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Abstract

We extend the classification of Robert Bryant of Willmore spheres in S® to variational branched
Willmore spheres S® and show that they are inverse stereographic projections of complete minimal
surfaces with finite total curvature in R® and vanishing flux. We also obtain a classification of
variational branched Willmore spheres in S*, generalising a theorem of Sebdstian Montiel. As a
result of our asymptotic analysis at branch points, we obtain an improved C*! regularity of the unit
normal of variational branched Willmore surfaces in arbitrary codimension. The other main result is
the proof of a new local criterion implying that branched Willmore spheres are conformally minimal.
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1 Introduction

1.1 Willmore functional and quantization of energy
This article primarily addresses the generalisation of Bryant’s classification of smooth Willmore immer-
sions of the sphere S? into S3 to branched immersions. Let ¥ be a closed Riemann surface, and n > 3 a

fixed integer. The Willmore energy on a smooth Riemannian manifold (M™, h) with sectional curvature
K, is defined on any smooth immersion ® : ¥ — M™ by

WMn((f)) = / <|ﬁg|2 + [?h) dVOlg
b))

where g = ®*h is the pull-back metric of (M™,h) by <13, and H}) is the mean-curvature, that is the

half-trace of the second fundamental form I the immersion, given by

2
0J T
> 97T
i,j=1

The most basic property of the Willmore energy is its conformal invariance which can be stated as
follows. For all conformal diffeomorphism ¢ : (M™, h) — (M™, h), we have

H, =

NN

WM71 (QD © q_;) = W]\/[n (5)

However, in the special case of R™, if 1, : R \ {a} — R™ \ {a} is the inversion centred at a € B(X), we
do not have in general

Win (tq © B) = Wen (®),

while we have equality for inversions with centre outside of ®(X). Nevertheless, the quantity
v () :/ (|ﬁg\2 —Kg) dvol,
b

where K is the intrinsic Gauss curvature of ®, is invariant under every conformal transformation.
Indeed, the 2-form

<|ﬁ9|2 - Kg) dvolg = |EO|%/VPdV01g7

where Ry is the Weingarten tensor and | - |y p designs the Weil-Petersson metric, is a pointwise invariant
(see for example 7.3.1 [35]). We shall come back to this point when we will state Noether’s theorem for
the Willmore energy (see for example (3.67) in the proof of Theorem 3.8).

We now come to the critical points of the Willmore energy. Classically, they are the smooth immer-
sions satisfying to the equation

N 17 712 17 7 7
ANH —2|H?H + o/ (H) + 2(H) = 0 (1.1)

where Aév is the Laplacian on the normal bundle, & the Simons operator and % a curvature operator,
given by

N
2 2
o(H) =) ({&&), M), 2H) = (Z R(H@)@)
i,j=1 i=1
where (€7, £%) is any local orthonormal moving frame, and R is the Riemann curvature tensor of (M™, h).
However, for the natural regularity ® € W22(3, M™) this equation does not even have a distributional



meaning, as it would require HelL? (X,TM™). The weakest possible setting to work with is the space

loc
of weak immersions (introduced in [30], [31])

$ : d®(z) has rank 2 for almost all z €

ES,M™) =W NWh= (2, M™)N S
( ) ( ) and i%f|d<1>/\d<1>|g0 >0

for any fixed Riemannian metric gg on . In the rest of the introduction, we suppose that M"™ = R"™
and that h is the standard flat Euclidean metric. The second author showed in the Willmore equation
can be written in a conservative weak formulation.

Theorem ([30], Theorem L.1 p. 4). Let ¥ be a closed Riemann surface, and ® : ¥ — R™ be a smooth
immersion. Then, (identifying 2-vectors and functions on X))

ANH, —2|Hy*Hy + o/ (Hy) = d (*gdﬁg — 3y (dH,)N + +(H, A dﬁ)) (1.2)

where ﬁg is the mean curvature of Cﬁ, where x4 is the Hodge star operator on X for the metric g, and %
the Hodge star operator on R™ for the flat metric.

As the 1-form under the exterior derivative in (1.2) is in W~%2 + L', the right-hand side is well-
defined in a distributional sense as a element of 2'(X). If the left-hand side is not defined in general
for & € &(X,R™) , this comes from the fact that to write it, one has to make a projection on the
normal bundle, while the normal is only in W12(X,%,_5(R")), where %, _2(R") denotes the oriented
Grassmannian of (n — 2)-plans in R”. Computing the Euler-Lagrange equation for arbitrary variations
allows one to recover the weak formulation of the right-hand side (see [24]). Furthermore, as we shall see,
the conservative form of the Euler-Lagrange equation of Willmore energy is a consequence of Noether’s
theorem (this last fact already appears in a paper by Yann Bernard ([1] Theorem 1.2 p. 220)).

Furthermore, writing the Willmore equation as the closeness of a 1-form allows one to introduce
the concept of variational Willmore surfaces. In general, a critical point of W is smooth outside of a
finite number of points (called branch points, where ® fails to be an immersion), but globally only in

W2P(3,R") for all p < co. In particular, if the branch points are p1,- -, p, € X, we could have
d (*gdﬁg — 3y (dH )N +#(H, A dﬁ)) =Y Gy, (1.3)
i=1
for some a1, -+ ,d, € R™, or more generally derivatives of Dirac masses.

Definition 1. We say that a branched Willmore immersion is variational if it is obtained as a weak
limit or as a bubble of a sequence of Willmore immersions of uniformly bounded energy.

The equation (1.3) permits to introduce the first residue defined in [2] (see formula (1-8) p. 260) as

~ 1 _ . . . 1.
o) = 1= [ oy = 35, (@H) ++(, ndi) = 3, (14)
Y

for any smooth closed curved -y around p;, fori = 1,--- ,m. This quantity was first defined for immersions
in codimension 1 by Kuwert and Schétzle in [17] (Lemme 4.1 p. 338), and in any codimension in [2]. We
will see that v (p;) measures on the basic first obstruction to the regularity of Willmore surfaces through
the branch points.

Definition 2. We say that a branched Willmore surface 3 : Y — R™ is a true branched immersion if
for all branch point p € X, the first residue Yo(p) vanishes (i.e. ¥,(p) = 0).

A common example of non-true Willmore spheres are the inversions of the family of catenoids in R3.

The first residue notably appears in the quantization of Willmore energy. Furthermore, as will appear
clear in the introduction, the following theorem shows that branched immersions naturally appear and
justify much of the work here, outside of the theoretical interest to determine when branched immersions
from the sphere are conformally minimal in some space form geometry.



Theorem ([3], Theorem 1.2 p. 90). Let {®)}ren be a sequence of Willmore immersions from a closed
Riemann surface ¥ into R™. Assume that

lim sup W (®},) < oo

k—o0

and that the conformal class of {(I;,*chn}keN remains within a compact sub-domain of the moduli space
of . Then, modulo extraction of a subsequence, the following energy identity holds:

k—o0

lim TW(®y) = W (Hoc) + D W(F) + 3 (W(Ej) —47r9j) (1.5)

where 500 : 2 — R™ is a true branched Willmore and the bubbles \171 082 - R and 5_; 182 5 R7
are compact branched Willmore spheres, while the integer 6; = Ho(é,pj) > 1 is the multiplicity of the
branched immersion &; at some point p; € &;(S?*) C R™.

Remark 3. We do not know in general that the Willmore spheres arising in the more general formulation
of the quantization proved by Laurain-Riviére ([19] Theorem 1.1 p. 2076), are also true Willmore
immersions. However, it was showed in Remark 1.1 of [19] that the Willmore spheres arising in the
first formulation of the quantization of energy proved by Bernard-Riviére have vanishing first residue.
Theorem A shows that the dual minimal surfaces have vanishing flux.

Recall that for all p € R™, the multiplicity of a branched immersion is defined by

90((1—)»,])) — lim Area(@(E) N B(p))

r—0 mr2

eN.

We finally introduce the definition of branch points of Willmore immersions.

Proposition-Definition 4 ([30], [2], Corollary 1.5 p. 266). Let ® € W22NW1h>=(D2)NC>(D?\ {0})
be a Eonformal Willmore immersion of finite total curvature on D?. Then there exists an integer 0y > 1
and Ay € C™\ {0} such that

B(z) = Re (A’ozeo) +0 (2% log |2])
. B} (1.6)
0,9(z) = %Aoz‘%_l + 0 (\z|9O log |z|) ,

and we say that & has a branch point of order 8g > 1 at z = 0. Furthermore, provided the mean curvature
H be not identically zero, there exists an integer m < 6y — 1 and Cy € C™\ {0} such that for 6y > 2

H =Re (fj) +0 (|2]'"™log |2]) , (1.7)

while for 0y = 1, there exists Yy € R™ such that

—

H = log || + O(|| log |2]). (18)

We call 7 = max {m,0} € {0,--- ,0y — 1} the second residue of ® at the branch point z = 0. More gener-
ally, if ¥ is a closed Riemann surface, p1,--- ,pq € X are fived distinct points and P S\{p1, - ,pa} —
R™ is a conformal Willmore immersion of finite total curvature, then we define for all 1 < j < d the
integers 0p(p;) € N to be the order of branch point and 0 < r(p;) < 6o(p;) —1 to be the associated residue
at z = 0 of the composition do Y D? — R™, for any complex chart v : D?> — X such that ¥(0) = p;.
This definition does not depend on the chart.

We fix some terminology. Let $ : ¥ — R” be a smooth immersion, and V the pull-back connection
of the flat connection on R™ by ®. We let

PETR™ = *TR™ ®p C



be the complexified pull-back bundle of the tangent bundle of R™ by &. Then we have the decomposition
of the Levi-Civita into tangent and normal parts V = VT +V¥. Furthermore, if we define two differential
operators 0 and 0 of order 1,

0=V, (1)®dz, 9=Vo(-)®dz,
then we also have a decomposition
a=0"+0V, 9=0 +9". (1.9)
The first residue is invariant by translations, rotations, but not by inversions (as for example, it vanishes
for minimal surfaces). We are able to define thanks to Noether’s theorem three others residues, which

are transformed one into each other under a simple rule. The invariance by rotations, dilatations, and
composition of translations with inversions give the four residues

. 1 AN =TV~ ,

)= i [ g7 e (837 ) Fo - oy r0d

L= 1 > _ =N =T\ 7 - - _ - =o

'yl(@,p):ﬂlm/@/\(g Yo (8% ~8") o~ [l 0F) + 97" © g A DF
Y

T = 1 [ 8- (g7 @ (573" ) o~ [Rafiyr 08
Y

Lz 1 1 (=N =T\ - 1 (mR2 T N
Vg(é,p)zﬂlm/ﬂi (570 @ (8" =" ) ho— lholiyp 08) — g7 @ (BB @ iy — 2 (B, o) © BB
ol
(1.10)
where for all vector X € cn,
I5(X) = |9 X — 2(8, X)®.

Remark 5. If one prefers an expression without normal derivatives, something which will actually prove
crucial in the proof of the main Theorem 4.12, let us mention that by Codazzi identity, we have

g ® (5N —ET) ho — |hiol%y p OB = OH + |H[208 + 2971 @ (H, ho) @ 05

Remark 6. In codimension 1, we have the alternative formulae corresponding to the four residues

F0(B,p) = —l/div (VHﬁ—HVﬁ—H2vq§),
T Jy
7(B,p) = iLdiv <VH (*Aﬁ) “HV (é’Aﬁ) —H? (cfmvé) +2Hvl<i>’),
Fo(B,p) = —i/vdiV <VH (q? : ﬁ) ~HV (<f> : ﬁ) - ;H2V§|2> , (1.11)
75(®, p) ——i/7d1v <2v<f>+2q3 (VH <f>~ﬁ) —HV((f)-ﬁ)) — | (VH 7 — HV#)
+ H? (|cf>|2v<f> - V|<f>|2<f>) )

In particular, comparing (1.4) and (1.10), we have
P_);O((i)‘ap) = 74:}”0(5,]9)

One can recognize in these formulae the infinitesimal generators of the afore cited symmetries. We
have the following correspondence.



Theorem A. Let & : £ — R" be a branched Willmore surface and let v : R \ {0} — R™ \ {0} be the
inversion centred at zero. If U = 10® : X\ ®~1({0}) — R is the inverted Willmore surface, for all
p € X, we have

WO((i;ap) = ’373(\1_}717)

7,(®,p) = 71(7,

11(4 p) 1E f?) (1.12)

Y2(®,p) = —72(¥, p)

’?3(§ap) = ﬂO(\I_}ap)
where the residues Yo, ¥1,72,%s are given by (1.10). Furthermore, if p1,-++ ,pm € X are fized points
and VU : X\ {p1, -+ ,pm} — R™ is a complete minimal surface with finite total curvature, then for all
j = 17 e, M

’3/‘0(\1/719]) = ’?»1(\11,]9]) = ’7'2(\11517]) = 07
and the fourth residue corresponds to the flux, that is

=

1 S . 1 .
Fa(Bpy) =~ [ 7 (BB @ o - 208,y 990) = -t [ 0T, for j= Lo
47 ~ 47 ~

In particular, szl_; : 2 — R™ is the inversion of a complete minimal surface Uy \ {p1, - ,pm} = R"
with finite total curvature, for all j =1,---,m, we have

F1(®,p;) = F2(P, p)) 73(<I> pj) =0
TN~ - .1 .

_ = 71 o o 2 _
Fo(B,p;) = Im/ ) )ho Iho|2, OB 47TIm/5'\I/.

2l
Remark B. In the proof, we show in fact a much stronger property that the correspondence of residues
under conformal transformations, as we actually proved the pointwise invariance of the four integrated
tensors modulo permutations and change of sign.

Remark 7. Nicolas Marque gave after the prepublication of this article another proof of Theorem A in
codimension 1 (][22], Corollary 1.1) by using the conformal Gauss map first introduced by Bryant ([7],
Proposition 2 p. 33).

1.2 Bryant’s duality theory and the cost of the sphere eversion

We briefly describe Bryant’s theory of the geometrical aspects of Willmore surfaces in S2. Its most
basic ingredient is the introduction of a holomorphic quartic form associated to any Willmore sphere. In
particular, in the case of genus 0 surfaces, this quartic form must vanish thanks to the Riemann-Roch
theorem, and this information furnishes rich consequences. Indeed, the idea of introducing holomorphic
quartic forms originated first in a paper of Calabi ([8]) in the context of minimal surfaces in spheres,
then in the subsequent work of Chern ([9]) for the same objects, and of Bryant for conformal immersions
into S* - and so before his paper on Willmore surfaces (see [6] for references on this subject) - and is the
basis for example of the fairly complete description of minimal two-sphere in S™ for n > 3 by Calabi.

The other remarkable feature of the theory is the introduction of a pseudo Gauss map with values
into a Lorentzian manifold, associated to any surface immersion in S2, which is harmonic if and only
if the immersion is a Willmore immersion. A holomorphic quartic form corresponding to any Willmore
surface is then defined thanks to this pseudo Gauss map as follows.

Let h be the Lorentzian metric of signature (1,4) on R®
h = —dxj + dx? + da3 + dx3 + da?
and S$>! be the Lorentzian sphere in (R?, h), defined by

53’1:R5ﬂ{x:|x|i=—x3+$%+$§+$§+xi:1}'



For all smooth immersion & : ¥ — S3,if 7 : ¥ — 83 is the Gauss map of 5, we define a map
’lbq; 1 — 53’1 by

Vg = (H,$H + 7)

which is called the pseudo Gauss map of ®. The first step in Bryant’s theory is the following.

Theorem (Bryant, [7], Theorem B p. 39 and Proposition 2 p. 33). Let X be a closed Riemann surface
and ® : ¥ — S3 be a smooth immersion. Then the pseudo Gauss map g — 93 is weakly conformal,

is an immersion outside of the umbilic locus of CI;, and if & is a Willmore immersion, then the quartic
form

2z = (0*0g, 0*Yg)n

s holomorphic. Furthermore, d: % — 93 is a Willmore surface if and only if g : ¥ — 531 is harmonic
with values into the Lorentzian manifold (S, h).

To describe the second ingredient of the theory, we need to make some additional definitions on the
umbilic locus and on the Willmore adjoint.

Let ® : ¥ — 53 be a smooth immersion. The umbilic locus of  is equal to the subset of ¥ where the
two principal curvatures coincide. If ® is completely umbilic, then ¥ = S? and ® is a diffeomorphism,
so we assume that ® is not completely umbilic, and we note % the closed set

Ug =50 {z  |ho(2) 2y p dvoly(z) = o} . (1.13)

Then it is possible to define a Willmore adjoint of any Willmore surface d:% - 53, that is a branched
immersion ¥ : 3\ Uz — S* such that for all zy € ¥, the point p = U(zp) € S3 is the unique element in
53 such that after a stereographic projection based on p, the mean curvature vanishes at order two at
z0; i.e. if mp 1 S3\ {p} — R3 is the stereographic projection, then

(2) = O(|z = zo[*). (1.14)

'“'p(Zr))oq;
One of the main results of Bryant’s paper is the following.

Theorem (Bryant, [7], Theorem C p. 40). Let $: % - 53 be a Willmore surface. Then the set of
umbilic points Uz is equal to ¥ or is a closed set with empty interior. In the first alternative, ¥ = 52 and

d is a diffeomorphism. In the second alternative, there exists an immersion VEDY \ Uy — S3 satisfying
(1.14), and a holomorphic quartic differential

Q5 = (0%hg,0%Vz)n € H'(X, Ky)

with the following property : if 25 = 0, then U is constant. Whenever ¥ = p € 83 is constant, the set
‘I;_l({p}) is a non-empty discrete set in X, the stereographic projection

783\ {p} - R?
makes the mean curvature of wo ® vanish identically, and the Willmore surface
Tod:u\ o' ({p}) - R?

is a complete minimal surface with finite total curvature and embedded planar ends. In particular, if
Y=52, then KgQ is a negative holomorphic line bundle, so 25 = 0, and every non-completely umbilic
Willmore sphere in S is the inverse stereographic projection of a complete minimal surface in R3 with
embedded planar ends.

Definition 8. Whenever a compact Willmore surface in S is the inverse stereographic projection of a
complete minimal surface in R® with finite total curvature, we call this underlying object the dual minimal
surface.



By a result of Kusner ([16]), the dual minimal surface is obtained by inverting the compact branched
immersion at a point of highest multiplicity (this is also a direct consequence of a finer version of Li-Yau
inequality [20]).

The first ingredient of the generalisation of Bryant’s theorem is the special algebraic structure of
Bryant’s quartic form, which did not appear in the previous literature on the subject.

Theorem C. Let ¥ be a closed Riemann surface, and ¥ — S3 be a smooth immersion. Then
Bryant’s quartic admits the following representation

Ne .o N LN n
D5 = (025, 0%V =g ' @ (aNaNhO & ho — 8Nh0®8Nh0> +4 (1 + |H|2> hio & hig
o 1 . . Lo
—le (88h0®h0 — 9o ®8h0) + (4 (1 + |H|2) + |hO§VP) ho & ho. (1.15)

The second main result of this paper is a generalisation of Bryant’s theorem, based on the algebraic
structure of the quartic form and a refined analysis of its singularities at branch points, which prove to
be removable under natural assumptions. We first have the following theorem of Bryant.

Theorem (Bryant [7]). Let © be a closed Riemann surface, and ® : ¥ — R3 be a non-completely umbilic
branched Willmore surface. Then d is conformally minimal in R3 if and only if 2z =0.

This theorem can be deduced quite easily from the Weiertrass parametrisation and the observation
that the quadratic form ) defined on quadratic differentials by

Qo) = 900 ® a — Do ® do = a® ® DD log(ar).

vanishes if & = f1(2) f2(2)dz?, and fi and f, are holomorphic. Here, the last equality is formal but shows
the special structure of 09 of a logarithm.

The following theorem extends a preceding one of Lamm and Nguyen in the case of Willmore spheres
whose sum of multiplicities of branch points is less than three [18]. Motivated by the generalisation in
higher codimension, we remark that the quartic form 2z is a well-defined tensor for any immersion,

but need not be meromorphic when ® is Willmore in R™ and n > 4. It is a particular case of the more
general Theorem 4.12.

Theorem D (Global Criterion). Assume that $ : ¥ — R3 is a variational branched Willmore surface.

Then its quartic differential 2g is holomorphic. In particular, if 3 = S2, & is the inversion of complete
minimal surface in R® with finite total curvature and vanishing flux.

We remark that the assertion on the flux finally justifies the last sentence of [7].

Theorem E (Local Criterion, [25]). Let X be a closed Riemann surface, n > 3 and & : ¥ — S™ be a
branched Willmore surface, with branching divisor 0o(p1)p1 + - - + 0o (Pm)pm € Div(E). Suppose that for
allje{l,---,m}

Yo(pj) =0 if 1 <6o(p;) <3

r(p) < bo(p;) — 2 if 0o(pj) = 4.

Furthermore, suppose further 2z is meromorphic. Then
2z is holomorphic. (1.16)

In particular, if n = 3 and X has genus zero, then g = 0, d: X — 83 is the inverse stereographic
projection of a complete minimal surface in R with finite total curvature. The dual minimal surface has
vanishing flux if and only if ® is a true Willmore sphere.

Remark 9. Nicolas Marque showed that this criterion holds for the limiting Willmore surface in the
minimal bubbling scenario ([23]).



We remark that the assertion on the flux finally justifies the last sentence of [7].

Remark 10. We stress out that the dual minimal surface might have interior branch points : the
famous example of the hérissons (hedgehogs in English) of Rosenberg and Toubiana ([32]) shows that
there even exist true Willmore spheres whose dual minimal surface have interior branch points (and can
even have total curvature equal to —4w). An explicit example is given by the two-sheeted covering of
the Henneberg’s surface, a non-orientable minmal surface with total curvature —27 which is conformally
equivalent to a once-punctured real projective plan RP2. Its inversion is a true Willmore sphere of energy
247,

We can summarize the analogies between the theories of minimal and Willmore surfaces in the
following table.

Minimal surfaces in R? Willmore surfaces in 3
Conformal immersion d:¥ 5 R? d:x 58
Euler-Lagrange equation 2H = A,® =0 AJH+2H(H?> - K +2)=0
Harmonic Gauss map i:2—S?cR? Yz B — §31 c R
Holomorphic quadratic and Weingarten tensor 2=y - 1® (85110 ® ho — Oho ®5h0)
quartic differentials ho = (20N 0B, ) +Z (14 H?) ho® hy

Figure 1: Comparison between Willmore and minimal surfaces.

1.3 Willmore immersions into S*

The generalisation of Bryant’s theorem relies on the specific algebraic structure of the quartic form and
on the four-term asymptotics at branch points of the immersion of the Weingarten tensor the quartic
form is a function of. The classification of Willmore spheres in S* of Montiel (see [27]) also relies on the

holomorphy of certain 3, 4, and 8-differentials (here @ and O are the normal operators ¥ and 9 as in

(1.9)).

Theorem C’'. Let ¥ a closed Riemann surface and ®: % — S% be a smooth immersion, and d and 0
the complex operators acting of the normal bundle induced by the immersion ®. Then Montiel’s forms
of degree 3, 4 and 8 have the following expressions

Tz = gt® (5/;0 ®JEO)
e . 1 e
92;=g'® (8ah0®h0 _ Oy ® 8h0> + (L4 [H) o & Ro

1, — . o S5 .- 1 - . - e —
O3=97°® {4(33% ® 00hg) @ (ho @ ho) + Z(aho ® Ohg) ® (Oho ® Ohy)

1 —= = —- . =
— 5(68;10 ® 8h0) ® (8h0 ® ho)

1 - .= - - 1, - . - -
— i(agho ®8h0) ® (8]10 ® ho) + 5(88h0 ®ho) ® (8h0 ®6h0)}

1 s 1, .- . = __ - - S | P — - Lo
+ 1(1 + |H|2)g_1 & {2(38h0 ®hg) ® (ho ® ho) — (Oho ® hg) ® (Oho ® ho) + 5(3h0 ® 0hg) ® (ho ®h0)}
]- iyl g I = g
+ o0+ |H|?)? (ho ® ho) ® (ho ® ho),

where J is the natural almost complex structure on the holomorphic normal bundle. Furthermore, if d
is a Willmore surface then Tz is holomorphic, and if Tz = 0, then 25 and Oy are holomorphic.

As the analysis of the singularities of the quartic form 2z in Theorem 1.2 does not depend on
codimension, we can prove the following. See Theorem 5.6 for a more refined hypothesis.



Theorem D’ (Global Criterion). Let ¥ be a closed Riemann surface and $: % — 5% be a variational
Willmore branched immersion. Then g is holomorphic, and if ¥ = 52, then Tz = 0 and the meromor-
phic 4 and 8-forms 2z and Oz are holomorphic. In particular, if ¥ = S2, we have Ty =95 =0z =0,
and & is conformally minimal in R* (and the dual minimal surface has vanishing fluz) or the image of
an algebraic curve of CP? by the Penrose projection.

The main corollary is that the bubbles arising in the quantization of the Willmore energy ([3], [19])
are conformally minimal.

Corollary 1.6. Let {(f)k}keN be a sequence of Willmore immersions of a closed surface ¥ to R™. Assume
that either n =3 orn =4 and ¥ = S%. Assume that

lim sup W (®,) < oo

k—o0

and that the conformal class of {(i;lth"}kEN remains within a compact sub-domain of the moduli space
of 3. By [3], we have up to a subsequence

P q
lim W (&) = W(B) +2W(\pi) +2 (W(gj) —47r9j) (1.17)
i= Jj=

where CI;OO : 2 = R™ is a true Willmore immersion, and \171 182 5 R™ and {J 182 =5 R” are compact
true Willmore spheres, and the integer 0; = Ho(gj,pj) > 1 is the multiplicity of the branched immersion
Ej at some point p; € £;(S%) C R™.

Then the branched Willmore spheres T; and & are inversions of complete minimal surfaces with
vanishing fluz, or images of algebraic curves of CP3 by the Penrose fibration (the latter case can only
occur if n = 4) In particular, their Willmore energy is quantized by 4w .

Since the Willmore energy of the variational branched Willmore spheres is quantized by 47, we deduce
the following result.

Corollary 1.7. Let {5k}keN be a sequence of smooth Willmore immersions and fﬁoo : 2 — R” be a

branched Willmore surface such that {5k}keN converges weakly in W22 to B as k — co. Assume that
either n =3 orn =4 and ¥ = S2. Then there erists an integer m € N such that

W(Poo) = lim W(Py) — 4mm. (1.18)

k—o0

Remark 11. We may have m = 1 in R3. For example, if the limiting branched immersion has a
unique branched point of order 6y = 3 (and no other branched), one may glue the non-compact end of
multiplicity 3 of the Lopez minimal surface and a sphere to its planar end (of multiplicity 1). Denote by
€:52\{0,00} — R3 the Lépez surface, @ the limiting immersion and ¥ : §2 — R3 an immersion of a
round sphere. Then we have by the Gauss-Bonnet theorem

/ Ky, dvoly, =2mx(2)+27m(3 1) =2mx(¥) +4m
Z oo oo
/S2 Ky dvoly. = —8m
/,5‘2 Ky dvoly, = 4m,
so this possible bubbling is consistent with the quantization of the Gauss curvature, i.e.

2rx (%) :/ngiocdwﬂ%oo —|—/ Kgidvolg%—i-/ Ky dvoly .
b 52 52

Nicolas Marque recently constructed such an example by starting from a sequence of Willmore spheres
of energy 167 (23], Theorem 1.3 p. 5).
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We now state the local criterion in the most interesting case of spheres.

Theorem E’ (Local Criterion, [25]). Let & : S — S* be a branched Willmore sphere such that for all
branch point p € ¥ the first and second residue 7o(p) and r(p) satisfy

Yo(p) =0 if 1 <f(p) <3
7(p) < o(p) —2 if Oo(p) = 4.
Then the cubic form Tz vanishes identically, and the respectively quartic and octic forms 2g and O

are holomorphic and therefore vanish too. In particular, d is conformally minimal in R* or the image
of an algebraic curve of CP3 by the Penrose projection.

We remark that we cannot rule out the existence of interior branch points of the dual minimal surface
in R* when it exists.

In particular, the Willmore energy of wariational branched Willmore spheres in S* is quantized by
47, and the integer multiple depends only on the degree of the dual algebraic curve or some topological
invariants of the dual minimal surface.

Finally, we note as the expansion of ho at branch points of Theorem 1.2 is valid in any codimension,
and as we can express any holomorphic form constructed on a Willmore surface only with respect to Eo
for possibly singular terms which enjoy nice compensations as in (1.15), this strongly suggests that any
generalisation of Bryant and Montiel’s classification of Willmore surfaces in S™ for n > 5 and smooth
unbranched immersions shall generalise immediately to branched immersions.

Remark 12. After the first version of this work, we saw that there was a version under press of a
generalisation to S° of Bryant’s classification ([21]). As there are also papers under review in the cases
S™ (with n > 6), and for obvious size limitation, we will not discuss these cases.

2 Outline of the proofs of the main results

A. The proof of Theorem A is given in Section 3, and is composed of the reunion of the Corollary 3.29
of Noether’s Theorem 3.7 for the definition of the four residues, of Theorem 3.8 for the correspondence,
and Corollary 3.11 for the link with minimal surfaces.

C. This is Theorem 4.4.

D. This is a consequence of Theorem 4.11.

E. This is Theorem 4.12.

C’. This is Theorem 5.2.

D’. See Theorem 4.11, Theorem 5.3 Remark 5.4.
E’. This is Theorem 5.9.

3 Noether’s theorem, residues and conformal invariance

In the sequel we always assume that the ambient dimension n satisfies the inequality n > 3.

Let X be a compact Riemann surface, Ky = T*Y be its canonical line bundle, and $: % — S be
a C1® (for some o < 1) conformal immersion (as this is the minimal regularity for Willmore surfaces,
this assumption is not restrictive), and g be the induced metric on ¥ by & of the Euclidean metric on
S™. Let us write V the Levi-Civita connection on the pull-back bundle (I;*TS", and the splitting

V=V +VV=V+V¥

where V = VT and V¥ are the tangent and normal parts respectively. In particular, for all tangent
vectors X,Y, Z, one has

(VzX,Y)=(VzX,Y).

11



Consider on S" the complexified tangent bundle
TeS" =TS" @r C
and the following splitting of the complex pull-back bundle 5*T¢;Sn
S TeS" = TeX & TV .
We still write V = V + V¥ the extension by linearity of the Levi-Civita connection V on ®*TcS™. There

exists a unique complex structure on T, év %, see [11]. Let us see how to define it in low dimensions.

If n = 3, then the unit normal 7 : ¥ — S2 of & furnishes a global non-vanishing section of T2'X.
Therefore, if s € T(TYY) is a C! section, there exists f € C1(%,C) such that s = f, and this never
vanishing section of Té\' ¥ furnishes a unique structure of holomorphic line bundle on Tév Y., which makes
it a trivial bundle. We can also give a more abstract proof : if J the almost complex structure defined
by

Then VVNJ =0, as

Vi (i) = VH (Jit) — J(VH i) =iV i =0
as Vévz 7 = 0. As 7 is real, we also readily have Vg.] = 0. Therefore, this almost complex structure
is integrable, and by the Newlander-Nirenberg theorem (which we can apply as the normal bundle is
Ch, see [28], or chapter V of [14]) there exists a unique complex structure on the normal bundle TV S

such that TY — ¥ is a holomorphic line bundle, which is in particular the same as the one previously
defined.

If n = 2, and 7y, fi2 is a local orthonormal base of TXY, we define an almost complex structure J by
Ji; = —ng. Then we compute by definition of V

so we also have VIV.J = 0, and the previous argument applies. In dimension 4, we note that one could
directly define a complex structure on the real normal bundle (see [27]) ; however, this is not true in
general and in the codimension 1 case in particular.

Proposition 3.1. Let d: Y — S be a weak Willmore immersion. Then the complezified pull-back
bundle ®*TcS™ splits into tangent and normal parts as

TS = TeS @ TS,

and there exists a unique complex structure on TéVE which is compatible with the decomposition V =

V' + VYN of the Levi-Civita connection induced by g = é*gsn on ®*T'S" and makes it a holomorphic
line bundle.

We finally introduce the operators
N =V (ed: 3 =V ()®d (3.1)

acting on I‘(T(év Y), the space of sections of the complexified normal bundle. In particular, a section

s € F(Té\’ %)) is holomorphic is and only if 5Ns = 0. Furthermore, we have a decomposition

9=0N 197, 9=0" 408
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acting on sections of the total bundle O T Sm. If p,q > 1 are fixed integers, and g a smooth metric on
3 let

g DKL KL) 5 T(KE "o KL

—q—1

defined in the space of continuous sections of K§ ® K qz as follows : in a local complex chart z, write
g = €2’ dz ® dz, for some smooth positive function e**. Then for all continuous section &, there exists
locally, there exists f such that

E= f(2)dz! @ dz1
and

gl @E=e" P f(2)dP @ dz L

1 w=q-1
This is easy to see that such definition defines a section of K% "9 Ke .

We also remark that one could even remove the positively condition on p and ¢, as negative sections
also occur naturally; for example with the Beltrami differentials of in the definition of the Weil-Petersson
metric (see [33], [34]), as for any quadratic differential o € T'(K2) given locally by o = f(z)dz?, if
g = e**dz ® dZ is any smooth metric, we have

lalfyp =g @a@a=e|f(2)]

and in the following, the reference to the metric g in the Weil-Petersson norm will always be implicit.

Let us come back to a slightly more general context, where we consider immersions d:% - (M™ h),
where (M™ h) is a C® Riemannian manifold of constant sectional curvature. In a local coordinates
system (z1,z2), we introduce the complex coordinate z = 1 + iz2 and notations

62 - %(8961 - iaﬂc?,)? (%J - %(83;1 +iaﬂc2)7 €Z = 62(13 gg: 85(1_5

We note (-, -) the metric h, V its Levi-Civita connexion, and we decompose V as
V=V'+VVN=V+V"

where V = VT and V¥ are the tangent and normal parts respectively. In particular, for all tangent
vectors X, Y, Z, one has

(VzX,Y) = (VzX,Y).

Then by conformality of ®, one has

— o1 - R L
< 72 E> = <627ez> = Z <|82?1(I)|2 - |a$2(b|2 - 21<6:c1q)aaac2q)>) = O
o 1 - - 62)\
(e5) = 7 (100, B +100,817) = S (3.2)
Therefore, we have
— 6_2)‘ - - - -
Ho = 5 (T a) - 1@ &) - 221[(51,52)) —2¢°2(2,,2,)
_ 6_2)‘ - - -
= (lena) + (@, @) =2¢21@, &), (3.3)

where
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Furthermore, as Vg éz = Vy_€, = 471A® has no tangential component, by (3.2) we deduce the addi-
tional following properties

<VBZ€Zv€Z> = <VBZ€E’ €E> =0

Lo 1 L
<vaz €z, 62> = 782(62A)7 <V85625 ez> =

: 0-(c*) (34)

1
2
If W is defined by

:_6*/1

W (&) = /(|F1\2 _ K, + Kpy) dvol,,
)

where K}, is the sectional curvature of (M™,h), we have if (£7,&5) = (e *&;,e &) is an orthonormal

frame, the mean and Gauss curvature are respectively defined by

O N E S L = S -
=3 (11(51,51) +11(52,52)) K, = Ky + (1(81,81),1(&, &) — [[(&1, ).
Therefore, we have

_ 1 = . - L -

|Hy|* — Ky = Z'H(El’gl) —1(&, &) + [I(&1, &)

Recall that the Weingarten operator is defined by

This implies that

- 1
|Hol|? = Z<

—_
1
!

As in a conformal chart, we have the following expression of the Weingarten tensor

ﬁo = (62Aﬁ0)d22
and the Weil-Petersson norm of Ho reads
holfy p = e~ *Me™ Ho|* = |Ho|* = |Hy|* — K + Kp,

we obtain
W(®) = / |hol2y p dvol,.
b

Lemma 3.2. Let X be a closed Riemann surface and (M™,h) be a smooth Riemannian manifold with
constant sectional curvature. Then for all smooth immersion ® : X — (M™ h), we have

sgd — 3, (dH)N +«(H A dif) = —4Tm (g_l ® (5N - ET) Fro — \Eoﬁvpacf)) (3.5)

where H is the mean curvature and f_io = 25N8<5 = Z]T(E;, €,)dz? is the Weingarten tensor.

Remark 3.3. We could make a statement for arbitrary target; however, curvature terms will prevent to
write the equation in divergence form, and the notion of residue does not make sense as the integration
of an exact form. We would obtain

Im d (g_l ® (5N - ET) ho — |hol%y p 90 + (R(E., eg)é;)N) — %(H)

for some curvature tensor (of class C*~2 is (M™, h) is C*) depending only on H and dW¥, see [30] for more
details. It makes little doubt that the results of [2] could be generalised to this setting, however, for our
immediate goal, this seems of little interest. For the first complex formulation of Willmore equation, see
the paper of Mondino in collaboration with the second author ([26]).
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Proof. We recall (see [30]) that the Willmore equation in a space of constant sectional curvature is
equivalent to

A (#g ] = 3%, (AH)N —x (it A HT) ) =0

We first compute

- = - ~dz —dz ~dz + dz
sg(dH)N = VY H doy — VY Hday = VY, H——— 5~ Vite.—enH z; z

1 . - B ;
= - (VX H dz— VYA dz) = 21m (VY fdz) = 21m (0¥ H).
7 = *
We compute by definition of V¥ as V_é, =0
VY i =vY (ze—%f(é;,eg)) =20, (e"M(E,, &) + 2~ (vg; 1(2,, &) +1(Vo.e,, &) + (€., Vo eg))

= —2e749,(M(E,, &) + 2~ (vgz @,,8) +1(Vo. 2., eg))
g

Then by Codazzi-Mainardi formula and as Vg_éz = 0, we have

Vi, ) = viiE.,e) = v&((ez,ez))—zﬁ(%;e;,gz) V&((ez,ez))
and
. . 1 .

[(Vy.¢.,8) = 2 2MVy.&.,e)(E,, &) + 2¢ N Vy.E,,8.)(E, 6.) = e 0. (e (e,, &) = 5az(e”)H.

Therefore

and we deduce that

Then we have

while

and
sty () = 3y ()N = ~4Tm (971 © 8" ho) — 21 (|H[2¢. + (i, o)) (3.7)
Now recall that the unit normal 7 is defined by 7@ = e=2* x (€] A &), so that
(TN E) =@, *(MANE)=—E.
Furthermore, an immediate computation shows that
Veii = —HE, — Hyés
and

*(7 A Ve i) = —iHE, + iHyex. (3.8)
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As dii = 2Re (07), we deduce from (3.8) that
«(H A dif) = 2Re (4|H\25Z dz +i(H, ﬁ())é’gdé) —2Tm (|ﬁ\2€zdz —(d, ﬁ0>egdz) . (3.9

Finally by (3.7) and (3.9)

sy (dH) — 3%, (AH)N + +(H A dif) = —4Tm (g*1 ® " ho + (H, Hy) )
= —atm (g7 @ (9" o + (H, o) ©98) ) = —4Im (97" 2 (9" - ) o — lholy » 0F) .
As

Veho = —|hoffy pé — (H, Ho)ez,
this concludes the proof. O
Proceeding directly in the general case gives the following.

Proposition 3.4. Let (M™, h) be a smooth Riemannian manifold, and ® : ¥ — (M™, k) be a smooth
immersion, then we have

AN =2 {2 + o/ (i) = 4Re {7 ©8" (971 @ (8" o + (H o) © 9 + 2(R(e., &)2) Va2 @ 7)) |
— 4y @dIm {g—l ® ((aN 9 ) o +2 (R@qs,aq:)acﬁ)N) o s aqs} .
which reduces if M™ has constant sectional curvature to
ANF —9|HI?H + o/ (H) = —4g~' © Imd (g*1 ® (EN - ET) Fio + |l p acii) .
Proof. We recall that in a conformal chart, we have if €; = 811.5 (1<i<?2)

AN = =22 22: (ngé\f - vggia)

i=1
and & is the Simon’s operator, given by
e~ Z ({(e;, &), - )I(&, ).
3,j=1

We have in a local complex coordinate z the identity

Z VNVN Vé\i-ﬁ-eva-l-ef + vz(e —ez )v = 2Vévz Vé\; + 2Vé\;Vé\£

—éz)

and
> Ve = Vese (@ + &) + Vi, —ani(€. — &) = 2Va. 8 + 2V e, =0
i=1
As
Ve.bs =V, = %Agcﬁ = Ig
has only normal components, i.e. Vg & = ﬁg? = 0, we deduce that

1 . S _
VY H =Y (e—”ﬂ(e;,é*g)) = 9,(eM(e,, &) + e (vN (€.,8) + (Vs e, &) +1(¢,, V= eg))
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Noting that

we obtain

while the Codazzi-Mainardi implies that
vYi(e., &) = VYI(E. &) + (R(@,&)8) = VY (i(gz,az)) _9l(Vese,, ) + (R(E., &) N
—vY (E’(az, e;)) NG ICACACALS
In particular, if (M™, h) has constant sectional curvature k € R, we have for all vector-fields X,Y, Z,
so (R(€.,é5)e.)N = 0. Then, we obtain
1 — -
SVILH = (0.7 + e 0. (™) T(e, &) + v (
=Y ([(.,2)) + e (R(E, E)e)Y
1 -
- ie*MVgY?ho + e MR(E,,8)e)N

and as H is real, we have

and we deduce that

AN = 2e7 2 {TY (VYR ) + VE (e Vo) } + 8¢~ Re {e VA (R(E., &))" |

= 4Re {e_”‘Vé\; (e‘”‘ (Vé\gfbo +2(R(€, 52)52)N))}

We now want to express the Simon’s operator only with respect of ﬁg and H , but this is easy as

=

- 1 - - -
(€1,81) = e P(E, + 3,8, + &) = 3 (2672*11(52, e.) + 2~ (es, eg)) + 2e72M(E, e3)

(€5,8,) = —e (€, — &,6. — &) = —Re Hy + H

therefore
2
o (H) =Y (&, &), H)(E, &)
i,j=1
= (ReHy + H,H)(Re Hy + H) + 2(Im Hy, H)Im Hy + (~Re Hy + H, H)(—Re Hy + H)
= 2(Re Hy, H)Re Hy + 2(Im Hy, H)Im Hy + 2|H|*H
= 9Re (<ﬁ0,ﬁ>ﬁo) v o|AI2H
and finally, we obtain

ANH —2|H[*H + o/ (H) = 4Re {e—”vgg (e‘”‘ (vgjo + (ho, H)és + 2(R(E., é‘z)e*z)N))}

and the last equality goes like Lemma 3.2.
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3.1 Noether’s theorem for second order functionals

Noether’s theorem is the mathematical formulation of the physical phenomenon that infinitesimal sym-
metries correspond to conserved quantities, 7.e. closed differential forms (see [29]).

Definitions. (1) Let ©* be a C? manifold and (M™, h) be a C? Riemannian manifold. For all p € N,
we define the p-differentiation bundle B?(X*, M™) of the couple (X*, M™) as the product

k
P(sk, M™) ]_[ (T*S*)® @ TM™.
(2) If 7 c B%(x*¥, M™) and L € C'(M™ x %), we say that a vector field X € I'(T'M) is an infinitesimal
symmetry of L if for all ® € C2(X*, M™) such that Im (d®, Vd®, --- V¥~ 1d®) c %,
Lexpg (tX), d(expg(tX)), - , V¥ d(expg(tX))) = L(®,dD, - -- VF1dP).

for all ¢t € R in some small interval around 0.

Theorem 3.5. Letm > 2,1 < p < oo, ¥ be a C? manifold and (M, h) be a C* Riemannian manifold,
U be an open subset of X¥, % be an open subset of B>(X*, M™), L = L(y,p,q) € C*(M™ x % ,R), ¥ be
an open subset of WFP(Sk M™), and £ € C*(¥,R), such that for all ® € ¥, we have

ZL(D) = / L(®,d®, Vdd)d.#?.
U

For all infinitesimal symmetry X e T(TM), and for all critical point P e ¥, we have

J

Z Oy, (aplL(@ AP, Vdd) - X (B) — 20, (9, L(P,d®,Vd®)) - X () + 20,,, L(®, dP, Vd®P) - am].)‘(‘(qi)) =0.
i,j=1
(3.10)

Remark 3.6. In particular, Noether’s theorem does not depend on the derivatives in the space variable
y. This should be useful in the correspondence of Section 3.3.

Proof. Following [13] (Théoréme 1.3.1 p. 15), we can suppose that M™ is a submanifold of an Euclidean
space. We fix a critical point ® of £, and if exp is the exponential application on (M™, h), for all test
function ¢ € C(U), we have

L(expg(tpX)) = L(P +toX +o(t)) = L(P) + ot). (3.11)
Therefore, we obtain, abbreviating X = X (®)
L(D+toX +o(t)) = / L(® + tpX,dd + todX + tdp - X,Vd® + toVdX + 2dy - dX + tVdp - X)dA?
+ 0([;)
- /U L(® + toX,d® + tpd X, Vdd + tpVdX)d#>
+t / Op, L(®, d®, VdD) - X8y, pd % + 2t / gy, L(D, d®, VdD) - 0y, Xy, pd >
+t /U gy, L(®,d®, VdD) - X@ixjgpd%2 + o(t)
= Z(®) + o(t)
therfore, comparing this equation to (3.11) we deduce that

/ Op, L(®,dD,Vd®D) - Xy, + 20y, L(®,dD, VdD) - 0y, X0y, p + 0y, L(®,dD, VdD) - X2, o d ™ =0
U
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so integrating by parts, this gives
Or, (O L+ X +20,,L-0,, % = 0y, (9, L- X)) =0
which is equivalent to

Ou, (B L+ X 404,100, X = 0,0, 1) X ) = 0.

i

which is the expected result, as the sums in j are performed inside the parenthesis, contrary to the
formula announced in the theorem. This concludes the proof. O

As the equation does not involve derivatives in y of L, we write L = L(p1,p2, q11, q12, ¢21, g22), where
the index stands for the corresponding partial derivative with respect to any local frame, and we let

1 .
21 = 5(]91 - ZP2)

1 .
zy = = (p1 +ip2)

2
1 .

wy = 1 (q11 — 22 — i(q12 + G21))
1 )

wo = 1 (q11 — q22 + i(q12 + @21))
1 .

ws = Z(Qu + q22 +i(q12 — q21))
1 .

Wy = Z(Qn + q22 — i(q12 — q21))

such that Lo(z1, 22, w1, we, w3, ws) = L(p1, P2, 411, ¢12, 21, g22). We deduce that

OL 1 (dLy , 9Ly

apl—z(azﬁa@)

OL 1 (0L, 0L
1

oL 0Ly 0Ly 0Ly 0OLg
L1 (0 o 0h 0
g2 4 \Ow; Owy Owsz Owy
OL 1 (0Ly 0Ly 0Ly 0OLg
dgon i (8w1 S Owy | Ows 8w4>

oL 1< 0Ly 0Ly 0Ly 8L0>

Oqea 4

B 8w1 (9’&12 8711)3 87104

Now as we are mostly interested in deriving conservations laws for the Willmore energy in spaces with
known conformal transformations, i.e. space forms, as in this case no curvature terms can arise we can
suppose that q12 = go1 (implying that wsz = wy). As Lg is real, we deduce that

oLy 9L, 0L, _ 9Ly
(922 o 821’ 8w2 o 8w1
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so the system reduces to

oL 0Ly
ZZ _Re [ 222
8p1 ¢ (821 )

oL (ol
ops 0z

0L 1. [0Lo\ 10Lo

o= 3R <8w1> pom (3.12)
oL _1,, (o0

Oqi2 2 Owq

O _ iy (0 10k

0q22 ow 2 Ows

If Lo = L(¢,w,x) = L(¢,¢,w,@, X) = Lo(21, 22, w1, wa, w3), we obtain the following.
Corollary 3.7. Under the hypothesis of Theorem 3.5, we have

0Ly = 0Ly > 8L0 O0Lg > 6L0

1 1
Proof. Using 0, = 3 (03, —10s,), Oz = 3 (03, +10s,), we obtain by (3.10) and (3.12)

(Bz—i—a;){Re (aLO> X (0. +09) (4Re <8L0> +18L°> X+ <1Re (ah’) -)?+16L°> (0. +02)

dw 2 Ox 2 dw 2 Ox

1 dLo L1 Lo\ .
~it0- 09 (g () ) % g (52 0 - 008
0Lg 1 0Lg 1 0Ly =
+i(0: — &){Im <<> X —(0: +05) <21m <8w>) X+ 5Im (&u) (0 + 07)X
_ 1 8L0 10Lo\ ¢ 1 Lo\ 10Lg e

and after rearranging, we have

Re (0, (280 ¢ o (L0} 34 %0 55 o (2%0) .90 5 %)) =0
aC Ow w

which concludes the proof. [

3.2 Residues of Willmore and minimal surfaces

In this section, we want to derive the four conservation laws for the Willmore energy with respect to
tensors only depending on the immersion (for such formulation, see [30], and for a derivation of the first
three conservation with Noether’s theorem, [1]).

We recall that the mean curvature H of an immersion ® : ¥ — R” is the tensor
2
., 1 q 1

where f” = IT(é’i, €;), and [ is the second fundamental form of ®. If € = (%ké for K = 1,2. In particular,
using Zs notations for indices we have as g* = (—1)""7g; ;1 j11(det g)~! the identities

gi11 :2(|€Z|2+Re <€Z,€Z>), 912:—2Im<€z,€2>, g22 :2(|€Z|27R6 <€z,€z>)
det g = g11922 — 9%2 =4 (|€z|4 — (Re <€Z7€Z>2) —4(Im <€Z7€z>)2 =4 (|€z|4 - |<€Z7€z>|2) .
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As &) =€, + éz and &, = i(€, — €%), a trivial computation gives

1|é,]?> — Re (€,,¢€,) - = -
1.1 z zyCz S o = >
g 2 |€z|4 |<€z,€z>|2 ’ (61’61) ¢ (62,62) (62,6 )

I _’zv _’z b N 2 o
m (€, €z) I(é1,82) = —2Im (e, e,)

—_

12 _ +
218" — (€2, €:)*

11]€.|> + Re (€, ¢.) - - -
2,2 _ z zy €z N I _——
=5 FATERTEATATER I(é3, ) = —2Rel(e,, €,) + 21(e,, e%).

9

So we have by (3.14)

= =

- 1 _
H = Z (|€Z‘4 - ‘<€Za€z>|2) ' <(|5z|2 —Re <€zvgz>) <2Reﬂ(€za€z) + 2H(62a53)>

— 4Tm (&, &) Im(E., &) + (|62 + Re (€., &) (—2 Rel(e,,&.) + 2]?(@,5;)) )

= =

- - -1/ - - [
= (|l = 1@z, &))" (18- PT(@, &) — Re (22, 2) (25, &) ) (3.15)

To apply our version of Noether’s theorem, we want to write the equation as a function depending only
on the derivatives of ® without taking normal components. For all vector field @ on R™, writing

W' = a€, + béx

we have

SO

where f(¢) = [¢]* — [{¢,¢)]?. We now set the notations
(=¢€, w=Vye, x=Vyeéz
and
h(¢, k) = ((C. O w) = [C12(C, 1)) €+ (IS¢, k) + (¢ OHE m)) €

We remark that

(¢, k) = h((F)
so by (3.15)

= (O (IKPx +CPFQ) R x) = Re ((¢,0m) = £(O) ' Re (¢ OM(¢®))) - (3.16)

To simplify the expressions, we will take the derivative at conformal coordinates, as there will be signif-
icant amount of simplifications. We compute

_ o 4\
f(&) =le.|" = e
D f(¢) = 2(CI¢* = ¢(CO)
Dcf(€,) = 2(€,, &) & = e*'éx
e2) 2 edA
h(€,,Veez) = —|é’z|2<é’g, Vo éz)e, — \é’Z\Q(é'Z?Va?é’g)é'f = —785 <2> ez = —7(8;)\)%

h(é;, Vazgg) = 0, as vazé% =0
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DCh(<7H) = (<Z7Z><"€7 > - <Z> ><Z? H>) C + (<Z7Z><C7"$> - ‘C|2<Z7 ﬁ>) ’
+ (_<Za ><C7K> - |C|2<'7’€> +2<§7 : <Z’ H>)Z

— — — — — € — — 7 —
Dch(ez,vazez) = _|€z|2<v8z627 '>€2 = —7<Vazezy '>€E = _T<H7 '>€z

D(h(gmvazgz) = _<€Ea ><6z7v3 ez> €z |6z| <€Z,Va 6z> -+ (_‘gz‘2<v8z€m > +2<€Z7 Vaz€z><5z7 >) €z
2/\ 62)\ 2)\ 62)\ 62)\
—o. (S ) e e - So. () + (-G e o (S @) )&

62)\

Deh(E., Vo.is) = (—<é;, Vouds)(es, ) — (Vi ->> &
62)\ €2>\

—— (0 (5 ) ey + G ) ) &

22
Dh(e.,w) = - ((&z, )&, + (€2, -)&) = —e* Re ((€5, -)€.)  (if the infinitesimal symmetries are real).

2

Furthermore, as (€,,€,) = (€%, €z) = 0, we have

D,H =0. (3.17)
Therefore, we obtain

DeHl = —Def(e)f(e2) 7 (|e-PT(e.. &) + )™ (<€z, (E., &) + 1817 f(22) " Deh(e., Ve, &)

— 9e 2 (@, NH + (|, )és + (., .>ﬁ0). (3.18)

=2¢2* (- —de P Re (&5, -)E.)) . (3.19)
Thanks to (3.17), (3.18) and (3.19), we obtain
Defi = ~2¢72 ({65, )i + (i, )&+ (@, ) Ho)
Dy H = 2e~ (- —4e”PRe ((&, -)E.)) (3.20)
D,H =0

Now we see that

K dvol, = (det g)~! (((a,al)ﬁ(@,é*g)) (@, ) ) Vet gdzy A drs
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1 _1 o S 5
= 5 (&l = l(@, &) 2 ((2Re]1(é’z,é'z) +21(e.,2), —2Rel(@.,2.) + 21(c., &))

|2Im]I €,,E) )dxl A dxo
€s

=2 (e lfex, e)?) F (e, &) 2 — (e, €)1 dor A daa.

[(€.,8) = Vo, + f(&:) 7 + f(&:) 7 h(€:, Vo, &) = x + F(O) ™+ £(O) 7 R(C, x)
I(2..€.) = w+ f(Q)h(¢w),

we deduce that

Dcl(e., &) = —D¢ f(8.) f(22) h(e., Vo) + f(&2) " Dch(e., Vo, )

Therefore, we have

De (xEK ydvoly) = —2(e, VK, + 4(0.\)( -, Ho) = —2K ;& + 4(0,\) Hy
D, (xKydvoly) = 4H
D, (K dvoly) = —2H,

Now define

We have by (3.20)

DeLo = 262A<D<ﬁ,H> + 2D<f<e*z>f<ez>—% A

and

while
DLy =0.
Therefore by (3.22), (3.23) and (3.24), we have
DeLo = —2|H|?e: — 4(H, Hy)é.
Dy Lo = A
DuLo=0.
If I = «(|H|? — K,)dvol, = (|ﬁ0\2dvolg) = Ly — % (K,dvol,), by (3.21) and (3.25), we have

DeL = —2|H 28z — A(H, Hy)e. + 2K ;&= — 4(9.\) Hy = —2|Ho|2ez — A(H, Ho)e. — 4(9.\) Hy
DL =2H,
DL =4H — 4H = 0.
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Therefore, for any infinitesimal (real) symmetry X, Noether’s theorem shows that (as Dy L = 0)
Re (vaz (DCL X ~Vy (VuL) X+ D,L- vaz)?)) —0

which gives

Re (va? ((—2|ﬁ0\25z — A(H, Hy)és — 400\ Hy — zv%ﬁo) X +2H, - vﬁj)) —0.  (3.27)
As
Va?ﬁo = Va?(e_%e”‘ﬁo) = —2(8:\)Hy + e_QAVg)?(ez’\ﬁo)
— 20N Ho+ g ' ©D" ho+ V3_Hp.
and
Véﬁo = —|Hy|*e. — (H, Ho)é=
we have

|Ho|?&, +2(H, Ho)és + 2(3:\) Hy + Va;ﬁo =(H Hyez=+g'® ENEO
—yle (5N - ET) ho — |Bo|2y p 0.

which finally gives

dIm ((g—l ® (EN - ET) fro — |B’0|%Vpa<i>’) X g loh 6)'(’) ~0 (3.28)
The invariance by translation gives (taking X=C¢ R™)

dIm (g*l ® (EN - 5T> fro — |EO|%VP3<I3) :
while the invariance dilatation invariance corresponds to X = @, so (as (g, 3z®) = 0)
atm (97" (8% =8") ko — lhol3y p0®) - &) = 0.

The invariance by rotation corresponds to X=CA0 (where CeRn constant), and implies that

dIm (<I3 A (g*l ® <5N —ET) ho + |EO|%VP8<I3) +9 @ ho A5<I3) =0

and finally, the invariance by the composition of translations and inversions, corresponds to X = |®[2C —
2(®,C)®, and we obtain (as (hg, 0zP) = 0)

dIm (|cf>|2gl ® (5N - ET) ho — |ho |3y p0® — 2(B, 97" ® (5N - ET) hro — |Fo|2y pO®)
— g ' @ho®3|B?+2g ' @ (ho, D) ®8<i5> =0.

In particular, the four residues are

L 1 L (=N =T\ -

To(@p) = =t [ 97w (07 =3 ) B~ Vol 03
ol

- g ]. = —1 —N =T bad g 2 g —1 g =3

71(@,p) = -m [ &4 (g ® (a -9 )ho— |h0|WPa<1>) +g @ hoADD
ol

N - . 1 - 1 —N =T g 2 =

w@,p)_hm/ﬁ. (67 @ (8"~ 3" ) Bo — lfoly p 08)

Tu(@p) = =1 [ B (7 @ (3 -2 ) o~ Ry 06)
Yy

— 2P, g '® (5N - ET) ho — |holyp 0D)® — gt @ ho @ B|B12 + 297" @ (ho, D) ® D
(3.29)

where p € ¥ and v is an arbitrary smooth closed curve homotopic to the point p.
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3.3 Correspondence between residues and conformal invariance

Obviously, the four residues are invariant by rotations, translations and dilatations. However, for in-
versions with centre inside 5(2), this is not the case as the previous example showed for inversions of
minimal surfaces. There is nevertheless a simple rule under which these quantities transform, which is
detailed below.

Theorem 3.8 (Residue correspondence). Let $: % - R" be a Willmore surface and let v : R™\ {0} —
R™ \ {0} be the inversion centred at zero. If U =10®: ¥\ ®~1({0}) = R", for all p € &, we have

70(‘547) = 73(‘17’1’)
N(®,p) = (¥, p) (3.30)
Y2 (P, p) = —72(¥,p)
_‘3(‘13727) = _‘0(‘1771”)
(3.

Remark 3.9. This correspondence can be easily anticipated as follows. First, as the square of the
inversion is the identity map, we now that the inversion can only exchange residues up to a factor of +1.
Furthermore, the second residue is the only real one (the other are vectorial) so the inversion can only
let it invariant or change its sign. Then, wedge products do not appear by magic, so the third residue
can only change by £1. As the first residue cannot stay invariant for the inversion of a minimal surface
with non-zero flux, as the first residue of any minimal surface vanishes identically, we deduce that the
first and fourth residues must be exchanged, up to a multiplication by —1.

Proof. If f_; = 82\1_;7 and €, = (‘32(1_5, we have
fo= 0.0 = |B%, — 2(,6.)T
Vo.f. = B2 (Vo.7 — 40, W), - 2(2.,2)F ) - 2(¥, Vo, &) T + 8(F,2.)2F 1)
Vo.f. = [T (Vaze} — 4Re ((¥, 5Z>eg) _ 2|az|2\17) (T, V.8 1 8|(T, 8. 20,

We also write

e =2(0.0,0:0) = 2(f., fz) (3.32)
for the conformal parameter of the immersion W : X\ ({0}) — R™. Then, the pointwise invariance
of Willmore energy implies if L = *((|H |2 — Kg)dvoly) that

-

L(®,8,,V5.8,,Vod,) = L(V,V,,V,
where thanks to (3.31)
Fi(¢) = [9°¢ - 2(F,()¥
Fy(Gw) = B2 (w = 4(C, B)C = 2(¢, O)F) — 2(F,w) T + 8(F, )0 (3.33)

= =

B¢ = 19 (x = 2 ({8, 00 + (8,0)¢) = 2¢2F) = 2(8, )T + 8/(F, )

i

Therefore, writing L(®) = L(®, 8, 8,, V5. 8., Vo d,) and L(¥) = L(V,¥,, V5. U,, Vs ,), we have

D¢L(®) = DeL(V) 0 DeFy(€) + Dy L(9) 0 D¢ Fo(s, V. E.) + Dy L(F) o D¢ F3(€., V. €.)
D, L(®) = D,L(V) o D,F(€.,Vs.E.)
D, L(®) = Dy L(¥) 0 D, F3(,,V5.¢.).
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So we have

DeFi() = 9 - —2(F, )8
DeFa(¢w) = =B ({- )¢ + (¢, D) - +(C ) F) +16(F,0)(F, )P
DuFa(¢w) = B - ~2(F, )T (3.34)
DeFy(G,x) = =218 (4B, )C+ (B,0) - +(C, )F) +8(,0)(F, -)¥
D Fy(Cx) = B2 - —2(F, ) ¥

We recall that if { = €., w = Vy, €., x = Va.€-, by (3.16)

—

Hg = f(O)7H (ISPx + S FO T A(C x) = Re (¢, 0)@) = £(¢) ™" Re (¢, Q)h(¢,@)))

while
fig = F(R(O) {IFUOPF (¢ 0 + RO P FF(O) T h(FL(Q), Fa(¢, X))
—Re ({F1(Q) FUO)A(F(Q). TG w))) = FFL(Q) ™ Re ((F(Q), F(O)h(FL (), Ba(Gw)) ) }-

In the forthcoming computations, we will always make the following osculating hypothesis that after
taking differentiation, on evaluates at points ¢ such that (¢,¢) = (F(¢), F(¢)) = 0, which is legitimate
as we apply conformal transformations. We have

De (f(Fi(€)) = Def (F(Q)) 0 DeFi() = 2 (IR (O (FE(Q), |8 - —2(F, ) ¥))
D (F(F(&)) = e (1B fz — 2(¥, £2)F)

SO

D¢|Fi(2.)|* = (F1(.), DcFi(E.)) = (f= | ¥[* - —2(7, )W)
2
Therefore we define

to obtain

{DC( FER(EN ™) = ~Delf (FiED)F(F(:)) 7 = ~16e*"75(f2) (3.35)

D¢|Fi(e:))* = I5(f2).
Also, we remar_’k that we only nged to count the normal parts of the derivatives of H , as they will be
multiplied by H (coming from |H|?). Therefore, as we also have h(F}(€,), F53(€,)) = 0, we obtain

4

—

. - et . . . . . .
DcHyg = —16e~(I5(fz), ) (Hq7> + e <D<(|F1(€z)|2)F3(€zvVazez) +|F1(€.)|* D F3 (2, Vo, E5)

4
(3.36)
+ [P (@) P F(F1(E2)) " De(M(FL(E.), F3(€2, Vo)) 0 DeFi(€:) (3.37)
+ Doh(Fy(E.), F5(E.,Va.8)) 0 Dy F3(€.,Va.E.) — (D Fi (), F)(f=, ;)> (3.38)
= —4e (I3 (f2), Vg + 46—4#{(1) (1) + (IID) + (IV) + (V)} (3.39)

As

D¢|Fi(&)]2 = 75(f2)
F3(€.,Vo. &) = L[, f2) = —Hg,
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we obtain
(1) = De(|Fu(&2) ) Fs (€2, Vo €s) = —(I5(f2), ) Hy- (3.40)
Then we have by (3.34)

DeFy(¢x) = 2082 (B, )& + (0,&) - +(e5, )¥) +8(F,&)(T, )

and as
2
R =177 =5
we obtain
2
(1) = |F1(€.)|2 D¢ Fs(E., Vo, &) = “{ — 2|02 (<xfz, Nz + (U, 85) - +(es, >q7) + 8(T, &) (T, >\f1}
= ew{ 1B (B, )+ (F,8) - +(@, )T + 408, &)(F, >x17} (3.41)
We see that
(Deh(E:, Vo, E.))N = —|Fl*(fz, Vo f2) ()N =0,
SO
1 =o. (3.42)
As (D.h)N =0,
)N =o, (3.43)
and
. oL 2n . —
(V) = ~(F5 (), Mz ) = = (5 (L), - (3.44)
Therefore, by (3.36), (3.34), (3.40), (3.41), (3.42), (3.43)
2
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Finally, as (D h)N =
(DyHg)N = [(Fi(2.) [F1(€:) P Dy F (&, Vo, &5) = 2e7 A 75 (-).

Therefore, we deduce that

Nl

) = 2%(Dy Hg, Hg) = 4.55(Hg).

D, (|Hg* (det g5)
and putting together (3.45), (3.46) and (3.47), we have

) —

—

[
w|

D (|fgl* (det 95)7 ) = —2/Hg 75

— 8|9[*(T, &) H
D, (|8l (detga)%> = 4.75(Hg)
D, (gl (det g5)*) =0

Now recall the identity

< ) z
— 8|0 (U, Hy)és + 32(0,&)(U, H

’E‘l

N

* (Kggdvoly, ) = 2f(Fy(¢.)) (Fg(é‘z, Vo.&) + f(F1(@.) " h(F1(8.), Fa(@e, V. &) ?
APl Vo.80) + () A @), Fal Vo) ).
We first compute thanks to (3.34)
DeFy(E., Vo, é5) = =28 (8, )& + (0.&) - +(&, ) F) +8(F,&)(F, ) ¥,

which directly implies that

(DeFy(E Vo,20) " = {28 (B )+ (B.65) - +{em )F) +8(F.e)(F, )T} .

As (Diph)N =0, we have
oL L A\N . . R . . LN
(D(f £2)) = (DeFa(@e, Vo, &) + F(Fi(€:)) " Dehi(E, Vo, &) 0 DF1(E2))
-5 (2 - - - - N
= {2002 (8, )z + (0,8 - +(@, )T) + 8T, &)(F, )T}
Then we have
DFy(E.,Vo.2.) = 410 (-, 9@ + (22, B) - +(@, )F) + 16(8,&)(F, ).
As Dy (h(f., Vo, [2))N =0, we obtain

. L LN 7 S0\
{Dc (W(FL(E), Fa(@e Vo. 8N = (Deh(f2 V. 1) 0 DeFA(EL))

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)



— |22 (e Vo Fo) g (N

e2H e2H N

= S (0 S5, (3.53)

Therefore, by (3.52) and (3.53), it follows that

Sh

N N
(D7 £0)" = { 4T (- )+ (@ ) - 422, )F) +1608,2)(3, )5

1
et (G @) S5l )"

N———

N
P (B (08 - @) T) +10E VT F ] - 2000 5()

(DJ’(f}, f;))N —0. (3.54)

Finally, we have by

- - _, - - >\N - o o
= 2Kg~f\i}< E>+4<(DCH( 2 E))a \f/> _2<(VCH( zvfz)) ; ( Z f?))
= —2K,, S5 (fz) — 89 [*(&5, Hy) ¥ — 8| |*(V, &) Hy — 88XV, Hy)és + 32(F, &) (T, Hy) ¥
+4(0.p0) 7 (HY) + 81912, HY)E + 8|52, §) Y + 8|82 (8, HY)Z. - 32(F, &), HYT (3.55)
Then we have
RN N
(DA ) =75,
which implies that
_9 eQM = =
Dy (Kg dvoly ) = 4e™ " (2@%(-),2 @>> =45;(Hg). (3.56)
As (D,h)N =0, we obtain
[ N
(Dw]l(fzvfz)) = j\i}( )
and
e2H—— =
Dy * (K, dvoly, ) = —de=2" <f@( D, 2H%> = 2.7 (). (3.57)

Finally, by (3.55), (3.57) and (3.57), we have

D¢ (xKg dvoly,) = —2K,_ .73 (fz) — 8|¥[*(éz, Hg)V — 8|U|*(V, é5) Hy — 8|V|*(V, Hy)éz
+32(F, E)(F, Hg) T+ 4(0.10).75 (ﬁg) + 8T

+ 8|02, HO). — 32T, &) (T, H) W (3.58)
Dy (xKgg dvoly,) = 4.75 ( _"r,>
o) =275 (HY).

Dy, (%K, dvol,
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By (3.48) and (3.58), we obtain
De(+| G dvoly, ) = ~2\ B2 (F2) — 4(H g, HY).55(f2) — 4(0.0)-75 ()

— 8| (e 27H0>‘II 89|*(e, U) HY — 81%*(¥, (3.59)

Do (x| H2 P dvol,,) = f@(*

Dy (*|H\%|2dvolgq_,) =0

This expression can be further simplified. We first observe that (recalling the definition f: = 8z\f')

_ S W\ (B ) 1aup
ey = (0, L oy L\ 2 L) 107 (3.60)
w2 B[4 |w[? 2 o2
therefore
8B [2(T, &) HY = 40.| T[> HY, (3.61)
Then we compute as f, = 9,¥ is normal to ﬁ% that
= f; Y. U = 2 5 o o = 8Z|\I_J'|2_»T
HQ pury _2\11 - Q = ——= 82\117\1} \1/7 g = \I], g
(e 1) = <W B, oy g g ) = =g 0,008, ) =~ )
=)
L BT 62‘\1_}|2 I
8|w[*(e., HY)V =8 o (W, HY)W. (3.62)

The next contribution is

=02 Ho\ o w0y o = (0.0 (0,0, 0) - = . QU L o=
—8|U|2(U, HY)e, = —8|U|2 (U, HY) | Z— — 2210 | = —8(U, HY)9, ¥ + 8—=—— (U, HY)U.
| (W, HG) Nt W><|x1/|2 ) ) (W, H5) |\I/|2< )
(3.63)
Now, by (3.60), we have
- > S o 18Z|\I7|2 > S o az‘\I7|2 > S o
2T, & NW, HOV = 32 | —= =21 U, HOVW = —162L—— (¥, HO)W 64
32(V, e (¥, Hy)V =3 ( 2 |G (U,Hz) 6 b (U, HS) (3.64)

Finally, thanks to (3.61), (3.62), (3.64), (3.63), we get

= =

— 8 (e, H)T — 8|¥*(e., B)HY — 8| (T ﬁ%>ez+32<\f’ (W, HY) O
U

- 0. | 2 = 0 SR aZ|\I/| T RO\, 3\‘1’\2 =
_W+4@|m| HO — 8T, HY)0. W—m T O\

=

—4 (az|\17|2ﬁ% — 27, *g>azq7) (3.65)

Euo

and thanks to (3.59) and (3.65), we obtain

De (x| Pdvoly,) = ~2|HY|%55(F2) — A(H g, HY) 55(F2) — 401075 (H)

Sh

+4 (azmﬂz@ Y
) _ (3.66)
Do (+|HY2dvol,,) = 2.7 (Hg)

D, (*|F_I'l%|2dvolgq7> =0
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Finally, we obtain the pointwise identities (valid for arbitrary immersions, not necessarily Willmore)

2| HY20:6 — 4(H 5, H2)0.8 — 4(0. N HS = —2|HY2.75(0:) — 4(H g, H%).75(0.9)
_4(azu)y@( g) +4(6Z|W\2H%—2<\Il, %>azxp) (3.67)
0 __ 70
iy = 7 ()

In particular, the second identity of (3.67) shows the point-wise conformal invariance of the Willmore
energy. Now, recall that Noether’s theorem (Theorem 3.13) states that for all infinitesimal symmetry X
of a Lagrangian L, we have

0Ly = 0Ly - 0Ly OLg 5 10Lg S
v X _vy ) X4+ 20y, X — v X Vo X —
Re(f’z(ag 6Z<8w> +8w 0 &<8x> +28x 82)) 0

which gives by taking the complex conjugate if 0, L = 0 the identity

aLO *‘ aLo — 8L0 — .
(V@L(ac _V&<3w) X-i-aT Va;X))—O. (3.68)

In our case, we have
_ 02
Ly = *|H\17| dvoly,

and we compute by (3.59)

Vo (90 ) =20 (5 () =2V, (182} - 203, 9)%)

=2 (|9 Voo (HS) — 208, HG)T + 0:| B Y — 2009, )T — 28, 115)0-7)
=275 (Vo. (HY)) +20-02HG - 4(, 3)0-0 (3.60)
as 07V is a tangent vector and H3 is a normal vector, so ( 4%, dz¥) = 0. Then, we compute

_, 5 o _, _ . . _ —_N=- .
Vol = Voo (e721%) = ~2 (Dzp0) HY + eV (W) = =2 (Dzp0) HY + 95" 08" 1 + V5

and by now familiar computations, we also readily obtain

Vo Hy = —|HYf. — (Hg, HY) f=. (3.70)
By (3.69) and (3.70), we have
v, (2o Ozp) I5(HY) +29=" @ I5(@ h%) — 2/HY 255 (f.) — 2(Hg, HY) 55 (f=
o 52 ) = 40 TG (HS) + 295" @ S50 RY) — 2AHG 2 55(F2) — 2HH g, 1Y) 75(F)
+20:| 0P Hy — 4T, HY) f-. (3.71)
We now trivially have
dLo - . .
o Vo X =2.75(Hy) Vo X (3.72)

Finally, we have by (3.59)

Ly N A B0 g (F i PP — 800
o = “2HGI () — 4Hy, Hy) S5 () — 407 (Ag) +ao:l¥P A —8(F,

In particular, by (3.69), we have

8T aL N — = — — - o =
870 -V (:) = —2|HY e (o) — 4l g, H2) 75 (F2) — A(0zp)-F5 +40VPHE — 8(V, HY) [



112 770 I 0\ £
+20:|V["Hy — 4V, H\f,>fz~> (3.74)
_ ANz 5 g =0 = =
=295 © 50 hy) - 2(Hg, Hy) S5 (fz) + 205V [P HG — 4(¥, HY) f. (3.75)
By (3.72) and (3.74), we conclude that
dLo Lo\ = 0Lg
EI <8w> N
+2.75(HY) Vo X

_ AN > - = o .
—{ - 205" 0 7@ - 2y, HY) S5 (2) + 20T - T AY L}

- 2{ <ﬂ@ (gq:ll @7 Ry + (Hy gw\p) D=\ 0> HY + 2(F, Hg>a;\17) X — gy (HY) - vaj}.
Finally, thanks to (3.70), we obtain the pointwise identity (valid for any Willmore immersion)
(95" (37 —0") Y — RS p 08) - X — ' @ Y - DX
— 7 (950 (3" =0 ) Ry = B 0F) - X g5 o (a|\17|2 @R — 20,0 ® axp) % (376)
- 95 ' 7 (ﬁ%)-gq
Applying Noether’s theorem with X=CeRn constant, we obtain for all p € ¥ by (3.29)
Fo(®,p) = 95(¥, p) (3.77)

i.e. the fourth residue of an inversion if equal to the first residue. As the proof is symmetric in $ and
W, we also get

L =N 5T\ 7 > -
a:g@1®(a - )h%—\h%\%vpaqf.
We have

I5(@)-®=|0Pq- 8- 200,A)V - &=0.d-20.-a=-V- d. (3.79)

5 o oU, W) o - O|U)2
.70 @ 90T _ o gy g AV
Wl A5 o V) |w|?
we have
BB @ R — 28,1050 §) - & — (382 0 B — 208, 7) 0 55 -
|V|° @ hg —2(¥, hg)0 ® = (0|¥]" ® hg — 2(V, hg) ® T
N R (A 1 )
=L @2, 0) —2(0, 1)L = 3.80
72 (hg, ¥) —2(¥, hg) i (3.80)
Now, we compute
s I Lo . [0 U
_ (B, — (19120 — 0 gz
I3 (R%) & 0% (|\m 7 2<w,hw>\y)®<|\fl|2 |\17|4\I/



NP oy - T 7 (0%, %) R\ I
=2 @ (A%, 0) — 2V, hg) @ ——— + 2(T, B (U, 0) =0 3.81
)2 (hg, V) —2(¥, hy) T (W, hg) |\I,|4< ) (3.81)
Thanks to (3.79), (3.80) and (3.81), we obtain
F2(®,p) = —72(¥, p). (3.82)
Finally, as AT =0
I( VNS =T A =-AT
Therefore, we have
TG@ NS =GNT =T (g5 @ (8" =) Ry — 153 00) (3.83)
Furthermore, we have
B @R — 25,70 098) A6 = DL 00 n G- 2 G ediAG  (384)
oo oY g2 |
andas\f//\\l_/'z()7 we have
e T A
- (hY = 2p0 0, dial
T (R2) A OB (|x1/| R 2<\p,h@>xy) A (I” o ¥
co me OB oo o 2 oo oo g oo DUy o 2 oo .
=R A0 — @Rl AT — (U ALY @UAIU =h2 AU — ——— @RhL AT + —— (T, h2) @ 00 A U
w2 I‘I’\2< v/ v w2 I‘I’I2< v/
(3.85)
Therefore, thanks to (3.84) and (3.85), we get
A2 70 I 7.0 a0 5 70 aFk 70 AT
(amf\ ®h\if2<\11,h\ﬁ>®8\11)/\<I>+J‘17(h\ﬁ)/\8<b:hq7/\8\11. (3.86)

Finally, thanks to (3.76), (3.83), (3.86), we obtain
1o (8" —3 )R — R 08) AB — g=t @ B2 A DD
9% & 3lwp 9% &

_ <<f> Aozt o (87 =07 ) By~ 1 08) 4+ g5" o B Aaq3>

_ N =T\ > - o\ o == - — ==\ =
=75 (95" @ (07 =0 ) By — IRy 3 00) - X — g5 <a|\1:|2 @ R — 208, 7%) @3@) X
. > a2 = _ =N =T\ - - R ——
— g5t IG(hY) N DB = (\p A (gal ® (a -2 ) RO — RS2 p a\p) +95' @RS /\8\1/)
S0
F1(®,p) = H1(T,p) (3.87)
and by (3.77), (3.78), (3.82),(3.87), and (3.30), this concludes the proof of the theorem. O

Remark 3.10. For inversions of minimal surfaces, the third residue vanish, as the integrand is
g '@ (H,ho) @ 9|®|* = 0.

Furthermore, for P is minimal, by the Weierstrass parametrisation, we have for some k£ € N
B(2) =R ay ap, 0 1
() =Re (G0 8) +0 (5
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for some a1, -+ ,a, € C\ {0}. Therefore

k20 Jaf? - k7 « «a
2N j=1 J 2 o 1 n
=5 T A0 (R). o) = 5 (S 2k)
and for some a £ 0, 81 Bn, 71, Yn € C, we obtain (as the first order expansion of 855 is a tangent
vector hg = O(|z|~ (k1))
1@ hy A DD = az]PFHD S TR N (TR dz+0(1) = 0(1)
9 0 S ke SR ke :

As we have already seen, the three first residues of a minimal surface vanish, and for minimal surfaces
with embedded ends, the fourth residue is nothing else that the flux. This last fact is general.

Corollary 3.11. Let 3 S\{p1, - ,pm} — R™ be a complete minimal surface with finite total curvature.
Then its flux of ® is equal to its fourth residue as a Willmore surface, that is for all p € ¥ for all smooth
curve enclosing p; (1 < j < m) and lying inside £\ {p1,--- ,pm}, we have

Im /acii —Im /fi; (g*l ® (EN - 3T) Fro — |FolZy p aé) g @ T ® 9|32 (3.88)
gl 8!
where g (W) = |® |24 — 2(®, W), for any vector @ € R™.

Proof. By the Weierstrass parametrisation, we have near a branch point

0o 1 Oo—1 n
. - fa %
®(2) =Re [ >~ +pilog(s) + O(1),-++, Y —F + Balog(2) + O(1)
Jj=1 j=1
so the flux is 75 = Im (B1, -+ , B,). As for the inverted minimal surface ¥ = ¢ o @, we have (see [2] or

Section 4.2) close to a branch point
¥(2) = Re ((A’+ Bz + C*z?)z"o) + uFolz|#0 log || + O(|z|%+3) (3.89)

for some > 0. As thanks to [2], 75 is the first residue of ¥, the correspondence shows that the fourth
residue of an arbitrary minimal surface is nothing else than the flux up to a constant, which is equal to
+1 thanks to the following computation.

Let & be a minimal surface with embedded ends.

Let us fix some 1 < j < m and let p; be an end of P. Taking some complex chart sending p; to 0,

we can suppose that P is parametrised by the punctured unit disk D? \ {0}. Then can suppose up to
rotation that the normal 7 at p is 7(p;) = (0,0, 1), and by the Weierstrass parametrisation, this is easy
to see that the embeddedness of p; implies that there exists a > 0, 8 € R such that

. Z Z i z 5

for some o > 0, 8 € R. In particular, we have

2 a’z

1B(2)|2 = ﬁ‘? +O(1), B = T (14 0(22)
e =20,8(2) = Z‘; (14 0(2))?) (3.90)
ho(z) = <0,0,6d§> +0(1)
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Indeed, we have

> 1 (/a ia B e 1 (2a 2ia 8 1
go-(L e’ 1 (&P =
0.5 (5% 0)ron, ed--3 (%5 L) o ()

20.)) = =2, (e?) = L (—2 o ) +0(1) = _72 +0(1)

o? 2372

2
B = 2 (83@ - 2(8ZA)8Z<I’) - (o,o,/f‘ii) +0 <1>

2|

Therefore, by (3.90), we have

g @B ®hy = <o,0’ |2|* ( a22> idz) +0(1) = <0,0,—Bd;> +0(1) (3.91)

o2 e
and as (hg, ®) = O(log |z||z|~2), we have
97" © (ho, ®) ® 3P| = O(log|z]) (3.92)

Therefore, putting together (3.29), (3.91) and (3.92) the fourth residue is equal to
> 1 dz 1
v3(®,p;) = 10,0, —I — | = =(0,0,05).
73( 7p]) (7 ’47Tm/y52> 2(7 56)

which coincides exactly with the fluz, and this shows the identity (for minimal surfaces with embedded
planar ends)

Im /g*1®i_io®5|<f\2—29’1®<ﬁo,q§>®55211n /('M;,
g ¥
O

Remark 3.12. We now see that Theorem A in the introduction is the combination of Theorem 3.3 and
of Corollary 3.11.

4 Meromorphic quartic form and Willmore surfaces in 5"

4.1 Algebraic structure of the quartic form

On R™*2 introduce the Lorentzian metric of signature (1,n + 1)

n+1
h=—daf+ Y daf
j=1
and denote by S™! the unit Lorentzian sphere, defined by

n+1
L 2 _ a2 — 2 2 _
St =R N x—(xo,xl,---,xn+1).|x|h——x0—|—E r; =1
i=1

Let ¢z : ¥ — Sm:1  R™*2 be the section defined on the normal bundle T2, for all normal section E
by
vg(6) = (H,§)(@+3) +¢

where @ = (1,0,---,0) € R""2, and & € R™! (resp. £) is identified with (0,3) € R"2 (resp. (0,£)).
Then for all normal section £ such that |{| = 1, we have

(Yg,Yg)n = —(H, &%+ (H,6)%3 +§)* =1,
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and ¥z : ¥ — S™1 is called the pseudo Gauss map of . Ifn = 3, and 7 is the unit normal we can
choose £ = 7i (the unit normal) which gives

bg = (H,OH + 7).
Then we have the following result of Bryant.

Theorem 4.1. Let ® : ¥ — S3 be a smooth immersion of an oriented surface and endow ¥ with the
induced conformal structure. Then g : ¥ — S31 s weakly conformal, it is an immersion away from

the umbilic locus of <I_5, and zfq; is a Willmore immersion, the 4-form 2z defined by
2z = (0%, 0%z
is a holomorphic quartic form. Furthermore, $:% — 53 is a Willmore surface if and only if Vg : ¥ —

S31 is harmonic.

Proof. We first check that ¢ is (weakly) conformal. Writing 1 for ¢z, we have
A, = (0.H, HO,® + 8. H® + 9,7)
SO
(040, 0.0) 1, = —(0.H)? + H*(0.9,0.P) + (8.H)*|® + (0.7, 0.7) + 2HO. H (9. P, D)
+2H(9,D,0.7) + 20.H(®,0.7) = (8.7, 0.7) + 2H (0.9, 8.7) — 20, H(0.®,7) = (0.7, 0.71) + 2H(0.P, 0.7).
We have

SO
(011, 0:11) = 2H Hy (0.8, 0:) = € HHo, (0.9, 0.1) = —Ho(0:,0:) = ——~Hy

and this gives

<az’(/}7 azw>h = 07

showing the weak conformality of 1. Furthermore, the pull-back of the Lorentzian metric h on ¥ exactly
gives the Willmore energy, which explains the name pseudo Gauss map, by analogy with minimal surfaces
and total Gauss curvature. Indeed, one has

2A

(& -
(0.0, 00) = —— | Hol* = (|H|2 CK,+ 1) dvol,.

1
4

Therefore
W(®) = / (\ﬁ|2 — K, + 1) dvol, = 4/ W (dvoly).
P b3}

As the metric is non-positive definite, this does not imply anything on the quantization of the Willmore
energy. The holomorphy of 2z can be found in [7], Theorem B, and shall be treated in general in the
next theorem, once we find a pleasant expression to work with of 2. Finally the last assertion can be
found in a general context in [11]. O

We have the following expression of the quartic form 2.

Lemma 4.2. Let & : ¥ — S3 be a smooth immersion of an oriented surface . Then we have in any
conformal chart

25 = (V. vz, Vi.¥g)dz"
o o ﬂ - e4>‘ N o =
_ 2 ((Vszvng, o)y — (VA H, ngH@) d=t+ (1 + |H\2) (Ho, Ho)dz* (4.1)
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Proof. If d:% - S™, dropping the index $ for simplicity, we obtain

As

one obtains

Then we have

62)\

As (@, Vo, €z) = ——5» one immediately obtains
. o2\ N [
(Vo.Vo.1, Vo. Vo) i) = S (VA V&) (Ho. i) — (VY H,8)(VY Ho, 7))
e N oN 77 s N 73 et - =
+ 5 ((VazvazH,ﬁ><Hoa§> — (V. H, 77><V02H07§>) + T<HO’£>< 0. M) (1 +|H|?)

so for n = 3, we have a global non-zero section 7 : ¥ — S3 of .4, so taking E: 7} = 71, we obtain the
expression of the lemma. O

The next step is to show that 2z admits an intrinsic expression whose principal term only depends

on the Weingarten tensor Ho.

Definition 4.3. If ¥ is a closed Riemann surface, n > 1 is a fixed integer, (M™, h) is a smooth Rieman-
nian manifold, (-, -) its scalar product, p1,p2,q1, g2 > 0, and

(a1, as) € T(KY @ Ko, TeM™) x T(K% @ Ky, TeM™)
are continuous sections with values in Te M™, we define
& ®dy € DK o K3 C)
by
a1 & dy = (fi(2), fo(2))d2" P2 @ dz e

if in a local complex chart z we have the expressions

—

a1 = f1(2)dz" @ dz®
= fg(z)dzp"’ ® dz?.
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Theorem 4.4. Let & : ¥ — S3 be a smooth immersion. Then we have
. —N = = - . =N = 1 — — R
25=g16 (8N8Nho & ho — 6Nh0®8Nh0) L+ D)o & R
— = . = . == ]_ — - — R "
= g_l & (88}10 ® hg — Ohg ®8h0) + (4(1 + |H|2) + |h0|%/VP> ho ® ho + <H, h0>2 (42)

is a quartic differential, that is a section of K. Furthermore, zf@ is a smooth Willmore surface, 25 is
holomorphic.

Important remark 4.5. We see that the tensor 2 as defined in (4.2) is well-defined for any immersion

$:% — 5" for any n > 3 as the equation defining 2z makes sense in any codimension, but we shall see
that it is not holomorphic in general in dimension n > 4 (see Section 5).

Furthermore, one might think that the Definition 4.3 is a bit artificial, as in codimension 1, we have
ho = ho# for a scalar quadratic differential hg, and as 0™Vl = 0, we have

2z =g ® (80ho @ ho — Oho @ Dho) + i (1 + |H\2) ho ® ho.
However, not only for the generalisation in S*, but already in the proof in the case of S of the general-
isation of Bryant’s classification, it will be absolutely crucial to see 2z as a function of the vectorial hg
(see the proof of Theorem 4.12 for more details).
Proof. By the Gauss-Codazzi identity (see (3.6)), we have
Vé\iﬁ = 672/\Vé\;iﬂ10
Then we have, identifying by an abuse of notation ﬁo and €2>‘ﬁ0
Vé\i Hy = Vé\i (e_”ez)‘ﬁ%) = 8.(e M) Hy + e_”‘Vé\i (2 Hy) = 8. (e~ )ho + e‘”Vé\i ho.
Therefore
(VY VY H, Hy) — (VY H, VY Ho) = (VY (e*”vgjo)  Ho) — e MV Rio, 8. (e~ o + eV Tig)
= e 220, (e ) (VA ho, ho) + e~ * MV V5 o, ho) — e 220, (e7** (V). ho, ho) — e~V ho, V) ho)
— ™ (V5 Vi Ro, o) — (VA Tio, VL)) (4.3)
We deduce from (4.1) and (4.3) that
9 = (<vg{vgzﬁ, Ho) — (VA H, vgzﬁ@) Azt + 3(1 | H|?)ho & ho
= = (VY VAo, Fo) — (Vo ViLTo) ) d22 + £ (1 4+ | AP @ F
—gle (aNéNﬁo & ho — ™ hg ®5Nﬁ'o) + 3(1 | H 2o & Fo.
We see that this formula describes a well-defined tensor for any immersion. Now we note that actually
we can obtain the second expression without the normal derivatives. Indeed, we have
OThy = —(H, ko) ® 08 — g~

'® (ﬁo®ﬁo) ®5<§
T N - —
d ho = —|holiyp g© 0% — (H

o) © 0D
s0 as g = 200 & 0P, we have

=T 1 - - Lo
Mo R =39 (|h0|§vp Fro + <H,h0)H)
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and

—

N .- — N | - oL
00" by & ho = 9N Dho & g — VD g = 00ho & o + 9 @ (IR0l p Fio & Fo + (1, Fo)?)

while

Nho @8 by = Oy @0k — 0T ho @ ho — o @D o+ 0 ho & Dho = Oy @ 0ho — 0 ho©8 ho.

As 0B & 0D =0 by conformality, one has
e Te 1 L e
0Tho %D ho = 59® (|h0|WP hio & ho + (H o) )
so we deduce that

—— . - = 1 — - - . — =
2=g'® (88h0®h0 — dhg ®ah0) + (4(1 + |H*) + |h0|%vp> ho @ ho + (H, ho)*.

Now suppose that $: ¥ — $3is a smooth Willmore immersion. To see that 2z is holomorphic, the
expression of the previous lemma is more useful, as the Willmore equation is more easily stated with
respect to H. We remark that for a stereographic projection m : S* — R3, the quartic form becomes

(without changing the notations for the involved quantities)
e (aNsNT - N# e =N 1 g o =

25 =g"'% (a 8" ho & o — N0 D h0> 2o & o

so in a conformal chart z : D? — %, we have by (4.1)
S o _, . e P
25 = (<a2H,H0> - (8H,6H0)) dz* + | H[*(Ho, Ho)d*
oA
= {e”‘(@QH Ho — OH OHy) + 4H2H§} dz*

Recall that the Willmore equation is equivalent in R? to

62

_ A
00H + 7|H0|2H =0
First, we have
_ — 62)\ — R
D0?H = 0(00H) = —e* (9. \)|Ho|*H — - (0HoHoH + 0HoHoH + |Ho|*0H) .
Then we have

OH = e~ d(e* Hy) = 2(3:\)Hy + 9H,

Finally, we obtain

62)\

0 (0°H Ho) = — e**(0.\)|Ho|*HHy — - (0Ho |Ho|*H + 0Ho HHG + OH |Ho|*Ho)
+0%H (0H — 2(0z\)Hy)

62)\ 2

= 07H(OH — 2(0:)) Ho) — - |Ho[*(9(H Ho) + 2(9:)) H Ho) — —-0HoHH}.

Then we have

62

A
O(0H OHy) = O0H OHy + OHOOH, = -5 |Ho|?HOHy + OHO(OH — 2(0:\)Hy)

e2

A
= 0?HOH — 2(0%\)0H Hy — 2(8:\)0HOH, — 7|HO|2H 0H,
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By the Liouville equation, we have
40%) = AN = - K,
so we obtain as K, = H? — |Hy|?

2\ 2\
(OH 9H,) = 9*H OH + %(HQ — | Ho|?)OH Hy — 2(0-)\)0H dHy — %|H0|23H0 H

2\ 2)
= 0*H OH + %m OH Hy — %\HOP (O(HHy)) — 2(8:\)0H dH,

Therefore, by (4.6) and (4.7), we have

Z9N

(4.7)

9 (0*H Hy — OHOH,) = —2(9=)\)(0°H Hy — 0H OH,) — %HHO(Q(@)\HHOF + OH H + 6H, Hy)

SO

4\

e 0(0*H Hy — OHOH,) = —05(**)(0*H Hy — OH dH,) — %HHO (2(0:\)|[Ho|* + 0H H + 0Ho Hy)

which reduces to

ZDY
0 (e** (0*°H Ho — 0H 0H,)) = —%HHO(Z(az/\)|HO|2 +0HH + 0H, Hy)

4N
- —%HHO@HHO +OHH).

The end is easy, as

DN DN
9 <64H2H§> = NN H?HE + % (0H HH§ + 0HoHoH?)

DN 4N
= MO H?HE + %HOH (OHH, + (0H — 2(0:\)Ho)H) = %HHO(EHHO +OHH).

Therefore, by (4.4), (4.8) and (4.10), we deduce that

— _ _ /et

025 =0 (e** (0H Hy — OH 0Hy)) d2* @ dz + 0 (4H2H02) dz* @ dz = 0.
Therefore 23 is a holomorphic section of K3, if & : ¥ — 53 is a smooth Willmore surface.

4.2 Asymptotic behaviour of the quartic form at branch points

(4.10)

Bryant’s theorem asserts that for any branched immersion $:% - R3 , if the quartic form 2z = 0,

then @ is the inversion of a complete minimal surface with finite total curvature. The partial converse is

furnished by the following result.

Theorem 4.6. Let X be a Riemann surface of genus v, and d:X 5 R3bea non-completely umbilic
branched Willmore surface. If ® is the inversion of a minimal surface if and only if 25 = 0 is holomor-

phic. Furthermore, provided 2g = 0, the dual minimal surface has zero fluz if and only if d is a true

Willmore surface.

Proof. Let Uy \ {p1,* ,Pm} — R3 be a complete minimal surface with finite total curvature. Then

hg is holomorphic, and Hg = 0. As

_ — 1
gz) _ 1 0 0 0 0 f[2 2
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we trivially obtain 23 = 0, and as £ is conformally invariant, we deduce if P is a compact inversion
of ¥ that 25 = 0.

Conversely, assume that 25 = 0. Then Bryant’s theorem ([7]) implies that the dual Willmore
UEDY \ %z — R? surface is constant U =p € R3, where

Uz =%N {z : |i_io(z)|%vpdvolg = O}

is the umbilic locus. As the complement of % is an open dense set, if and for some stereographic
projection ¢, : R\ {p} — R3\ {p} is the inversion centered at p, the composition 7 o $:%\ Uz — R3
has zero mean-curvature, we deduce that ¢, o $: %\ & 1({p}) — R3 has vanishing mean-curvature.

As there exists no compact minimal surface in R3, the set 5_1({}9}) C X is non-empty, and the
minimal surface ¢, 0 ® : ¥\ @7 1({p}) — R3 is a complete minimal surface with finite total curvature

(by the conformal invariance of the Willmore energy). As ~1({p}) can contain branch points, the ends
of the dual minimal surface need not be embedded (as the inversions of any minimal surfaces with non-
embedded ends show). Finally, the assertion on the residues is a direct consequence of the correspondence
given by Theorem 3.8. O

We first recall a preliminary lemma from [18] (Theorem 3.1 p. 276). Our proof is much shorter.

Lemma 4.7. Let ® : ¥ — R3 be a branched Willmore surface, with branching divisor D = Y"" | 0o(p:)pi,
where p1,--- ,pm € X are distinct point and 0y > 1 are the multiplicities at the branch points, and
Do = p1 + -+ pm € Div(X). Then the meromorphic quartic form 2g has poles of order at most two
at each p;, fori=1,--- ,m, so it is a holomorphic section of the line bundle £ = Ké ® O0(2Dy), where
Ky is the canonical bundle of X.

Proof. In the case of zero residue, by [2] (Proposition 1.3 p. 265) for in some conformal chart D? — ¥,
we have

®(z) = Re (Ezgo + Bzfot! 4 C_"zgo_az‘g(’) + O(|z|%T27#) (4.11)

for some a < 6y — 1. In the worst case a = 6y — 1, a direct computation (see the next Lemma 4.8 for
more details) gives for some constants Ay, A; € C"

—

—0o
ho(z) = (A0z90—1 + Alzz) dz* + O(|z|%9).

Therefore as H = O(|z|'~%), hy = O(|z|%~1), we have
|H|?ho & ho = O(1),

and

., . . . 1 o%ns o = o =0p—1
2 =g ® (00hy ® hg — Oho @ Dhg) + Z|H|2h0 & Ry = —|2[27200 (A, A1) (0 — 1)2% 25—z

z
=0p—1 =0 =00 =00
e () (5) - (5) (05 oo ()

Lo dz 1
= (Ay, A1)00 (00 — 1)2—‘22 +0 ()

E

so the poles of Ho are of order at most 2. For 6y = 1, as we cannot neglect the residue, we also get in
general a pole of order at most 2, as the higher order of singularity of hg is

z
%fdzz
z
so the same computation applies. O
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Lemma 4.8. Let 5_3 D? = R" be a branched Willmore disk, of branch point of order 6y > 1 and second
residue such that r(®,0) < max {0,6y — 3}. Then

|2|°25 € L™ (D?) for all € > 0.

Proof. First assume that 6y > 3. Then we have (up to renormalisation)

- 2 S
B() = 5 Re (&) +O(="170), &= P (14 O()

. C e
H—M<ﬁ£9+0m4%>.

Therefore, we have as 2H = Agé

= 1 C 1 .
o (ach) = 5142 *Re <Z9023> +0(|2|"27%) = SRe (0222290*1) + O(|2]%0F279) = O(|2|fo+1-*)

Integrating yields by Proposition 6.5 (for some Ay Ay € Cc™)
825 = /Yozeo_l + Aq2% 4 Apzfotl 4 O(|z|90+2_5).
As @ is conformal, we have
0= (0.8, 0.8) = (Ao, Aoz~ + 2(dg, A1)z~ + (A1, Ay) + 2(Ag, A3) ) 22 + O[22 1),

Therefore, we have

This implies that
e = 20,8 = 2|Ap|?|z[*° "2 + 4Re (<ATO7 ,afl>z90590—1) +O(|2*%) = 2?72 (1 + 2Re (a02) + O(|2]?)) ,
and

200.) = 0D 4 a4 0(a).

Therefore, we get
Lo = 028 — 2(9.0)0.8 = (A — oA ) L1 4 (A’ — oA ) 2 4 O(|2]fo+1-e).
50 Z )0 1 0Ag 2 0A1
Therefore, we compute
Oho = 2(80 — 1) (A1 = a0 dy ) 272 + O(|2 1) = O(|21"~)
dho = O(|z|%~*)
d9hy = O(|z|% ).
Therefore, we have
Q(ho) = 00ho & ho — Oho & Bho = O(|2|~27%) x O(|2|" %) = O([2|"~17%) x O(|2[~17%) = O(|2[*0~*7*)

and as (|H|2 + \EO|3VP) fio @ ho = O(|2[2) and (H, Fig)? = O(|2|?), we have
. 1 4 - L Lo
25 =9 ®Q(ho) + (4|H|2 + |h0|%vp> ho @ ho + (H, ho)* = O(|2|7%),

and this concludes the proof of the Lemma (the cases 6y = 2 is similar, and the case 6y = 1 is trivial as
Q(hg) € L™ whenever ® is smooth). O
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The following theorem is a generalisation of the main Theorem of [18] (Theorem 1.1 p. 170), but it
uses the same exact proof.

Theorem 4.9. Let $:52 5 R3bea non-completely umbilic Willmore sphere with at most three branch
points. Then ® is the inversion of a minimal surface, and furthermore, ® is a true Willmore sphere if
and only if its dual minimal surface has zero-fluz.

Proof. If & : 2 — R3 has m distinct branch points p1, -+ ,Pm, Do =p1+ -+ + pm, and m < 3, then in
the chart z of 2, using the conformal group to fix the eventual poles of 2z in ay,az,a3 € C (where ay,
as and ag are mutually distinct) we can write

25 = f(2)dz*,
where for some \;, u; € C
> Ag > L
f(2) = ; oo +; kO

where g is holomorphic on C. Near z = co, 2z admits the expansion

1 1

Since 2z has no zero at z = oo, we deduce that

~ 1 1
For =% (%)
is holomorphic on C. In particular, if F(2) = (2 — a1)?(z — a2)?(z — a3)?f(z), we have

F (1) = Z%(l —a12)%(1 — ag2)*(1 — az2)*f <i) = 22(1 — a12)%(1 — a2)%(1 — as2)2f(2) = O(|2]?).
This shows that F' is holomorphic and bounded on C, which implies by Liouville theorem that F' is
constant, and therefore equal to 0 (as F(z) — 0 when |z] — 0). As true Willmore spheres have
vanishing residues, the correspondence 3.8 shows the last equivalence. In general, by the Riemann-Roch
theorem, if m > 4, the space of meromorphic four forms with poles of order at most 2 has positive
dimension so we cannot conclude that easily. O

Remark 4.10. In [18], Lamm and Nguyen show that the poles of 2z has zeroes of orders at most 2,
and they deduce in particular that 2z € H%(S? K§, ® 0(D')), where D' = 37" | 200 (p;)p;. As (see [4]
for notations and definitions)

deg(Ké ® 0(D')) = > 20p(p;) —8 <0
=1

whenever Z:ll 0o(p;) < 3, their proof shows that branched Willmore spheres with at most three branch
points whose total multiplicity is inferior to 3 are conformally minimal. However, we see that this
restriction on multiplicities was not necessary. Indeed, since 2 is also a section of £ = K gZ ® O(2Dy),
we have

deg(Z)=2m—-8<0
whenever m < 3.

As there exist minimal spheres with two ends and arbitrary large (in absolute value) total curvature,
there exists thereby Willmore spheres with less that two branch points of arbitrary large multiplicities
at branch points. This fact suggests that the theorem shall always hold true, as the holomorphy of the
quartic form only depends on the local expansion (4.11).
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4.3 Holomorphy of the Quartic Form for Blow-Ups of Immersions

Theorem 4.11. Let ¥ be a closed Riemann surface, {®)}ren C Imm(E, R™) be a sequence of Willmore
immersions and assume that the conformal class of { Py }ren stays within a compact subset of the Moduli
Space and that

sup W () < . (4.12)
keN

Let ‘500 : 3% — R”™ be the weak sequential limit of {(i;k}keN (up to the composition by suitable chosen
sequence of conformal transformations in the target and diffeomorphisms in the domain) and ¥; : S? —
R™, &; : S — R™ be the bubbles such that

(W (&) — 4nb;), (4.13)

Jim W(By) = W(See) + ) W(T:) + ,

p q
=1 j=

where §; = 0; = 90(5j,pj) > 1 is the multiplicity ofgj at some point p; € Ej(Sz) C R™. Furthermore,
assume that n = 3, or that the quartic form

— = =4 =d .= 1 — d g - 7
35 = gil ® (8(%0 ® hg — Ohg ®8h0) + <4|H2 + ho%;vp) ho ® ho
is holomorphic. Then the quartic forms of 500, U, and f_; are holomorphic.

Proof. Step 1: Holomorphy of the quartic form of the limiting immersion.
Take a complex chart z : B(0,2) C C — ¥ around a concentration p € ¥, and write
2z, = fre(2)dz*

for some holomorphic function f; : B(0,2) — C. Now, by [3] (Lemma VI.1 p. 117) we let {p},n C (0,1)
be such that p k—) 0 and
—00

Jimg tim sup [Villpa g (o) = 0

where Q () is the neck-region (see [3] Proposition III.1 p. 97) In particular, there exists a branched
Willmore disk @, : B(0,1) — R™ with at most a branch point of order 8y > 1 at 0 such that o), k*} o
— 00

in C! (B(0,1)\ {0}) (for all I € N). Furthermore, let f., : B(0,2) — C U {oc} be the meromorphic

loc
function (with at most a pole of order 2 at z = 0) such that

2z = foo(2)d2".

Thanks to the strong convergence, we deduce that { fy }, ) converges uniformly in all compact of B(0, 2)\
{0}. Now, as fi is holomorphic on B(0,2), we have by the maximum principle Schwarz lemma for all
z € B(0,1)

|fr ()] < 1 frllpee (s1)
Thanks to the strong convergence on B(0,2) \ {0}, we have

C =sup || filpoe(s1) < 00
keN
Furthermore, as f;(z) " foo(2) for all z € B(0,1) \ {0} we deduce that
— 00

|fo(2)] < C.

In particular, we have fo, € L>°(B(0,1)\ {0}), so by a classical removability criterion (which would only
need fo, € L%(B(0,1))), we deduce that f, is holomorphic.
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Step 2: Holomorphy of the quartic form of bubble; case of simple bubbles.
The bubble is given by

= -

Ty () = ) (Bi(pz) - B4(0))
for some 2, € 9B,-1,, (0). Now, we compute if z = ppw

0w (w) = pre (49, 8y (2)
0 Ur(w) = e D028, (2)
hy (w) =2 (8fui7k(w) -2 (aqu;k(w)) (8w\17k(w>)) duw®

= 9p2e () (6f<f’k(z) —2(9.0(2)) azciik) dw? = e EIRY (2)

— —

Hg (w) = e e (2r) (f)k(z)

k

Therefore, we have

-

H, ()1, (0) @ hg, (w) = |Hg (2)]hg, (2) & hg (2).
Therefore, we have (as all terms in 2z have the same scaling)
25, (w) =25 (2).
Now, writing
23 (2) =[5, (2)dz*
25, (w) = fg, (w)dw?,

we deduce as dz* = pidw? that for all z = pyw and |w| = a1,

pielg, (2) = fg, (w)
In other words, we have
z4fq;k (2) = w4f\131c (w). (4.14)

Now, as Z4f<i>’k (z) is holomorphic on B(0,1), the maximum principle implies that for all § < a < aq (for
some fixed small o > 0), we have for all z € 9B,-1,,

25, (2) < B

I3,

Loe (aBﬂ)

Therefore, thanks to both the strong convergence of {ék}k N and {@k}k N (to P in ClL.(B(0,1)\{0})
€ €
and W, in C!_(C) respectively), we have by (4.14) for all |w| =a ' and 0 < 8 < «

oy ()| < |

2 . 4.15

We know that fq;oo is holomorphic on B(0,1) by the preceding step. However, notice that f<f>oo trivially
has poles of order at most 2, so there exists a universal C' > 0 such that

8|

- < Cp? 0. 4.16
fq)‘x’HLoo(é)Bﬁ) = Cp Q) (4.16)

Therefore, (4.15) implies that for all [2| > o', we have



Therefore, by analytic continuation, we have fi = 0 identically on C, or 23 = 0 (which is equivalent
by Riemann-Roch to the homomorphy of Qd?oo)‘ Notice that the argument here does not need fq;oo be
holomorphic.

Step 3: Holomorphy of the quartic form of bubble; Case of multiple bubbles. Then there
exists N € N and for all ¢ € {1,---, N}, there exists N; € N and {x};}keN,{y,’;} C B(0,1) such that

zi — 0, and there exists for all j € {1,---,N;} some xzj C B(0,1) {p};}keN C (0,00) such that

k—o0

p}; k::o 0 and «p > 0 such that for all 0 < a < ag and k € N large enough (depending on «)

i (xfc/) =g forall i #1i.

k

By, ()N B

a~lp

Then the bubbles are defined for all 1 <7< N and 1 < j < N; by

7
Pk

N;
U :By-1\ U BQ(IZJIL)(O) —R"
j=1
2 s e M) (‘I_)’k(PZZ + ) — 5k($2)> '

where we can assume without loss of generality that

,J i
Ty — T

i

— a™ € B(0,1) \ {0}.
pk k—o00

Then the same computation of (4.14) shows that for all |w| = a™, if 2 = plw + 2%, we have
g, (2) = w4f\f,;;a' (w)

and the same argument using the maximum principle shows that 2z.; = 0, where (i;;sj k_) (i;ég in
w —00
Cloc(C\ Ujvzl {a*7}) (for all I € N).

Step 4: Conclusion. The proof carries immediately to the case of bubbles on bubbles by the
preceding analysis and this completes the proof (the argument is even more straightforward as these
bubbles occur as bubbles of spheres whose quartic form vanishes identically by the preceding argument).

O

Remark 13. Notice that the argument would still carry with poles of order at most 3 (see (4.16)), so
this justifies the heuristic given by Bryant in another context ([5]). However, the argument would clearly
break if 2z had poles of order at least 4. Notice that for ¥ = S? the argument is almost trivial as

\Q@ = 0 for all £ € N, so the strong convergence of {5k}keN and the bubbles outside of finitely many

points immediately implies that the quartic forms of q_;oo and <f>gg all vanish outside of finitely many
points, so vanish identically by the maximum principle.
4.4 Refined estimates for the Weingarten tensor

We now state our main theorem in full generality.

Theorem 4.12. Let 3 be a closed Riemann surface, n > 3 and ® X — 5" be a branched Willmore
surface, with branching divisor

Oo(p1)p1 + -+ + 00(Pm)Pm € Div(E).
Suppose that for all j € {1,--- ,m} whenever 1 < 6y(p;) < 3, the first residue Yo(p;) of ® vanishes

and whenever 0y(p;) > 2, the second residue 1;(p;) € {0,---,00(p;) — 1} satisfies r(p;) < o(p;) — 2.
Then the quartic differential 25 has poles of order at most 1 at branch point of order 0y > 4 and is in
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bounded in a neighbourhood of branch points of order 1 < 6y < 3. Furthermore, suppose further 2z is
meromorphic. Then

2y is holomorphic. (4.17)
In particular, if ¥ has genus zero, then 25 = 0, Y — 93 is the inverse stereographic projection of

a complete branched minimal surface in R® with finite total curvature. The dual minimal surface has
vanishing flux if and only if ® is a true Willmore sphere.

Proof. Part 1. Introduction. First, we recall that
~4Im (g—1 ® (ENHO + (H, R) ®5cf>)) - (*gdﬁ — 3y (dH)Y + % (ﬁ A dﬁ)) (4.18)
and
Im (g_1 ® (ENHO + (H , Ro) ®5<i>')) = Im (aﬁ +|H|208 + 297 @ (H, o) ®5<f>) . (4.19)

Taking some stereographic projection whose base point is not included in 5(2), we can suppose by the
conformal invariance of the Willmore energy that ® : ¥ — R™.

We fix some j € {1,--- ,m} and we choose some open U C X such that p; € U, and a conformal chart
z: U — D? C C such that z(p;) = 0. Therefore, we can suppose that $ : D? \ {0} — R™ is a Willmore

disk, with a branch point at 0 of order 6y = 6y(p;) > 1. We note that in particular d e (D2 )\ {0}),
so there will be no regularity issues in the application of Poincaré lemma.

As the first residue 4y = 9 (p;) is defined as in [2], we have
d <*gdﬁ — 3y (dH)N +%(H A dﬁ)) = 477 8o
where dp is the Dirac mass at 0 € D?, we have by (4.18) and (4.19)
dIm (g_l ® (ENEO + (H, ho) ®5<f>)) = —79000
Remark 4.13. If we take instead 9y as in our definition in (3.29), it is changed by a —4 factor.
In particular, the 1-form
Im (6H + |HP0® + 297" @ (H, ho) ® 8% + 7, 8log |z|)

is closed on D? \ {0} and has zero winding number (around 0), so it is exact and by Poincaré lemma,
and there exists a smooth function L : D?\ {0} — R" such that we have

dL = Im (aﬁ + |ﬁ|265 +27'® (I:_f, Ho) ® 0B + 7y dlog \z|) .

The canonical complex structure induced from C on D? = D?\ {0} yields a direct sum decomposition
of the C-vector space Q'(D?\ {0} ,C") of 1-differential forms with values in C" as

QY(p?,c™) = 9 (D2 cmy @ QO (D2 Cn). (4.20)
In other word, if z is the global complex coordinate, then
QO(p2,C") = QY(D?,C") N {w :w = Fdz, for some F ¢ CW(DE,C")} :
QOY(p2 cM) =0 (D2,CM) N {w :w = Fdz, for some F € C’OO(DE,(C")} .
As

& =0H + |H[>08 + 29~ @ (H, ho) ® 0B + 7, dlog || € Q19(D?\ {0}),
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and
ae V(D% {0}),
thanks to the decomposition
dL =L+ L € QM9(D? ") @ QD (D2, C")
we must have by the direct sum decomposition of Q'(D? C") in (4.20)
%0L = 0H + |H[?08 + 29~ @ (H, hy) @ 8 + 7, dlog |z|
and rearranging this expression, we obtain

-

0 (H = 2L+ log|2|) = ~|H[*08 — 29~ @ (H, ko) © 7. (4.21)

We now describe the strategy of the proof. In the following proof, we will first see that as variational
Willmore surfaces have second residue r(0) < max {6y — 2,0} that the quartic form admits poles of order
at most 1. Then, by using the meromorphy of 2z and the extensive computer-assisted computations of
[25], we will derive some special cancellations which will make the poles of order 1 vanish.

Part 2. Cancellation and conservation laws.
Step 1. First order expansion when 6, > 3.

As 7(0) < 0y — 2, there exists C; € C™ such that (by [2])

3 é .
H =Re <2901_2> + O(|z]3%¢). (4.22)

By [2], there exists Ay € C", which we normalise to verify
. 1
‘A0|2 = 2’

such that

0.8 = Ay 271+ 0(|2|"),
g = 12" (14 O(l2])) |d=P?,
7 C_:l 2—0p—
H =Re <290_2> + O(|z|77%79)

ho = O(]z|%~1).

(4.23)

The last estimate on kg comes from the fact that e=*hg € L>(D?) by [2]. Therefore, one has by (4.23)
|H 20,8+ 29" @ (H, ho) @ 8% = O(|z|>~%~2). (4.24)
As a result, we obtain by (4.23) and (4.21)

Here we see that we must suppose 6y > 3 to carry on the general computation. Then by Proposition 6.5
there exists Q@ € C>°(D?\ {0},C") N L?(D?,|z|%~!|dz|?) such that

0Q = —|H|?00 — 29~ @ (H, ho) @ 0
and

G =0(=p ).
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Therefore, we obtain
) (ﬁ — 2L + 7o log 2] — Q’) —0, on D2\ {0} (4.25)

and there exists C) € C™ such that (as 7(0) < 6y — 2)

= =

A 21+ Fylog 2| = o + @+ O(e*) = 2 + O(ef* %)
As H and L are real, one has
H + 9 log || = Re (;?;) + O(|z)>~%—#). (4.26)
and the equation (4.26) reduces to
H + 7y log|z| = Re (zfl_2> + O(|z|>~%~#). (4.27)

We shall keep in mind that the only important constants are ffj, éj, C_”j for 0 < j < 2, and that the other
are simply artefacts of the integrations, but do not play any role. This will become transparent when we
will obtain the expansion of hg with respect to {A;, C;}o<j<2 (we will actually show that By vanish).

We recall that by definition of the mean curvature,
A® = 49,0:P = 22 .
and an easy computation shows that for some oy € C, we have
e = |2[*72 (14 2Re (apz) + O(|2*9)) . (4.28)
Let us check this fact. The Liouville equation shows that
—AN = 2K, 4 27(0y — 1), (4.29)
where &y is the Dirac mass at 0 € D?. Therefore, the function u : D? — R defined by
2 = |z[2~2002A
satisfies the following Liouville equation
—Au =K, (4.30)

and as ® € W22(D?) for all p < oo, we have

1=
25| < ST e () 2(D?)

p<oo

so by a classical Calderén-Zygmund estimate, we have

we [ W2r(D?) c () Ch(D?).

p<oo a<l

In particular, we have

e () oo (D?).

a<l
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and the expansion (4.28) simply corresponds to the first order Taylor expansion of €%, as we know that
e?*(0) = 1 by the normalisation we made. Furthermore, as 6, > 3, the logarithm term is an error in
(4.27), so we have

o= (8z<f>) = % (6_"122‘90_1 +az90‘1z) + O(|z]P+1=2).
Therefore, for some Ay, Ay € C" (as Ay has already been defined in (4.23)), one obtains
9.® = Ap2%07t 4 A 200 4 Ayt 4 ﬁ@‘lzi’“ + écjlzzz“’f’* + O(|z|f+27), (4.31)
Here is the first crucial step of the proof. As P is conformal, we have
(0.9,0.9) =0,
and in the product, we see that we must neglect all term of order more than |z|??°*1. This yields

<8Z<f>, 825> = </T0, A}]>Z290_2 + 2<14’0, A1>Z290_1 + (<A’1, g1> + 2<A’0,14’2>> 2’200
1

S o 1 - =
+ 2—00<A0, C1)|z*% + Z<A0’ C1)220723% 4 O(|2)?%0+17¢), (4.32)

Therefore, we have

<g07j0> :07 <g07g1> :Oa <A}1)A’1>+2<A‘07A}2> =0
. — (4.33)
(Ao, C1) = (Ao, Ch) = 0.
Summing up, we have the following expansions
- o - - 1 = 1=
0:® = Agz% 1+ Ay 2% 4 Ayt 4 %01;;290 - §0129°_1§2 +O(|z|%127)
. G, - (4.34)
H :Re 260772 +O<‘Z| - 0_5).

We check that these expansions are consistent, as
5 1= 2292 & 1002100 (LA 001 L5 0p-1- 3—0p—¢
H= §Ag<1> =2e""0:P =227z chzz + ZCIZ zZ | +0O(|z| )

1/~ = C
=5 (Ciz* 4+ 1z ) £ O(J=*" ) = Re <9> +O(|a07),

In particular, by Proposition 6.2, we have i € W2>°(D?). We will see how this improvement of
regularity shows that the poles of the quartic form are of order at most 1.

Step 3. Removability of poles of order 2 of the quartic form 2.
We have e2* = 2(8.®, 9:®) so by (4.33)

e = 22 4 4Re ((Ao, A1)z"2% ) + 4Re (g, Ag)2?+12%071) + 2 Ay 2220 + P(|2[2")
— |[200-2 (1 +2Re (002 + a12%) + 2| A1 |2|[? + O(|z|3_5)) , (4.35)

where we defined

A

1)
2)

(4.36)

!

ag = (Ao,
Q1 = AO?

—~
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Therefore, we obtain

D.(e**) = (Bp — 1)2%722% =1 4 gy ag|2|?%0 2 + (By — 1)agz?0~22% + (g + 1)ay 220701

+ (B — Dagzfo—2z0%+1 1 20| A, |22 12% + O(|z[?0 %)

6o —1 z z2 o
= |2|?%0—2 ((Oz) + Opcg + (B — 1)0702 + (o + Dagz + (6 — 1)071% + 20| A1)%Z + O(|z|2€))

and

e = 272 (1 - agz — @7 + (0f — an) #° + (aa® — 1) 22 — 2 (|41 — Jaol?) 2 + O(12~2))
(4.37)

as
4 (Re (ap2))? = (apz + @02)? = ad2® + @2z + 2|ao/?|z|> = 2Re (ag2?) + 2|ao)?|2[?
Therefore, we obtain

2(0:2) = e720,(e*) = (1 - a0z — a0z + (af — o) 2% + (@? — 1) 2 = 2 (|A1] ~ [aol?) |21 + O(2*~%) ) x

+ pag + (B — l)oTog + (6o + 1)z + (0 — 1)anz + 20| A1|>Z + O(Izl“))

1 —
= . +ap + (2a1 —a%)z-ﬁ- (2|A1|2—|a0|2)5+0(‘z|2_8)-

SO

2(9,\) =

By — 1 ;
( — ) 4 a0+ (201 —a2) 2 + (2\A1|2 - \a0|2) z 4 0(|2*79). (4.38)

We finally come to the expansion of the Weingarten tensor First, we have
- o - - 1 = 1=~
azcl) = AQZGO_l + Alzao + A2290+1 + 47012290 + §01ZGO_1§2 + O(|Z|60+2_6) (439)
0

SO

(6o —1)
8

o - - - 1 = =
2B = (Ap — 1) Ag2?% 2 4 0 A1 2% + (g + 1) Ayz" + E01290 + C12%0722% 1 O(|z|% 1 79).

0

Then we have

- Og — 1 .
2(0:1) 0. = <( OZ ) +ag+ (201 — o) 2+ <2|A1|2 - Iao\z) zZ+ O(|Z|2—s)> "
1 - - 1 = 1=
(A0290—1+A1290 +A2290+1 +E012390 + 801’200_1Z2+O(|Z|00+2_8)>
0
— (0 — 1) Ap=2""2 + (B — 1) A1270 7" + (8 — 1) Aoz + %éﬁeo + U’%;l)azorzzz
0

+ apApz® ! 4 ag A1 2% + (204 — ad) Ag2? + (2|/T1|2 — |a0|2) A%z 4+ O(|z|% 2.

Therefore, we deduce that

(60 — 1)le 5252

- - o o . 1 =
2D — 2(0.0)0.D = (B = BAGz"7 2 + 09 A1277 1 + (B + 1) Ay2® + Eclz% + Z
0
o - - 0g—1) = 0p—1)=
— { Oy — 0<% 0T 4+ (00 - 1)A120071 + (00 — 1)142200 + ( 19 )01290 + ( 0 ) 1% 07222
0

+ aoffozeofl + aofflzaﬂ + (201 — ag)gozag + (2|[[1|2 - \a0|2> /Yozaf’lz} + O(\z|0°+175)
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(0o —2)

= (/Tl — <2|1‘T1|2 — |a0|2)goz> 2’90_1 + (214’2 — Oé()/T1 — (2041 — 048)14})) 290 — 10
0

Ciz% + O(|2|" )
Finally, we have

hio(2) = 2e220, (=249, 8)dz? = (afcﬁ - 2(azx)ach>) d2?

— — — — - — - 9 —_ 2 —
=2 <A1 — apdp — <2|A1|2 - |a0|2)A02) 2001 +2 (2A2 — apd; — (2&1 — 04(2))140) 200 — ( 0290 )Clzao
+ O(|z|0 1) (4.40)

We recall that the only (possibly) singular part of Bryant’s quartic form 2z when 6y > 2, is
Qo) = g™ @ (9o & g — Do & Do )
Using
(Ao, Ao) = (A, A1) = (4, (1) =0,
and the fact (already used in several places) that for any quadratic differential
aeT(Kp:,C")
such @ = Kfl (2) f2(z)d2?, where A € C" is fixed and f1, f2 : D? — C are holomorphic, we have
Q@) = (KK g~ @ (A5 fifo — FiT2- 1iT5) =0,
we obtain
QUfo) = (60— 1)(B — 2)(Ay, Cr) + O] ). (4.41)

so the poles of 2z are of order at most 1, and this extends Bryant’s theorem for variational branched
Willmore spheres with less than 7 branch points by Riemann-Roch theorem.

Remark 4.14. Notice that the quartic form would also be holomorphic with if /Tl = /Tg = 0 in the
expansion (4.39) of ®. In this case, no assumption is needed on the first or second residue (take any
inversion of a minimal surface as in the proof of Theorem 4.6). However, there are no analytic way to
have access to this harmonic part coming from integration of .

The end of the proof will be devoted to the derivation of the cancellation of (A1,Cy) = 0. We will
see that this fact is a direct consequence of the conservation laws.

Remark 4.15. One can wonder why we only obtain power functions, as ® is not smooth through the
branch point. However, the bootstrap procedure we have implemented in the first steps of shows we will
have only power functions in the expansion of H until we get to

—

. - E
0 (H 2L +%log|2|) =+ + = +0(:7).
for some E € C", which will make a logarithm term appear, and gives
H= -+ (2 Re (E) — *70) log |2| + O(]z]*79).

In the next expansions, as we only make products, integration of derivation of tensors, we see that the
only possible components in the Taylor expansion of ® are

2%%%log? |2| a,b€Z, peEN.
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In particular, no fractional powers of the type |z|o‘ for some a € (0,00) \ N may occur in the Taylor
expansion of <I> although the branched immersion $ is in general not smooth. As $ is continuous on
D2, terms of the type

Re (227°)

were excluded from the beginning, if a, 8 € R, a+ 5 € (0,00) and « ¢ Z or § ¢ Z, as the angle function
is not a well-defined continuous function on D?.

In particular, all errors of the type
O(lz]*"%)
for some a € Z could be replaced by
O(|z[*log” |2])
for some p € N sufficiently large enough, and more importantly, errors can be differentiated (and in-
tegrated by Proposition 6.5) as polynomials, in the following sense : for all F e {5, 8;;5,855, H, }_io},
if
F=Fy+0(z)
for some a € Z and some function Fy, rational in 2, z, and polynomial in log |z|, we have for all a, f € N

0202F = 0202Fy + O(|2[*~*#79),

Step 4. Conservation and cancellation laws for 6y > 4 : invariance by inversions.
We stress out the following remark.

From this point, we will need to use the computer-assisted proof from [25].
Let F'e C>(D?\ {0},C") such that
f=7; (8H’ +|H?08 +2¢7 " @ (H, ho) ®5<I3) —g ' (5@2 ® ho — 2(®, o) ®5<I3) = F(2)dz
where for all vector X € C™, we have
I5(X) = 82X — 2(8, X)d.

The conservation law associated to the invariance by inversions of the Willmore energy shows that
Im (5) is closed. Furthermore, as § is a C"-valued 1-form of type (1,0), there exists a smooth function
F € C>~(D?\ {0},R") such that

3 = F(2)dz. (4.42)
In particular, we have
df=05+03 = 0.F(2)dz Adz + 8:F (2)dz A dz = 0:F(2) dz A dz. (4.43)
Therefore, we have by (4.43)
0= dIm (f) = Im (dF) = Im (8:F(z) dz A dz) = —2Re (6%13(,2)) dzy A ds (4.44)

as

dz Ndz = (dzy — idxe) A (day + idxe) = 20 dxy A dxs.

Finally, we deduce from (4.42) and (4.44) that the 1-form Im (3) is closed if and only if

e (a;ﬁ(z)) —0, (4.45)
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Thanks to [25] ((2.4.7) p. 33), the coefficient } € C™ in

290+2
4.46
- (4.46)
in the Taylor expansion of .
Re (0:F(2)) =0,
is given by
. 4(0Rag® +20005° — 3a05°) Ag - Ay - 4 (0%00° + 200a0° — 3a0°) Ay - Ay
G- (an + 200 Oéo) 0 0A07 (0050 + 20p00 040) 0 0 ) (4.47)
90 90
Lo - 1
As (Ag, Ag) = 0 while |A4y|? = 5 we obtain by (4.47)
L 4(B3E0 + 200m0° — 305°) Ay - Ag— 2 =
G- 0 0%0” ~3a5") Ao - Aoz _ — 2 (02 + 20, — 3)ag® Ay (4.48)
bo to
2 -
= —e—(oo +3)(0p — Dag®Ag = 0. (4.49)
0

Now, as Ag # 0 by the very definition of a branch point of order 6y > 1, and 6y > 2 (as 6y > 4 in this
step), we thereby deduce that

= —

Qo = 2<A0,A1> =0

so we recover the previous result.
Step 5. Cancellation laws for 6, > 5.

We find in [25] ((2.5.1) p. 35 and (2.8.12 — 13) p. 62) that the fourth order expansion of the quartic
form is for 6y > 5

Dz = (6o — 1)(6 — 2)</L,6*1>d724 + {(90 —2)(0y — 3)(Ay, Ca) + 200(00 — 2)</12,61>}dz4
+ {(90 —3)(0p — 4)( Ay, C3) + 300 + 1)(6 — 2)( A3, Cr) + 6(Ao, As) (A1, Cr) + 2(60 — 1) (60 — 3)(Aa, (72>}de4

—6(00 — 2) (| 41241, Cr) — (A, Cu) (A, Ar) ) 2z

B00-2) (140 7 w1 7 Az A
- % (1G22, &) = (A, Cu) (A1, Gy ) 270220z + O(12f) (4.50)
0

If we suppose that 2 is meromorphic, then we obtain

[C1* (A1, Ar) = (A1, C1) (A4, Ch),
Remarking that is a linear system in ((A1, 1), (A1, A1), we can recast (4.51) as
A2 —(A1L,Cy) | [ (AL G
- =0. (4.52)
—(A1,C1) |G (A1, A1)
Thanks to Cauchy-Schwarz inequality, we obtain
‘A'll2 _<1I1761> YT =N
det = |A1| |Cl| - |<A1,Cl>| 2 0. (453)

—(4y,C) |G
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Therefore, if the determinant is positive, we obtain
(Ay,C1) =0,
and the holomorphy of the quartic form, and if the determinant vanishes,we obtain
ffl and 61 are proportional.

But in general this is not enough to conclude.
Step 6. Conclusion for 6, > 5.

From now on, we suppose thanks to (4.51) that

| A [2(Ay, Ch) = (Ay, Ci)(Ay, Ay).

(4.54)

By adopting the notations of step 3, we compute in [25] ((4.6.34 — 35) p. 156) that the coefficient in

L00+3
in
Re (%ﬁ(z)) =0
defined in (4.42) is equal, for some A1, Aa, A3 € C to

2(6y — 4)

*mmlﬁmh Ci)Ag + MAg+ AA1 + X341 =0

<,¢fo,[[0> = <1‘T0,1‘T1> = (jo,le) =0,

(4.55)

the vector Ay € C" \ {0} (as ® has a branch point of multiplicity 6y > 0, the vector Ay is non-zero by

definition) is linearly independent with Ay, A, and Ay, so (4.55) implies that

20— 4) 0 A
200 =Y 12, Gy = o.
93(90_3)| 117(41,C1) =0

As 0y > 5, we deduce that
| A1 (4, Cy) = 0.
Therefore, either A; = 0, or (/Tl, C_"1> = 0. As both alternatives show that
(A1, Ch) =0,
we are done as the quartic form admits the following Taylor expansion

25 = (0~ (0 — (1. Gy +0()

This concludes the proof of the case 8y > 5.
Step 7. Case 0y = 4. The reference here is [25] Section 6.1 and p. 230 and p. 236 mainly.

In this case, we can show that the fifth order expansion of the quartic form is the following

o o o d2?

(A, C) = =12 (|42 (A1, o) — (A1, Cu) (A, A ) zds
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(4.57)

(4.58)

T A 3 - - —=—=7*
(IGP{A A) = (A0, Co) (A1, Cr)) 2 22~ dz = (A1, C1)(Cr. Cr) - loge] + O(12l*).



Therefore, we obtain the additional relation

(A1,C1)(C1,C1) =0 (4.59)
and thanks to (4.53) and the following discussion, we have either
AL PICL? = (AL, )P > 0

and

or
|A1?|C? = [{A, Ch)* = 0.

—

Then if A7 = 0 or C; = 0, we are done as (A7, Cy) = 0, and otherwise, there exists A € C\ {0} such that

But this implies by (4.59) that

and as A # 0, we obtain
(A4;,C1) =0

and this concluded the proof of the case 6y = 4.

Step 8. Case 0y = 3. We refer here to the Section 6.2 p. 237 and more precisely to (6.2.19) p.
241 and (6.2.56) p. 281. In this case, we will check directly the holomorphy of the quartic form for true
Willmore disks.

Recall that the expansion (4.39) is valid for all 6y > 3 and yields
o - = - 1 = 1=
0:® = Aoz A2 4 Aot - Crzz™ + SCLa TR 4 01207
0
so taking 6y = 3 in this equation, we find

- - - - 1 = 1=
0,0 = Ap2® + A3 + Ayt + Eclzf’ + §01|z|4 +0(|2]°79) (4.60)

First, as for all §y > 3, we have H = O(|2[2>~%), and 9,® = O(|z|%~1), we deduce that

|H[?0,® = O(|z]>~%). (4.61)
Furthermore, we have
. R , . 164 14
ho =2 (Al - avo) 29071 d2% 4+ O(|2|%), H= 5,2?1*2 + §§T1*2 + O(|z]370%0#)

—

(H, ho) = (A1, )z dz + (A1, Cr) 2%~ 1220 dz 4+ O(|2]?) (4.62)
Now, as

82(5 — A’()ZQo—l + O(|Z‘00)7 62)\ _ |Z|200—2 +O(|Z|200—1)
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we trivially have

e POD = Ayt 4 O(|[>00e). (4.63)
Finally, by (4.62) and (4.63), we have

=

g7 @ (H, ho) @08 = (A, Cy) Ayz2~% dz + (A, Cy) Ayz2~% dz + O(|2]>)

so we obtain by (4.61) the equation
) (ﬁ — 2L + 7y log |z|) = —|H|?03 — 297! ® (H, ho) ® 0B (4.64)
(A}, )220 — oA, C))Agz2 0 + O(|2)P~%9). (4.65)
Taking 6y = 3 in (4.64) yields

o —d dz i
8(H—22L+7010g|z|) —2(A,,C))A o*—2<A1701>*+O(| 7%).

so for some Dy € C™, we have

H — 2L + Folog 2| = Dy — 4(41, C1) Aolog |2] — 2(41, Cr) Ao = + O(12[' =) (4.66)
Therefore, if we define
62 = Re (52) cR”
By = —2(4;,Cy) A, e " (4.67)
i =70 — 4Re ((41,C1) 4y ) e R"
we obtain by (4.66)
H =Re <Cl+§1> + Cy 4 71 1og |2 + O(|2]79). (4.68)

Now, we have

e = |z|?00—2 (1 +2Re (apz + a12”) + 2| A1 2|2 + O(|z|3_5>
= 2] + 2z + @222 + 1222 + a2t + 2141 P2 + O(|2779).
and recall the equation

- e .

To obtain a second order expansion of the right-hand side of (4.69), we only need to develop e2* up to
order 2, and we compute directly

2,1 16, 10, 1= 1= -
%H - 5(|z|4 + 02372 +agaEt + 0(\z|6)) = 5B + 55 % + Gy + 1 log 2] + O(|2]*—9)
1/1 4 1= 1= 1= .
=3 (201222 + 501z22+ §Blzz3 + 531z3z+ Colz|* + 71|2|* log | 2|

g = 1 = 1_ = 1=
i i01|z\4 + 500C12°7 + A Cr2z” + SaaChle|! + O(Iz5_5))

= 1( Cr272% + C1z Z+ = (31 +OéoC1> 228+ = (31 +a001) 2°Z+ (02 +Re)a001) |2|*

[\

57



T il log 2] + 0<|z|5-8>) (4.70)

Therefore, by (4.60), (4.69) and (4.70), and Proposition 6.5, there exists A3 € C™ such that

- - - - - 1/1 = 1= 1 /= - 1 /= =
82(13 = A()Z2 + A123 + A224 + A325 + 5 (601223 + 101|Z|4 + g (B1 +C¥70C1) 224 + 1 (Bl + aoCl) 2322

1/~ = o 1
+ 3 (CQ +Re (04001)) 227% + %2223 <1og |z| — 6> ) +0(]2]%79)
- - - - 1 = 1= 1 /> - 1 /= =
= A022 + A123 + A224 + A3Z5 + EClzig + §C1|Z|4 + TG (Bl +O¢7001> 254 + g (Bl + 0&001)
1 /4 = Y1\ 223, M1 o3 6—¢
+ 5 C2 4+ Re (apCh) — Y + e log |z] + O(|z|°~%). (4.71)

As @ is conformal, we have <8Z§, 6;5) = 0 and we compute easily by (4.71) that

L. Lo 1 -
0=(0.8,0.8) = (Ao, o)z + -+ + 3 (Ao, T1)2"2 log 2| + O(|2*~*)
S0
<E07E0> = <A'Oa'71> =0. (472)
Now, by (4.67), and (4.72), we have as |[1'0‘2 = %
0= (Ao, 1) = —(Ao, 7o + 2(A1, C1) Ag + 2( A1, A1) Ag) = — ((ffoﬁo) + (A, c*g) (4.73)

sp for a true Willmore disk, we have 45 = 0,a nd we deduce by (4.73) that
(A1, Cr) =0, (4.74)
proving the holomorphy of 2z at a true branch point of multiplicity 6y = 3, as

- o odt
g = 2<A17C1>7 +O(1).

Remark 4.16. It does not seem possible to remove this pole in general for branch points of multiplicity
0y = 3 and non-zero residue.

Step 9. Case 0y = 1,2. Then both residues vanish, so $ is smooth and 25 is holomorphic (see
Lemma [?] for a more general proof of this fact).

Part 3. Conclusion.

Now we suppose that 25 = 0 and n = 3. By Bryant’s theorem, some stereographic projection
7: 5%\ {p} — R3 makes the mean curvature of 7o ® : 3\ &1 ({p}) vanish identically.

As there does not exist compact minimal surfaces in R3, ®~1({p}) is not empty, and the same
reasoning as in [7] shows that the minimal surface 7o ® : 3\ ®~1({p}) is complete. The proof is almost
trivial, as a divergent sequence {qx},cy in X'\ ®~1({p}) must converge to some point of ®~1({p}), but
this implies as ® is continuous that (I;(qk) —peSPask— 00,8070 @(qk) — o0 in R3.

By the conformal invariance of the Willmore energy, o ® has finite total curvature, but it can have
interior branch points. O

Finally, we expand on Remark 4.15 to stress out that although branched Willmore spheres are not in

general smooth through their branch points, they nevertheless always admit in their Taylor expansion
only integer powers of z,Z and log |z|.

58



Corollary 4.17. Let n > 3, and & € CO(D2,R")NC>(D2\ {0}, R") be a Willmore disk, with a unique
branch point located at 0 of multiplicity 6g > 1. Then there exists Ag € C™ \ {0} such that

®(z) = Re (10200) +0 (|z|90+1 log |2|)
and for all m > 6y + 1, there exists
{/Yk,h,, k€L, Gp+1<k+1<m, pe N} C (Cn)ZxExN
and pmy, € N such that
O(z) =Re | Aoz + > Ay p2"7 log? |z] | + O (|2 logP™ |2]) , (4.75)
k,l,p

where the /Tk,hp € C" are almost all zero, that is, all but finitely many.

Remark 4.18. The proof of the main Theorem 4.12 gives in particular an algorithm to compute all the
coefficients in the Taylor expansion of a branched Willmore surface, which was implemented in [25].

5 Willmore spheres in S*

5.1 Removability of the poles of the meromorphic differentials

We fix a closed Riemann surface ¥. We recall that we defined in Section 3 for immersions ® : ¥ — $4
on CO the C-extension of the Lorentzian metric h on R® defined by

h = —da? + do? + dok + do? + do + do?,

which permitted to define the section ¢z € T((TZ'E)* ® C°) defined by

for all £ € D(TYY). As TS decomposes as
TS = (TV2) 00 @ (T S) 0D = v o r

according to the eigenspaces of the almost complex structure J corresponding to the eigenvalues ¢ and
—i, this permits to identify the holomorphic line bundle structure on TYY with A4 = (TYS)10). In
particular, we also have a decomposition

wtﬁ _ wgﬂ) + 1/)55071) _ wgvo) + 1/}((13170)

where wg’o) € I(A™* ® CY) (resp. wg)’l) € (4" @ C5)), which simply means that w((fl’o) vanishes on
A (resp. on .4, so defines a section of A ® C8 (resp. .4 ® C%). For notational convenience, we shall

write U = wg’o). The pseudo Gauss map ¢ : ¥ — P41 is then defined as & = [¥], where P! is the
indefinite complex projective plane, defined by

P =P n{[Z]:(Z,Z), > 0}.

We remark that the indefinite Hermitian product (-, =)y : #/™* ® /" = C furnishes a non-vanishing
section of A ™* ® 7*, which makes this line bundle holomorphically trivial. In [27], the three following
sections are introduced

Ty = (020,00), e N(KE@ N @ )
25 = 20°V,%0), e T(Ki @ N 0@ F) (5.1)
Oz = (9°0,0°0), @ (9°0,0°0) e T(KS @ N * @ N @ N @ N ).
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where we noted for simplicity of notation 9 = 9" and 9 = 9" the operators defined in (3.1) (this
shall not imply any confusion, as we will only deal with normal sections in this section). Let us recall a
useful lemma from [27].

Lemma 5.1 (Montiel, [27], (17), (18), (19), p. 4478). Let & : & — S* be a Willmore surface. Then we

have
075 =0
025 =KVg® T3 (5.2)
003 =29 ® T

where KN = RN (¢,, e, €, E) is the normal curvature (where & € T'(A) is any section such that || = 1)
and where 9 € T(K3 @ K, @ /* @ A4 ) is a non-zero section.

In particular, we see that 25 and Og are not holomorphic in general if the genus of ¥ is not zero.

This is not by chance that to denote Montiel’s quartic form, we used the same notations as Bryant’s
quartic form, as the object of the next proposition is to show that they virtually coincide, an that the
form O of degree 8 enjoys a similar “null structure”.

Theorem 5.2. Let @ : Y — S* be a smooth immersion. Then we have
_ N~ . - o _N= 1 .
2;=g'® (8N8Nho &ho—0VFo ® aNho) + 3 (U o & Fo

_ 1, N=N» - NeN= e 1, N e N “N- . —=No
Os=g%® {4(8N8Nho ©0V9" ho) ® (B @ hio) + 7 (0o © Vo) © (0" o @3 F)

- %(aNéNﬁo 2N ho) @ (3" ho & ho) — %(aNéNﬁo ®3" ko) ® (0N ho & ho) + %(aNéNﬁo & ho) ® (0" ho ®aNﬁo)}
]_ =2 —1 1 N—N—» = - . o N7 = —N = . o ]_ N7 . =N = - R
+1(1+‘H| )g ®{§(8 d ho®ho)®(ho®ho)7(a h0®h0)®(8 h0®h0)+§(a ho ® 0 ho)@(ho@ho)}

1 S o2 7 . o2
+ 2 (L+[H*)" (ho&ho)”. (5.3)

Proof. For the sake of simplicity of notations, we will write 0 (resp. ) instead of 9" (resp.
EN) We take some conformal chart z such that we have a local orthonormal frame (7, 72) of the normal
bundle. If J is the almost complex structure introduced in Section 3, we recall that Jri; = —7is. In
particular, defining

(ﬁ1+iﬁ2)7 €y = (ﬁl—iﬁ2)7

™y

1 1
2 V2
then as Té\’ Y. splits in

e =wNaoN,

where .4 (resp. A) is the eigenspace of J associated to the eigenvalue i (resp. —i), and the eigenvector
vector €1 (resp. €) is a local trivialisation of .4 (resp. /), and for all section F' € I'(TY'Y), we shall
adopt the notational convention

F=F'¢, + F?&.
Note that (€1, ) is an orthonormal basis of TS for the Hermitian product (-, ™), which implies that
(€1,€1) = (€a,€3) =0, (€1,ér) =1

so in particular, we have (if G = G1€7 + G2é5 is a normal section)

(F,F)=2F'F?, (F,G)=F'G*+ F*G". (5.4)
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We write
ho = h' @ +h?&, Ohg=h'& +h?@&, Ohy=hié +hié, 00hy=hlsé +h’é.

Then we recall that for all £, 7 € DT,

2

- e T o o S
<V8zvazw7vazv8zw>h(§vn) = 7 (<V(]ﬂ\ivé\iH7 §><H0777> - <v]8\iH? ><v18\£H07n>)
e NoN 7 =2\/7. 2 N 7 =\ /oN 77 2 et oo 712
+ S ((VELVAH ) (Ho. & — (VA H, ) (V. Ho,&)) + - (Ho, Ho)(1 + |HP)
1 L L L e L L.
= 5971 ® {<53h0,5> ® (ho, 1j) + (00ho, 1) ® (ho, &) — (Oho, &) ® (Oho, 1) — (Oho, Tf) ® <5h07§>}

£ L+ AP) (oo, &) © (o,
Furthermore, we note that
(F, e\ (G, &) + (F,&)(G, &) = F?°G* + F'G* = (F,G).
Therefore we deduce that (as g = ¥ + V)
Qg = 2(0%V,0°V) = 2(0*, 9*P)n(€1, é)
= g7 @ (00 & o — o Do) + 1 (14+1AP) Fo& o,

so this justifies the introduction of the factor 2 in the definition of 2, as we recover the same expression
of Bryant’s quartic form, virtually extended to immersions in S*. Then we have

Og = (0°0,0°0) @ (0°T,0°0) = (0%, 0%) (€1, €1) ® (0%, 9*) (€2, €2)
= <e2>‘ (hish' — hinL) + i(l + ﬁ|2)(h1)2) <62A (h2sh* — h2h2) + 3(1 + |ﬁ|2)(h2)2> dz®
= e~ (hzh2:hh? + hihih2hZ — hish'h2h? — h2h?hih)

1

S 1 -
+70+ |H|?)e 2*{(h1)2 (h2zh* — h2h2) + (h*)? (hlzh' — hlhl) } + — (14 [H|*)*(h'h?)?

16
1 - 1 — —_ - Lo
=e N + 1(1 + |H|*)e M (I1) + 674(1 + [H[*)*(ho @ ho) @ (ho @ ho) (5.5)
1. . .
with evident definitions of (I) and (II), as h'h? = §h0 ® ho by (5.4). We compute
(W22 = B202) = KR (W2 4+ h2hs) — WhL) — HA2hth2
= %(EO @ ho) @ (80ho @ ho) — (h?)?hLh' — h*h2hh2.
o
(h')?(h2:h? — h2hZ) + (h?)?(hizh' — hihl) = %(EO & ho) ® (90ho & ho) — h*h2h*h2 — h2hlh2hL
and
h*h2hh2 + h®hih®he = ((W'h2 + h*hz) — B2he)h' B2 + ((h*hz + h'h2) — h'h2)h*h;
-, = 1 - .-
= (ho ©0ho)(h'hZ + h*hz) — F(ho® ho)(hzh? + h2hs)
P —7 4 1 - . == - . =
= (8h0 ® ho) ® (8h0 & h()) — 5(8]10 ® 0hgy) ® (h() &® ho).
We deduce that

(8ho € Bho) ® (ho & ho). (5.6)

1o i T
(I1) = 5(85% ®ho) @ (ho ® ho) + (Oho ® ho) ® (Oho ® ho) — 3
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The idea here is to make circular permutations to obtain non circular computations. The first two terms

already have the good algebraic structure as
172 3172 12712 _ Loomy o oo N Loz oar a7 S AL
@ﬂﬁhh+hﬂﬁg§:Z@mm®&%@®Um®mo+zwm@@my®wm®am)
Then we have

Rl h'h2h2 = ((hlsh? + h2hl) — K2.hL)h he = (0Dho & Oho)h'h2 — h2hlh'h2

h2-h?hihl = (98ho & Oho)h?hi — hl-h2h2hL
therefore
hL_h'h2h2 + h2_h2hlhL = (88ho & Ohg)(Dho @ ho) — h2-hEh'h2 — hl h?h?hi.
Then
Zshin'h2 = ((h2zh" + hizh®) — hizh®)hihZ = (90ho & ho)hih — hizh*hihZ
hih2h2ht = (88ho & ho)h2ht — h2 h*h2hi
SO

h2hihth2 + hizh2h2ht = (88ho & ho) @ (Oho @ Dho) — hizh®hih2 — 2R h2ht.

zZz "z zz "z
We are almost done, as
hl-h?hlh2 = (88ho & Dho)h?hl — h2.hih?h}
h2_h'h2ht = (88ho & Oho)h'h? — hlshZh'h2,
SO
hL_h2hihZ + B2 h'h2hi = (90ho & Dho) ® (8ho @ ho) — (hizh*h2hZ + h2 h2hlhl)

and we recognize the left-hand side of (5.8). Taking the signs in account, we have

1, o o S I, L.
hlh'h2h2 + h2h?hlnt = 5(00ho @ Oho) @ (Oho & ho) + 5(90ho ® Oho) ® (Oho @ ho)
1 — = = - . —_—
- 5(33% ® ho) ® (Oho @ Ohg).
Therefore, we have

(1) = hLAZRA2 4 BER2HERZ — (WRMR2R2 + h2h2hihY)
= i(agﬁo © 0dhy) @ (ho © ho) + i(aﬁo ® Oho) ® (Oho & Ohy)
— (@B & 0lo) @ @y & o) — 3 (00T & D) @ (9 @ o)
+ %(0550 ® ho) ® (Oho @ Ohy)

so putting together (5.5), (5.6), (5.12), we obtain the expression announced in the proposition.

(5.7)

(5.10)

(5.11)

(5.12)

O

Suppose one moment that ¥ has genus 0, and that the immersion 92 5 Stis smooth, as T is

holomorphic, and A4™* ® s holomorphically trivial, we have

Ty e HU(KS @ /@)~ HY(K2.)

soas K gg is a negative bundle, we deduce that 73 = 0, so by 5.2 the sections 25 and &z are holomorphic,

so they also vanish by the same remark on A4 ® .
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We can easily compute (see [27], Remark 5)
Ty=g'® (ENEO & Jﬁo) —gle (5}1’0 ®J}'«ZO) :

where J is the almost complex structure defined in section 3. As at a branch point p € S? of multiplicity
6y > 1, for some complex coordinate z : D? — S? sending 0 to p, we have a priori the estimates

ho = O(|2|%7Y), e = 2272 (14 O(|z])),
which implies that

Ty = O[>~ [2/%=]z|%~1) = O(|2| 7).

This shows that 7 has poles order of at most 1. Therefore, 7z is a meromorphic three-form will poles of

order at most 1 at branch points. Provided that ® has m < 5 branch points, by Riemann-Roch theorem
(see the proof of Theorem 4.9) implies .7z = 0, and that 2 and O are meromorphic. Now, we have
the following result.

Theorem 5.3. Let & : $2 — S* be a branched Willmore sphere and assume that & has at most 5 branch
points. Then the quartic form 2g and Og are meromorphic, 2z has poles of order at most 2 at branch

points, and Og has poles of order at most 4 at branch points. In particular, if ® has at most 3 branch

point, d is either conformal minimal in R*, or the image by the Penrose projection of an algebraic curve
of CP3.

Proof. By Lemma 4.7, we only need to check that 0 has poles of order at most 4. This estimate is
immediate since

g1 = O(|zf*~2") Ok = O0(2|"?)
H =0(z") 3Ry = 0(z%?)
fio = 0(z|%") oND" o = O(|2|%3)

Now using the expression (5.3) and, we directly deduce that
O = O(|2"=19) x O(|2|*0=%) + O(|22~2%) - O(|2[2~2%0) - O(|=[*0=5) 4+ O(|[*=4%) . O(|2[*0=4) = O(|2| ).

Then the result follows by the Riemann-Roch theorem of the Liouville theorem if ® has at most 3 branch
points. In this case, we can write in the chart z on 52

Oz = f(2)d=°,

where for some a1,a2,a3 € Cand \; ; € C

3 3

1
> o+ 0w ()

=1 j=0

In particular, the function F(2) = (z — a1)*(z — a2)*(z — a3)*f(2) is a holomorphic function that is
bounded and satisfies F'(z2) — 0, which implies by the Liouville theorem that F' = 0 and &z = 0.

|z| =00
The conclusion of the theorem follows by Montiel’s classification. O

Remark 5.4. Since the poles of the degree 8 form &z have order at most 4, the exact same proof as
Theorem 4.11 implies Theorem D’.

We now come back to the general case where ¥ is an arbitrary closed Riemann surface. By (5.2),
we only know that 7z is meromorphic, so £z and O are not even meromorphic, and we cannot get a
partial result on the classification.

Now assume that ® satisfies the criterion of the hypothesis of Theorem E’.
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Taking a stereographic projection S* — R* of & of centre outside of 5(2) C S%, by conformal
invariance of Willmore energy, we can see ® as a Willmore immersion ¥ — R4, If p € X is a branch point
of ® of multiplicity 6y > 3, there exists by the proof of Theorem 4.12. a complex coordinate z : D? — S2
sending 0 to p such that for some A € C™, we have

ho = A1z + O(|z|% ) (5.13)

for all ¢ > 0 (we only need the first upper regularity at branch points for the holomorphy of .7%). In
particular, we deduce that

Oho = O(|z|7~17%) (5.14)
and as by definition of a branch point of multiplicity 6y > 2, there exists A > 0 such that
g = €edz|? = Az 72 (14 O(|2]) d=/?
we deduce by by (5.13) and (5.14) that
Ts=g'® (5}20 @Jﬁo) —O(|2|™%)  forall £ > 0. (5.15)

T is holomorphic everywhere on 2(D?) by a classical singularity removability result.

Therefore, we have established the following.

Proposition 5.5. Let 3 be a closed Riemann surface, and d: % — S* be a branched Willmore surface
satisfying the hypothesis of Theorem E'. The 3-form T defined by

Ty=9"'® (Eﬁo ® Jﬁo) (5.16)

is a holomorphic section of K3. In particular, if ¥ has genus 0, then Tz vanishes and the respectively
4-forms and 8-forms 2g and Oy defined in are meromorphic.

Theorem 5.6. Let ¥ be a closed Riemann surface, d: ¥ — S* be a branched Willmore surface such
that for all p € ¥ the first and second residue Yo(p) and r(p) satisfy

Yo(p) =0 if 1< 6h(p) <3
r(p) < 0o(p) — 2 if 0o(p) > 4.

If the cubic form Ty vanishes, the respectively quartic and octic forms 2g and Oy are holomorphic. In
particular, if ¥ has genus 0, then the respectively cubic, quartic and octic holomorphic differentials T3,
2z, and Oz vanish identically.

Proof. If T3 = 0, then 2z and O are meromorphic. Then, Theorem 4.12 applies and shows that 2z
is holomorphic.

To see that Oy is holomorphic is a bit more delicate and is the object of Chapter 5 in [25] (p.
157 —174). Notice also that this octic differential is holomorphic once 25 and 24 are holomorphic. []

We now recall one of Montiel’s main theorem of [27].

Theorem 5.7 (Montiel). Let d : % — S* be a Willmore sphere, and 4 : £ — CP*! be its pseudo
Gauss map. Then & is meromorphic, of anti-holomorphic, or lies in a null totally geodesic complex
hypersurface of the null quadric @31 C CP*', defined by

Q> =CP""' n{[Z2]:(Z,Z), =0}. (5.17)
In the third case, the condition is equivalent to the following assertion : there exists a null vector

p € R such that <wé’1’0),q> = 0. Up to scaling, we have ¢ = —(a + p) for some p € S* and a =
(1,0,---,0) € R® and this is equivalent to

-, =

(,€) (1- (8,0) - (&,0) =0,
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for all 5 € TXS. Therefore, we have

N

PR
1- <(I)7p>

but this exactly means that the mean curvature of 7,0 ® : $2\ ®~1({p}) = R* (where 7, : S\ {p} — R*
is the stereographic projection based in p) vanishes identically. In particular the dual minimal surface
is complete and has finite total curvature by the conformal invariance of the Willmore energy, and
furthermore, has zero flux if and only d is a true Willmore sphere by Theorem 3.8. However, the number
of ends of the dual minimal surface is not given easily thanks to the more complicated relationship
between the order of branch points of minimal surfaces and the multiplicities appearing in the Jorge-
Meeks formula. Nevertheless, the Willmore energy is still quantized by 47 for Willmore spheres in these
class. We shall see shortly that his phenomenon is valid for all Willmore spheres.

5.2 Twistor constructions

We refer to [6] for references on the material introduced here. Let H be the real division algebra of
quaternions. A convenient notation is to write every quaternion as ¢ = zg + jz1, where zp, 21 € C, and
7 € H is such that

P=-1 2=

for all z € C. For all ¥ € H?\ {0}, let 7C and 7H the complex line and quaternion line associated to 7.
As the preceding definition of H makes it a C-vector space, where C acts on H by right multiplication,
we can view ¥C C #H. Identifying H? with C* thanks to the map ¢ : C* — H?, such that for all
z = (20,21, 22,23) € C*

o(2) = (20 + j21, 22 + j23),
the map

H?\ {0} — HP* = P(H) (5.18)
7C— 7H '

induced a well-defined map 7' : CP? — HP!, which is nothing else than the Penrose fibration. As
T~Y(¥H) is equal to the complex lines of 7H ~ C?2, the fibres are bi-holomorphic to CP!, and it is
proved in [6] that this map is a surjective submersion, so we obtain a fibration

cp! —— CP?

|r

HP!.
Then for all smooth immersion & : & — 54, we can define a section
D NEeD(N* @Ky @ A2CY)

the class of this section in CP? is the Penrose lifting ﬁf) : ¥ — CP?. Actually, by the Veronese embedding
CP? = CPY = P(A2C®), one can check that we obtain a map fq; : ¥ — CP3, as the special expansion of

® at branch points first proved in [2] shows that 4 is well-defined at branch points. This phenomenon
is very similar to minimal surfaces in Euclidean spaces. We recall the following theorem of Montiel.

Theorem 5.8. The holomorphic locus (resp. anti-holomorphic) of the pseudo Gauss map %:I; DI
CP%! and of Penrose lifting fq; : CP' — CP? of a conformal immersion d: 52— 54 qre equal.
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Therefore, by Theorem 5.7, we can assume up to replacing 3 by —5, that ¢ : ¥ — CP%! is
holomorphic. To be able to conclude, we need to prove that whenever the Penrose lifting I'g : ¥ — CP3
of a branched Willmore sphere $: ¥ — HP' is holomorphic (a condition equivalent to the holomorphy
of the pseudo Gauss map), then the following diagram commutes

_y ¢, ops

NI

HP!

where we identified S* with HP!. Indeed, the long exact sequence of homotopy derived from (5.18)
show that HP! is simply connected, while it is proved in [6] that HP* can be equipped with a metric of
constant sectional curvature 1, so is isometric to S* by a classical theorem of Riemannian geometry. As
the commutativity of this diagram is also proved in the aforementioned paper, we are done.

As fq; : ¥ — CP? is holomorphic, by a theorem of Chow ([10]), its image is an algebraic curve, and
its projection in S* through the Penrose fibration is an algebraic surface in S4 which coincides with the
original Willmore sphere ® : S? — S4. Therefore we have proved the following.

Theorem 5.9. Let ¥ be a closed Riemann surface and ®: % — S* be a branched Willmore surface such
that p € ¥ the first and second residue Yo(p) and r(p) satisfy

Yo(p) =0 if 1< 6o(p) <3
r(p) < 0o(p) — 2 if Oo(p) > 4.

Then Ty is holomorphic, and if Ty = 0, then the meromorphic 4 and 8-forms 2z and Og are holo-
morphic. If 73 = 25 = Og = 0, the pseudo Gauss map & : ¥ — CP4! of d is either holomorphic or
anti-holomorphic, or lies in a null totally geodesic hypersurface of the null quadric Q> C CP*'. In the
first case, d is the image by the Penrose twistor fibration of a (singular) algebraic curve C C CP?, and
in the other case, & is the inverse stereographic projection of a complete (branched) minimal surface with
finite total curvature in R* and zero flux. Furthermore, the two possibilities coincide if and only if the
algebraic curve C C CP3 lies in some hypersurface H ~ CP? C CP3. In particular, the hypothesis are
always satisfied for a Willmore sphere.

Furthermore, let us note that for a Willmore sphere ® : $2 — $* which is the Penrose twistor
projection of an algebraic curve of CP? of degree d, we have

W(®) = / (1+|H|?)dvol, = 4nd,
S2
while for inverse stereographic projections of minimal surfaces, the energy is also quantized by 47 thanks
to the Jorge-Meeks formula (see [15] and the preceding section, as this formula is valid in any codimen-
sion). For a more detailed discussion on the minimizers of the Willmore energy for spheres in S* with
respect to the regular homotopy class, we refer to the paper of Montiel [27], and for a formula relating the

degree of the dual algebraic curve with geometric invariants, we refer to the Pliicker formula presented
in the book of Griffiths and Harris ([12]).

6 Appendix

6.1 Almost-harmonic equation and approximate parametrix of d operator

Lemma 6.1. Let X be closed Riemann surface, n > 3, and ® .Y — R" be a smooth immersion. Then
its Gauss map 7 : X — 4, _o(R"™) satisfies the following almost-harmonic equation

Agii + |dii27 = 8 g7 @ Tm (* (5H A a@)) 1 2ixg %@ (ﬁo A Ho) . (6.1)
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Proof. As i = 2ie=?* x (€5 A €,) we have
Vol = 2i0, (™) % (Ex A &,) + i * (ﬁ NE, + & A ﬁo) +2ie™ % (8 A V] &)
= 29, (e + i x (ﬁ A&, +E A ﬁo) + e, ()it
= ix (ﬁAéz +€3Aﬁ0)
VoVo.i =ix(VooH A& + H AVa&, + Vos A Hy+é A VaHp) (6.2)

Then we compute

therefore
Vo H NG, =0H NE, — |H[?E: N &, (6.3)
e2)
Then as Vg_é€, = 7H’ we have
HAVyE, = (6.4)
Now we obtain
. e = . .
Voés A Hy = 7HO A Hy + e 2205(e**)éz A Hy (6.5)

Then
&z AN Vo Hy = e 0z(e7) )&z A Ho + 2¢= 2 A VY (I(€.,.)) + &= A V,_Ho
2z(e=2M ez A Ho + &= AOH — |Hy|*ez N e, (6.6)

Finally, we obtain by (6.2), (6.3), (6.4), (6.5), (6.6)

g

6.
S > A G Gon . 7 —2X 20\ > A 77
v(‘j?Van’L*(ez/\aHH| eg/\€z+7H0/\H0+6 55(6 )62/\H0

+ e 0z(e7 e A Hy + &z A OH — |Ho|?e: A €Z>

2 2

- _%(uﬁm2 + | Hol?)f + 2Tm (* (5ﬁA 5)) + %i* (Ho A Hy)
as
|[Hol? = |H|” = Ky + Kn
and
2 = 4|H? - 2K, + 2K,
we obtain

. " - 1= Lo
(2 + | Hol? = 22 = K,y + K = S T2 = 5|dil3

therefore as
Aii + | i = 8¢~ Im (* (5ﬁ A éz)) +2i % (Ho A Hp).

which is the expected almost harmonic equation. In particular, we see that for n = 3, ® has constant
mean curvature if and only if hg is holomorphic, and by (6.1) this is equivalent to the harmonicity of
7 : ¥ — S2. Finally, we note that the equation is indeed real, as for any complex vector

iw A0 = i(Rew — ilm @) A (Rew + ilm ) = —2Re 1 A Im &

and this concludes the proof. O
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Proposition 6.2. Let n >3, ® € C°°(D2\ {0} ,R") be a branched Willmore disk with a unique branch
point at zero of multiplicity 6y > 3. If we have for some Cy € C™ \ {0} and some o < 0y — 2

7~ Re (S;) +O(2] )

for all e > 0, if 1 is the unit normal of <I_5, we have
i € CHY(D?,9,_»(R™)). (6.7)

Proof. As the regularity can only increase as « decreases, we suppose that o = 6y — 2. Therefore, there
exists C; € C™ such that

. Cy oo
H:Re <Z‘90_2> +O(‘Z|3 to E). (68)
By the almost-harmonic equation satisfied by the unit normal 77 in Lemma 6.1 of the appendix, we obtain
A7 + |Vl = 8Tm (* (51? A aé)) + 2% (M A M Hp). (6.9)

Now, by Codazzi’s identity, we have

p——

7V ho =g 0VNH = g® 0l + |H|? g ® 03 + (H, h) ® 9. (6.10)

Furthermore, we easily compute that

E——

3 ho = —|hol2 pg® 0B — (H, ko) @ 08 = — (|Hr\2 - Kg> 9© 0% — (H, hy) © 9 (6.11)
$0
9"V ho = Bho — 8 ho = Bho + (|Hr|2 - Kg) 9©® 03 + (H, hy) © 3. (6.12)
Putting together (6.10) and (6.12), we get
Oho =g ® 0H + (K,) g © 0P. (6.13)
Recalling that for e?* = |2]2720¢2} we have
—Au =K, € L*(D?)
we deduce that

(Ky) g ® 0% = O(z" )

while by
- (6o —2) dz _
O = — 25— s + O™,
Therefore, we deduce as e?* = |z|2%0=2(1 4+ O(|z|)) that
dho = O(|2"1) (6.14)

so by Proposition 6.5, there exists 517 A, € C" such that

ho = Dpz%72dz% + Ay 2% dz? + O(|z|%). (6.15)

However, as we saw in the beginning of the proof of Theorem 4.12 that sy = O(]z|%~1), so

—

Dy = 0. (6.16)
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Indeed, by the definition of branch points we have for some Ay € C™ \ {0} the expansions

B(z) = Re (/Tozf’o) +O(]2]% )

0y — 1)

2.0 = =V 4 oq

z
SO

ho

2 (aﬁé - 2(8z)\)82<5) dz?

Il
)

2
O(|z|"h).

z

and by (6.15), we obtain the expansion
ho = A12%71 + 0(|2|™)
As ho = O(|z|%~1), we have e*H, € L>®(D?), and
0H = O(|z|'~"),
S0
OH A 0D € L=(D?),
while Vit € LP(D?) for all p < 0o (as ® € W2P(D?) for all p < c0), we have

Aiie () LP(D?)
p<oo
and by standard Calderén-Zygmund estimates, one has

ie () W(D?).

p<oo

(B =Danmz (L=l y o) (La-2 0l ) ) do +0(af )

(6.17)

(6.18)

In particular, Vii € L>°(D?) (this was already proved in [2]), so reinserting this information in (6.9), we

obtain
Afi € L®(D?),
and
V2ii € BMO(D?).
Finally, we deduce immediately from (6.20) that

G e () WP(D?) — [ C2(D?).

p<oo a<l

We will now prove the extra regularity
it e CVY(D?).
Indeed, if 7 : D> — A"2R" is the Gauss map of ®, then by the Lemma 6.1, we deduce that
D7t =i * (ﬁAaz§+6;§Aﬁ0)
S0

8277,:@'*(8ZﬁAaz§+ﬁAﬁf<f>+8fZ<f>Aﬁo+8;<I_5/\62ﬁ0).

z
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Firstly, by (6.18), we have
8.H A 0,® € L>®(D?),
and quite trivially 82® = O(]z|%~2), but « < 0y — 2 shows that H = O(|z|2~%), we have
H A& e L®(D?). (6.23)
Now, using e2* = [2[2%~2 (14 O(|2|?)) and (6.17), we deduce that (recall that ho = (e”‘ﬁo) dzZ)

A,

Hy = = O(|z|*~%), (6.24)
and this implies that 8, Hy = O(|z[*~%), so
8= A 0, Hy € L®(D?). (6.25)
The trivial estimate 92& = O(|z|%~2), implies
H A 028 € L®(D?) (6.26)

while as
AD = 2e2H = 0(]z|"),
we obtain by (6.24) 9%.® A Hy = O(|2|), and
928 A Hy € L®(D?) (6.27)

and by (6.18). Therefore, putting together (6.23), (6.25), (6.26), and (6.27), and looking at (6.22), we
finally have

02 € L>=(D?) (6.28)
and by (6.19), 07 € L>°(D?), so
0.t € Wh>°(D?)
and as 71 is real, we have
ii € W»>(D?) = cV1(D?) (6.29)
which concludes the proof of the proposition. O

We now come to the proposition allowing one to integrate solutions of the d equation to obtain a
Taylor expansion at singular points (see the appendix of [2]). We first recall the boundedness of the
maximal operator and an easy lemma.

Theorem 6.3. Let 1 < p < co. There exists a constant C = C(p) independent of n such that for all
f e LP(R™),

IM fllLe@ny < ClFllLe@n)

where M is the centred maximal function for Euclidean balls.

Lemma 6.4. Let 0 < o <n and r > 0. Then for any f € LL _(R™), for all x € R", we ave

loc

fy) 2"a(n)
/B ey < )
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Proof. For k € N, let By, = By—«,.(z). We have

f(y) _ fly) ro\® 1
/Brm |z = y\"‘“dy =2 /Bk\BHl |z — y[n—e <2 (2’““) (2~ (k+Dg)n

keN kEN

This computation concludes the proof of the lemma.

Proposition 6.5. Let u € C'(D2\ {0}) N L?(D?) be such that

dzu(z) = p(2)f(2), =€ D*\{0}

/ f(w)dy
B2,kr(w)

=S () f, s < ),

where f € LP(D?) for some 2 < p < oo, and |u(z)| =~ |z|*log” |2| at O for some a € N, and b > 0. Then

u(z) = P(2) + [u(2)|T(2)
for some polynomial P of degree less than a, and a function T such that
T(z) = O(|2/'~ % log™ ).
In particular, if f € L*>(D?), we have
u(z) = P(2) + O(|2** 1og" " |2]).

Proof. By the general Cauchy formula (see [14]), for all z € D?\ {0},

“(Z)—zjm*{/sl g‘(_ozdu/m aCﬂi(i)dC/\dC}_zjri{/Sl Z(—de“/m

(u1(2) +u2(2)) -

" 2
In particular, u is analytic on D?\ {0}. We now fix a constant C' > 0 such that

lu(2])| < C|z|%(1 +log® |2|) for all z e D2

Now developing

1 oo
_ n—(n+1)
C_Z n=0

we obtain for |z| < 1

(¢ f(C)
(—=z

1 [ uQ) (1 ~(n n "
u(z) = 21 Jo1 ¢ — de - nZ::O (27” /51 u(¢)¢ +1)d<) o7 chz

neN

¢ A dg}

(6.30)

As u e C%(D2\ {0}), we deduce that |c,| < [Jul|=(s1), and as u € C*(D?\ {0}), we have nc,| = O(1),
50 {cn}pen € I2(N), and the formula is valid in L? on the boundary S! too. In particular, u; is analytic

in D?, so we can write
a
ul(z) = Z CnZn + QDl(Z)
n=0

where ¢1(z) = O(]z|**1) is analytic. Then we decompose

w@= [ wf —ue) )
D2lz])  JD\D(2[z])
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Then by Lemma 6.4 with n = 2, a = 1, we have

L) < a1 5 log® O e < oot 41 11,
[ub(2)] < C2221%(1 + log z|>/D(02|| eI < G2l (14 Tog” 2 |>/ i
< €2 o (1 log 2 M (2) < 1 | fllopny 1A' (=) (6.33)

Then we have

20y _ () f(Q) 1O 4o g ( )f(C)d d)
ua() /D\D(O,2z) (-2 Cnde= Z/\D(oz| h\o ¢t Crde )z

neN
= Z dn(2) z
neN

and for all n < a, one has by Holder’s inequality

OIS/ 2 \ ¥
[ aendg <o [ Mk <2 (52007 - (630

We will also need this further decomposition

a

-5, 0re) ([, ")

n=0 n=0

— () f(Q) =\ n
—== 220 d
* Z (/D\D(O,2z) ¢n+t <A C>Z

n=a+1

By (6.34), the first term is a polynomial of degree at most a, and for 0 < n < a,

w(€) f(€) = a—n b LI e
—= 22 dl AN d C 1+1 d
/13(o2| ho ¢t Cndo) < Ol (1 + log ZD/D(O,2|Z|) IC] el

1

2 ( 27 \# aen
<27 (52} Ol laniom 30 4 108 )

For 0 < n < a, one has

wOFQ . A
/ R T e T P O (6.35)
Finally,
/ MOTE) 4o p 7| < o1 +10g"(2)) / (1= R |7 £ (Ol ¢ ?
D\D(0.2lz)) § D\D(0,2]2])

i
a nff a n— |d<-|2
< Cz e 1 log ) log? el | [ 2D o) oy
p? ¢ log” (1§!)

c’ a n— b+-2 o7
< [T (L 4 log” o 2 (| £l ey -

<<
Therefore,
0o B L, N
> |/ MOIQ) g p T ) 2| < 201219173 (1 1108 1) I f o sy (6:36)
n=a+1 D\D(0,2|z]) C
_2 2
< C"ul2)|[2"7 (1 +1og? 2]) 1 £ |Lo (o2 (6.37)

and putting together (6.30), (6.31) (6.32), (6.35), (6.36), we can write
u(z) = P(2) + [u(2)|T(2)

where T'(z) = O(\z|17% logﬁ |z|), and this concludes the proof. O
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Remark 6.6. If & : 52 — R3 is the inverted catenoid, we easily get

1z z o
ho(z) = (z, —iz, 2z> dz* + O(|z|* log? |2|) = %fsz + Azdz* + O(|2|* log? |2|)
z z

therefore the error term is essentially optimal, as it cannot be better than O(|z|?log? |2|) for a Willmore
sphere at a multiplicity 1 branch point. In particular, the estimate of Theorem 4.12 is optimal.
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