formula modulo the three last integrals in
the right hand side of the equality� The �rst one � �

r�

R
Br���

h� is not so

bad because of the estimate �
� ���� We will see that it has a very small
in%uence� The last two look very bad since they contain derivatives on
h� which blow�up close to the xi� In fact	 we will see that there is some
compensation between the two last terms� Extracting all the quantities of
�
� ��� which contain derivatives of h�	 we get

I �

Z
Br���



X
jkl

xjhkl
�h�jl
�k

�
X
jkl

xjhkl
�h�kl
�j

�

Z
Br���



X
k�l

hkl

�
�X

j

xj
�h�jl
�k

� xj
�h�jk
�l

�
A

�
X
k�l

hkl

�
�X

j

xj
�h�kl
�j

�
X
j

xj
�h�lk
�j

�
A

which is equal to

I �

Z
Br���



X
k�l

hkl

�
�X

j

xj

�
�h�jl
�k

�
�h�kj
�l

�
�h�lk
�j

��A �
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Taking k 	 l and j� such that j� �� k and j� �� l	 we have

X
j

xj

�
�h�jl
�k

�
�h�kj
�l

�
�h�lk
�j

�
� xk

�
�h�lk
�k

�
�h�kk
�l

�
�h�kl
�k

�

�xl

�
�h�ll
�k

�
�h�lk
�l

�
�h�kl
�l

�

�xj�

�
�h�j�l
�k

�
�h�kj�
�l

�
�h�lk
�j�

�

� � � � � �dh� 
 xj� � � �

Thus I � �� Note also that
P
l

�
�khkl � ��i��r Al

�� and �
� ��� becomes

d

dr

�
�

r

Z
Br�x��

jr A�j
� �

�


��
��� j�j��� � �jhj�

�

�
�

r

Z
�Br�x��


jr A���j
� �

�

��
��� j�j��� � 
jhj� � 
jh	 �j�

�
�

r�

Z
Br�x��

h� �



r�

Z
Br�x��

X
jl

h�jlx
j�i��r Al

�� �

�
� �
�

We will deduce from �
� �
� the following Lemma

Lemma ���� For � su�ciently small

�x� � R� � r 
 �

�

r

Z
Br�x��

jr A�j
� �

�

��
��� j�j��� � jhj� � C log

�

�

�
� ���

where C does not depend on ��

Remark ���� In view of Lemma 
�� and �
� �
� Lemma 
�! is straight�
forward far away from the xi but when we are close to them there are two
di�culties� Firstly the last term in �
� �
� has to be controlled and secondly
�
� �
� is true only for r 	 dist �x�� fx�� ���� xng��

Proof of Lemma ��
�

It su�ces to prove �
� ��� for r small� Let r� 
 � be small enough such
that the B�xi� r�� are disjoint�
We only have to consider the case where x� belongs to a B�xi� r��� and �rst
we study the case x� � xi�
xi is taken as the center of coordinates�
Multiply the three components of �
� !$� by the corresponding coordinates
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and sum the three terms that we obtain� We get

�X
j	�

xj
�

�j

�
jr A�j

� �
�


��
��� j�j��� � jhj�

�

�
xj

�X
k	�

�

�k
�r Ak

��r Aj��� 
xj
X
kl

�

�k
�hklhjl�

�
xj
X
kl

�

�k
�hklh

�
jl� � xj

X
kl

hkl
�h�kl
�j

� � in D��Br����nf�g��

�
� ���

We saw that

�X
j	�

�
xj
X
kl

�

�k
�hklh

�
jl� � xj

X
kl

hkl
�h�kl
�j

� 

�X

j	�

xj

�X
l	�

�i��r Al
��h�jl �

and �
� ��� can be written in the following form

�X
j	�

�

�j

�
xj

�
jr A�j

� �
�


��
��� j�j��� � h�

��

�

�X

j�k	�

�

�k

h
xj

h
�r Ak

��r Aj
�� � hklhjl

ii

�

�
jr A�j

� �
�


��
��� j�j��� � jhj�

�

�

�X

l�j	�

xjh
�
jl�i��r Al�� � � in D��Br����nf�g�

�
� �!�

Remark that the left�hand side of �
� �!� is a distribution on all of Br����	
we have L� functions	 derivatives of L� functions and the last term is also
in L� because jxj 
 jh�j ��

c
jxj is in L

p�Br����� for p 	 � and �i��r A�� �

L��Br������
We claim that the left�hand side of �
� �!� that we call D	 whose support is
included in f�g is equal to � in D��Br������ It can be written in the following
form

D �
�X

j	�

�

�j
�xjG� �

X
j�k

�

�k
�xjHkj � � F� �
� ���

where G�Hkj and F belong to L��Br������

Since Supp D � f�g in view of �
� ���	 D is at most a Dirac at �� Take
any � � C�� �B��� ��� and for any � 	 � 	 r� denote by �� the function
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���x� � ��x���

j 	 D��� 
 j �

�������
Z
B����

X
j

�

�

��

�j

�
x

�

�
xjG

�

Z
B����

X
jk

xj
�

��

�k

�
x

�

�
Hkj �

Z
B����

��F

������ �
Since

jxj
� jr�j�

x
�� is uniformly bounded for jxj 	 � independently of � it is

clear that j 	 D��� 
 j  � as � � and we get that D � � in D��Br������
Integrating D on Br��� for any r 	 r�	 we get

d

dr

�
�

r

Z
Br

jr A�j
� �

�


��
�j�j� � ��� � �jhj�

�

�
�

r

Z
�Br���


jr A���j
� �

�

��
�j�j�� ��� � 
jhj� � 
jh	 �j�

�
�

r�

Z
Br���

h� �



r�

Z
Br���

X
l

�i��r Al
��
X
j

xjh
�
jl�

�
� ���

The part of h� which diverges close to the pole �	 is in view of �
�	
��
�di � d�

�
jxj� and since

P
j
xjh

�
jl � x 	 �h� and x 	 r �

jxj � � we have that������
�X

j	�

xjh
�
jl

������ � Cjxj in Br��� �
� ��

We use the following notation	 Er�x� �
R
Br���

jr A�j
�� �

�
�
�j�j�������jhj�

�
� ��� implies

d

dr

�
Er

r

�
� �

�

r�

Z
Br���

h� �



r

Z
Br���

X
l

�i��r Al
��
X
j

xjh
�
jl

From �
� ��� and �
� �� we have

�r � r�

������
�

r�

Z
Br���

h� �



r�

Z
Br���

X
l

�i��r Al��
X
j

xjh
�
jl

������ � C log
�

�
�

Thus d
dr �

Er
r � � �C log �


 and from Lemma 
�� we have
Er�
r�
� C

r�
log �


 � The
two previous inequalities imply the result for x� � xi�

Take now x� � Br��xi�nfxig� Let dx� � jx� � xij� We just have established
above

�


dx�

Z
B�dx�

�xi�
jr A�j

� �
�


��
��� j�j��� � jhj� � C log

�

�
�
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Since B dx�
�

�x�� � B�dx�
�xi� the previous inequality implies




dx�

Z
B dx�

�

���
jr A�j

� �
�


��
��� j�j�� � jhj� � C log

�

�
� �
� �$�

For r 	
dx�
� we have

d

dr

�
Er�x��

r

�
� �

����� �r�
Z
Br�x��

h�

������
����� 
r�

Z
Br�x��

jr A�j 
 jx 	 �h
�j

����� �
� ���
We use the following bound jx 	 �h�j � c jxj

d�x�
and �
� ��� implies

d

dr

�
Er�x��

r

�
� �C log

�

�
� C

r

d�x�

�
Er�x��

r

����

� �
� ���

where we have used �
� ��� and Cauchy�Schwarz inequality� In particular	
�
� ��� implies

d

dr

�
Er�x��

r
� Cr log

�

�

�
� �

C r

d�x�

�
Er�x��

r
� Cr log

�

�

����
�
� �
�

Integrating �
� ��� between
dx�
� and any � 	

dx�
� 	 the bound �
� �$� yields

�� �
dx�


�

E��x��

�
� C log

�

�
�

and the lemma is proved for any x� � �ni	�B�xi� r��� On the remains of R
�	

as we mentioned above	 the proof of �
� ��� is much more straightforward�

�� The ��compactness lemma

This part is devoted to the proof of the following lemma�

Lemma ���� There exists � 
 �� � and � 
 � such that for any � su�ciently
small	 for any ��� �A� � V minimizer of G
	 for any x� � R�nfx�� ���xng and
for any �� � � � min��� �dx��� where dx� � dist�x�� fx�� ���� xng�� if

�

�

Z
B��x��

jr A�j
� �

�


��
��� j�j��� � jhj� � � log�

�

�
�

then

j�j �
�



in B����x��

Proof of Lemma ����

First of all	 we introduce some useful notations� Denote

Er�x�� �

Z
Br�x��

jr A�j
� �

�


��
��� j�j��� � �jhj��

Ir�x�� �

Z
�Br�x��

jr A�j
� �

�


��
��� j�j��� � �jhj� �

d

dr
Er�x���

Fr�x�� �

Z
Br�x��


jr A���j
� �

�

��
��� j�j��� � 
jhj� � 
jh	 �j�
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Jr�x�� �

Z
�Br�x��


jr A���j
� �

�

��
��� j�j��� � 
jhj� � 
jh 	 �j� �

dFr�x��

dr

and

Rr�x�� � �
�

r�

Z
Br�x��

h� �



r�

Z
Br�x��

X
jl

h�jlx
j�i��r Al

�� �

Using those notations �
� �
� becomes

d

dr

�
Er�x��

r

�
�
Jr�x��

r
�Rr�x�� � ��� ��

As in the proof of Lemma 
�! we use the bound

jRr�x��j � C log
�

�
� C

r

d�x�

�
Er�x��

r

����

� ��� 
�

Suppose for some �� 	 � 	
dx�
� we have E��� � � log����� �� 
 � will

be �xed later but we already consider couples ��� �� such that log � 
 �
� �

As in the proof of Lemma 
�!	 using ��� �� and ��� 
�	 we prove that

�r 	 � Er�x��
r � C� log��
 � and combined with ��� 
� this gives

�r 	 � jRr�x��j � C log
�

�
� C

r

d�x�

�
� log

��
�

�����
� ��� ��

Integrating ��� 
� between � and �� �� will be �xed later� we haveZ �

�


Jr�x��

r
dr � � log�

�

�
� � C� log

�

�
� C

��

d�x�

�
� log

��
�

�����
� ��� ��

It is clear that there exists � 
 � independent of � for � small enough such

that	 if � 	 � and � 	
dx�
� 	 we have

C� log
�

�
� C

��

d�x�
�� log�

�

�
����� � � log

��
�

�
�� has also to be chosen su�ciently large �independently of �� such that
c�� log����� � � log���

Finally	 for �� � � � min �dx��
� ��	 we haveZ �

�


Jr�x��

r
dr � 
� log

��
�

�
��� !�

Thus we have alsoZ �

�


Jr�x��

r
�
Jr���x��

r
dr � C� log

��
�

�
�

MoreoverZ �

�


Jr�x��

r
�

Z �

�


�

r

d

dr
Fr�x�� �

�
F�
�
�x���

F�
�x��

��

�
�

�

Z �

�


Fr�x��

r�
dr
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and this implies

F�
�x��

��
� C� log�

�

�
� �

Z �

�


Fr�x��

r�
dr�

but F�
�x����� � E�
�x����� � C� log��
 �� and this yieldsZ �

�


Jr�x��

r
�
Jr���x��

r
�
Fr�x��

r�
dr � C� log

��
�

�
� ��� ��

Applying the mean value formula in ��� �� we get the existence of r� � ���� ��
such that

Jr��x�� � Jr����x�� �
Fr�
r�
�x�� � C� ��� ��

where C is independent on � and �� Our aim is to prove that ��� �� implies
that

Er����x��

r���
� f��� where f��� � as �  � � ��� �

And ��� � will imply �see below at the end of the proof of the Lemma�	

E
�x��

�
� f��� �

Z r���




jRr�x��j

� g��� with g  � as �  � �

��� $�

This yields in particular

�

jB
�x��j

Z
B��x��

��� j�j��� � g��� ��� ���

and since jrj�j�j � jrj�jj � jr A�j � C��� for g��� su�ciently small ���

��� implies j�j � �
� in B�
�x�� and in particular j�j�x�� �

�
� 	 which is the

desired result�

The di�culty now is to obtain ��� � from ��� ��� ��� �� says that the
total energy is small except possibly the tangential projections of r A� on
all the spheres in Br��x�� of center x��

First of all note that we can take r� � ����
�

Ln �
�

�� This is clear if � 	 �
log �

�

	

otherwise	 since � veri�es

E��x��

�
� � log

��
�

�
�

as we mentioned above we have

�r 	 �
Er�x��

r
� C� log

��
�

�
�

Take r � �

log �
�

� r� and we have

Er��x��

r�
� C� log�

r�

�
� � C� log�

�

r�
�

� C� log

�
r�

�

�
� C� log

�
�

�
log
�

�

�
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but log� �� log
�

 � 	 log

�
�


 log �
�

�
�for � su�ciently small�	 thus we have

Er��x���r
� � C� log�r���� and we get ��� �� for r� � ���� ��log �
 ��

Since r� 	 � dist�x�� fx�� ���� xng� we can clearly include Br��x�� in some
Ul� We trivialize E over Br��x�� and consider the particular representative
of ��� �A� in Br��x�� � Ul given by Proposition 
�� modulo the multiplication
of the �ber over y by e�iA�x���y for each y in Br��x��	 and we have

�Al�y� � A�
l �y� � A�y�� A�x�� �

Because of �
� �$� we have

j �Al�y�j � jA�
l �y�j� C

����

�Ln�
�
���
�log �������

�
C

dx�
� C���� �

��� ���

We change the scale in view of working in a unit ball and multiply by �
r�
�

Denote in B�x�� ��

"��x� � ��r�x�

&A�x� � r� �A�r�x� � r�A
�
l �r�x� � r�A�r�x�

"A�x� � r�A�r�x�

and "h�x� � d "A�x� � r��dA�r�x� � r��h�r�x� �

Thus we have	 in particular	

r �A "��x� � r�r A��r�x�

and

d�"h�x� � r��d
�h�r�x� �

moreover � "�� &A� minimizes the functional

"G
�r�� "�� &A� �

Z
B�

jr �A "�j
��x� �

�




�r�
�

��
��� j "�j����x� �

�

r��
j"hj��x�dx

and veri�es the equations�����
����
r�

�A
"� �

�r�
�

��
"���� j "�j��

�
d�"h
r��

� �i "��r �A "�� �

��� �
� implies	 in particular	

�i "��r�
�A
"���x� � � ��� �
�

where

r�
�A
"� �

�X
k	�

�
�

�k
� i &Ak

��
� "�

�k
� i &Ak "�

�

�  "�� 
i &A�r "�� id� &A "�� j "Aj� "� �
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But we have chosen a gauge such that d� &A � � and ��� �
� becomes

�i "�� "�� � &A�rj "�j� � ��� ���

For � � ��� � ��	 denote by  � the Laplace Beltrami operator on �B� � R�

and by d	 and ��� we denote	 respectively	 the exterior derivative and the
Hodge operator on �B� � R�� By de�nition we have

 � � d	���d	��� � ���d	���d	 on �B� �

If f is a ��form in B�	 for � � �
�
� � �� we have

 f �  �f �
��f

�r�
�



r

�f

�r
�

In particular we have

 

�
i "��

� "�

��

�
�  �

�
i "��

� "�

��

�
�

��

���

�
i "��

� "�

��

�

�



�

�

��

�
i "��

� "�

��

�
�

��� ���

Using Lemma A�� and ��� ��� we have	

 

�
i "��

� "�

��

�
�

�

��
�i "�� � "�� � 
���d	

��
� "�

��
� i���d	 "�

��

�



�
�i "�� � "�� �

��

���

�
i "��

� "�

��

�

�



�

�

��

�
i "��

� "�

��

�
�

��� �!�

Using the Laplace Beltrami operator ��� ��� is equivalent to

�i "�� � "�� � &A�rj "�j� �
�

��

�
i "��

� "�

��

�
�



�

�
i "��

� "�

��

�
� ��� ���

Combining ��� �!� and ��� ��� we get

 

�
i "��

� "�

��

�
� 
���d	

��
� "�

��
� i���d	 "�

��
�

�

��

�
i "��

� "�

��

�

�
��

���

�
i "��

� "�

��

�
�



��

�
i "��

� "�

��

�
�



�

�

��

�
i "��

� "�

��

�

�



�

�
&A�rj "�j�

�
�



�

�

��

�
i "��

� "�

��

�
�
�

��

�
i "��

� "�

��

�

�
��

���

�
i "��

� "�

��

�
�



�

�

��

�
i "��

� "�

��

�
�

��� ���
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The cancelation of the two maximal order terms ��

���
�i "�� � �	�� �� in the right

hand side of ��� ���	 is a crucial point of the proof� We have

 

�
i "��

� "�

��

�
� 
���d	

��
� "�

��
� i���d	 "�

��
�



��
�

��

�
�

�
i "��

� "�

��

��

�
�

��
� &A�rj "�j�� �




�
&A�rj "�j� �

��� ��

Denote by T� the following set T� � B�x�� ��nB�x�� ��
�� Let V be the
��form solution of

����
���
 V �

�
� "�

��
� i���d	 "�

�
in T�

V � � on �T� �

��� �$�

By classical elliptic estimates we have �q 	 ��


�Z
T�

jrV jq
���q

� Cq

����
����
�
� "�

��
� i���d	 "�

�����
����
L�

� Cq

Z
T�

����� "���
����
�
�����Z

T�

jd	 "�j�
����

�

��� 
��

Moreover

d	 V � d	
�
� "�

��
� i���d	 "�

�
�

thus

���d	
�
� "�

��
� i���d	 "�

�
�	 d	 V� � 
 � ��� 
��

where � � �d�� Applying Lemma A�� we have

	 d	 V� � 
 � 	  d	V� � 
 �
�

��
�

��
�� 	 dV� � 
�

�



�

�

��
	 dV� � 


� 	  �	 dV� � 
 ��� � 
 �
�

��
�

��
�� 	 dV� � 
�

�



�

�

��
	 dV� � 
 �
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Applying the �rst formula of Lemma A�� we have

	 d	 V� � 
 �  	 dV� � 


�



��
	 dV� � 
 �

�

��
�

��
�� 	 dV� � 
�

�



�

�

��
	 dV� � 


�  	 dV� � 
 �



��
�

��
�� 	 dV� � 
� �

��� 

�

Combining ��� 
�� and ��� 

� we get

 	 dV� � 
� ���d	
�
� "�

��
� i���d	 "�

�
�



��
�

��
�� 	 dV� � 
� � ��� 
��

Subtracting ��� 
�� and ��� ��

 

��
i "��

� "�

��

�
� 
 	 dV� � 


�
� �




��
�

��

��
i "��

� "�

��

��

�
�

��
� &A�rj "�j�� �




�
&A�rj�j��

�

��
�

��
�� 	 dV� � 
� �

��� 
��

Let H� be the solution of���������
��������

 H� � �



��
�

��

�
�

�
i "��

� "�

��

��
�

�

��
� &A�rj "�j��

�



�
&A�rj "�j� �

�

��
�

��
�� 	 dV� � 
�

H� � � on �T� �

��� 
!�

Remark that	 since d� &A � �	 we have &A�rj "�j� � d�� &Aj "�j�� and

�

��
d�� &Aj "�j��� d��

�

��
� &Aj "�j��� � �

�

�
d�� &Aj "�j�� �

�

�

�

��
� &A��j "�j��

Thus����������
���������

 H� � �



��
�

��

�
�

��
i "��

� "�

��

�
� 
 	 dV� � 


��
�

�d�
�
�

��
� &Aj "�j��

�
�
�

�
d�� &A��j "�j�� �

�

�

�

��
� &A��j "�j�� in T�

H� � � on �T� �

��� 
��
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By classical elliptic estimates we have �p 	 �
��Z

T�

jrH�j
p

���p

� Cp

��Z
T�

����� "���
����p
���p

�

�Z
T�

jrvjp
���p

�

�Z
T�

���� ���
�
&Aj "�j�

�����
p���p

�

�Z
T�

j &Aj "�j�jp
���p

���� 
��

Let H� be the solution of���������
��������

 H� � � in T�

H� � �i "��
� "�

��
�� 
 	 dV� � 


� �i "��
� "�

��
�� 
���d	V � �i "��

� "�

��
� on �T� �

��� 
�

Let T �� be the following subannulus of T�	 T �� � B
���x��nB����x��� By clas�
sical results on harmonic functions we haveZ

T ��

jrH�j
�

����

� C

Z
�T�

����� "���
�����
����

� ��� 
$�

Combining ��� 
��	 ��� 
!� and ��� 
�	 it is clear that�
i "��

� "�

��

�
� 
 	 dV� � 
 �H� �H� in T� ��� ���

The conclusion at this point is that we have been able to write �i "�� � �	�� �
�which includes the radial derivative� using tangential derivatives� 	 dV� � 

plus some remaining terms H� and H� which are not so bad �we will see this
below��

For � 	 p 	 �
� and � 	 q 	 �

� �xed and to be made precise later	 applying

the mean value formula	 we can �nd t �
�
�
� �



�

�
such that	 for C su�ciently

large	 we have simultaneously�Z
�Bt

jrH�j
p

� �
p

� C

�Z
T�

jrH�j
p

���p

�

�Z
�Bt

jrH�j
�

����

� C

Z
T ��

jrH�j
�

����

�Z
�Bt

jrV jq
���q

� C

�Z
T�

jrV jq
���q

��Z
�Bt

jr	 "�j�
����

� C

�Z
T�

jr	 "�j�
����

�Z
�Bt

j
� "�

��
j� �

�




�r�
�

��
��� j "�j���

� C

Z
T�

j
� "�

��
j� �

�




�r�
�

��
��� j "�j���

��� ���
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and �Z
�Bt

��r "A��p���p

� C

�Z
T�

��r "A��p���p

�

We have also chosen t such thatZ
�Btr�

�

��
��� j�j��� �

Z
�Bt

�
r�
�
����� j "�j���

� C

Z
T�

�
r�
�
����� j "�j��� �

�

r�

Z
Br��x��nBr���

�x��

�

��
��� j�j����

and combined with ��� �� the previous inequality givesZ
�Btr�

�

��
��� j�j��� � C� � ��� �
�

Since jjr A�jj� � C�� in Br��x�� �from Lemma 
���	 we have	 in particular	
jjrj�jjj� � C�� and	 in view of ��� �
�	 for � su�ciently small we have
j�j � �

� on �Btr�
�x�� that is j "�j �

�
� on �Bt�x���

Since H�
dR��Bt�x��� � � there exists "� � C���B��R� such that

ei
�� �

"�

j "�j
on �B��x�� and

Z
�Bt

"� � ��� 
�� �

We have

d	 "� �
�
i
"�

j "�j
� d	

�
"�

j "�j

��
�

�

j "�j�
�i "�� d	 "�� ��� ���

On the other hand one veri�es that for any a � C���Bt� C � we have

���d	����ia� d	a� � �ia� ta� � ��� ���

Applying ��� ��� to "� we have	 using ��� ���	

���d	����i "�� d	 "�� � �i "�� � "��

� �
�

��

�
i "�
� "�

��

�
�



�

�
i "��

� "�

��

�
� d�� &Aj�j��

��� �!�

We will replace	 in ��� �!�	 d�� &Aj "�j�� by d���	 � &Aj "�j
��� �

�� �
&A��j "�j��� �

�
&A��j "�j�

and combining ��� ��� and ��� �!� we obtain

 t
"� � �

�

��

�
i "��

� "�

��

�
�



�

�
i "��

� "�

��

�
� d

���
	 � &Aj�j

�� �
�

��
� &A��j "�j��

�



�
&A��j "�j� � d

���
	

��
�

j "�j�
� �

�
�i "�� d	 "��

�
on �Bt�x�� �

��� ���
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�
�� �i "��

� �	
�� � looks a priori bad in the right hand side of ��� ��� in view of

estimating "� but using ��� ��� we have	 using also Lemma A��	

�

��

�
i "��

� "�

��

�
� 


�

��
	 dV� � 
 �

�H�

��
�
�H�

��

� 
 	
�

��
dV� � 
 �

�H�

��
�
�H�

��

� 
���d	
�V

��
�



�
���d	V �

�H�

��
�
�H�

��
�

��� ���

Taking q � �
� and p �

�
� 	 classical elliptic estimates yield the following upper

bound for
R
�Bt�x��

jr	 "�j����

Z
�Bt�x��

jr	�j
�
�

����

� C

�
�Z

�Bt�x��
jrV j

�
�

����

�
�R

�Bt�x��
jrH�j

�
�

����
�

Z
�Bt�x��

jrH�j
�

����

�

Z
�Bt�x��

����� "���
����
�
����

�

Z
�Bt�x��

��� &Aj "�j�������
����

�

Z
�Bt�x��

���� ��� � &A��j "�j��
����
���
����

�

Z
�Bt�x��

��� j "�j�����jr	 "�j���
����

�
 �

��� ��

Combining ��� 
��	 ��� 
��	 ��� 
$� and ��� ���	 ��� �� implies

Z
�Bt�x��

jr	 "�j
�
�

����

�

� C

�
��Z

T�

jr	 "�j�
����

Z
T�

����� "���
����
�
����

�

Z
T�

����� "���
����
�
����

�

Z
�T�

����� "���
����
�
����

�

�Z
T�

jr &Aj�
����

�

�Z
T�

��� j "�j���
�����Z

T�

jr	 "�j�
� �

�

� �

�
�

��� �$�
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where we have also used the bound jj &Ajj� � r�
dx�
� r��

��� � C� established

above �see ��� ���� Let �t �
R
�Bt�x��

"� � ��� 
�� by Poincar'e inequality and

Sobolev embeding we have

jj "� � "�tjjH�����Bt�x���
� C

Z
�Bt�x��

jr	 "�j���
����

� ��� ���

Let �� be the harmonic extension of "� in Bt�x��� We have from ��� ��� and
classical results on harmonic functions	Z

Bt�x��
jr ��j�

����

� C

Z
�Bt�x��

jr	 "�j���
����

� ��� ���

Let "� Bt�x�� R� such that����
���
"� � j "�j on �Bt�x��

"� is a minimizer of

Z
�Bt�x��

jr"�j� �
�r�
�

��
��� "��� �

��� �
�

Clearly "� is the solution of����
���
�

�
�

r�

��

 "� � "� � � in Bt�x��

"� � j "�j on �Bt�x�� �

��� ���

By the maximum principle we have

max
Bt�x��

��� "�� � max
�Bt�x��

��� j "�j� �
�



� ��� ���

Multiply ��� ��� by �� "� and integrate on Bt�x��	 we haveZ
Bt�x��

jr"�j� �
�r�
�

��
��� "��� �

Z
�Bt�x��

��� "��
�

��
��� "�� �

and in view of ��� ��� this impliesZ
Bt�x��

jr"�j� �
�r�
�

��
��� "����

� C

Z
�Bt�x��

��� j "�j���

����Z
�Bt�x��

����� "���
����
�
����

�

��� �!�

Multiply ��� ��� by
P�

i	� xi
�������
�xi

and integrate on Bt�x�� we get the fol�
lowing Pohozaev identity

�



t

Z
�Bt�x��

jr	"�j� �
�



t

Z
�Bt�x��

����� "���
����
�

�
�




Z
Bt�x��

jr"�j��

�
�




Z
Bt�x��

�r�
�

��
��� "��� �

t




Z
�Bt�x��

�r�
�

��
��� "��� �
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The Pohozaev identity and ��� �!� imply

Z
�Bt�x��

����� "���
����
�

� C

Z
�Bt�x��

jr	j "�jj� �
�r�
�

��
��� j "�j��� � ��� ���

��� ��� combined with ��� �!�	 give

Z
�Bt�x��

jr"�j� �
�r�
�

��
��� "����

� C

�Z
�Bt

��� j "�j���
�����Z

�Bt

jr	j�jj��
�r�
�

�� �
�� j "�j�

������

� C

�Z
T�

��� j "�j���
�����Z

T�

jr "�j� � �
r�
�
����� j "�j���

����

�

��� ���

Let "W � "�ei
� in Bt�x��� since � "�� &A� minimizes "G
�r� 	 we have "G
�r�� "�� &A� �

"G
�r��
"W� &A� and this implies

Z
Bt�x��

jr �A "�j
� �

�r�
�

��
��� j "�j��� �

�

r��
j"hj�

�

Z
Bt�x��


jr ��j� � jr"�j� �
�r�
�

��
��� j"�j��� � 
j &Aj� �

�

r��
j"hj�

��� ��

Combining ��� �$�	 ��� ���	 ��� ��� and ��� �� we have

Z
Bt�x��

jr �A "�j
� �

�r�
�

��
��� j�j��� �

�

r��
j"hj�

� C

��Z
T�

jr	 "�j�
�



Z
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�����
�
�

Z
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����� �

Z
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j
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�

�Z
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��� j "�j���
�����Z
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jr "�j� �
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�
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�
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���

�

Z
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jr &Aj� � �� �

Z
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�
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�
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Going back to the usual scale we have

�

r�
Etr��x�� � C

�
�

r�

Z
Br�

jr�j�

�

r�

Z
Br�

�������r
����
�

�
�

r�

Z
Br�

�������r
����
�

�

Z
�Br�
�Br���

�������r
����
�
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Z
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jr �Aj�
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�
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Z
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��� j�j���

����
�
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Z
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jr�j� �
�

��
��� j�j���

��

��� �
�

r�

Z
Btr�

jhj�

�
�

��� �$�

Since j �Aj � �
dx�
� C���� �see �� ���	 we have

�

r�

Z
Br��x��

j �Aj� �

�
r�
dx�

��

� C r�� �
���
� C� � ��� !��

Moreover jr �Aj� � 
jrA�j� � 
jrAj� and we have jrA�j� � C�d�x� andR
R�
jrAj� � C log �


 � thus

r�

Z
Br�

jr �Aj� � C

�
r��
d�x�

� r� log ���

�
� C� ��� !��

Finally combining ��� ��	 ��� �$�	 ��� !�� and ��� !�� we have

�

r�
Etr��x�� �

Er�

r�

 C� � C� �

�
�

r�

��

C�

����
Er�

r�
� ��

� C����
�
Er�

r�
� �

�
�

��� !
�

In the other hand we have by ��� ��

Er�

r�
�
Etr�

tr�
�

Z r�

tr�

Jr�x��

r
�

Z r�

tr�

Rr�x�� � ��� !��

we have alsoZ r�

tr�

Jr�x��

r
�
�

tr�

Z r�

tr�

Jr�x�� �
Fr��x��

tr�
�
C

t
� ��� !��

and furthermore	 since we could have chosen r� �
�

log ��
 we haveZ r�

tr�

Rr�x�� � Cr� log
�

�
� C

r��
d�x�

�
Er��x��

r�

����

� C� � C�

�
Er��x��

r�

����
��� !!�
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Combining ��� !
�	 ��� !��	 ��� !�� and ��� !!� we easily get that for �
su�ciently small	 independently of r�	 we have

Er�

r�
�x�� � f��� � � as �  �

This implies

E


�
�x�� � f��� �

Z r�




Rr�x��

� f��� � Cr� log
�

�
� C��f������� �

and since we could have chosen r� � c �
log��
 we have

�

��

Z
B��x��

��� j "�j��� �
E


�
� g��� � � as �  � ��� !��

and since jrj�jj � jr A�j � C�� for � su�ciently small independent of � ���

!�� ensures j�j�x�� �
�
� � This proves the lemma�

�� Locating the singularities

As in ���	 the bad set or the locus of the singulartities is by de�nition the
place where j�
j �

�
� and where we are going to have a loss of compactness

�as we will see later�� The Lemma ��� says that a point x� where j�
j�x�� 	
�
�

produces energy in the ball B��x�� greater than �
 � log��
 �� In view of the
global bound given by Lemma 
�� we can easily obtain the three dimensional

equivalent of Proposition ��
 of ���	 that is	 we can put the bad set in c���

� ��

balls of radius �� for � 	 �	 where c��� only depends on � �this is equivalent
to say	 in dimension 
	 that we can put the bad set in c��� 
�balls of radius
���� Contrary to the dimension 
 �see ���	 theorem ��� and ��� Lemma ����
we are not able to get the same result for � � �	 that is to give the location
of the singularities at the scale � but as we will see it in part V this is not
necessary in view of getting global W ��p estimates�
We have the following technical Lemma	 part � is devoted to the proof of
this lemma�

Lemma ���� Given any � 	 � 	 � and � 	 � 	 � there exist N� � N and
�Ri���i�N� a �nite sequence of disjoint rectangle sets whose boundary are
unions of faces paralled to the planes x O y	 y O z and x O z such that

� ��� � 
 �� � � � i � N�� �x � Ri �resp��y � R�nRi� there exists a
cube of edge ��� included in Ri �resp� in R�nRi� which contains x
�resp� y� and Ri is contained in a cube of edge 
�� �� does not depend
on ��� Those cubes have also faces parallel to the planes x O y	 y O z
and x O z�


 �N� �
c���

� � where c��� only depends on � and f�xi� di�gi	������n�

� ��� � i � N�

R
�Ri

jr A�j
�� �

�
� ��� j�j
��� � jhj� � C log �


 where C

only depends on f�xl� dl�gl	������n�
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� ��� � i � N� there exists a subset Si of �Ri �possibly empty� which
can be contained in n��� �� balls of radius � �� such that

j�j �
�



on �RinSi

where n��� �� only depends on �� � and f�xi� di�gi	����n�
! � for any � � i � N� such that �k � f�� ���� ng xk �� Ri� for any
regular closed curve in �RinSi and for any trivialisation of E over Ri	
the degree of ��j�j along this curve	 which does not depend on the
trivialisation chosen over Ri	 is bounded by an integer d��� �� which
only depends on �� � and f�xi� di�gi	����n�

��

j�j �
�



in R

�n �Nk
i	�

"Ri �
n
k	� C

�
��

�
� xk

�

where � is given by Lemma ��� and C
�

�

� � xk

�
is the cube of centre

xk of edge

�

� parallel to Ox�Oy and Oz�

Proof of Lemma 	���

Consider the lattice ��Z� in R�	 and denote by C��� z� the cube of centre
z	 of edge � and whose faces are parallel to x O y	 y O z and x O z�
We will only consider the points zi of the lattice such that C�
��� zi� is not

included in �nk	�

�
C
�

�

� � xk

��
� Let J� � ��Zbe this set� Let �zi�i�I� be

those which veri�es

�


��

Z
C��
� �zi�

jr A�j
� �

�


��
��� j�j��� � jhj� 
 � log

�

��

�

�

where � is the constant given by Lemma ���� We haveX
i�I�

Z
C��
� �zi�

jr A�j
� �

�


��
��� j�j��� � jhj� 
 �I� 
�

� ���� �� log
�

�
�

Since any point of R� is at most covered by �� of those cubes we haveZ
R�nfx������xng

jr A�j
� �

�


��
��� j�j��� � jhj� 
 �I� C��� �� �� log

�

�
��� ��

Combining ��� �� and the global upper bound given by Lemma 
�� we have

�I� 	
C

��� �� ��
� ��� 
�

Moreover let j �� I�	 since

�


��

Z
C��
��zj�

jr A�j
� �

�


��
��� j�j��� � jhj� � � log

�
��

�

�
�

by Lemma ���	 j�j � ��
 in C���� zj�� In the other hand

R
�n �

i�I�
C���� zi� �

n
k	� C

�
xk�

��

�

�
� �

j�J�nI�
C���� zj�
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thus

j�j �
�



in R�n �

i�I�
C ���� zi��

n
k	� C

�
xk�

��

�

�
� ��� ��

We change now the covering of the bad set	 fC�
��� zi�gi�I� into a cov�
ering of cubes fC��i� zi�gi�I� with edges a little bit smaller than 
�� �ie
�
� ���� � �i � 
�

�	 � will be �xed later� in view of ensuring conditions �	
� and ! of the lemma on the boundaries of the di�erent connected compo�
nents of R�n �i�I� �C��i� zi� which will be rectangles verifying ��

Let � 	 � 	 � chosen small enough at the end of the proof� Let i � I��
from Lemma 
�! there exists C independent of � such that

�


��

Z
C��
��zi�

jr A�j
� �

�


��
��� j�j��� � jhj� � C log

�

�
� ��� ��

Let � 	 � 	 � and consider the lattice of size �� �i�e� ��Z�� included in
C�
��� zi�� Denote it by �yj�j�J���zi�� Denote by �yj�j�I���zi� the points of
this lattice such that

�


��

Z
C��
� �yj�

jr A�j
� �

�


��
��� j�j��� � jhj� 
 � log

�

��

�

�
�

We haveX
j�I���zi�

Z
C��
� �yj�

jr A�j
��

�


��
���j�j���� jhj� 
 �I���zi� 
�

� �����
 log
�

�
�

Since a point of C�
��� zi� can be covered by	 at most	 �
� cubes C�
��� yj�

for j � J�� �zi� we haveZ
C�zi��
��

jr A�j
� �

�


��
��� j�j��� � jhj�


 C�I���xi� 
�
� ��� �� log

�

�
�

��� !�

Combining ��� �� and ��� !� we get

�I���zi� 	
C

��� �� ����
� ��� ��

For j � J�� �zi�nI
�
��zi� we have	 by Lemma ���	

j�j �
�



in C���� yj� � ��� ��

Moreover

C�
��� zi�n


�

j�I���zi�
C���� yj�

�
� �

j�J���zi�nI���zi�
C���� yj� �

thus

j�j �
�



in C�
��� zi�n �j�I���zi� C��

�� yj� � ��� �
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Using the mean value formula we will choose � � ��
� ����� 
��� such that

�C��� zi� intersects a number of cubes C�
�
�� yj�	 for j � I

�
��zi�	 bounded

independently of i	 � and such thatZ
�C���zi�

jr A�j
� �

�


��
��� j�j��� � jhj� � K log

�

�
� ��� $�

where K only depends on �	 and f�xi� di�gi	������n�

Let N��zi� be the number of indices j � I���zi� such that

C�
��� yj� � �C��� zi� �� � �

If j��� ��j 
 
�� N���zi� and N���zi� count di�erent indices thus	 using ���
�� we have

R �
�
�����
�N��zi� d� �

h
���

���

i
��X

p	�

Z �
��� p
�

�
��� �p���
�
Np�zi� d�

� 
���I���zi� �
C

��� ��
��

��� ���

In the other hand	 ��� �� gives

�

��

Z �
�

�����
�
d�

Z
�C���zi�

jr A�j
� �

�


��
��� j�j��� � jhj� � K log

�

�
� ��� ���

Applying the mean value formula	 simultaneously for ��� ��� and ��� ���
we deduce the existence of C independent of i and � and the existence of
�i � ��
� ����� 
��� such that����

���
N�i�zi� � C��� �� ��

Z
�C��i�zi�

jr A�j
� �

�


��
��� j�j��� � jhj� � C��� �� �� log

�

�

��� �
�

We claim now that we can put the bad set � j�j � ��
 � on �C��i� zi� in a

union of cubes of edges bounded by �
���
� such that

�� the number of those cubes is still bounded by N�i�zi� � C��� �� ��


� in any trivialisation of E over C�
��� xi�	 the degree of ��j�j along the
intersection of �C��i� zi� and the union of those cubes is bounded indepen�
dently of ��

Let j � I���zi� such that C�
��� yj� � �C��i� zi� �� ��

We claim that there exists k � ��� 
N�i�zi� � 
� �N such that

j�j � �
� in

C

�
�
�� k

�
���

	�N�i��
 � yj

�
nC

�
�
�� 	k��


�
���

	�N�i��
 � yj

�
� �C��i� zi� �

��� ���
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Indeed any cube C�
��� yj�� for j
� � I

�
��zi� intersects at most two of the

following annuli �because of its size�

C

�
�
�� k

�
���

	�N�i��
 � yj

�
nC

�
�
�� 	k��


�
���

	�N�i��
 � yj

�
for k � f�� 
� ���� 
N�i � 
g �

In fact	 Since the number of the cubes C�
��� yj�� � j
� � I���zi� � which

intersect �C��i� xi� is bounded by N�i there exists necessarily one of those
annuli which intersects none of those cubes�

Let k� � f�� 
� ���� 
N�i � 
g such that ��� ��� is veri�ed�

For r �

�
�
�� 	k���


�
	���


	�N�i��
 � �
�� k�

�
	���


	�N�i��


�
	 we denote by (r the following

lipshitz closed curve in �C�xi� �i�

(r � ��C�r� yj�� �C��i� zi��

and )r the surface in �C��i� zi� that (r bounds

)r � C�r� yj� � �C��i� zi��

We have I
�r

�

j�j�
�i��r A�� �

I
�r

�i
�

j�j
�r

�

j�j
��

I
�r

�A

� 
�d�

Z
�r

��h�� �

��� ���

where d is the degree of ��j�j on (r which is independent of

r �

�
�
�� 	k���


�
	���


	�N�i��
 � �
�� k�

�
	���


	�N�i��


�
and where � is the outward unit nor�

mal of �C��i� zi��
Since j�j � �

� on (r and j(rj � C r	 ��� ��� implies	 using Cauchy�Schwartz
inequality	 that

�
�d��

r
� C

�
�Z

�r

jr A�j
� �

�

r

Z
P

r

j�hj

��
�
 � ��� �!�

Moreover we have j�hj � jh�j� jhj and

jh�j �
C

dist�fyj � fxi� ���� xngg
�

C

���
� ��� ���

In the other hand	 by �
� ��	 we have�Z
�r

jhj

��
� Cr�

Z
�r

jhj� � Cr� log
�

�
� ��� ���

Combining ��� �!�	 ��� ���	 ��� ��� and integrating with respect to r we
have

Z 

��

k�
�

	���

	�N�i��




��

	k���

�

	���

	�N�i��


�
�d��� C�������

r
dr � C

Z
�C��i�zi�

jr A�j
� ��� ��
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In view of ��� �
� this implies

� � �






�


N�i � 

����d� � C�������� � C��� �� �� � ��� �$�

Thus d is bounded independently of i and � and we have put the bad set

on �C��i� zi� in at most N�i cubes of edge less than �
���
� such that the

degree of ��j�j in any trivialisation of E over C��i� xi� on the boundary of
the intersection of those cubes with �C��i� zi� is uniformly bounded inde�
pendently of i and ��
The connected components of R�n �i�I� �C��i� zi� are sets which boundary
is a union of faces parallel to xOy� yOz and zOx and for which conditions

	 �	 �	 ! and � are veri�ed for � � ���

� � But there is no reason for condi�
tion � to be veri�ed by this sequence of connected components� Some small
changes have to be done in the proof to get ��
They appear here at the end of the proof in order not to overcomplicate the
beginning�

Let C��� y� and C���� y�� be two cubes with faces parallel to xOy� yOz
and zOx and denote by

d
�
C��� y��C���� y��

�
the minimum among all the distances between the faces of �C��� y� and the
faces of �C���� y�� which are parallel�
We are looking for a function � ��Z� �
� 
 � �

� � such that

�z� z� � ��Z� y �� y�

d�C���z���� z��C���z����� z��� � ���
��� 
��

for some � 
 � independent of �

Suppose such � ��Z� �
� 
� �
� � exists� Then in the previous proof	 �i � I�

choose �i	 by the mean value arguments developed above	 between ��zi���

and ���zi�� ���� �where � is independent of i and �� instead of choosing �i
between 
�� and �
 � ����� At the end of the proof	 one comes exactly to
the same conclusions	 that is for R�n�i�I� �C��i� zi� the di�erent connected
components verify	 
	 �	 �	 ! and �	 moreover if one have chosen � 	 ���
�where � is given by ��� 
�� � since	 in taking �C��i� zi� instead of taking
�C���zi���� zi�� smaller than

�
��

� we have

�i� i� � I� i �� i� d�C��i� zi��C��i�� zi��� � �� � 

�

�
��� �

�



�� ��� 
��

and

�i � I�� �i� �� I�

d�C��i� zi��C���zi���
�� zi��� � �� �

�

�
��� �

��

�
���

��� 

�

��� 
�� and ��� 

� clearly ensure that the connected components of
R�n�i�I� �C��i� zi� verify condition � for � � ��
 and the Lemma is proved�
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Thus	 we just have to prove that � ��Z� �
� 
� �
� � verifying ��� 
�� exists�

Take "� ��f�� 
� ���� !g� �
� 
� �
� � any injective function	 and

�����n�� n�� n��� � "���
�� "n�� "n�� "n��� where "nl is the representative of nl in

Z�!Zbelonging to f�� 
� ���� !g�

We claim that ��� 
�� holds for such �

Letting y� y� � ��Z� two situations may occur

�rst case � d�C�
��� z��C�
��� z��� � ��

by replacing 
�� by ���	 since � � �
� 
� �
� �� we move each face of C�
�

�� z�

and C�
��� z�� parallely along a distance less than 
�

� thus

d
�
C���z���� z��C���z����� z��

�
�

�
��




�

�
�� �

��




second case � d�C�
��� y�� C�
��� y��� � �
The parallel faces of C�
��� z� and C�
��� z�� are either far from at least �� or
touch themselves� For those which are far from at least ��	 replacing 
�� by
���	 as above	 we keep the distance between themselves greater than ���
�

For the parallel faces of C�
��� z� and C�
��� z�� which touch themselves we
have maxl	����� jzl � z�lj � 
�

� and � has been chosen such that	 for points
which are so close	 j��z�� ��z��j � � where

� � minfj"��z�� "��z��j� z �� z� z� z� � ��f�� 
� ���� !g�g �

Thus in replacing 
�� by ��� the two parallel faces become distant by at
least ����

�� W ��p
estimates and weak convergence for the magnetic

field

This part is devoted to the proof of theorem !�� stated below� First	 we
establish W ��p estimates for the renormalised magnetic �eld h
 � �h
 � h��
Precisely we have the following lemma

Lemma ���� Let ��
� �A
� be a minimizer of G
 among V and h
 � d �A
�h�	
we have

�� 	 p 	
�



�Cp indep� of � s�t�

Z
R�
jrh
j

p
� Cp

Proof of Lemma 
���
Let � 	 � 	 � and � 	 � 	 � be �xed later� Let �Ri���i�N� be the union of
disjoint rectangle sets given by Lemma ��� and denote T
� the following set

T
� � �N�
i	�
"Ri �

n
l	�

"B�xl� �
���� �

In R�nT
� we have j�j �
�
� � Taking the exterior derivative of �
� �!� we have

� �h � �h � d

��
��

�

j�j�

�
�i�� d A��

�
in R�nT
� � �!� ��
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T
� can be included in a big ball BR� of �nite radius R
 	 �� and we have

�� 	 p 	 


Z
R�nBR�

�
��

�

j�j�

�p ���i��r A�
���p �

� C

�Z
R�nBR�

��� j�j��
�p
��p

��� p
�




�Z
R�nBR�

jr A�j
�

�p
�

� C

�Z
R�
��� j�j���

��� p
�




�Z
R�
jr A�j

�

�p��
	 ��

�!� 
�

�!� �� in R�nBR� and �!� 
� yields by classical estimates on Bessel potential
that

�� 	 p � 


Z
R�nBR�

jr�hjp 	 �� � �!� ��

Moreover one easily veri�es that rh� � Lp�R�nBR�� for any p 
 �� Thus

�� 	 p � 


Z
R�nBR�

jrhjp 	 �� � �!� ��

and since	 from Lemma II��	 we have h � W ����R�� we have

�� 	 p � 


Z
R�
jrhjp 	 �� � �!� !�

This implies	 since d��h � d�h in D��R���

�� 	 p � 


Z
R�
jd��hjp 	 �� � �!� ��

We are going to establish a bound independent of � for
R
R�
jd��hjp for � 	

p 	 �
� �

Let � 	 � 	 � be �xed later and K be the ��form on R� solution of

� K �K �
d�h
jd�hj�

in D��R��

and k � dK the two�form which veri�es

� k � k � d

�
d�h
jd�hj�

�
in D��R�� � �!� ��

We have

�x � R� K�x� � c

Z
R�

d�h
jd�hj�

�y�
e�jx�yj

jx� yj
dy � �!� �

By classical estimates on Bessel potential we have for any q such that
� 	 q��� �� � 
 Z

R�
jrkjq � Cq

Z
R�
jd�hjq����� �!� $�

We will only work with q 
 �� Let � � �� ��q� Sobolev injections give

�x� y � R� jk�x�� k�y�j � Cq

�Z
R�
jrkjq

���q

jx� yj� � �!� ���
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Moreover
�x � R� jk�x�j � jdK�x�j

� C

Z
R�

e�jx�yj

jx� yj

�
�

jx� yj
� �

�
jd�hj����y� dy

and since q 
 �� q� � q
q�� 	

�
� and �x � R

� we have	 �x � R�	

jk�x�j �

Z
R�

e�q�jx�yj

jx� yjq�

�
�

jx� yjq�
� �

�� �
q�




Z
R�

jd�hjq�����

�� � jd�hj��q

���q

� Cq

�Z
R�
jd�hjq�����

���q

�!� ���

Multiply �!� �� by k and integrate on �
� � R
�nT
� we haveZ

���
��k�dd��h � k�d�d�h� � k��h �

Z
���

k�d

��
��

�

j�j�

��
i�� d A�

��
�

Integrating by parts on both sides of the equality and using the fact that
d�h � � in �
� we have

�

Z
�T��

k�d��h 	 � �
Z
���

d�k�d��h � k�d�d�h �

�

Z
���

d�k�
�
��

�

j�j�

�
�i�� d A�� �

Z
�T��

k�

�
��

�

j�j�

�
�i�� d A��	 �

�!� �
�

where � is the ��form associated to the inward unit normal of �T
� �
Multiplying �!� �� by �h and integrating on all of R� we haveZ

R�
���h�dd�k � �h�d�dk� � k��h �

Z
R�

�h�d


d��h
jd��hj�

�
�

Integrating by parts on both sides of the equality and using the fact that
dk � � in R� we haveZ

R�
d��h�d�k � �h�k � �

Z
R�
jd��hj��� � �!� ���

Combining �!� �
� and �!� ��� we haveZ
R�
jd��hj��� � �

Z
�T��

k�d��h 	 � �
Z
T��

d��h�d�k � �h�k

�

Z
�T��

k�

�
��

�

j�j�

�
�i�� d A�� 	 ��

�

Z
���

d�k�
�
��

�

j�j�

�
�i�� d A���

�!� ���

We are going to establish some upper bounds for the four terms of the right
hand side of �!� ����

a� A bound for the fourth term of the r�h�s� of �!� ����
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����
Z
���

d�k�
�
�� �

j	j�
�
�i�� d A��

���

� C

�Z
R�
jd�kjq

���q




�Z
R�
��� j�j��q

�

jr A�j
q�
���q�

� C

�Z
R�
jd�kjq

���q




�Z
R�
��� j�j���

� �
q�
� �
�
�Z
R�
jr A�j

�

� �
�

� C�
�
q�
��
�
log
�

�

� �
q�
�Z
R�
jd�kjq

���q

�!� �!�

where �
q� � ��

�
q �

b� A bound for the third term of the r�h�s� of �!� ����

����
Z
�T��

k�

�
��

�

j�j�

�
�i�� d A�� 	 �

���� � jjkjjL��R��


N��nX
i	�

Z
�Ri

jr A�j���j�j
��

�recall RN��l � C������ xl� for � � l � n��

We bound
R
�Ri

jr A�j��� j�j
�� in the following way

Z
�Ri

jr A�j��� j�j
�� �

�Z
�Ri

jr A�j
�

�����Z
�Ri

��� j�j���
����

� C� log
�

�

and since N� � n � C���

� we have	 using also �!� ���	����

Z
�T��

k�

�
��

�

j�j�

�
�i�� d A��

���� � C���� log
�

�

�Z
R�
jd�hjq�����

���q

��!� ���

c� A bound for the second term of the r�h�s� of �!� ����

We have d��h � d�h� thus����
Z
T��

d�h�d�k
���� �

�Z
T��

jd�hj�
�����Z

T��
jd�kj�

����

�

�Z
T��

jr A�j
�

����

jT
�j
�� �

q

�Z
R�
jd�kjq

���q

� �
���� �

q
�
�
log
�

�

�����Z
R�
jd�kjq

���q

�

�!� ���
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On the other hand
R
T��
�h�k �

R
T��

h��k �
R
T��

h�k and we have����
Z
T��

h��k

���� � jjkjj�

����
Z
T��

jh�j

���� � �!� ��

Let R 	 �� such that �l � n xl � BR���� Clearly h� � L��R�nBr�����
moreover h� � Lr�BR���� for � � r 	 �

� � ThusZ
T��

jh�j �

Z
T���BR���

jh�j�

Z
T����R�nBR����

jh�j

and we haveZ
T��

jh�j � jT
�jjjh�jjL��R�nBR���� � jT
�j
�� �

r jjh�jjLr�BR���� �

Combining �!� ���	 �!� �� and the previous inequality we get for any
� 	 r 	 �

� ����
Z
T��

h��k

���� � C������
�
r
�

�Z
R�
jd�hjq�����

���q

� �!� �$�

Moreover	 using also �!� ���	����
Z
T��

h�k

���� � jjkjj�jT
�j���
�Z

T��
h�
����

� C��
�
log
�

�

�����Z
R�
jd�hjq�����

���q

�!� 
��

d� A bound for the �rst term of the r�h�s� of �!� ����

If � denotes the inward normal for each �Ri�i	������N��n we have by cancel�
lation of � and �� on �Ri � �Rj �i �� j�Z

�T��
k�d��h 	 � � �

Z
��
N��ni�� Ri�

k��i�� d A�� 	 �

�
N��nX
i	�

�

Z
�Ri

k��i�� d A�� 	 �

�!� 
��

Denote by "ki for i � �� ���� N�� n the mean value of k on Ri and by "k the
following approximation of k in T
�

"k �
N��nX
i	�

"ki ��Ri�

where ��Ri� is the characteristic function of Ri equal to � in Ri and �
elsewhere� Remark that from �!� ��� we deduce that

jjk� "kjjL��T��� � Cq

�Z
R�
jd�kjq

���q

��� �!� 

�
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where � � �� �
q � Moreover we have by �!� 
��Z

�T��
k�d��h 	 � �

N��nX
i	�

�

Z
�Ri

k��i�� d A�� 	 �

�
N��nX
i	�

�

Z
�Ri

"k��i�� d A�� 	 � �

Z
�Ri

�"k � k���i�� d A�� 	 �

�!� 
��

The second term in the right hand side of �!� 
�� can be bounded in the
following way	 using �!� 

� and condition � of Lemma ���	�����

N��nX
i	�

Z
�Ri

�"k � k��i�� d A�� 	 �

����� � jjk� "kjjL��T���

N��nX
i	�

Z
�Ri

jr A�j

� Cq

�Z
R�
jd�kjq

���q

���
N��nX
i	�

j�Rij
���

�
log
�

�

����

�

Since for i � �� ����N� � n we have j�Rij � C��� and N� � n � C�������
the previous inequality implies�����
N��nX
i	�

Z
�Ri

�"k � k��i�� d A��	 �

����� � Cq

�
log
�

�

����

���
�Z
R�
jd�kjq

���q

��!� 
��

We establish now an upper bound for the �rst term of the right hand side of
�!� 
��� Consider now just the Ri which do not contain any of the �xl�l	������n
since there are only n which contain the �xl� the bound for them in �!� 
��
is easy to establish�

We decompose the vector associated to the ��form �"ki the canonical basis
�e�� e�� e�� of R

�	 that is "k�i e� �
"k�i e� �

"k�i e�� Thus we haveZ
�Ri

"k��i�� d A��	 � �
�X

l	�

"kli

Z
�Ri

�i��r A���� 	 el �!� 
!�

Since Ri is a set with faces perpendicular to e�� e�� and e�� � 	 e�� � 	 e�
and � 	 e� are unit tangent �elds on �Ri whose integral curves are the in�
tersection of �Ri with planes respectively perpendicular to e�� e� and e��R
�Ri
�i��r A���� 	 el for l � �� ���� � is the integral over all the planes per�

pendicular to el intersecting �Ri of the circulation of the current �i��r A��
along the integral curves of � 	 el that is the curves realized by the inter�
section of those planes perpendicular to el with �Ri� Let &Ri be the convex
envelope of Ri� Write &Ri � *�l	��r

i
l � s

i
l�� Let (l�t� be the following curve

(l�t� � �Ri � fx � R
��x�el � tg �

(l�t� is oriented by el �i�e� in the plane fx � R��x�el � tg oriented by el(l�t�
has the positive orientation�� We haveZ

�Ri

�i��r A���� 	 el � �

Z sil

t	ril

I
�l�t�

�i��r A�� �!� 
��
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For i � �� ���� N� and l � �� 
� � denote I
i
l � �r

i
l � s

i
l� and let

�I il be the subset
of t � I il such that (l�t� does not intersect the balls	 given by Lemma ���	 of
radius bounded by �� which contain the bad set on �Ri� Since the number
of those balls is bounded by n��� �� which does not depend neither on i nor
on �	 the measure of the surface )il � �t��Iil(l�t� is bounded in the following
way ��)il�� � C���� � �!� 
��

Using the de�nition of )il we haveZ
Iil

I
�l�t�
�i��r A�� �

Z
Iil

I
�l�t�

�i��r A�� �

Z
Pi

l

�i��r A���� 	 el� �!� 
�

Using this decomposition of �Ri we bound the �rst term of the right hand
side of �!� 
�� in the following way� First of all we have�����

N�X
i	�

"kil

Z
�il

�i��r A���� 	 el
��

� CjjkjjL�

�
N��nX
i	�

j)ilj
���

�Z
�Ri

jr A�j
�

����
�

� C

�Z
R�
jd��hjq�����

���q �
��
�
�
��

	
�

�
log
�

�

����

� C�
	��
�

�
log
�

�

���� �Z
R�
jd��hjq�����

���q
�

�!� 
$�

On the good set on �Ri we writeZ
Iil

I
�l�t�

�i��r A�� �

Z
Iil

I
�l�t�

�
i
�

j�j
�r A

�

j�j

�
�

�

Z
Iil

I
�l�t�

�
��

�

j�j�

�
�i��r A��

�!� ���

and we have�����
N�X
i	�

"kli

Z
Iil

I
�l�t�

�
��

�

j�j�

�
�i��r A��

�����
� CjjkjjL�

�N�X
i	�

�Z
�Ri

��� j�j���
�����Z

�Ri

jr A�j
�

����
�

� C

�Z
R�
jd�hjq�����

���q �
��
� log

�

�
�

�!� ���
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Finally we have	 for any trivialisation of E over Ri	Z
Iil

I
�l�t�

�
i
�

j�j
�r A

�

j�j

�
�

Z
Iil

I
�l�t�

�
i
�

j�j
�r

�

j�j

�
�

Z
Iil

I
�l�t�

�A

�

Z
Iil


�dl�t� �

Z
Iil

Z
Sil �t�

��h��

�!� �
�

where dl�t� is the degree of ��j�j on (l�t� �which is bounded independently
of i and � by condition ! of Lemma ���� and Sil �t� is the surface in �Ri which
bounds (l�t� �taking into account the orientation of (l�t��� �Ri is of course
oriented by the outward unit normal������

Z
Sil �t�

��h��

����� �

Z
�Ri

jh�j�

Z
�Ri

jhj

� C

�Z
�Ri

�

���
� j�Rij

���

�
log
�

�

����
�
� C

�!� ���

Thus combining �!� �
� and �!� ��� we have�����
N�X
i	�

"kli

Z
Iil

I
�l�t�

�
i
�

j�j
�r A

�

j�j

������ � CjjkjjL�

�
N�X
i	�

j�I il j

�

�

�Z
R�
jd��hjq�����

���q �

��

 ��

�!� ���

Combining �!� 
��	 �!� 
��	 �!� 
!�	 �!� 
$�	 �!� ��� and �!� ��� we �nally
get an upper bound for the �rst term in the right hand side of �!� ���	
namely����

Z
�T��

k�d�h 	 �
���� �

�
� � ���� log

�

�
� �����log

�

�
�����

����
�
log
�

�

����
�



�Z
R�
jd��hjq�����

� �
q

�!� �!�

Combining �!� ���	 �!� �!�	 �!� �$�	 �!� 
�� and �!� �!� we obtain for � 
 �	
q 
 � and � su�ciently smallZ

R�
jd��hj��� � C�q� �� ��

�Z
R�
jd��hjq�����

���q

�!� ���

where C does not depend on ��

Choose � such that 
� � � q��� ��� Since �!� ��� holds for any q 
 �	
this holds for any � 
 � 
 �

� � Thus for any � 	 p 	 �
� we haveZ

R�
jd��hjp � C�p� �� ��

�Z
R�
jd��hjp

� p��
p

� �!� ���
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and we conclude that jjd�hjjLp�R�� is bounded independently of � for � 	
p 	 �

� � By de�nition A � � �
��

�
jxj � d

�h	 thus by classical estimates on the
Riesz transform	 we haveZ

R�
jrhjp �

Z
R�
jr�Ajp � Cp

Z
R�
jd�hjp �

This proves the Lemma�

From Lemma !�� we deduce the following useful corollary

Corollary ���� Let ��
� �A
� be a minimizer of G
 among V � Then we
have

�� � R� s� t� j�j 	 �� �� 	 p 	
�


Z
�
jr A�j

p
� C�p� j�j� �

�!� ��

Proof of corollary 
��

Let � 	 � 	 � and T
� be the set introduced in the proof of Lemma !���
Since j�j � ��
 in R�nT
� we have

jr A�j � C�j�i��r A��j� jrj�jj� �!� �$�

From Lemma !�� and equation �
� �!� we deduce

�� 	 p 	 ��


Z
R�
j�i��r A��j

p � C�p� � �!� ���

On the other hand for any p � ��� ��
�Z
T��

jr A�j
p
� jT
� j

�� p
�

�Z
T��

jr A�j
�

� p
�

� C�����p�
�
log
�

�

� p
�

� � as � �

�!� ���

We bound
R
� jrj�jj

p using a method developed in ��� �lemma X�����

Recall equation �
� ��� veri�ed by j�j� in R�nfx�� ���� xng

�



 j�j� � �

j�j�

��
��� j�j�� � jr A�j

� �!� �
�

Let j�j � max�j�j� �� �
log �

�

� and let

K �

!
x � R�nfx�� ���� xng s� t j�j � ��

�

Ln�


"
�
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Multiply �!� �
� by �� j�j and integrate on Kn �ni	� B�xi� �� we have

�




Z
Kn
ni��B�xi�
�

jrj�jj� �

Z
Kn
ni��B�xi�
�

jr A�j
���� j�j�

�
nX
i	�

Z
�B�xi�
�

jrj�jj��� j�j�

� C
log ���

log ���
� n

C

�

��

log ���
� C �

�!� ���

On the other hand

jR�nKj 

�

�log �

 �
�
�

Z
R�
��� j�j�� � C�� log

�

�
� �!� ���

Let p 	 
	 we haveZ
R�nK

jrj�jjp � jR�nKj��
p
� 


�Z
R�
jr A�j

�

� p
�

� C���p log
�

�

�!� �!�

The combination of �!� �$�	 �!� ���	 �!� ���	 �!� ��� and �!� �!� implies
easily the desired result�

We are now in position to state and prove the following theorem which
was the aim of the section !�

Theorem ���� Let �n be a sequence of positive numbers tending to � and
��
n � �A
n� a sequence of minimizers of G
n � One can extract a subse�
quence of �n still denoted �n such that there exists an integer multiplicity
��dimensional recti�able current L verifying

L �M�L�	 ��� �!� ���

�L �
X
i

di�jxij� �!� ���

H��suppL�	 �� �!� ��

and such that h
n � �h
n � h� � h� in W
��p
loc �R

�� for any � 	 p 	 �
� where h�

veri�es

� h� � h� � h� � �
� � L �!� �$�

Proof of theorem 
���

Let � 	 � 	 � and � 	 � 	 �� Consider the domains Ri	 i � n � N�	
given by Lemma ��� using the notation

Rl�N� � C ������ xl� for l � �� ���� n�
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By the same Lemma the set#
x � R�nfx�� ���� xngs�t�j�j �

�




$
� �

i	����N��n
�Ri

can be contained in C��� ����� distinct balls of radius less than �� � More�
over	 since for each I a number of those balls bounded by C���� ��	 inde�
pendent of � and i	 intersect �Ri� Provided we multiply the radius by some
coe�cient independent of i and � we can consider that	 if such a ball in�
tersects �Ri	 it has a centre on �Ri� Denote by �a

k
i � r

k
i �k	������ni the centres

and radii of the balls which intersect �Ri �ni is the number of those balls��
Moreover denote by dki the degree of ��j�j in any trivialisation of E over
Ri �for i � N�� on the closed curve �Ri � �B�aki � r

k
i � oriented by the out�

ward unit normal of �Ri� Lemma ��� says that d
k
i is uniformly bounded

independently of i and �� For topological reasons we have

�i � N�

niX
k	�

dki � � � �!� !��

For any i and k � ni	 �Ri � �B�a
k
i � r

k
I � is a union of parts of circles� Each

of these parts of circles belongs to the boundary of exactly two Rj which
have a face in common	 but for the two Rj the orientation of the face is
opposite� Thus if one considers a trivialisation of E over "B�aki � r

k
i � and if

one adds all the degrees of ��j�j on the �j�Rj � �B�a
k
i � r

k
i � for j such that

aki � �Bj 	 one will cover exactly two times the di�erent parts of circles of
�j�Rj � �B�a

k
i � r

k
i � but in the opposite sense and this implies

�i � N� �k � ni
X

fj�N��n��kj�nj s�t� a
kj
j 	aki g

d
kj
j � � � �!� !��

Let i � N�� since �!� !�� holds	 one can establish a connection between the
�aki � d

k
i � included in Ri	 that is	 there exists a �nite union of on closed regular

oriented curves included in Ri with boundary included in �
ni
i	�fa

k
i g such

that the ��dimensional integer multiplicity recti�able current L
i associated
to this union of curves verify

�L
i �
niX
k	�

dki �ja
k
i j� � �!� !
�

Moreover since Ri veri�es the condition � of Lemma ���	 since from the
conditions � and ! of the same Lemma dki and ni are bounded independently
of i and � one can choose L
i such that

L
i �M�L
i� � C��� �� �� � �!� !��

Let

L

 �

N�X
i	�

L


i � �!� !��

since jN�j � C������ we have

L
 �M�L
� � C��� �� indept� of � � �!� !!�
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Moreover	 from �!� !�� we deduce that

�L
 �
nX
l	�

nN��lX
k	�

dkN��l�ja
k
N��lj� �!� !��

Contrary to the case i � N� for l � �� ���� n we cannot trivialize E over

RN��l � C
�

�

� � xl

�
thus �!� !�� does not hold in this case but we have that

h��
� is the Euler class of the restriction of the bundle E over �RN��l and
theorem II��� of �!� implies

�l � ����n

nN��lX
k	�

dkN��l �
�


�

Z
�RN��l

h� � dl �!� !��

and this imply that

�L
 �
nX
l	�

dl�jxlj� as � � � �!� !�

Moreover since nN��l and dN��l are uniformly bounded independently of �
we have

M��L
� � C indep� of �� �!� !$�

Let �n be a sequence of positive number tending to �	 from �!� !!� and
�!� !$�	 using Federer�Fleming�s compactness theorem �see for instance �$�
page $��	 we deduce the existence of a ��dimensional	 integer multiplicity
recti�able current L and a subsequence still denoted �n such that

L

n  L in D��R

�� � �!� ���

Moreover from �!� !� we deduce that

�L �
nX
l	�

dl�jxlj� � �!� ���

From Lemma !�� we know that for any � 	 p 	 �
� 	
R
R�
jrh
n j

p 	 C inde�

pendently of � and since h
n � L
�p
p�� �R�� we have

�� 	 p 	
�




Z
R�
jh
n j

�p
p�� � jrh
n j

p
� C indep� of � �

One can extract a subsequence still denoted �n such that �!� ��� holds and

for � 	 p 	
�



h
n  h� weakly in W ��p

loc �R
��� �!� �
�

Let � be a C� ��form on R� with compact support� Our aim	 now	 is to
prove Z

R�
�d��d�h
n � ����h
n� 	 
�L
n� � 
� � �!� ���

as n tends to in�nity� In view of �!� ��� and �!� �
� that will imply �!� �$��
We use the notation hn� An� �n� L

n� for h
n � A
n� �
n and L

n �

Recall that on R�nT
�n we have

�dd�hn � �hn � d

��
��

�

j�nj�

�
�i�n� d An

��

�
� �!� ���
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Multiplying �!� ��� by �� and integrating on �
�n � R
�nT
�n we getZ

���n

�d��d�hn �
Z
���n

���d�hn 	 � �
Z
���n

�d���h

� �

Z
���n

�
��

�

j�nj�

�
d�� � �i�n� d An

�n�

�

Z
����n

�
��

�

j�nj�

�
� ���i�n� d An

�n� 	 �

�!� �!�

where � denotes the ��form associated to the unit inward normal of �T
�n �

Since d�hn and �hn converges in Lp�supp�� and since jT
�n j � jR�n�
�n j  �
we haveZ

���n

�d��d�hn �
Z
���n

����hn �
n��

Z
R�
�d��d�h� � ����h� � �!� ���

Moreover �� � j�nj
��  � in Lq�R�� �
 � q 	 �� and �i�n� d An

�n� �

�d�hn is bounded in Lp�R�� �� 	 p 	 �
��� thusZ

���n

j�� j�nj
�j jd�j j�i�n� d An

�n�j �
n��

� � �!� ���

Moreover�����
Z
�T��n

�
�� �

j	nj�
�
� ���i�n� d An

�n� 	 �
���

� C jj�jj�
N��nX
i	�

Z
�Ri

��� j�nj
��jr An

�nj

� C jj�jj�
N��nX
i	�

�Z
�Ri

j�� j�nj
�j�
�����Z

�Ri

jr An
�nj

�

����

� C jj�jj�
�

��n
�n log

�

�n
�

n��
�

�!� ��

Let � denotes the ��form associated to the unit inward normal to �Ri	 by
cancelation on common faces we have

�

Z
�T��n

���d�hn 	 � � �
N��nX
i	�

Z
�Ri

����i�n� d An
�n� 	 � �!� �$�

Let "�i be the mean value of � on Ri	 we have

jj� � "�ijjL��Ri� � Cjjr�jj� �� � �!� ���
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and

N��nX
i	�

Z
�Ri

j� � "�ij j�i�n� d An
�n�j

� Cjjr�jj�
N��nX
i	�

��n j�Rij
���

�Z
�Ri

jr An
�j�

����

� Cjjr�jj� ��n

�
log

�

�n

����

� � as n ���

�!� ���

We are led to study closely the quantities

Ii �

Z
�Ri

� "�i��i�n� d An
�n� 	 � for i � N�

Use vector instead of ��forms � ie "�i denotes also the associated vector to
the ��form "�i��

Ii �

Z
�Ri

� "�i��i�n� d An
�n� 	 � �

Z
�Ri

�i��r An
���� 	 "�i

Decompose "�i in the canonical basis of R
�	 "�i �

P�
l	�
"�l
iel� We have

Ii �
�X
l	�

"�l
i

Z
�Ri

�i�n�r An
�n��� 	 el �!� �
�

Let &Ri �
Q�

l	��r
l
i� s

l
i� be the convex envelope of Ri and let (l�t� � �Ri�fx �

R��x�el � tg as in the proof of Lemma !�� �see �!�
!�� we have

Z
�Ri

�i�n�r A�n��� 	 el � �

Z sli

t	rli

I
�l�t�

�i�n�r An
�n� �!� ���

where (l�t� is oriented by el �i�e� in the plane fx � R��x�el � tg oriented by
el	 (l�t� has the positive orientation�� Denote by �I

l
i the following interval

�I li � �r
l
i� s

l
i�n �

ni
k	� �a

k�l
i � ��n� a

k�l
i � ��n� �

where ak�li � aki �el� On (l�t� for t �
�I li we have j�j �

�
� � Moreover the surface

)li � �
t��rli�sli�nIli

(l�t�

veri�es

j)lij � C��n�
�
n � �!� ���
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In one hand we have�����
N�X
i	�

�X
l	�

"�l
i

Z
�rli�s

l
i�nIli

I
�l�t�

�i�n�r An
�n�

���

� Cjj�jj�
N�X
i	�

j)lij
���

�Z
�Ri

jr An
�nj

�

����

� Cjj�jj��
	��
�

n

�
log

�

�n

����

�
n�

� �

�!� �!�

On the other hand�����
N�X
i	�

�X
l	�

"�l
i

Z
Ili

I
�l�t�

�
��

�

j�nj�

�
�i�n�r An

�n�

�����
� Cjj�jj�

N�X
i	�

Z
�Ri

j�� j�nj
�j jr An

�nj

� Cjj�jj�
�

��n
�n log

�

�n
� � as n� �

�!� ���

Thus we are led to study the following quantities

Z
Ili

I
�l�t�

�
i
�n
j�nj

�r An

�n
j�nj

�
�

Z
Ili


�dl�t��

Z
Ili

I
�l�t�

�An � �!� ���

where dl�t� is the degree of ��j�j on (l�t� in any trivialisation of E over Ri�
Let Sli�t� be the surface in �Ri which has (l�t� as boundary �taking into
account the orientation of (l�t��	 we haveZ

Ili

I
�l�t�

�An �

Z
I li

Z
Sli�t�

��hn�� � �!� ��

Moreover�����
N�X
i	�

�X
l	�

"�l
i

Z
Sli�t�

��hn��

����� � Cjj�jj�
N�X
i	�

��n

Z
�Ri

jh�j� jhnj � �!� �$�

By Lemma 
�� we have

N�X
i	�

��n

Z
�Ri

jhnj �

N�X
i	�

�
��� �

� ��
n

�
log

�

�n

����

� C�
��� �

� ��
n �log

�

�n
���� � � as n �� �

�!� ��
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On �Ri we use the bound jjh�jjL���Ri� �
C

dist��Ri�fx������xng�� � Thus	 using
notations of Lemma ���	 we have

N�X
i	�

��n

Z
�Ri

jh�j � C���n

N�X
i	�

�

jdist��Ri� fx�� ���� xng�j�

� C���n
X
j�I�

�

jdist�zj� fx�� ���� xng�j�

where I� � ��Z� and zj are de�ned in part ��

We have

�j � I� jdist�zj� fx�� ���� xng�j � ��n �

Let 
��� 	 �� 	 �� The number of elements of ��nZ
� included in

�nk	�C��
��
n � xk� is bounded by C�

�������
n thus separating the j � I� which

can be included in �nk	� � ��
��
n � xk� and the ones in the exterior of this set

we have

N�X
i	�

��n

Z
�Ri

jh�j � C���n 

�

�
�������
n



�

���n
� C���n 


�

��n


�

���
�

n

� C���
����

n � C�
�������
n

�!� ��

Since we have chosen �� such that ��� � 
 
 � and �� 	 � the right hand
side of �!� �� tends to zero� Combining the previous remark and �!� ��
we have

�����
N�X
i	�

�X
l	�

�l
i

Z
Sli�t�

��hn��

����� � � as n �� �!� 
�

Let us compute
R
Ili

�dl�t�� First extend dl�t� on �r

l
i� s

l
i�n �

ni
k	� fa

k�l
i g in the

following way � we extend ��j�j continuously in a map from �Rin � faki g

into S� and for t � �rli� s
l
i�n �

ni
k	� fa

k�l
i g �

�I li de�ne dl�t� to be the degree of
such an extension on (l�t�� We clearly have

�����
N�X
i	�

nX
l	�

"�l
i

Z
�rli�s

l
i�nIli


�dl�t�

����� � Cjj�jj�
N�X
i	�

C��n

� Cjj�jj�����n � � as n� �

�!� ��
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For l �xed	 suppose we have chosen an indexation such that ak�li be increasing
in k	 we have


�

Z
x�rli�s

l
i�
dl�t� � 
��a��li � a��li �
 ��d

��l
i �

� 
��a��li � a��li �
 ��d
��l
i � d��li � � ���

� 
��a
ni�l
i � a

ni�l
i �
 ��d��li � ���� d

ni���l
i �

� 
��sli � ani�li �
 ��
Pni

k	� d
k�l
i � �

�!� ��

Considering �!� !�� we get


�

Z sli

rli

dl�t� � 
�

niX
k	�

d
k�l
i a

k�l
i � �!� !�

On the other hand we have

	 L
ni � el 
�

niX
k	�

dk�li ak�li � �!� ��

Thus

N�X
i	�

�X
l	�

"�l
i 
�

Z sli

rli

dl�t� �
N�X
i	�

	 L
ni �
"�i 
 �!� ��

Moreover

	 L
n�� 
 �
N�X
i	�

	 L
ni �� 


�
N�X
i	�

	 L
ni �
"�i 
 �

N�X
i	�

	 L
i �� � "�i 
�

�!� �

and we have�����
N�X
i	�

	 L
ni � � �
"�i 


����� �

N�X
i	�

M�L
ni �jjr�jj��
�
n

�M�L� jjr�jj� ��n � � as n �

�!� $�

Combining �!� �$�	 �!� ���	 �!� �
�	 �!� ���	 �!� �!�	 �!� ���	 �!� 
�	 �!�
��	 �!� �� and �!� � we get

�

Z
�T��n

���d�hn 	 �� 	 L
n�� 
� � as n �� �!� $��

Combining �!� �!�	 �!� ���	 �!� ���	 �!� �� and �!� $�� we prove �!� ���
which implies �!� �$��
It remains to prove that H��suppL� 	 ��� Let r be a positive number	
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�we take r 	 � where � is the constant given by Lemma ����� Consider the
lattice rZ�	 as in the proof of Lemma ��� the number of x � rZ� such that

�


r

Z
�C��r�x�

jr An
�nj

� �
�


��n
��� j�nj

��� � jhnj
�
� � log�


r

�n
�

is bounded by C�r� This implies that supp�L
n� can be included in C
r cubes

of edge 
r� Let R 
 �	 we can extract from �n a subsequence such that
the bad cubes C�
r� z� for z � rZ� � BR��� are always the same	 thus we
are sure that suppL � BR��� is included in those cubes� Thus �r	 R 

� suppL � BR��� is included in C�r cubes where C is independent of R
and r	 this implies

H��suppL�	 ���

�� Strong convergence of the magnetic field away from

the limiting singular set

In this part we prove the strong convergence in H�
loc�R

�nsuppL� of the
magnetic �eld h
n for the subsequence given by theorem !��� As in �
� and
���	 with some more work	 it should be possible to prove the convergence
away from the limiting singular set in a stronger norm	 Ck�k � �� for in�
stance�

Theorem ���� Let h
n be the sequence given by theorem !�� and let L be
the recti�able current in the same theorem� We have

h
n  h� strongly in H
�
loc�R

�nsuppL� � ��� ��

Proof of theorem ���

We still use the notation An� hn� �n��� for A
n � h
n � �
n���� Let x� �
R
�nsuppL and r small enough such that Br�x�� � Ul for some l �

f�� ���� k��g �we use the notation of part �� and such that r 	 min��� dx����
where � is given by Lemma ���� This is possible since fx�� ���� xng � suppL�
Remark that we have Br�x�� � suppL � ��
We will prove that hn converges strongly in H

��Br���x��� to h� given by �!�
�$��
Since the limit h� is well identi�ed �� is unique� and since we have weak
convergence in W ��p �� 	 p 	 ��
� hn � h�� it is su�cient to prove the
existence of one subsequence of hn which strongly converges in H� to prove
the strong convergence of the complete sequence�
We can trivialize E over Br�x�� and since Br�x�� is included in some Ul we

can take the Coulomb gauge given by proposition 
�� ie �A � A�
l �An � Since

hn weakly converges inW ��p�Br�x���� An strongly converges inW ��p�Br�x���
and because of corollary !�� �!� �� we can extract a subsequence such that
�n weakly converges in W ��p�Br�x����� 	 p 	 ��
� �in fact it is not dif�
�cult to see that the complete sequence �n converges but	 because of the
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remark above	 we do not take care of it�� Let �� be the limit of �n	 sinceR
Br�x��

��� j�nj
���  �� j��j � � and passing to the limit in �
� �!� we have

�d�h� � �i��� d����A�
l �A�� ��� 
�

Moreover since suppL �Br�x�� � �	 �!� �$� implies

�dd�h� � dA� � dA� � � in D��Br�x��� � ��� ��

Combining ��� 
� and ��� �� we get

d�i��� d��� � � in D��Br�x��� � ��� ��

Moreover since d�A�
l � � and d

�A� � � in �Br�x��� we have also

d��i��� d��� � � in D��Br�x��� � ��� !�

From ��� �� and ��� !� we deduce the existence of an harmonic function H
such that

�i��� d��� � dH � ��� ��

Since j��j � �	 we have

d�� � �i��� d���i�� � ��� ��

Combining ��� �� and ��� �� we deduce that

d���e
�iH� � � in D��Br�x��� ��� �

Thus �� is a harmonic map from Br�x�� into S�	 in particular
�� � C��Br�x����

Our aim	 now	 is to prove that there exists a subsequence	 still denoted
�n such that for n su�ciently large we have

j�nj �
�



in Br���x�� � ��� $�

Indeed	 as we have already seen below	 ��� $� and the weak convergence of
hn imply the strong convergence in Br���x���

Let � 	 s 	 r	 s will be chosen su�ciently small later� Consider sZ� �
Br�x�� as in the end of the proof of theorem V��Br�x���suppL
n is included
in C�s cubes C�
s� x� where x � sZ� where C does not depend neither on
s nor on �n� Extract a subsequence such that the bad cubes in Br�x�� are
always the same and denote by Ts this union of cubes�

Let �r�s � Br�x��n "Ts we claim that hn  h� strongly in H
�
loc��r�s�� Let �

be an open set such that � �� �r�s and � be a non negative cut�o� function
such that ��

�
� � � in �

� � � in R�n�r�s �
��� ���

From �
� �!� and the fact that j�nj �
�
� in �r�s we have

�d

�
�

j�nj�
d��hn

�
� �hn � � in �r�s � ��� ���
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Let Kn be the solution of��
�
� Kn �Kn � fn in �r�s

Kn � � on ��r�s �
��� �
�

where fn � d��hn�jd
��hnj

� in � and fn � � in �r�sn� for � 	 � 	 � ��xed
later�� Let kn � dKn� For q and � such that q��� �� 	 
 and 
 	 q 	 � we
have by classical elliptic estimatesZ

�r�s

jknj
�q
��q

� �
q
� �

�

�

Z
�r�s

jd�knjq
���q

� C

�Z
�
jd��hnjq�����

���q

��� ���

Multiplying ��� ��� by �kn and integrating on �r�s we haveZ
�r�s

�d�knd��hn �
Z
�r�s

kn�d
��hn 	 d��

Z
�r�s

�kn�hn

�

Z
�r�s

�
��

�

j�nj�

�h
d��hnd�kn� � kn�d

��hn 	 �
i

�

��� ���

In the other hand	 taking the exterior derivative of ��� �
�	 multiplying by

��hn and integrating on �r�s we haveZ
�r�s

�d��hn�d�kn � ��hn�kn � �hn�d� 	 d
�kn

� �

Z
�
jd��hnj���

��� �!�

Combining ��� ��� and ��� �!� we get

Z
�
jd��hnj��� � C

�Z
�r�s

��� j�nj
��jd��hnjjd�knj�

�

Z
�r�s

jknjjd
��hnj� j�hnjjd�knj

� ��� ���

First of all we have�����
Z
�r�s

��� j�nj
��jd��hnj �jd�knj� jknj�

����� �

� C�
���� �

�� �
q
�

n

�
log

�

�n

���� �Z
�
jd��hnjq�����

���q
�

��� ���

we have also

Z
�r�s

jknjjd
��hnj �

Z
�r�s

jknj
�q
��q

� �
q
� �
�




Z
�r�s

jd��hnj
�q

�q��

��� �
�� �

q

��� ��
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and for 
 	 q 	 �	 �� 	
�
� 	

�
� �

�
q 	 �� thus ��� �� impliesZ

�r�s

jknjjd
��hnj � C

�Z
�

jd��hnjq�����
���q

� ��� �$�

Finally

Z
�r�s

j�hnjjd
�knj �

Z
�r�s

j�hnj
�� �

q

�Z
�r�s

jd�knjq
���q

��� 
��

and since �hn is bounded in W
��p�Br�x��� for any � 	 p 	 �

� 	
�hn is bounded

in Ls�Br�x��� for any � 	 s 	 � and since 
 	 q� q
q�� 	 
 and ��� 
��

combined with ��� ��� givesZ
�r�s

j�hnjjd
�knj � C

�Z
�
jd��hnjq�����

���q

� ��� 
��

Combining ��� ���	 ��� ���	 ��� �$� and ��� 
�� we haveZ
�
jd��hnj��� � C

�Z
�
jd��hnjq�����

���q

�

Taking 
� � � q��� ��	 
 	 q 	 � implies �
� 	 
� � 	 
 thus we have

�� � p 	 


Z
�
jd��hnjp 	 C indep� of n ��� 

�

Let �� �� � since we have

 �hn � d�d��hn� in � ��� 
��

and since �hn is uniformly bounded in W ��p��� � � p 	 �
� in view of ���



� we have	 by classical elliptic estimates that �hn is uniformly bounded in
W ��p���� � � p 	 
�

Thus we have proved that �hn is uniformly bounded in any compact set in�
cluded in �r�s for the norm W ��p � � p 	 
�

We establish now the strong H�
loc convergence of

�hn in �r�s�

Multiplying ��� ��� by ��hn and integrating on �r�s we haveZ
�r�s

�
�

j�nj�
jd��hnj� �

Z
�r�s

�

j�nj�
�hn�d� 	 d

��hn � �j�hnj
� � �� ��� 
��

Thus we haveZ
�
jd��hnj� � C

�Z
supp�

j�hnj
�

����
Z

�r�s

jd��hnj
�
�

����

� ��� 
!�

Since �hn is uniformly bounded for the normW ��p for any p 	 
 on supp� ��
�r�s� �hn converges to h� in L��supp�� and we obtain that d��hn is uniformly
bounded for the L� norm on any compact set included in �r�s�
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Multiplying ��� ��� by ���hn � �h��� we haveZ
�r�s

�
�

j�nj�
jd��hnj� �

Z
�r�s

�
�

j�nj�
d��h��d��hn�

�

Z
�r�s

�

j�nj�
��hn � �h���d� 	 d

��hn
Z
�r�s

���hn � �h����hn � � �

Hence we deduce thatZ
�r�s

�
�

j�nj�
jd��hnj� �

Z
�r�s

�jd��h�j� as n� �

By lower semicontinuity this implies the strong convergence of d��hn to d��h�
in L��K� for any compact K included in �r�s� Because of ��� 
��	 since we

have already strong convergence of �hn to h� in L
���r�s� we deduce that �hn

strongly converges to h� in H�
loc��r�s�� This convergence	 combined with �
�

�!�	 yields�
i
�n
j�nj

� d
�n
j�nj

�
� �i��� d��� in L�loc��r�s� � ��� 
��

Moreover	 since �� � C��Br�x��� S
��� the degree of �� on all the generators

of ����r�s� is � and the convergence ��� 
�� implies that this is also the
case for �n�j�nj for n chosen su�ciently large� Let ( be one of the regular
curves in �r�s which generates ����r�s� and let U be a tubular neighborhood
of ( in �r�s� Consider a closed 
�form �� with support in U which is the
Poincar'e dual of ( �see �!� I�� for the construction of ��� that is	 for any
closed ��form � in U 	 �� veri�esZ

U
� 	 �� �

Z
�
� � ��� 
��

Since �n�j�nj is regular in U

d

�
i
�n
j�nj

� d
�n
j�nj

�
� � in U � ��� 
�

ThusZ
U

�
i�n
j�nj

� d
�n
j�nj

�
	 �� �

Z
�

�
i�n
j�nj

� d
�n
j�nj

�
� 
� deg�

�n
j�nj

� ��� 
$�

and in the same wayZ
U
�i��� d��� 	 �� �

Z
�
�i��� d��� � 
� deg��� � � � ��� ���

Since Z
U

�
i�n
j�nj

� d
�n
j�nj

�
	 �� �

Z
�
�i��� d��� 	 �� � ��� ���

we have	 for n chosen su�ciently large	 deg�
	n
j	nj � ��

We prove now that j�nj �
�
� in Br���x�� that is Tr�s�Br���x�� � �� Since

we have already established the strong convergence in H�
loc�Br�x��nTr�s� of
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�hn	 in view of Lemma ���	 to get the desired result	 it su�ces to prove that	
for n su�ciently large	 we have




r

Z
Br���x��

jr A�nj
� �

�


��n
��� j�nj

��� � jhnj
� 	 � log

�
r


�n

�
� ��� �
�

Applying the mean value formula we deduce the existence of � �
�
r
� � r

�
such

that������������
�����������

�B��x�� � Tr�s � N balls of radius s

denoted �Ni	� B�ai� s� where N is indep� of s and �n�Z
�B��x��

jr An
�nj

� �
�


��n
��� j�nj

��� � jhnj
�
� C log

�
�

�n

�
�

Z
�B��x��n
Ni��B�ai��s�

jr�nj
�
� C�r� s� �

��� ���

This is possible because Tr�s is included in C�s balls of radius s �where C
is independent of s and �n�	 because Lemma 
�! holds and �n converges
strongly in H�

loc�Tr�s�� First of all	 since N is independent on s and �n	 there
exists � � 
 �independent on s and �n� N

� � N and �bj�j�N � such that������
�����

bj � �B��x��

�Ni	�B�ai� s� � �N
�

j	�B�bj � �s�

for j �� j� B�bj � 
�s�� B�bj� � 
�s� � �

��� ���

To prove ��� �
�	 since ��n� �An� is a minimizer of the energy	 it su�ces
to �nd ��n B��x�� � C such that ��n � �n on �B��x�� and such that

���n� �An� veri�es ��� �
��

Construction of ��n�

First	 for � � t � � � s� we contract the bad parts contained in the
B�bj � �s� in the following way� By the mean value formula we can �nd
� � ��� 
�� such that

�j � N �
Z
��B�bj��s���B��x���

jr�nj
�
� C�r� s� ��� �!�

and

�j � N �
Z
��B�bj��s���B��x���

�


��n
��� j�nj

��� �
C

s
log

�

�n
� ��� ���

where C is independent of n and s�

For �� s � t � � denote by Tt the following set

Tt �
t

�

h
�B��x��n �

N �

j	� B�bj � �s�
i
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and
T � �

��s�t��
Tt

Let B��x� l� be the geodesic ball in �B�x�� jx� x�j� of centre x and radius

arcsin�l�
jxj� corresponding to the chord of length l�
In B�� t�bj �

t
��s� a point x is represented by the coordinates �� l� t� where 

is the angle in geodesic polar coordinates in B�� t�bj �
t
��s�� l is the distance

to t
�bj and t � jxj�

We have seen above that	 for n su�ciently large	 the degree of �n�j�nj
on ��B��bj� �s� � B��x��� � �B��bj � �s� is equal to �� Thus there exists a

regular function �j
n �B��bj� �s� � R such that���������

��������

�n
j�nj

�� �s� �� � ei�
j
n���ei�

j
n in �B��bj � �s�

and

Z
�B��bj ��s�

�j � � �

where jn is the representant	 in ��� 
�� of the mean value of �n�j�nj along
�B��bj � � s�� From ��� �!� and Poincar'e inequality	 we deduce thatZ

�B��bj��s�
j�j

nj
�
� C

Z
�B��bj ��s�

jr�j
nj
�
� C�s� r� � ��� ���

Let Cj � ���s�t�� t�B
��bj� �s� � ���s�t��B�� t�bj �

t
��s�� C

j is starshaped

from bsj � ���
s
���bj� Denote by �

j the map from "Cj into �Cj which asso�

ciates to x � "Cj the point of �Cj which is on the line starting from bsj to x�
We have

jr�jj�x� �
C s

jx� bsj j
��� ��

where C is independent of s�
De�ne ��n�x� for �� s � jxj � � in the following way����������������

���������������

��n�x� � �n

��x
t

�
in "Tt

��n�� l� �� s� �

�
� � �j�nj�� �s� ��� ��

l

�s

�

�� s

�




exp

�
i
l

�s

�

�� s
�j
n�� �s� ��

�

 ei�

j
n

in B��
�� s

�
bj�

�� s

�
�s�

and ��n�x� � ��n��
j�x�� in Cj

��� �$�

First of all in view of ��� ��� we haveZ
T
jr��nj

�
� C

Z �

��s

Z
T�

jr�nj
�
� C�s� r� ��� ���
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and Z
T

�

��n
��� j��nj

��� � C

Z �

��s

Z
T�

�

��n
��� j�nj

��� � Cs log
�

�n
� ��� ���

On �T � �Cj we have also	 in view of ��� �!�Z
�T��Cj

jr��nj
� � C

Z �

��s

Z
�B��bj��s�

jr�nj
� � C�s� r� � ��� �
�

and in view of ��� ���Z
�T��Cj

�

��n
��� j��nj

��� � C

Z �

��s

Z
�B��bj��s�

�

��n
��� j��nj

���

� C log
�

�n
�

��� ���

In ��s
� 
B��bj� �s� we have

jr	��nj � C

������l ��
�
n

�

�����
�������n�l

����
�

� C

������ ��s ��
j
n

�

������ �

�s
j�j

nj�

���� ��s �j�nj�

���� �� �s� ��

�
�

�s
�j�nj�� �s� ��� ��

�
�

��� ���

The integration of ��� ��� in ��s
� B��bj � �s� gives	 in view of ��� �!�Z

��s
�

B��bj��s�
jr	��nj

�
�

� C

Z ��s
�

�s

�

Z ��

�

�
jr�nj

��� �s� �� �
C

s

�
l dl d

��� �!�

and note that j�� j��nj�� l� �� s�j � j�� j�nj�� �s� ��j thus we have	 using
��� ���	Z

��s
�

B��bj��s�

�

��n
��� j��nj

���

�

Z ��s
�
�s

�

Z ��

�

�

��n
��� j�nj

����� �s� �� l dl d

�

Z ��s



s

�

Z ��

�

l

�s
dl

Z
��B�bj��s���B��x���

�

��n
��� j�nj

��� � C log
�

�n

��� ���

Esaim � Cocv June ����� Vol��� pp� 		
��	



LINE VORTICES IN THE U��� � HIGGS MODEL ���

Finally	 let Cj
k be the homotetic of C

j by the homotetie of centre bsj and rate
k	 we haveZ

Cj
jr��nj

�
� C

Z s

v	�
dv

Z
�Cj

v�s

jr	�n��j�x��j�jr�j j��x�

� C

Z s

v	�

s�

v�
dv

Z
�Cj

v�s

jr	�n��j�x��j�

� C s

Z
�Cj

jr	�nj� � C s log
�

�n

��� ���

Moreover we haveZ
Cj

�

��n
��� j��nj

��� � C

Z s

�

�

��n

Z
�Cj

v�s

��� j�nj
�����j�x��

� C

Z s

�

v�

s�
dv

Z
�Cj

�

��n
��� j�nj

���

� C s

Z
�Cj

�

��n
��� j�nj

��� � C s log
�

�n

��� ��

Combining ��� ���	 ��� ���	 ��� ��� and ��� �� we obtain that ��n veri�esZ
B��x��nB��s�x��

jr��nj
� �

�


��n
��� j��nj

��� � C s log
�

�n
� ��� �$�

Moreover j��nj �
�
� on �B��s�x�� and from ��� �!� we deduceZ

�B��s�x��
jr	��nj

�
� C�r� s� � ��� !��

and from ��� ���Z
�B��s�x��

�

��n
��� j��nj

��� � C log
�

�n
� ��� !��

Now we �ll�up the ball B��s�x�� as we did at the end of the proof of Lemma
����

Take the harmonic extension of �n	 where �n veri�es e
i�n � ��n�j��nj on

�B��s�x�� and if �n is the solution of��
�
���n �n � �n � � in B��s�x��

�n � j��nj on �B��s�x�� �

One veri�es that ��n � �ne
i�n in B��s�x�� is such thatZ

B��s�x��
jr��nj

� �
�


��n
��� j��nj

��� � C�r� s� � ��� !
�
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Combining ��� �$� and ��� !
� we have extended �n by �
�
n in such a way

that Z
B��x��

jr��nj
� �

�


��n
��� j��nj

��� � Cs log
�

�n
� C�r� s� � ��� !��

Since hn weakly converges in W
��p�B��x��� for any p 	

�
� � hn strongly con�

verges in L��B��x��� thus we have

�

�

Z
B��x��

jr An
��nj

� �
�


��n
��� j��nj

��� � jhnj
�
� C

s

�
log

�

�n
� C�r� s� �

Choose now s small enough such that Cs
� 	 �

� then we obtain that	 for �n
su�ciently small	

�

�

Z
B��x��

jr An
�nj

� �
�


��n
��� j�nj

��� � jhnj
� 	 � log

�

�n

This implies by Lemma ��� that j�nj �
�
� in Br���x�� � B����x��� and hn

strongly converges in H��Br���x����

�� The limiting singular set identified as a minimal

connection

In this part we conclude the proof of the theorem ��
 stated in the intro�
duction by proving the following theorem

Theorem 	��� The ��dimensional recti�able current IL given by the theo�
rem !�� is a minimal connection between the �xi� di�i	����n �

Proof of theorem ����

We denote by M the recti�able set associated to IL	 by ��y� the approxi�
mate tangent vector �with the orientation given by IL� at y �M and by �y�
the positive integer multiplicity of IL at the same point� The recti�ability
of M implies that it can be included in a countable union of ��dimensional
disjoint submanifolds of R� �i�e M � ��i	�Ci� modulo an H

� � measure zero
set that we do not consider in working with IL� We have	 using the notation
Mi �M � Ci

L �M�IL� �

Z
M
 dH� �

�X
i	�

Z
M�Ci

 dH� �

Let � 
 �	 we claim that for n su�ciently large we haveZ
M�x

jr An
�nj

� �
�


��n
��� j�nj

��� � jhnj
�
� 
��L� �� log

�

�n
� C��� ��� ��

where C��� does not depend on n�

Let N � N be such thatX
i�N

Z
Mi

 dH� 	 � � ��� 
�

For i � N and z � Ci denote by Ni�z� the plane passing by z perpendicular
to Ci and by Di�z� s� the two dimensional disk in this plane of centre z and
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radius s� z also denotes sometimes the normal coordinate along Ci�

Let i � N be given� For s 
 � su�ciently small the Di�z� s� for z � Ci
are disjoint and �z�CiDi�z� s� is a regular open tubular neighborhood of Ci
denoted by Ui�s�� One veri�es	 using the coarea formula	 that

�f � L��Ui�s��Z
Ui�s�

f �

Z
Ci
dz

Z
Di�z�s�

f�x� j�� Ci�z���z���x� z�j dH�
��� ��

where Ci�z� is the curvature of Ci at z and ��z� is �rst normal of Ci at z
when Ci�z� �� ��

Choose s su�ciently small such that

sup
i�N

�
sup
z�Ci

Ci�z�

�

 s � � ��� ��

Let AN
i �s� for i � N be the following subset of Ci

AN
i �s� � fz � Ci��j �� i� j � Ns�t�Di�z� s�� �j�s� �� �g

Since the Ci� i � N are disjoint submanifolds of R�	 for s chosen su�ciently
small we can ensure

�i � N

Z
Ci�AN

i �s�
dH�

�
�

N
��� !�

Denote by BNi �s�� for i � N 	 the following subset of Ci

BNi �s� � fz � CinA
N
i �s� ��j 
 N� �x �Mj �Di�z� s� s�t� �x� �� �g

For i � N and j 
 N we consider the set

Rj
i �s� �Mj � Ui�s�n

�
Ui�s�� �

k �	i k�N
Uk�s�

�
�

Clearly the Rj
i �s� are all disjoint� Moreover we have

H��BNi �s�� �
X
j�N

Z
Rj
i �s�

 dH� ��� ��

Since
P

i�N

R
Ci dH

� 	 ��� there exists � 
 � independent of i � N such
that

�i � N H��BNi �s�� � � �

Z
BNi �s�

dH�
�

�

N
� ��� ��

We claim that	 for s su�ciently small	 H��BNi �s�� � � for i � N � Indeed	
let N � such that X

j�N �

Z
Mj

dH�
�

�


N
� ��� �

this implies clearly that

�i � N
X
j�N �

Z
Rj
i �s�

dH�
�

�


N
� ��� $�
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Fix N � such that ��� � holds� Since the Cj � N 	 j � N � are regular curves
disjoint from the Ci � � i � N for s su�ciently small

PN �

j	N��H
��Rj

i �s��
is as small as we want for any i � N thus we can ensure

�i � N

N �X
j	N��

Z
R
j
i �s�

dH�
�

�


N
� ��� ���

Combining ��� $�	 ��� ���	 ��� �� and ��� �� for s su�ciently small we have

�i � N

Z
BNi �s�

dH�
�

�

N
� ��� ���

Fix s 
 � such that ��� !� and ��� ��� hold� For t 
 � to be chosen su��
ciently small bellow	 consider the lattice tZ� in R� except the points included
in �ni	�B�xi�

t
� �	 where � is the constant given by Lemma ���� Because of

Lemma ��� we can put the bad set out of �ni	�B�xi�
t
� ��i�e�� y �� �

n
i	�B�xi�

t
� �

such that j�nj�y� �
�
�� in C�t cubes C�
t� yl� where C does not depend nei�

ther on n nor on t and where the yl are points of the lattice�
Extract a subsequence such that the bad cubes C�
t� yl� are always the same
in �Ni	�Ui�s��
First of all for t su�ciently small we can ensureZ

M�
ni��B�xi�t���
dH� � � � ��� �
�

Denote by N i
t �z�� for i � N and z � Ci� the cardinal of the following set

N i
t�z� � � fyl�C�
t� yl��Di�z� s� �� �g

Since a cube C�
t� yl� can intersect Di�z� s� for z in an interval of size at
most �t we obtain that Z

Ci
N i
t�z�dH

�
� Ci � ��� ���

where Ci does not depend on t� Consider � such that

�E � Ci H��E� � � �

Z
Ci�E

dH�
�

�

N
� ��� ���

Since Ci does not depend on t	 there exists N i � N independent on t such
that

�i � N H��
�
z � Ci s�t� N i

t�z� � N i
�
� � � ��� �!�

where � is given by ��� ��� independently of i � N �

Let "N � maxi�NN
i� Denote by CNi �s� t� the set

CNi �s� t� � fz � Ci s�t� N
i
t�z� � "Ng �

For t verifying

� 	 t 	
s

� "N � �
��� ���
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we can ensure that there exists kz � ��� 
 "N� �� for any z � CinC
N
i �s� t� such

that the annulus

Li�z� s� � Di

�
z�

kz � �


 "N � 

s

�
nDi

�
z�

kz

 "N � 


s

�

does not intersect the bad set �i�e� �l� c
t
C�
t� yl��� Fix t verifying ��� �
�

and ��� ���� From part � we know that �n tends strongly in H� to ��
in the complement of the bad set �l� c

t
C�
t� yl� in �i�NUi�s�� Thus for n

su�ciently large we have

�i � N �z � CinC
N
i �s� t�

deg

�
�n
j�nj

� �Di�
kz


 "N � 

s� z

�
� deg

�
��� �Di

�
kz


 "N � 

s� z

��
�
��� ���

Moreover using Lemma A�! we have����
���

�i � N� H� � a�e� z � CinA
N
i � BNi � CNi

deg

�
��� �Di

�
kzs


 "N � 

s� z

��
� ��z� �

��� ��

Let �� � � � �� using Lemma ��� the bad set in �l� c
t
C�
t� yl� can be put

in C��������n disjoints open sets of size � ��
�

n verifying conditions �	 
	 ���	��
Denote by P i

���z� for i � N and z � Ci the cardinal of the following set

P i
���z� � � fRl�Rl �Di�z� s� �� �g �

Since each Rl given by Lemma ��� for any �� can intersect Di�z� s� for z in

an interval of size at most ���
�

we obtain thatZ
Ci
P i
���z�dH

�
� Ci���� ��� �$�

where Ci���� does not depend on �n� Consider once again � given by ���
���	 there exists P i

�� independent of �n such that

�i � N H�
��
z � Cis�t�P

i
���z� � P i

��
��
� � ��� 
��

Let "P�� � maxi�N P i
�� and denote by D

N
i �s� the set

DN
i �s� � fz � Cis�t�P

i
���z� � "P��g �

Using Lemma A�� for H�a�e� z � CinAN
i � BNi � CNi � DN

i we have in any
trivialisation of E over Di�z� s�Z

Di

�
kz��
� �N��

s�z
�
n
Rl

����r �n
j�nj

����� � 
��z��� log
�

�n
�

�
� log

�
s


 "N � 


�
� 
�� "P���

�

��� 
��

where d is the maximal degree of �n�j�nj around each Rl and is uniformly
bounded independently of �n because of conditions � and ! of Lemma ����
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By lowering � in Lemma ��� we can impose that j�nj � �� in the complement
of the Rl� Thus we have

H� � a�e�z � CinA
N
i � BNi � CNi � DN

iZ
Di�z�s�

jr�nj
�
� 
��z���� log

�

�n
� 
���� log

�
s


 "N � 


�
� 
�� "P���

�
��� 

�

Since we are working in �Ni	�Ui�s�nU
n
i	�B�xi�

t
� � we have the strong conver�

gence �An  �A in L� thusZ

Ni��Ui�s�n
ni��B�xi�t���

j �Anj
�
� C ��� 
��

where C does not depend on �n� Integrating ��� 
�� along the CinA
N
i �B

N
i �

CNi �DN
i using ��� �� and ��� 

�	 since we have the bound using ��� !�	 ���

���	 ��� �!� and ��� 
��Z
AN
i 
BNi 
CNi 
DN

i

dH�
�
��

N

we get	 using also ��� �
�	Z

Ni��
i�s�n
ni��B�xi�t���

jr A�j
�
�


����
Z


Ni��Mi

dH� � !�

�
log

�

�n
� C���

��� 
��

where C��� does not depend on N � Since �� � �� � considering ��� 
�	 ���

�� implies ��� ���
Combining the upper bound of the total energy given by Lemma 
�� and �!�
��� which says that IL is a connection between the �xi� di�i	����n	 the lower
bound ��� �� implies that IL is a minimal connection�

Appendix A� Appendix

Lemma A��� Let �� �� � be �� � and ��forms of B� � R� we have

�

�r
d� � d

��

�r
�
d�

r
�
��

�r
d�log r�

�

�r
d� � d

��

�r
�
d�

r
� d�log r�	

��

�r

and
�

�r
d� � d

��

�r
�
d�

r
� d�log r� 	

��

�r
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Proof of Lemma A���

�

�r
d� �

X
i

�

�r

��

�xi
dxi �

X
ik

�

�xk

��

�xi

xk
jxj

dxi

�
X
ik

�

�xi

��

�xk

xk
jxj

dxi

�
X
i

�

�xi

��

�r
dxi �

X
ik

��

�xk

�

�xi

�
xk
jxj

�
dxi

� d

�
��

�r

�
�
�

r
d��

��

�r
d�log r��

The two other equalities are proved in the same way by direct computations�

Lemma A��� Let � and � be � and � forms in B� � R�� for r 
 � let d	
and ��� the exterior derivative and the Hodge operator on �Br � R� and let
 r be the Laplace�Beltrani operator on �Br� We have

d	
��

�r
�

�

�r
d	��

�

r
d	�

d	
��

�r
�

�

�r
d	� �

�

r
d	�

Let ir the isometric embeding in ir � �Br  R
�

�

�r
���i�r � � ���i

�
r

��

�r

and
�

�r
 r�� r

��

�r
� �




r
 r��

Proof of Lemma A���

By de�nition

d	
��

�r
� d

��

�r
�

�

�r

��

�r
dr �

thus by Lemma A��

d	
��

�r
�

�

�r
d��

d�

r
�
��

�r

dr

r
�
���

�r�
dr

�
�

�r

�
d	��

��

�r
dr

�
�
d�

r
�
��

�r

dr

r
�
���

�r�
dr

�
�

�r
�d	�� �

d�

r
�
��

�r

dr

r

�
�

�r
d	��

�

r
d	�
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Let

� � �dr �
xdy 	 dz � ydz 	 dx� zdx 	 dy

r

By de�nition

d	
��

�r
�

%
d
��

�r
� �

&
� �

thus

d	
��

�r
�

%
�

�r
d� �

d�

r
�
dr

r
	
��

�r
� �

&
�

�

%
�

�r
d� �

d�

r
� �

&
�

Since ��
�r � � we have

d	
��

�r
�

�

�r
�hd�� �i�� �

�

r
hd�� �i�

�
�

�r
�d	�� �

�

r
d	��

We have ���i�r � � ����� 	 dr�	 thus

�

�r
���i�r � � �

�

�r
�� 	 dr� � �

�
��

�r
	 dr

�

� ���i�r
��

�r
�

Finally

 r
��

�r
� ���d	���d	

��

�r
� ���d	���

�
�

�r
d	��

�

r
d	�

�

� ���d	
�

�r
����d	�� �

�

r
 r�

� ���
�

�r
�d	���d	�� �

�

r
���d	���d	��

�

r
 r�

�
�

�r
 r��




r
 r�

Lemma A��� Let � be a ��form on B� � R� taking its values into C � we
have

 r

�
i��

��

�r

�
�

�

�r
�i�� r�� � 
���d	

�
�
��

�r
� i���d	��

�
�



r
�i�� r��
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Proof of Lemma A���

 r

�
i��

��

�r

�
� ���d	���d	�i��

��

�r
�

� ���d	���
��

��

�r
� i d	�

�
�

�
i�� d	

��

�r

��

� ���

�
id	���d	��

��

�r

�
� ���

�
d	

��

�r
� i���d	�

�

� ���

�
id	�� ���d	

��

�r

�
� ���

�
i�� d	���d	

��

�r

�
where we have used the following notation	 if a and b are two C ��form	

�a� b� �
�



�a	 "b� "a 	 b��

and since ����a�	 b � ����b�	 a we have

����a� b� � ����b� a��

This implies

 r

�
i��

��

�r

�
�

�
i r��

��

�r

�
� 
���

�
d	

��

�r
� i���d	�

�

�

�
i�� r

��

�r

�
�

and �nally

 r

�
i��

��

�r

�
�

�
i r��

��

�r

�
� 
���d	

��
��

�r
� i���d	�

��

� 


�
��

�r
i r�

�
� �i��

�

�r
 r�� �

�
i��



r
 r�

�

�
�

�r
�i�� r���

�
i
��

�r
� r�

�
�

�
i r��

��

�r

�

� 


�
��

�r
� i r�

�
� 
���d	

��
��

�r
� i���d	�

��

�



r
�i�� r�� �

This yields the desired result�

Lemma A�	� Let f and � be � and ��forms in B� � R
� and � � �dr� we

have

	  �f���� 
�  f �



r�
f

and

d	 � �  d	� �
�

r�
�

�r
�r hd���i�� �




r
� d hd���i
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Proof of Lemma A�	�

We have

 �f�� �  f � � 

X
k

�f

�k

��

�k
� f ��

Moreover one veri�es that  � � � �
r�� and in the other hand

�k 	 ��
�k �� 
� � thus

	  �f���� 
�  f �



r�
f �

By de�nition

d	 � �	 d ��� 
 � �	  d�� � 
 � �

In the other hand

 d	� �  �	 d��� 
 �� �
X
i

 
h
	 d��� 


xi
r

i
dxi�� 	 dxi��

� 

X
i

r 	 d��� 
 r
�xi
r

�
dxi�� 	 dxi��

�  	 d��� 
 � � �
r�
	 d��� 
 � �

�A� ��

We have also

 hd���i � hd ���i� 

X
i

r �d��ir
�xi
r

�
� hd��  �i

� hd ���i� 

X
il

�

�l
�d��i

�

�l

�xi
r

�
�



r�
hd���i

� 	 d ��� 
 �

X
i

�

�i
�d��i

�

r
� 


X
il

�

�l
�d��ixi

�

�l

�
�

r

�

�



r�
hd���i

�A� 
�

Clearly
P

i
��d��i
�i � �d�d�� � �� and since �

�r

�
xi
r

�
� �

�

X
il

�

�l
�d��i xi

xl
r�

� �



r

X
l

xl
r

�

�l

X
i

�d��i
xi
r

�

� �



r

�

�r
hd���i �

This implies

 hd���i � hd ���i�



r

�

�r
hd���i �




r�
hd���i

� hd ���i�



r�
�

�r
�r hd���i� �

�A� ��
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Finally

r 	 d��� 
 �r
�xi
r

�
�

�

r

�

�xi
	 d��� 


�
xi
r�

�

�r
	 d��� 
 �

�A� ��

Combining �A� ��	 �A� �� and �A� �� we have

 d	� � hd ���i� �



r�
�

�r
�r hd���i��

�



r
� d hd���i �




r

�

�r
�hd���i��

�



r�
hd���i��

This yields the desired result�

Lemma A�
� Let � and � we be two bounded regular subsets of R� such
that � is simply connected and � �� �� Let a 
 � and denote by C and C
the following cylinders of R��

C � � 
 ��a� a� and C � �
 ��a� a��

Let T ��M� be a ��dimensionnal� �nite mass� integer multiplicity recti�able
current with support included in C and let � be W ����C� S�� map such that
� is regular in CnC and

�d�i�� d�� � 
�T in D��C� �A� !�

Let ( be a closed regular curve in �n� and ) in � such that �( � )�
Denote by (t�)t� �t and �t the sets ( 
 ftg�) 
 ftg� � 
 ftg and � 
 ftg
for t � ��a� a� then we have

for a�e� t � ��a� a� deg��� � deg�t�

� �
P

y�M��t sgn 	 �� e� 
 �y��y�
�A� ��

where e� � ��� �� �� and (t is oriented by e��

Proof of Lemma A�
�

First of all we claim that

for a�e t � ��a� a�
P

y�M��t �y� 	 ��

and �y �M � �t 	 ��y�� e� 
 �� �
�A� ��

This can be proved using the coarea formula of Federer �see for instance �$�
pages �! and ���� Let t be the function on M which associates the third
coordinate� This is a Lipshitz function in M �which is recti�able subset of
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R
�� moreover for H�a�e�y � M apJ�t�y� � j 	 ��y�� ez 
 j thus for any

H�LM integrable function g on M we have

R
M j 	 ��y�� e� 
 jgdH� �

Z a

�a

Z
M��t

gdH�dt

�

Z a

�a

X
y�M��t

g�y�dt

�A� �

Take �rst g � 	 since M�T � 	 �� we haveZ a

�a

X
y�M��t

�y�dt �M�T� � �A� $�

For any � 
 � take g� �
��y�

��j���y��e��j � we haveZ �a

�a

X
y�M��t

�y�

�� j 	 ��y�� e� 
 j
�M�T� � �A� ���

Thus	 let

E �

����
���

t � ��a� a�s�t�
X

y�M��t
�y� 	 �� and

�y �M � �t s�t� �y� �� � and 	 ��y�� e� 
� �

���	
��


from �A� ��� we deduce that

�� 
 � jEj 

�

�
�M�T� �A� ���

This implies �A� ���
Since (t is homotopic to (� in CnC we have clearly

deg�t� � deg��� � �A� �
�

Let t� � ��a� a� such that �A� �� holds for t � t� and let U be a tubular
neighborhood of ( chosen su�ciently small such that

U � CnC

and U is di�eomorphic to a neighborhood of the zero section of the normal
bundle N( of ( � C�

We can suppose that this di�eomorphism sends linearly each intersection
of U and any normal plane in C to ( �at �� to a neigborhood of � in the
corresponding �ber

�
���� � N�(

�
of N(�

Let � be the following function on �
 ft�g����
���
� � � � �
� � � in �
 ft�gn)
 ft�g
� � � in � 
 ft�g
supp�d�� � U � �
 ft�g�

�A� ���
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and de�ne on all of C ��x� y� t� � ��x� y� t���
Let H be a non negative function of C�c �R�R�� such that���

��
H � � in a neigborhood of �

Z
R

H � �
�A� ���

Let H t�
� �

�
�H

�
t�t�
�

�
for � 
 � chosen su�ciently small

supp
�
H t�
� 
 d� 	 dt

�
� U

Let

��t� � H t�
� d� 	 dt �A� �!�

We clearly have d��t� � �� moreover let � � (t� and let P be the vertical
plane �containing e�� passing by �	 perpendicular to (t� and oriented by the
unit tangent vector +� of (t� �oriented by e� i�e� such that +� 	 e� is the unit
outward normal of �)t�� we haveZ

P	

��t� �

Z
P	

d� 	H t�
� dt �

Z
P	��to

d�


Z a

�a
H t�
� dt

� �

where P� is the component of P �U which contains �� Thus ��t� is the Thom
Class of N(t� �see �!� chapter I��� and from proposition ��
� of �!� this is
the Poincar'e dual of (t� in C� In the other hand	 since supp���t� � � U 	 we
have Z

C
�i�� d��	 ��t� �

Z
U
�i�� d��	 ��t�

and since �i�� d�� is regular in U and d�i�� d�� � � in U 	 the Poincar'e
duality impliesZ

C
�i�� d��	 ��t� �

Z
�t�

�i�� d�� � 
�deg�t��� �A� ���

Remark that ��t� � d��H t�
� dt� thus	 since supp��H

t�
� dt� � C� applying �A�

!� we have Z
C
�i�� d��	 ��t� � � 	 �d�i�� d����Ht�

� dt 


� �
� 	 T ��H t�
� dt 


�A� ���

By hypothesis suppT� C and � � � in C thus

	 T��H t�
� dt 
�

Z
M
H t�
� 	 �� ez 
 dH� �A� ��
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Applying the coarea formula �A�� for g � H t�
�

���e��
j���e��j we have

	 T��H t�
� dt 
 �

Z �a

�a

X
y�M��t

H t�
� �t��y�

	 �� e� 


j 	 �� e� 
 j
dt

�

Z �a

�a
�

�
H

�
t � t�
�

�
f�t�dt

�A� �$�

where f is the L� function on ��a� a� such that

f�t� �
X

y�M��t
�y�

	 �� e� 


j 	 �� e� 
 j
�A� 
��

For almost every to t � ��a� a�

�

�

Z t���

t���
jf�t�� f�t��jdt � � as � �� �A� 
��

Suppose the t� we have chosen verifying �A� �� is also a Lebesgue point for
f verifying �A� 
��	 thus we have

��	 T� �H t�
� dt 
 �f�t��

�� �

����
Z �a

�a
�

�
H

�
t� t�
�

�
�f�t�� f�t���dt

����
�

�

�
jjH jjL�

Z t���

t���
jf�t�� f�t��jdt

�A� 

�

where we have used the fact that �
�

R �a
�a H

�
t�t�
�

�
� �� Combining �A� ���	

�A� ���	 �A� �$�	 �A� 
�� �A� 
�� and �A� 

� we get the desired result�

Lemma A�� Let � 	 R� 	 R�� � 	 � 	 R�� N points a�� ���� aN in the ball
BR���� of R

� such that

�� � i � N B��ai� � BR���� �

�i �� j B��ai� �B��aj� � � �

and let d�� ���� dN be N integers in f�D��D� �� ���� D� �� Dg� For any
u � "BR����n �

N
i	� B��ai� � ��  S� such that

deg�B��ai�u � di �

we have Z
��

jruj� � 
�

�����
NX
i	�

di

����� log R� �R�

�
� 
� log 
 DN� �A� 
��
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Remark A��� The quantity �
� log 
 DN� in the lower bound 	A� �
� is

not optimal at all� We were just looking for a lower bound 
�
���PN

i	� di

��� log R��R�
�

modulo a term which does not depend on ��

Proof of Lemma A��

Let d �
PN

i	� di� suppose d 
 �� We are going to prove by induction on
n the following proposition�

Under the previous hypothesis for n � d we haveZ
��

jruj� � 
�n log
R� �R�

�
� 
� log 
 D N� �A� 
��

the case n � ��

We construct by induction on i for � � i � i� � N� a sequence � � ri �
R� � R� such that�������������������

������������������

�� ri � � if B��ai� � Brk �ak� for some k 	 i


� ri is the largest real number such that

ri � R� � R� �

�Bri�ai� � ��j�iB��aj��k�i Brk �ak�� � � �

�� � r 	 ri for which �Br�ai�� ��j�iB��aj� �k�i Brk�ak�� � �
we have deg�u� �Br�ai�� �� �

and either deg�u� �Bri�ai�� � � or ri � R� � R�

we stop the construction of the sequence when we obtain an i � i� for which
ri� � R� �R��

It is clear that there exists some i� � ��� N � such that ri� � R� � R��
Indeed �Bri�ai����i�i� is a union of disks which are either disjoint	 or one
nested in the other� Moreover if Bri�ai� is not contained in an other Brk �ak�
we have for i 	 i�

deg�u� �Bri�ai�� � � �

thus �i�i�Bri�ai� is a union of disjoint disks such that the degree of u on each

component of the total boundary is equal to zero� Since
PN

i	� di � d 
 �� for
topological reasons	 it would not be possible to enclose all our balls B��ai�
in a neutral cluster �i�e� a domain � such that deg�u� ��� � ��	 thus such
an i� � N for which ri� � R� � R� exists�

We introduce some notations for � � i � i�� Let Ii be the following set

Ii � f� � r 	 ris�t��Br�ai� � ��j�iB��ai� �k�i Brk �ak�� � �g

and we have

if ri �� � �r � Ii deg�u� �Br�ai�� �� �� �A� 
!�
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Let Ei and Fi be the following sets

for i � i� Ei � fl �� i s�t� Brl�al� � Bri�ai�g �

and

for i � i� Fi �

��
�

l �� is�t�Brl�al� � Bri�ai� and

�l� �� l� l� 	 i Brl�al� �� Brl� �al��

�	

 �

We clearly have

Ei � �
l�Fi

El � flg � �A� 
��

and moreover

�l �� l� � Fi �El � flg��
�
El� � fl

�g
�
� � � �A� 
��

Thus we have for any i � i�Z
Bri�ai����

jruj� �

Z
Ii

dr

Z
�Bri

jruj��
X
j�Ei

Z
Ij

dr

Z
�Br

jruj�

�

Z
Ii

dr

Z
�Br

jruj� �
X
j�Fi

�Z
Ij

dr

Z
�Br

jruj�

�
X
k�Ej

Z
Ik

dr

Z
�Br

jruj�

�
 

�A� 
�

Let us prove by induction for i � i� thatZ
Ii

dr

Z
�Br

jruj� �
X
j�Ei

Z
Ij

dr

Z
�Br

jruj� � 
� log
ri
�
�

�
� log ��Ei�

�A� 
$�

Suppose �A� 
$� is true for i � l� �� Thus we have

jIlj � jrl � �j �
X
k�Fl


rk � �A� ���

For r � Il we have deg�u� �Br�al�� �� �� thus	 this implies

�r � Il

Z
�Br�al�

jruj � 
� � �A� ���

and by Cauchy�Schwartz inequality we get

�r � Il

Z
�Br�al�

jruj� �

�

r
� �A� �
�

Combining �A� �
� and �A� ��� we haveZ
Il

dr

Z
�Br

jruj� �

Z rl

��
P

k�Fl
�rk


�

r
dr

� 
� log
rl
�
� 
� log

�
�� �X

k�Fl


rk
�

�
A

�A� ���
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Combining �A� 
� for i � l� �A� ��� and the fact that �A� 
$� is true for
i � l � � we have

Z
Il

Z
�Br

jruj� �
X
j�El

Z
Ij

Z
�Br

jruj� �

Z
Il

Z
�Br

jruj� �
X
k�Fl

�

� log

rk
�
� 
� log � �Ek

�
� 
� log

rl
�

�
� log

�
�� �X

k�Fl


rk
�

�
 � 
� log

�
�Y
k�Fl

�
 �rk

�

�
� 
� log �

X
k�Fl

�Ek �

�A� ���

Since rk � � we clearly have that

� �
X
k�Fl


rk
�
� ��Fl

Y
k�Fl

rk
�

�

Thus �A� ��� yields

Z
Il

Z
�Br

jruj� �
X
j�El

Z
Ij

Z
�Br

jruj� � 
� log
rl
�
� 
� log�� �Fl�

�
� log �
X
k�Fl

�Ek �

�A� �!�

From �A� 
�� and �A� 
�� we deduce that

�El � �Fl �
X
k�Fl

�Ek � �A� ���

Combining �A� �!� and �A� ��� we obtain that the proposition is true for
i � l	 thus �A� 
$� holds for i � i��

Applying inequality �A� 
$� for i � i�	 since ri� � R� � R�� we obtain �A�

�� for d � � � n�

The case n 
 �

Suppose �A� 
�� is true for any positive integer n � n�� Take a con�gura�
tion of �ai� di���i�N such that

PN
i	� di � n� � ��

If N � � the proof of �A� 
�� for n� � � is straightforward� Suppose now
N 
 � and let

L � max
i�	i�

jai � ai� j�
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we can always assume that ja� � a�j � L� We clearly have

Z
��nL���ai�

jruj� �

Z R��R�

L��

Z
�Br

jruj�

� 
��n� � ��� log
R� � R�

L� �
�

� 
��n� � �� log
R� �R�

L� �

�A� ���

If L � 
��N
�����	 log R��R�

L�� � log R��R�
� � 
�N� � 
� log 
 and since N � 


�A� ��� directly implies �A� 
�� for d � n���� If L � 
��N������ there exists
necessarily k� � ��� 
N � such that

�i B��ai� � �B��k�L�a�� nB��k���L�a��� � �

In fact	 since � � 
��N�
L each B��ai� for i � 
� ���� N can intersect at most

two B��kL for k � ��� 
N ��

In the same way	 by induction for any j � N such that aj �� �i�j��B��kiL�ai�
we construct kj � �
jN � 
�j� ��N � verifying

�i B��ai� � �B��kjL
�aj�nB��kj��L

�aj�� � �

and we have

�i 	 j B �
��
�kiL�ai� � B�

�kjL
�aj� � �

We are lead to introduce the following notation	 C�a� s� r� denotes the an�
nulus for s � �� r � � and a � BR����

C�a� s� r� � Bsr�a�nBr�a�

We have constructed disjoint annuli C�aj �
�
� � 


�kj��L� for some j in ��� N �
such that kj � 
N

� and the balls B��ak� are included in the B��kj��L
�aj��

The sum of the degrees of u on �B
��kj��L

�aj� is equal to d � n� � ��

Suppose there is exactly one of those j � j� such that
deg�u� �B

�
�kj�

��
L
�aj��� �� �	 then we must have

deg�u� �B
�
�kj�

��
L
�aj��� � d

In that case we repeat the procedure in B�kj���L�aj��� That is	 let R��� �
��
 
�kj���L	 R��� � 


�kj���L and N� be the number of ak in BR����aj���

If N� � ��
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We clearly haveZ
��nB��aj��

jruj� � 
��n� � ��� log R����R���

�

� 
��n� � �� log
L

�
� �kj� � 
� log 
 �n

� � ��

� 
��n� � �� log
L

�
� 
�N� � �� log 
 �n� � ��

�A� ��

and combining �A� �� with �A� ��� we get the result�

If N� 
 ��

Let L� be the following length

L� � max
i �	i� ai�ai��BR����aj��

fjai � ai� jg � jai� � ai�� j

and we haveZ
BR��� �aj��nBL����ai��

jruj� �

Z R����R���

L���

Z
�Br

jruj�

� 
��n� � ��� log
R��� �R���

L� � �

� 
��n� � �� log
R���� R���

L� � �

�A� �$�

If L� � 

�N�

�����

In this case we have

log
R���� R���

L� � �
� log

L

�
� �kj� � � � 
N

�
� � log 


but �kj� � � � 
N
�
� � � 
�N

��N�
� � 
� and since N � �N� � �� and N� � 


we easily get that 
�N��N�
� �
� 	 N�� Finally combining �A� �$� and �A�

��� we get the desired result�

If L� 
 

�N�

� �

As previously we construct disjoint annuli C�aj �
�
� � 


�kj��L�� for some j
in ��� N � such that aj � BR����aj�� and kj � 
N

�
� in such a way that all the

B��ak� in BR����aj�� are included in the B��kj��L�
�aj��

As before the sum of the degrees of v on the �B
��kj��L�

�aj� is equal to

d � n� � �����

In this way we construct by induction for l � p the following sequences
together

Nl � N
� s�t� Nl�� � Nl � �

ajl � fa�� ���� aNg
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kjl � N
� also denoted kl s�t� kl � 
N

�
l

Ll 
 � s�t� Ll � 

�kl����Ll��

and s�t� for any l� 
 l BLl�ajl� � � BR��l�ajl�

where R��l � 

�kl����Ll�� and R��l �

�



R��l

and �nally such thatZ
BR��l

�ajl���nBLl
�ajl�

jruj� � 
� �n� � �� log
R��l � R��l

Ll � �
�A� ���

We stop the construction at l � p when one of the following happens�
Let Np be the number of ak in BR��p�ajp���

Np � �

In this case we haveZ
BR��p

�ajp���nB��ajp���
jruj� � 
��n� ��� log

R��p �R��p

�
�A� ���

Summing �A� ��� for l � p � �	 since the BR��l�ajl���nBLl�ajl� are disjoint	
we getZ

��nBR��p�ajp���
jruj� � 
��n� � �� log

Y
l�p��

R��l � R��l

Ll � �

� 
��n�� �� log
R� � R�

Lp�� � �
� 
��n� � �� log 


p��X
l	�

�
 � kl�

� 
��n�� �� log
R� � R�

Lp�� � �
� 
��n� � �� log 

 


p��X
l	�

�� �N�
l ��

�A� �
�

Adding	 now �A� ��� and �A� �
� we haveZ
��

jruj� � 
��n� � �� log R��R�
� �

�
��n� � �� log 

 

p��X
l	�

�� �N�
l � �

�A� ���

Moreover 

Pp��

l	� �� �N�
l � � 
�p� ���� �N�� � 
�N � ���� �N��

Since we are dealing with N � ��N � � or 
 have already been consid�
ered�	 we have 
N� � 
�N� � N � �� 	 N� and we get the desired result
because n� � � � ND�
Np 
 �� Let Lp be the following length

Lp � max
i�	i� ai�ai��BR��p�ajp���

fjai � ai� jg � jaip � ai�p j �

We have �A� ��� for l � p
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Case �� Lp � 

�N����

In this case we have

Z
BR��p �ajp���nBLp�ajp���

jruj� � 
��n� � �� log 
��kp�����
Lp��
Lp��

� 
��n� � �� log
Lp��
�

� 
��n� � �� log 

 
�N�
p �N�

p�� � 
�

�A� ���

Combining �A� ��� and �A� �
� we obtain

Z
��

jruj� � 
��n� � �� log
R� �R�

�
�

�
��n� � �� log 

 

pX

l	�

�� �N�
l �

�A� �!�

Since Np 
 �	 p 	 N 	 

Pp

l	����N
�
l � � 
�N � �����N�� 	 N�	 we get the

result because n� � � � ND�
Case �� Lp 
 


�N�
p���

We construct	 as before	 disjoint annuli �C�api�
�
� � 


�ki��Lp����i�np �where
np � Np and ki � ��� 
N�

p �� such that all the B��ak� in BR��p�ajp��� are in�
cluded in the B��ki��Lp�api�� The sum of the degrees di of u on the circles

�B��ki��Lp�api� is equal to d � n� � � and in this case there exists two dis�
joints �B��ki��Lp�api� such that di �� � �otherwise we continue the previous

construction��

We can apply the hypothesis �A� 
�� for n � n� on the B �
�
��ki��Lp

�api�

and we have �� � i � np

Z
B �
� �
�ki��Lp

�api����
jruj� � 
�min�jdij� n�� log

��ki��Lp
�

�
� log 
D�N i
p�
� �

�A� ���

where N i
p is the number of ak in B��ki��Lp�api�� In particular we have

npX
i	�

N i
p � Np � �A� ���

Since
Pnp

i	� jdij � n��� and since there exists at least two i such that jdij �� �
we have

Pnp
i	�min�jdij�n

�� � n��� and summing �A� ��� for i � �� ���� np we
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get Z
BLp�ajp���

jruj� � 
��n� � �� log
Lp
�
�

�
�D log 

�Pnp

i	�

�
N i
p�ki � 
� � �N

i
p�
�
��

� 
��n� � �� log
Lp
�

�
�D log 

�

Np�N

�
p � �� �

Pnp
i	��N

i
p�
�
�
�

�A� ��

Combining �A� �
�	 the �rst line of �A� ��� and �A� �� we obtainZ
��

jruj� � 
��n� � �� log
R� � R�

�
�

�
�D log 


�

N

p��X
l	�

�� �N�
l � � 
Np�N

�
p � �� �

npX
i	�

�N i
p�
�

� �A� �$�

In the other hand we have the following bound

let n � 
� and ��i�i	����n s�t��i � �

nX
i	�

��i � �
nX
i	�

�i�
� � 
�

nX
i	�

�i�
� � 


nX
i	�

�i

�A� !��

Indeed let l be such that �l � mini	����n �i� Thus we have
nX
i	�

�i

��

� ��l �

�
�X

i�	l
�i

�
A
�

� C�
��

�
l

�
�X

i �	l
�i

�
A
�

� C�
��

�
l

�
�X

i�	l
�i

�
A

�
Pn

i	� �
�
i �

�����
�

�P
i�	l �i

��
� !

�P
i�	l �i

� �A� !��

and since �l � mini	����n �i we have
P

i�	l �i �
n��
n

Pn
i	� �i and since n � 


we have n��
n � �

� 	 thus �A� !�� yields
nX
i	�

�i

��

�

nX
i	�

��i �
!
 �
 �


�


nX
i	�

�i

��

�
!




nX
i	�

�i

which implies �A� !��� Combining �A� !�� and �A� �$� we obtainR
��
jruj� � 
��n� � �� log R��R�

� �

�
�D log 

�

N�p� ���� �N�� �N�

p

�
�

�A� !
�

but p�� � N�Np thus 
N�p������N
���N�

p � 
N�N�Np����N
���N�

p

and since Np � 
 one veri�es that

N�
� 
N�N �Np��� �N�� �N�

p

and �A� !
� impliesZ
��

jruj� � 
� �n� � �� log
R� � R�

�
� 
� D log 
N�� �A� !��
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This is the desired result�

The author thanks F� Bethuel for very interesting discussions on this sub�

ject�
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