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To Johan, Théo, and Julie

my will to imagine a desirable future.

“Why should I be studying for a future that soon may be no more,
when no one is doing anything to save that future?”

— Greta Thunberg, TEDxStockholm, November 2018

A wishful answer:

“Those who contemplate the beauty of the earth
find reserves of strength that will endure as long as life lasts.”

— Rachel Carson, Silent Spring
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Abstract

The main part of this thesis is based on the papers [Jae24] and [Jae25], which
study compactifications of character varieties =(I', G(R)) and the geometric spaces
on which I' acts via the associated representations, where I' is a finitely generated
group and G(R) is either PSL,(R) or SL,(R). A strong emphasis is placed on
the real spectrum compactification Z(T', G(R))EP, from which we derive two nat-
ural ['-actions on geometric spaces: one on oriented R-trees, and another on the
Archimedean spectrum of a space equipped with a G(R)-action.

First, we construct universal geometric spaces over Z(I', SLn(R))gsp that pro-
vide geometric interpretations of boundary points in terms of I'-actions. For an
algebraic set Y (R) on which SL,(R) acts by algebraic automorphisms (such as
P~ }(R) or an algebraic cover of the symmetric space of SL,(R)), the projection
map =(I', SL,(R)) x Y/(R) — Z(I", SL, (R)) extends to a I'-equivariant continuous
surjection (Z(T,SL,(R)) x Y(R))2% — Z(T', SL,(R))3. The fibers of this ex-
tended map, which encode the limiting behavior of I'-actions, are homeomorphic
to the Archimedean spectrum of Y (IF) for some suitably chosen real closed field
F, and form locally compact subsets of Y(R)gSp. The Archimedean spectrum is
naturally homeomorphic to the real analytification, and we use this identification
to compute the image of the fibers in their Berkovich analytification. In the case
Y (R) = PY(R), the image is a R-subtree.

Second, we associate to each element of OZ(T', PSLy(R))SP an oriented R-
tree. This construction allows us to interpret boundary points as I'-actions by
orientation-preserving isometries on oriented R-trees, leading to a continuous sur-
jection from Z(T", PSLy(R))2% to the oriented Gromov equivariant compactification
of Z(T', PSLy(R)). We justify continuity by describing how such I'-actions arise as
limits of actions on the oriented hyperbolic plane, via asymptotic cones endowed
with an ultralimit orientation.

Finally the last section presents the collaborative work [ADRFJ24]. It gives an
example of a homogeneous R-tree with complete segments that is not metrically
complete. This example has implications for the study of degenerations of represen-
tations, as it shows that even seemingly well-behaved trees can exhibit unexpected
metric properties.
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Résumé

La majeure partie de cette these repose sur les articles |[Jae24] et [Jae25], qui étudient
des compactifications des variétés de caracteres =Z(I', G(R)) ainsi que des espaces
géométriques sur lesquels ' agit via les représentations associées, ou I' est un groupe
de type fini et G(R) désigne soit PSL, (R), soit SL,(R). Une attention particuliere
est portée a la compactification par le spectre réel =(T', G(R))SSP, a partir de
laquelle on obtient deux actions naturelles de I'" sur des espaces géométriques :
I'une sur des R-arbres orientés, et I’autre sur le spectre archimédien d’un espace
muni d’une action de G(R).

Dans un premier temps, nous construisons des espaces géométriques universels
au-dessus de (T, SL,(R))%*", qui fournissent une interprétation géométrique des
points a l'infini en termes d’actions de I'. Pour un ensemble algébrique Y (R)
sur lequel SL,(R) agit par automorphismes algébriques (comme P"~'(R) ou un
revétement algébrique de l'espace symétrique de SL,(R)), 'application de pro-
jection Z(I', SL,(R)) x Y(R) — Z(I, SL,(R)) s’étend en une surjection continue
T-équivariante (Z(T, SL, (R)) x Y (R))E — Z(I, SL,,(R))EP. Les fibres de cette ap-
plication, qui encodent le comportement limite des actions de I', sont homéomorphes
au spectre archimédien de Y (F) pour un corps réel clos bien choisi F, et forment
des sous-ensembles localement compacts de Y(R)ESP. Le spectre archimédien est
naturellement homéomorphe a ’analytification réelle, identification que nous util-
isons pour calculer I'image des fibres dans leur analytification au sens de Berkovich.
Dans le cas Y (R) = P}(R), cette image est un R-arbre.

Dans un second temps, nous associons & chaque élément de OZ(T, PSLy(R))RP
un R-arbre orienté. Cette construction permet d’interpréter les points a 'infini
comme des actions de I' par isométries préservant ’orientation sur des R-arbres
orientés, conduisant & une surjection continue de Z(T', PSLy(R))5* vers la com-
pactification de Gromov équivariante orientée de =(I", PSLy(R)). La continuité de
cette application est justifiée en décrivant comment de telles actions de I' appa-
raissent comme limites d’actions sur le plan hyperbolique orienté, via des cones
asymptotiques munis d’une orientation ultralimite.

Enfin, la derniere section présente le travail collaboratif [ADRFJ24]. On y

donne un exemple de R-arbre homogene qui n’est pas métriquement complet. Cet

13



exemple a des implications pour ’étude des dégénérescences de représentations,
puisqu’il montre que méme des R-arbres apparemment sans pathologie peuvent
présenter des propriétés métriques inattendues.

14



Chapter 1

Introduction

1.1 Character varieties and their compactifica-
tions: from rank one to higher rank

This section provides historical context and background for the research carried out
in this thesis. We give a non-exhaustive account of the construction of character
varieties, emphasizing their connections to various areas of mathematics. Particular
attention is given to the role of compactifications, both in classical and higher rank
settings, as they are central to the questions addressed in this work. We conclude
each subsection by stating the associated main results of the thesis, which will be
developed in more detail in the subsequent sections of the introduction.

1.1.1 Character varieties: general construction and rank
one compactifications

A central theme in modern geometry is the study of geometric structures on
manifolds via their transformation groups. This perspective examines a manifold
M equipped with local coordinate charts valued in a geometric model space X,
where the transition functions lie in a group G acting on X by diffeomorphisms. This
defines local geometric data—such as distances and angles—on M in a consistent
way. Within this framework, the area of Teichmdiiller theory studies the case of
M = S being a topological surface. Building on ideas going back to Riemann
[Rie04] and developed implicitly by Poincaré and Fricke—Klein [Poi84) [Kle83| [FK65],
Teichmiiller revolutionized the study of the interplay between conformal, hyperbolic,
and algebraic structures on surfaces |Gro28| [Teidd]. Central to this interactions is
the space of marked hyperbolic structures on a surface S (called Teichmiiller space
T(S) [BB93]), which plays a fundamental role in low-dimensional topology and
geometry [JP13]. A modern viewpoint, introduced by Thurston, identifies T'(.S)

15



with:
T(S) = {¢ € Hom(m(5),PSL2(R)) | ¢ is faithful and discrete} /PSLy(R),

where 71(S) is the fundamental group of S, equivalence is up to postconjugation,
and T'(S) is equipped with the topology of pointwise convergence [Thu79]. The
mapping class group MCG(S), the group of isotopy classes of automorphisms of S,
acts naturally on 7 (S5) and consequently on T'(.S). The quotient T'(S)/MCG(S)
can then be identified with the moduli space of all hyperbolic structures on S.
This action enables a dynamical and group-theoretic study of the geometry of S
by encoding the symmetries of the surface. To study degenerations of hyperbolic
structures, Thurston introduced a compactification of 7'(.S) via the length spectrum

T(S)"*,

whose boundary points correspond to projective measured laminations [Thu79,
Thu88]. The MCG(S)-action extends continuously to 7'(S)™, which Thurston used
to classify elements of MCG(S), noting that topologically T'(S)™ is homeomorphic
to a closed ball. This compactification is fundamental to Thurston’s work, and
many others such as Otal and Kapovich’s proofs of Thurston’s hyperbolization
theorem for 3-manifolds, which gives sufficient conditions for a 3-manifold to be
hyperbolic [Ota01l, Kap09).

Building on these foundations, character varieties provide a natural extension of
T'(S) and establish important connections with algebraic geometry [Hit92, [KM9S].
For a finitely generated group I' and a Lie group G(R) = PSL,(R) or SL,,(R), the
character variety is the space

=, G(R)) := {¢ € Hom(I', G(R)) | ¢ is reductive} /G(R),

equipped with the topology of pointwise convergence, where G(R) acts by post-
conjugation. Notably, in rank one (n = 2), the space T'(S) forms one connected
component of Z(m(5), PSLy(R)). Character varieties provide a geometric point
of view for studying representations of discrete groups in G(R) and unifies several
key themes:

e they support Goldman and Mirzakhani’s work on the symplectic and hyper-
bolic geometry of moduli spaces [Gol84], Mir(07];

e they are central to Thurston’s and Culler-Morgan—Shalen’s theory linking
character varieties to the topology of manifolds and geometric group theory
[Thu&K, [CS]3|, MS84];

e they are related to non-abelian Hodge theory [Hit87, [Don87, [Cor88), [Sim92];
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e they bridge to modern mathematical physics [FC99] and the Langlands
program [BD91l, [DP12].

As in the case of T'(S), character varieties are in general not compact. Thus
there exist sequences of representations that do not have a limit. To investigate
their asymptotic behavior, we examine compactifications of Z(I', G(R)). In the
rest of this subsection, we focus on character varieties of rank one, that is when
n = 2. Culler, Morgan, and Shalen [CS83, [MS84] extended the length spectrum
compactification to the algebraic set

=(T, SLy(C)).

Using the theory of valuations, they interpret the boundary points of this compact-
ification as I'-actions by isometries on R-trees. This provides tools for constructing
new group actions on R-trees and, in the case I' = m (M) for a 3-manifold M,
for detecting essential subsurfaces. Independently, Bestvina and Paulin devel-
oped geometric constructions for Z(I', PSLy(R))™ [Bes88, Pau89]. They study the
space of I'-actions on hyperbolic n-spaces and R-trees endowed with the Gromov
equivariant topology, based on the Hausdorff distance between topological spaces
(following a definition in |Gro81a]). The mapping class group action on 7'(.S)
extends continuously to an

Out(T)-action on Z(I', PSLy(R))"S.

Here Out(I") is the outer automorphism group of I'; that is, automorphisms of I'
modulo those that come from conjugation by elements of I' itself. Wolff proves
in [Wolll] that Z(m(S), PSLy(R))S is a connected topological space, whereas
=(m(9), PSLy(R)) has 49 — 3 connected components, for a topological surface
of genus g > 2 [Wollll Corollary 1.2]. This mismatch complicates the study of
the MCG(S)-action on individual components. To avoid this degeneracy, Wolff
introduced the oriented Gromov equivariant compactification

E(F7 PSL2 (R))Oa

that retains the information of the orientation on H? and the crucial fact that
PSLy(R) acts on H? by orientation preserving isometries. This compactification is
a refinement, equipped with a natural forgetful map [Wollll Proposition 3.22]

Z(T, PSLy(R))© — Z(T', PSLy(R))"5,

which discards the orientation data. It allows the Euler class to extend continuously
to the boundary. In particular, it preserves the connected components, as the Euler
class distinguishes them (see Chapter [5)).
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Remark. While the convergence of representations to boundary elements in this
compactification are well understood, topological properties of Z(T', PSLy(R))©, such
as the homology groups, are unknown.

An additional perspective arises from real algebraic geometry. Brumfiel rec-
ognized that the algebraic approach developed by Morgan and Shalen to study
E(m1(5),SL2(C)) could be extended to Z(I', PSLy(R)), using that =Z(I", PSLy(R))
is a semialgebraic set [Bru88al. This leads to the natural compactification

Z(T, PSLy(R))EP

of Z(I", PSL2(R)), constructed using the real spectrum of a semialgebraic set, see
Chapter and . It preserves the connected components, the Out(I')-action extends
continuously to the boundary, and it satisfies a semialgebraic version of Brouwer’s
fixed point theorem, see Chapter |3| and [Bru88b]. Moreover, using the strength of
the Transfer Principle (Theorem , Brumfiel shows:

Theorem ([Bru88a, Proposition 7.2]). There exists a continuous surjection
T(S)5™ = T(9)™,
which is Out(my(S))-equivariant.

In this thesis, we build on Brumfiel’s construction to refine the comparison
between compactifications. Using asymptotic cones and ultralimits of orientations,
we establish the following result:

Theorem (Theorem [5.3.4)). There exists a continuous surjection
Z(T, PSLy(R))E%P — =(I, PSLy(R))°,
which is Out(I")-equivariant.

In particular, the map Z(T', PSLy(R))3% — Z(T', PSLy(R))™ from above factors
through the surjection Z(I', PSLy(R))2*® — Z(I', PSLy(R))© constructed in our
theorem. Figure[I.I]summarizes the relationships between the compactifications dis-
cussed, where T is finitely generated and the inclusion T(S)YS < Z(T', PSLy(R))S
holds only when I' = 71 (95).

Remark. One possible application that we intend to pursue in the future is to use
the continuous surjection Z(T', PSLy(R))3% — Z(T', PSLy(R))°, and the knowledge
about the homology groups of Z(T', PSLy(R))X ([BCR13, Section 11]), to compute
the homology groups of Z(T, PSLy(RR))O.

Several other compactifications of character varieties have been proposed—for
example, the Gardiner-Masur compactification [GM91] and the wonderful com-
pactification [BLR19]. In this thesis, we focus on the oriented Gromov equivariant
and the real spectrum compactifications.
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[Bru88al [Woll1]
E(T, PSLy(R))RP —-vemmmmsne oo oo » Z(I, PSLy(R))°

Figure 1.1: Relations between compactifications of Z(I', PSLy(R)) and T'(S).

1.1.2 Geometric interpretation of higher rank compactifi-
cations

When G(R) = SL,(R) or PSL,(R) for n > 2, the associated character variety
=Z(I',G(R)) is said to be of higher rank. This space generalizes the rank one
theory of Teichmiiller space and lies at the heart of several active areas of research,
including:

e Higher Teichmiiller spaces, a term introduced by Fock and Goncharov [FGOG]
to describe certain connected components of character varieties, include exam-
ples such as Hitchin components [Hit92) [Lab04] and maximal representations
[BIW10, [FGO6]. We refer to [Wiel8] for a survey of the theory.

e Anosov representations, initiated by Labourie [Lab04] and further studied by
Guichard and Wienhard [GW12]. These representations form open subsets of
character varieties, are stable under deformation, and offer powerful dynamical
tools to study representations, see [KasI§];

e Convex cocompact representations in the sense of Danciger-Guéritaud—Kassel
[DGK23] extend the classical notion of convex cocompactness from rank one to
higher rank, offering new tools for studying geometric structures on manifolds.

In general, the study of Z(I', G(R)) plays a central role in modern geometry,
raising questions, for example, about the dynamics of mapping class group actions
(see [GolO6] and [Papl4]) or about their connections to geometric structures on
manifolds (see [CGI3, [CTT19, [GWOS]).

In this thesis we study a complementary question by analyzing the asymptotic
behavior of representations. This naturally leads to studying compactifications
of higher rank character varieties, generalizing the rank 1 case discussed in the
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previous section. A natural generalization of the length spectrum compactification
is the Weyl chamber length compactification

E(T, G(R)WE

of Z(I", G(R)), introduced by Parreau [Parl2]. This construction analyzes sequences
of representations via their induced actions on the symmetric space associated to
G(R) and on affine buildings, which arise as rescaled limits of symmetric spaces.
Like the length spectrum compactification, this approach interprets degenerations
of representations geometrically. However, it does not preserve the connected
components of Z(I", G(R)), complicating the analysis of the mapping class group
action on individual components.

Remark. Although beyond the scope of this thesis, a natural question is whether
the oriented Gromov equivariant compactification extends to higher rank, by en-
dowing affine buildings with an orientation. We plan to investigate whether such a
compactification preserves the connected components of Z(I', G(R)).

To overcome these limitations, Burger, lozzi, Parreau, and Pozzetti study the
real spectrum compactification, extending Brumfiel’s ideas to higher rank [BIPP23].
This approach provides a refinement of the Weyl chamber length compactification
by offering a more algebraic perspective:

Theorem ([BIPP23, Theorem 8.2]). There ezists a continuous surjection
=, G(R))S™ = =(T,GR)™M,
which s Out(I)-equivariant.

A boundary element of 9Z(T', PSLy(R))5 is represented by an equivalence
class [¢,F], where ¢: I' — G(F) is a reductive representation and F is a suitably
chosen non-Archimedean real closed field satisfying some minimality conditions
[Bru88al, BIPP23], see Section [5.2] In this way, the compactification admits a
purely representation-theoretic description of its boundary points. While such an
algebraic characterization exists, a central challenge raised by Wienhard at the
ICM [Wiel§| is to develop a geometric interpretation of the boundary points of
this compactification. This thesis aims to progress toward that goal.

In [BIPP23)], the authors associate to each [¢, F] € 9Z(T, G(R))S% a I-action
by isometries without fixed points on an affine building (see also [KT02 [App24])
giving a first geometric interpretation of boundary elements. A key feature of this
compactification is that each boundary element (with some property) defines a
geodesic current—a higher rank analogue of measured laminations—on the quotient

of the symmetric space of G(R) by the I'-action. Yet, the modular interpretation
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of this compactification remains incomplete (that is, we lack a full understanding
of what geometric structures the boundary points represent). This thesis takes a
step towards this goal by analyzing an algebraic subset of minimal vectors

MF(R) C Homred<ra SLH(R))a

which is a cover of Z(I', SL,(R)). More precisely Mr(R)/SO(n,R) is semialge-
braically isomorphic to Z(I", SL,,(R)). We examine the geometric actions induced
by Mr(R) on P""1(R), the (n — 1)-dimensional projective space (or on an algebraic
cover Pm) of the symmetric space P'(n,R) of SL,(R), see Subsection [4.1.2
and Subsection [4.1.3). The algebraic group SL,(R) acts on P""!(R) by algebraic
automorphisms so that any element of Mp(R) induces a [-action on P"}(R). We
call

Mr(R) x P*1(R)

the universal projective space over Mp(R). It is an algebraic set that parametrizes
all T-actions induced by elements of Mr(R) on P"~!(R), as illustrated in Figure
(see Subsection for details).

Mr(R) x PY(R)

o1

Mr(R) ¢

Figure 1.2: Schematic picture of the universal projective line (n = 2) over Mrp(R),
with the fiber over ¢ in blue.

A natural question is whether such a geometric space exists over Mp(R)f}Sp and
whether it contains information about the I'-actions induced by elements in the
boundary of MF(R)gsp. We provide this universal geometric space by considering

(Mr(R) x P"(R))g™"

cl

and analyzing its geometric and dynamical properties. The Archimedean spectrum
P~ Y(F)XP of P"~'(F) is a dense and locally compact open subset of P"~!(R)EP
that contains P"!(IF) with desirable geometric properties. A detailed study of
this space is given in Section [3] Our main result, illustrated in Figure [I.3] can be

summarized as follows:
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Theorem (Theorem [4.1.8)). The projection map 7: Mp(R) x P""Y(R) — Mr(R)
extends to a continuous map

TP (Mp(R) x PP HR))ES o5 M (R)RSP,

cl

which is surjective, T-equivariant, with the fiber over (p,F) € Mp(R)5> homeo-
. n—1 RSp
morphic to P"H(F) o0

Using this theorem, we analyze Mp(R )RSp through the study of its fibers in
(Mp(R) x P~ 1(R))RSp. We understand the T-actions on P~ ()P induced

cl

by representations in Mrp(R ) Sp by comparing them to I'-actions on P"(R)
coming from representations in Mr(R). In the following, an element of the fiber
(7B5)=1(p, K) is written as a triple (p, A, F) where A € P*~1(F)% encodes the

cl

decomposition into factors, see Remark [.1.1]

Corollary (Corollary 4.1.10). Let (pn, K,) € Mp(R)S™ be a sequence com)ergmg
0 (0, K) € Mp(R)E® . For every element of the ﬁber (p, A, F) € (75 ~1(p, K),

cl

there exists a sequence (pn, An,Fp) € (T2P) Y p,, K,) such that (pn, An, Ky) con-

cl

verges to (p, A,F) in the spectral topology.

Both results hold if P"~1(RR) is replaced by the algebraic cover Pm) of the
symmetric space P'(n,R) of SL,(R); see Subsection [4.1.2] and 4.1.3| for the precise
statements.

(Mr(R) x P1(R));™P

cl

PL(R) ¢'(0) O PHE) R
o) 0 07 070

s

? (¢ F) € OMp (RS

Mp(R)G>
Figure 1.3: Schematic extension of the universal projective line over Mp(R) to the
real spectrum, illustrating the convergence of interior fibers (in blue) to the fiber
over the boundary point (in red).

These results establish a connection between the study of degenerations of rep-
resentations in character varieties and techniques from analytic geometry. Building
on the natural homeomorphism between P"il(F)iffh and the real analytification of

P"~1(F) [JSY22], we construct a proper continuous map

b P ENRS, 5 PR,
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where P"~1(IF)*" is the Berkovich analytification of P"~!(F)—a connected, locally
compact space containing P"~!(FF) and endowed with an analytic structure. Theo-
rem provides a description of the image of v; in the special case of P!(FF),
this yields the following result:

Corollary (Corollary. Let F be a non-Archimedean real closed field endowed
with an absolute value. The image under ¢ of P1(F)2 \PY(F) inside P'(F)*\P'(F)
is a closed, PSLy(F)-invariant R-subtree.

The natural T-action on P*~'(F)¥" " induced by an element of Mp(R)5EP,
provides an analytic perspective to the study of MF(R)f}Sp with the aim of identi-
fying dynamical properties of boundary representations. The following subsections
outline these constructions and the main methods used in this article.

1.2 Archimedean spectrum and real spectrum
compactification

This section first motivates and gives a more detailed overview of the real spectrum
compactification. It then presents our main results on the Archimedean spectrum,
which yields a locally compact topological space to study questions from non-
Archimedean geometry.

1.2.1 Real spectrum compactification

Introduced by Coste and Roy in [CC80l [CR82], the real spectrum compactification
applies to semialgebraic sets and preserves the structure determined by the equalities
and inequalities that define them. In other words, the semialgebraic properties
that characterize interior points extend naturally to points at infinity. To simplify
technical details, we present the definitions for algebraic sets and refer to Section
for further details. A field [F is a real field if it is endowed with an order compatible
with its field operations. Moreover, I is real closed if it has no proper algebraic
ordered field extension, see Section 2.2l As an example, one may consider F = R
in what follows. Let I C K be real closed fields and V' C L™ an algebraic set.
Denote by K[V] the coordinate ring of the K-extension V' (K) of V', and, by abuse of
notation, we use the same symbol for the K-extension of V' and the set of K-points

V(K). We endow V(K) with its Buclidean topology, see Section [2.2]

Definition ([BCR13| Proposition 7.1.2]). Let L. C K be real closed fields. The
real spectrum of the K-points of an algebraic set V' C " is

I a real closed field, } /

RSp .__
V(K) = {(p, F) ‘ p: K[V] - F a ring morphism
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where ~ is the smallest equivalence relation such that (p1,Fy) ~ (p2,Fy) if there is
an ordered field homomorphism ¢: F; — [Fy for which ps = ¢ o p;.

The real spectrum is endowed with a natural topology called the spectral
topology, see Subsection [3.1] Tt offers a real counterpart to the spectrum in algebraic
geometry and serves as a central object of study in real algebraic geometry [BCR13].
The real spectrum defines a functor from the category of real algebraic sets to the
category of compact topological spaces, which associates to every algebraic map
m: V(K) — W(K) between algebraic sets a continuous map

RSPV (KYRSP s /(IK)RSP,

With its spectral topology V (K)®5 is not Hausdorff in general. However, the
subspace of closed points V(K)RSp C V(K)B5P is a compact Hausdorff space, which
we refer to as the real spectrum compactification of V(K). Note that given an
algebraic map 7: V(K) — W(K) between algebraic sets V(K) and W (K), the
induced continuous map 77" does not necessarily map closed points to closed
points.

Theorem (Theorem [3.2.4). Let V C R", W C R™ be algebmzc sets. If m: V(R) —
W(R) is a proper algebraic map, then the image 0f7r p the restriction to the
closed points of the induced map TP, is W(R)P}Sp. That is, we have a continuous
surjective map

T

cl cl

Brumfiel deduces from [CS83] that :(F PSLy(R)) is a semialgebraic set, and
Burger, Iozzi, Parreau, and Pozzetti extend this result to Z(I", SL, (R)) via Richard-
son—Slowdowy theory [RS90], as described in [Bru88al, BIPP23]. These papers
examine real spectrum compactifications with a focus on their topology and their
related objects at infinity, with the aim to better understand the degenerations
of elements in the representation space. The work [BIPP23] initiates a program
dedicated at studying Hom(T', SL,,(R))5°® and Z(T', SL,, (R))5°P, with the goal of
analyzing representations of finitely generated groups in higher rank reductive
Lie groups. In particular, they characterize elements of Hom(I, SL,(R))3°P as

cl
equivalence classes of representations
¢: I' = SL,(F),

for suitable real closed fields F [BIPP23] Proposition 6.3]. Such a representation
induces a ['-action by isometries on an affine building (a geometric space with a rich
combinatorial structure [App24, Theorem 8.1]) that has no fixed point [BIPP23],
Proposition 6.4]. This construction has implications for the study of Anosov,
maximal, Hitchin, and ©-positive representations [BIPP23, Examples 6.19]. This
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method of studying boundary points of Hom(T', SL, (R))5% naturally leads to the

examination of non-Archimedean geometry. For a non-Archimedean real closed field
IF, the projective space P"~*(TF) is totally disconnected, not locally compact, and
not open in IP’"_I(IF)SSP. To develop a deeper understanding of non-Archimedean
geometry, we use the Archimedean spectrum.

1.2.2 Non-Archimedean geometry and Archimedean spec-
trum

Let IL be an ordered field. An ordered algebraic extension [F is the real closure of IL
if IF is a real closed field and the ordering on LL extends to the ordering of F. The
real closure, denoted by L, always exists and is unique up to order-preserving
isomorphism over L, see Subsection 2.2] In addition, if Ry C R, are two subrings
of an ordered field, then the subring Ry is Archimedean over R; if every element of
R, is bounded above by some element of R;.

Definition. Let I C K be real closed fields and V' C L™ an algebraic set. The
Archimedean spectrum of V (K) is the following subspace of V (KK)RSp

RSp . RSp F = Frac(p(K[V]) ,
V(K) Aven : {(p F) € V(K) F is Archimedean over K |’

where Frac(p(K[V])) is the fraction field of p(K[V]).

The Archimedean spectrum defines a functor from the category of algebraic sets
to the category of topological spaces, see Subsection [3.2] An element b in a real
closed field K is a big element if for every a € K there exists n € N with a < b".

Theorem (Theorem . Let I be a real closed field, L. C K a real closed field
with a big element b, and V' C L™ an algebraic set. The Archimedean spectrum of
V(K) is an open subset of V(K)2% which is a countable union of compact subsets
of V(K)RSP. In particular, the space V(K)iffh 15 o-compact and locally compact.

cl

The Archimedean spectrum thus provides a well-behaved topological space
for studying group actions on non-Archimedean algebraic sets. These favorable

properties are further supported by its identification with real analytifications, as
discussed in [JSY22].

1.3 Universal geometric spaces and Berkovich
analytification

This section introduces the main content of [Jae25]. We give more details about the
construction of universal geometric spaces over the real spectrum compactification
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and examine their fibers under natural projection maps. We then explore the
connection between the Archimedean spectrum and the Berkovich analytification.

1.3.1 Universal geometric space over the real spectrum

compactification

To better understand the advantages of universal geometric spaces over MF(R)§SP,
consider the two following constructions (where P'(n,RR) is an algebraic cover of

the symmetric space P'(n,R) associated to SL,(R)). First, we define a topological

space that contains Mrp(R) x Pl(n,R):
— RSp
B C (MF(R) x Pl(n,R)> |
which is a countable union of specifically chosen open subsets, see Subsection
4.1.2] These open sets are constructed to yield a o-compact space equipped with a

natural I™-action by homeomorphisms, induced by the SL,(R) action on P'(n,R)
by algebraic isomorphisms. Second, define
RSp

cl

By := (Mr(R) x P"'(R))

The algebraic group SL,(R) acts on P*~1(R) by algebraic isomorphisms. So, I' acts
on the universal projective space Mr(R) x P""}(R) over Mr(R) via

- (9, 2) = (¢, 0(7)x) VyeT.

Both spaces share important structural properties. For either construction, we
consider the natural projection maps

—

7t Mp(R) x PY(n,R) = Mp(R),
Ty: Mp(R) x P (R) = Mp(R),

which are algebraic, surjective, ['-equivariant for the trivial action on Mr(R), and
open. For each element ¢ € Mp(R), I' acts naturally via ¢ on the fiber 7, !(¢)

L —

which is homeomorphic to either P'(n,R) for i = 1 or P"}(R) for i = 2, see
Subsection 4.1.1} To capture the degeneration of I'-actions on these geometric
spaces induced by representations in Mrp(R), we extend these universal geometric

RS : .
spaces over Mr(R) ;. Our candidate for such an extension is £;. However

(Mr(R) x P (R))SP 2 Mp(R)E x P~ (R)E

cl cl

—

in general (and similarly when replacing P"~!(R) by P!(n,R)), making the study
of the fibers of W?Sp less straightforward. We refine the study of the real spectrum
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compactification of the product of algebraic sets. We use the functorial properties
of the real spectrum and topological properties of E; (for example, the compact-
ness of P 1(R)) to deduce that m"P|p takes values in MF(R)%SP. It leads to
the central result of this thesis: a characterization of dMp(R)5™ as I-actions
on the Archimedean spectrum, which in turn are interpreted as actions on real
analytifications.

Theorem (Theorem and Theorem 4.1.19). For i = 1,2, the projection map

m; induces a continuous map

T

B, — Mp(R )RS",

which is surjective, T-equivariant, with the fiber over (p,F) € Mp(R)5>® homeo-
morphic to PH(n,F) ., fori=1 and PP Y(F)P fori=2.

To better understand the arrangement of the ﬁbers of 7P| 5 over the space
Mr(R )RSp a finer analysis is required. By [CR82], = is an open map, and fibers
over (p,IF) € Mp(R)® are homeomorphic to P (n, IF) " fori=1and Pr-L(F)RSp

for i = 2. In our setting, we refine this description.

Theorem (Theorem [4.1.5)). If m; is the projection map defined above, then

E —)Mr( )RSp

U

18 open.

We deduce structural behavior of the fibers in F;, which strengthens the

accessibility results presented in [BIPP23|, Subsection 3.2] for our specific context.

In the following, an element of the fiber (75°°)~1(p, K) is written as a triple (p, A, F)

where A € Pn_l(]F)RSp encodes the decomposition into factors, see Remark 4.1.1}

Corollary (Corollary 4.1.10] and Corollary 4.1.21)). Let (pn,K,) € Mp(R)EP pe
a sequence converging to (p,K) € Mp(R)SP " For any (p, A, F) € (x5*)"1(p,K),

cl

there exists a sequence (p,, An,F,) € (ﬂ'RSp) Ypn, K,) such that (p,, A,, K,) con-

cl

verges to (p, A, ) in the spectral topology.

It is therefore useful to gain a better understanding of the I'-actions on the
Archimedean spectrum. To this end, we use an identification of the Archimedean
spectrum with analytic spaces.
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1.3.2 Archimedean spectrum and Berkovich analytification

Let K be a non-Archimedean field K with an absolute value | - |x. The K-points of
an algebraic set V' are then totally disconnected, making the study of its analytical
properties less straightforward. To address this, Berkovich introduces the Berkovich
analytification V (K)* in [Ber90], which contains V' (K) and has a richer topological
structure.

A multiplicative seminorm on V(K) is a map n: K[V] — R>( such that

L. n(f) = |flk for every f € K,
2. n(fg) = n(f)n(g) for every f,g € K[V],

3. n(f +g) <max{n(f),n(g) } for every f,g € K[V].

Definition ([Ber90, Definition 1.5.1]). The Berkovich analytification of V(K) is
the set

V(K)*™ := {n: K[V] = Rs¢ |7 is a multiplicative seminorm },

with the coarsest topology that makes the evaluation maps on elements of K[V]
continuous.

Remark 1.3.1. Some authors define the Berkovich analytification using bounded
multiplicative seminorms on a Banach ring A, see [Ber90, Subsection 1.5]. For
a K-algebra of finite type, this boundedness condition is equivalent to requiring
that n extend the absolute value on K, so both definitions lead to the same
analytification. In this thesis we adopt the latter point of view, emphasizing that
the key requirement is that n extends | - |k.

This space has good topological properties. For example, V(K)*" is locally
compact, locally contractible, and contains V' (K) as an open and dense subset, see
Subsection [4.2.1] Moreover, V(K) is connected in the Zariski topology if and only
if V(K)* is connected. This makes the Berkovich analytification a powerful tool
for studying non-Archimedean geometry using analytic techniques [BRI0]. In this
work, we investigate the relationship between the Archimedean spectrum and the
Berkovich analytification. Specifically, using the good topological properties of the
Berkovich analytification and its canonical measure [BR10, Chapter 10], we aim
to study group actions on the Archimedean spectrum using tools from dynamical
systems.

Theorem ([JSY22, Theorem 3.17 and Lemma 3.9]). Let K be a real closed field
with a non-trivial absolute value and V (K) an algebraic set. There exists a canonical
map b from V(K)X o V(K)* which is continuous and proper.
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To establish this result, the authors of [JSY22] introduce the real analytification,
a real counterpart of the Berkovich analytification, and show that it is homeomorphic
to the Archimedean spectrum. We give an explicit description of the image of the
Archimedean spectrum inside the Berkovich analytification:

Theorem (Theorem [4.2.14)). Let L. C K be real closed fields with non-trivial
absolute values and V C L™ an algebraic set. The image of V(K)5oP in V(K)* is

{nevmm

77(f12+~~+f3):mlax77(fi2) Vfl,...,quK[V]}.

In the case V(K) = P}(K), the space P!(K)®" is uniquely path connected
[BR10].

Theorem (Corollary and Corollary. Let K be a non-Archimedean real
closed field with a non-trivial absolute value. The image of PY(K)XP in P1(K)™ is
uniquely path connected and the image of P*(K)o0 \PY(K) in PY(K)*\P'(K) is a
closed R-subtree of P(K)™ on which PSLy(K) acts by isometries.

Remark. A possible direction for future research would be to investigate whether
an analogous statement holds in higher rank settings. Let K be a complete non-
Archimedean real closed field. There is a canonical PGL,,(K)-equivariant map

7: P HK)™ — B,

where B is the seminorm compactification of the Bruhat-Tits building B of PGL,, (K)
[RTW13, Subsection 2.2], see also [Wer(4]. Let ¢ : PP~ H(K)RP — Pr=1(K)*» pe
the canonical map from the Archimedean spectrum to the Berkovich analytification.
It would be interesting to study the image of lP’”_l(K)iiph in B via ¢ and 7. In
particular, one may ask whether this image lies in B, and if so, whether it is convex

in the Bruhat—Tits metric.

1.4 A continuous surjection from the real spec-
trum to the oriented Gromov equivariant
compactifications

This section introduces the main content of [Jae24]. We construct a continuous sur-
jection from the real spectrum compactification to the oriented Gromov equivariant
compactification of character varieties.
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1.4.1 The oriented Gromov equivariant compactification

The study of the oriented Gromov equivariant compactification builds on Bestv-
ina and Paulin’s geometric approach to the length spectrum compactification of
character varieties [Bes88, [Pau89]. The asymptotic cone

Cone" (H?, (A¢) , (xx))

is an R-tree obtained from a non-principal ultrafilter u, a sequence of scalars
(Ax) such that Ay — oo, and basepoints (x;). Let I' be a finitely generated
group. Denote by lg(¢) the displacement function of a class of representations
(¢, H?] € Z(T',PSLy(R)) and by ¢“ := lim, ¢y the ultralimit of a sequence of
representations ¢y : I' = PSLy(R) (see Section [2] or [DK18, Section 10]).

Proposition ([Pau(9, Page 434]). Let u be a non-principal ultrafilter on N, [¢y,, H?]
a sequence in Z(T, PSLy(R)) such that 1g(¢r) — oo, and ¢* = limy ¢y. If ), € H?
is an element in H? achieving the infimum of the displacement function of ¢, for
every k € N and T" := Cone" (H?, (1g(d%)) , (*1)), then

lim[gy, H?] = [¢", T"]
u
u-almost surely in the Gromov equivariant topology.

Wolff proves in [Woll1] that the extension of the length spectrum compactifica-
tion to =(I', PSLy(R)) leads to a wild space and defines a refinement of the Gromov
equivariant topology that preserves the orientation on H?2. This requires a notion
of orientation on R-trees using cyclic orders. A cyclic order on a set €2 is a map

0: O —{-1,0,1}

satisfying a cocycle property (see Definition [5.1.1]), and encoding a circular arrange-
ment of points. In Subsection [5.1.2 we describe the standard orientation on H?
via a cyclic order on its visual boundary 0, H? = S! by a semialgebraic equation:

Lemma (Lemma [5.1.13)). If sgn denotes the sign function on R, then

. (Sl>3 — {_17071};
OR -

(21, 22,23) +— sgn(det(zy — 21,23 — 22)),
defines a cyclic order on S, which encodes the orientation on H?.

An R-tree T is oriented if for every P € T, there is a cyclic order or(P)
defined on G (P), the set of germs of oriented segments at P (we define similarly
Gx(P) when X is a geodesic Gromov hyperbolic space, see Subsection [5.1.1). An
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isometry is orientation preserving if it preserves the cyclic orders at every P € T,
see Definition m Denote by Isom,(7") the group of isometries preserving the
orientation of T". Wolff defines the oriented Gromov equivariant topology (Definition

5.1.22)) on a subspace of Z(I', PSLy(R)) U 7" where
P ,

T an R-tree not reduced to a point,
T =< (¢, T,0r)| ¢: T — Isomy(T) a minimal action, and / ~,
or an orientation on T’

and the equivalence is by orientation preserving equivariant isometries [Wollll,
Page 1273]. The closure of Z(I', PSLy(R)) in Z(I", PSLy(R)) U 7" is the oriented
Gromov equivariant compactification Z(I", PSLy(IR))©, which is a first countable
compact Hausdorff space. Based on the work of Paulin [Pau89], we describe the
boundary elements of Z(I", PSLy(R))® as I'-actions on asymptotic cones, which
we endow with an orientation. The description of the standard orientation on H?
allows us to construct an ultralimit orientation on the asymptotic cones of H?.

Theorem (Theorem [5.1.30)). Let u be a non-principal ultrafilter on N, (A\y) C R a
sequence such that A\, — oo, and () C H? a sequence of basepoints. Let

T" := Cone" (H?, (\y), (*4))

be the corresponding asymptotic cone, and [P]* € T*. Using an identification
between germs of oriented segments at [Py|* and elements [x]* € T" representing
directions, define the map or*([Py]*): (Gru([Pe]*))® — { —1,0,1} by

0 of Card{ [xk]ua [yk]u7 [zk]u} <2,

limy or(Py)(xk, yr, 2x)  otherwise,

(e, [yel®, [2:]") = {

where or(Py) is the cyclic order on Gy2(Py) given by the standard orientation on
H?. Then or*([Py]") defines a cyclic order on Gru([Py]").

This in turn allows us to give a characterization of the limit of sequences in
Z(T, PSLy(R))© in terms of asymptotic cones.

Theorem (Theorem [5.1.31)). Let [¢r, H?, or] be a sequence in Z(T', PSLy(R)) such
that 1g(¢r) — oo and u a non-principal ultrafilter on N. For each k € N, let
¥, € H? be a point that realizes the infimum of the displacement function of ¢y, and
set ¢ = limy ¢p. If T4 is the ¢"-invariant minimal subtree inside the asymptotic
cone Cone" (H?, (1g(¢x)) , (*x)), then

lim[¢y, H?, or] = [¢", Th, or"] € OZ(I, PSLy(R))°

u-almost surely, where or" is the restriction to Tj. of the ultralimit orientation

defined in Theorem |5.1.50}.
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This result shows that the oriented Gromov equivariant compactification is
described in terms of asymptotic cones. To compare Z(I', PSLy(R))° with the real
spectrum compactification, we associate to every element of the real spectrum
compactification an oriented R-tree and show that this oriented R-tree is also well
described using asymptotic cones.

1.4.2 Oriented trees associated to the real spectrum com-
pactification

The real spectrum compactification Z(T', PSLy(R))2% is a compact Hausdorff

metrizable space that contains Z(I", PSLy(R)) as an open and dense subset. We

are interested in the following characterization of dZ(T', PSLy(R))55P:

Definition (Definition [5.2.1]). Given a representation ¢: I' — PSLy(IF), the real
closed field F is ¢-minimal if ¢ can not be PSLy(IF)-conjugated into a representation
¢': ' = PSLy(LL), where L C F is a proper real closed subfield.

If ¢: I' — PSLy(IF) is reductive and F is real closed, a minimal real closed field
always exists and is unique [BIPP23|, Corollary 7.9]. If F; and Fy are two real
closed fields, we say that two representations (¢1,F1) and (¢9,Fy) are equivalent if
there exists a real closed field morphism v : F; — Fy such that

Yo ¢y is PSLy(IFy)-conjugated to  ¢s.

Theorem ([BIPP23, Theorem 1.1 and Corollary 7.9]). Elements in the boundary

of E(T, PSLy(R)) are in bijective correspondence with equivalence classes of pairs

(¢, F], where ¢ is a reductive representation
¢: T' — PSLy(F),
and I is real closed, non-Archimedean and ¢-minimal.

For any representative (¢, F) of a point in Z(T', PSLy(R))5P, we study the
induced T'-action on the non-Archimedean hyperbolic plane H?(F), which one
equips with a well described pseudo-metric, see Subsection [5.2.1, The quotient

TF := H*(F)/{ distzzm =0 }

is a A-tree [Bru88c, Theorem 28] which by completing the segments produces an
R-tree TF* on which ¢(I") acts by isometries and without global fixed points, see
Subsection By [Pau89, Proposition 2.4], there exists, up to isometry, a unique
¢-minimal invariant subtree

T, C TF*,
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which we endow with an orientation. Brumfiel gives in [Bru88c, Proposition 41]
an explicit bijective correspondence between the set Gy (P) of germs of oriented
segments at P € H?*(F) and S!(Fp). Here, Fp denotes the quotient field of the
valuation ring of F, which is itself a real closed field (see Remark [5.2.12)). By the
transfer principle and Lemma the Fp-extension of og gives a cyclic order on
Guz(w)(P) for every P € H*(F).

Corollary (Corollary [5.2.11). The cyclic order org, from Lemma defines a
cyclic order on Grpsc(P) = SY(Fp) for every P € TF*.

Consider Ty with the orientation or, induced by the restriction to Ty of the
orientation of TF*. We show in Theorem |5.2.14| that [¢, Ty, ors] does not depend

on the choice of representative of the class [¢, F] € (I, PSLy(R))55P.

cl

Lemma (Lemma [5.2.15). Each class [¢,F] € OZ(T, PSLy(R))S% defines a canoni-
cal I'-action by orientation preserving isometries on a ¢-minimal oriented R-tree

(¢, Ty, 0ry], up to I'-equivariant orientation preserving isometries.

An essential result to prove Theorem [5.3.4] see Figure[l.1] is the following accessi-
bility result [BIPP23] that allows us to represent any element of 9Z(T', PSLy(R))5

cl
by a representation of I' in PSLy(R},), where R} is a Robinson field, see Example

2.2.3] We refer to Subsection for the notations. Let F be a finite generating
set of I'. In the following theorem, given u a non-principal ultrafilter, the sequence
of scales (1) is well adapted to a sequence of representations ¢y : I' — PSLy(R) if
there exists ¢y, co € Ry such that for u-almost every k € N

er(u) <) (0 (e(Mde(1)")) < ealp)-

yEF

If only the second inequality holds, then the sequence (py) is adapted. In this
setting, if 1 = (1), we denote by ¢, : I' — PSLy(R}}) the (u, p)-limit representation

wiy _ (@)D Bk u
¢u(7) = ((¢k(7)2’1)k (¢k(7)2’2)k) S PSLQ(R#)'

Theorem ([BIPP23, Theorem 7.16]). Let u be a non-principal ultrafilter on N,
(0r, R)r € Mr(R) and (¢}, R}) its (u, p)-limit representation for an adapted se-
quence of scales p := (ug). Then:

o ¢, is reductive, and

e if p is well adapted, infinite, and Fyu denotes the ¢, -minimal field, then
(¢, RY,) is SO2(R},)-conjugate to a representation (¢, Fgu) that represents an
element in OZ(T, PSLy(R))R5P.

cl
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Conversely, any element in O=(T, PSLg(R))S}Sp arises in this way.

As in the length spectrum compactification, this permits to describe the trees
associated to elements of O=(T, PSLQ(]R))CP;SP using asymptotic cones. The following
is a consequence of [BIPP23, Theorem 5.10 and Lemma 5.12], where (H?)} is the
ultralimit of the rescaled copies of H? by a sequence of scalars A := \; and u a

non-principal ultrafilter.

Corollary 1.4.1 (Corollary |5.2.21)). The map

U () —  HP(RY);
(z+1y), — (z) +i(yr)

induces an isometry between the asymptotic cone TV := Cone" (H?, (A1), (0)) and
H*(R2) /4 distgzgy) = 0} =: TR},. Moreover, with the above notations, the isometry
is I'-equivariant for the induced T-actions by ¢* = limy ¢ on T" and by ¢,, on TR},

As in E(T, PSLy(R))®, we can enhance this description via asymptotic cones to
take account of the orientation. We describe the oriented R-tree associated to any

element, of 9Z(T', PSLy(R))FP using asymptotic cones and ultralimit orientations.

Theorem (Subsectionand Theorem. Let u be a non-principal ultrafilter
on N, (¢r, R) a sequence in Homyeq(I', PSLa(R)) such that 1g(¢r) — o0, and i a
point of H? that realizes the infimum of the displacement function of ¢, for each
k € N. Consider

T := Cone" (H?, (Ig ¢) , (*x))

endowed with the limit orientation as defined in Theorem [5.1.30}. Let also p =
(e'8(@r)), TR}, the R-tree associated to R}, which we endow with its orientation
orry, and (¢, R},) its (u, p)-limit representation. Then

U: T — TRY

is an orientation preserving isometry which is I'-equivariant for the actions induced
by ¢* = limy ¢x and ;.

This theorem allows us to compare the real spectrum compactification with the
oriented Gromov equivariant compactification of the character variety defined by
Wolff in [Wolll].

1.4.3 Relationship between the compactifications

RSp
cl

By associating an oriented R-tree to every element of 0Z(I', PSLy(R))
obtains a map between the two compactifications.

one

34



Definition (Definition |5.3.1)).

3. Z(I,PSLy(R))E» — = ([, PSLy(R)) U T7;
[6,H2 0or] ifF=TR
F X =
16, F] — 19, X,0r [, Ty, 0ry]  otherwise.

Here 7" is a space of [-actions on oriented R-trees, see Subsection [5.1.1]

Using the accessibility result (Theorem|5.2.17) and the uniqueness of the minimal
invariant R-tree up to isometry, we obtain the continuity of 3.

Lemma (Lemma [5.3.3). The map 3 from Definition is continuous.

As a consequence, a topological argument based on the density of Z(I", PSLy(R))
in both compactifications allows us to upgrade the function to a continuous surjec-
tion.

Theorem (Theorem [5.3.4). The map J: Z(I', PSLy(R))FP — Z(T, PSLy(R))°

from Definition [5.53.1] is a continuous surjection.

Moreover, the oriented Gromov equivariant compactification of the character
variety surjects continuously on its length spectrum compactification [Woll1]. Thus,
Theorem provides a new construction of the continuous surjection between
the real spectrum and the length spectrum compactifications of 7'(S) [Bru88al.

1.5 Outline

We begin in Chapter [2| with general background material needed throughout the
thesis; more specific background is provided at the beginning of each chapter as
necessary. Chapter [3| reviews useful results from the theory of the real spectrum,
establishes a functoriality property for the closed points of the real spectrum, and
develops the theory of the Archimedean spectrum of algebraic sets. Chapter
constructs universal geometric spaces over MF(R)SSP. Chapter |5| constructs a
continuous surjection from Z(T', PSLy(R))EP to the oriented Gromov equivariant
compactification of Z(I", PSLy(R)). Detailed outlines are provided at the beginning
of each of these chapters. Finally, Chapter [ presents an example of an homogeneous
R-tree which is incomplete written is a work in collaboration.
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Chapter 2

Preliminaries

This chapter introduces the necessary background and notation. We begin with
the theory of asymptotic cones, highlighting that those of the hyperbolic plane
are R-trees. Next, we review key concepts from real algebraic geometry, including
semialgebraic sets and their Euclidean topology. The last two sections present
classical examples of algebraic and semialgebraic sets. We recall the definition
of minimal vectors Mr(R) for representations of a finitely generated group I' in
SL,(R) or PSL,(R). These sets are algebraic in the SL, (R) case and semialgebraic
in the PSL,(R) case. Their quotients, the character varieties E(F,%R)) and

=(T, PSL,(R)), are semialgebraic sets. Finally, we construct a cover P!(n,R) of the
symmetric space associated to SL, (R), which can be endowed with a semialgebraic
multiplicative norm. These algebraic and semialgebraic models allow for their study
in the following chapters using tools from real algebraic geometry.

2.1 Asymptotic cones

We recall briefly the classical theory of asymptotic cones necessary for this text,
as presented for example in [DK18, Chapter 10] and [Dru02]. Roughly speaking,
the asymptotic cone of a metric space gives a picture of the metric space as “seen
from infinitely far away”. It was introduced by Gromov in |Gro81b], and formally
defined in [vdDW&4] to construct a limit to a family of rescaled metric spaces.

Definition 2.1.1. A filter u on a set I is a collection of subsets of I satisfying:
1. o ¢u,
2. If [1712 € u then ]1 N [2 cu,

3. If  euand I C I, C I, then I, € u.

36



An wltrafilter on I is a filter u such that for every J C I either J € uor I\J € u.

For simplicity, in the rest of this text, all ultrafilters are on N and are non-
principal. That is, they contain the set of complements of finite subsets [DK18|
Proposition 10.16]. Let u be a non-principal ultrafilter on N. A subset J € 28
occurs u-almost surely if J € u.

Definition 2.1.2. Let u be a non-principal ultrafilter on N, X a topological space,
and f: N — X a map. The ultralimit of f is an element x € X such that

Vx € U open, then f~*(U) € u.
The ultralimit of f is denoted by lim, f.

A first reason to introduce ultrafilters is to give a limit to any sequence on a
compact topological space.

Proposition 2.1.3 ([DKI8, Lemma 10.25]). Let X be a topological space, u a
non-principal ultrafilter on N and f : N — X a map.

1. If X is compact, then f has an ultralimait,
2. If X is Hausdorff, then the ultralimit, if it exists, is unique.

Remark 2.1.4. The standard order on R extend to an order on [0, o] by setting
a < oo for all @ € Rog. Then, [0, 00| with the total order topology is compact.

Let (X%) be a sequence of metric spaces and u a non-principal ultrafilter on N.
Define a pseudo-distance on the product by

disty: J] Xe x [ Xoe — [0, ool
keN keN
((z1), (yr) > limy (k> distx, (zk, y))-
Then, the ultralimit metric space is
(X, disty) := (H Xk,distu) / ~,
keN
0.

where (xy) ~ (y) if and only if dist,((xk), (yx)) =

Notation 2.1.5. Given a sequence of elements (xy), where x; € X} for every
k € N, denote its equivalence class in X" by [z4]".
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If the spaces X} do not have uniformly bounded diameter, the ultralimit X*
decomposes into many components of points at mutually finite distance, where two
elements in different components are at infinite distance one from the other. In
order to pick one of these components, we consider pointed metric spaces (X, *)
where x € X is a base point. For a family of pointed metric spaces (X, *x), the
sequence of base points () defines a base point [+;]* € X", and we set

X = {w]" € X* | disty ([yx]", [x]") < o0}
Definition 2.1.6. The pointed ultralimit of the sequence (X, %) is
lilrln (X, *p) = (X[‘fkk}u, [*k]”) =: (X", [*x]).
Denote also elements [zx]* by [xx] when the notation is clear.

For two sequences of pointed metric spaces (X, i), (X}, %)) and a sequence of
maps fi : (X, %) = (X}, %) such that lim, distx, (fx(*x),*}) < oo, the ultralimit

of (fk) is
o (X)) — (XTI

(] — [y
If in addition, u-almost every fj is an isometric embedding, then f* is an isometric

embedding [DK18, Lemma 10.48]. We now study more in depth the limit of rescaled
copies of metric spaces as in [DK18, Chapter 10].

Definition 2.1.7. Let (Ax) C R be a sequence such that A\, — oco. The asymptotic
cone of a metric space X with respect to the sequence of scalars (\y), the sequence
of observation centers (x;) and the non-principal ultrafilter u is

Cone" (X, (A\x), (x1)) := hLILH(X,\k, %),

where X, is the metric space X endowed with the rescaled distance ()\k)_l - dist x.

A R-tree T is a geodesic metric space which is 0-hyperbolic in the sense of
Gromov [DK18, Lemma 11.30].

Theorem 2.1.8 ([GdIH90, Chapter 2, Section 1, Proposition 11]). If a geodesic
metric space X is hyperbolic, then every asymptotic cone of it is a R-tree.

In Chapter |5 we study the limits of actions by isometries on the hyperbolic
plane. The theory of asymptotic cones allows us to characterize these limits as
actions by isometries on R-trees, which is central in the theory of compactification
of character varieties.
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2.2 Preliminaries in real algebraic geometry

Our approach to the theory of character varieties is based on real algebraic geometry.
In particular, our main objects of study are semialgebraic sets defined over real
closed fields. To set up this framework, we first introduce key definitions and
notation, following [BCRI3, Section 1 and 2] and [BIPP23], Section 2].

Definition 2.2.1. A field K is ordered if there exists a total order < compatible
with its field operations. Formally, < satisfies: for every a,b,c € K

ifa<b, thena+c<b+c¢ and if0<a,b, then 0 < ab.

A real field is a field that can be ordered. A stronger notion is that of real closed
field K, which is a real field that has no proper algebraic ordered field extension.
Equivalently, this means that every positive element has a square root, and every
polynomial of odd degree has a root in K [BCR13, Theorem 1.2.2]. The following
theorem sheds a little more light on the nature of real closed fields. It gives an
equivalent definition, which is highlighted by the Transfer principle —a result of
the Tarski-Seidenberg principle.

Theorem 2.2.2 (Transfer principle [BCR13, Proposition 5.2.3]). Let K be a real
closed field, ¥ a formula in the first-order language of ordered rings with parameters
in K without a free variable, and F a real closed extension of K. Then ¥ holds true
in K if and only if it holds true in .

Real closed fields possess the same elementary theory as the reals. They give
a natural framework to extend results from R to more general fields which are
real closed.

Example 2.2.3. We are particularly interested in the following examples of real
closed fields.

(i) The field @ of real algebraic numbers and the field R of real numbers are
real closed fields [BCR13, Example 1.3.6].

(ii) Another example of a real field is given by the real Puiseuz series

ko
k.
E Cpm

k=—o00

ko,mEZ,m>0,ck€R,cko%0},

which, if endowed with the order such that ZZO:_OO cexm > 0 if Ck, > 0, is
real closed.
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(iii) Consider a field K and a non-principal ultrafilter u on N. Define the hyper
K-field as K* := KN/ ~, where the equivalence relation is given by (z) ~ (yx)
if and only if the two sequences coincide u-almost surely. If K is an ordered
field, then K" is also an ordered field. Indeed, the order is determined by

[zr]* > 0 if and only if x; > 0 u-almost surely.

Moreover, it is a real closed field if K itself is real closed. It also has positive
infinite elements, that is elements larger than any integer. Fields with positive
infinite elements are called non-Archimedean. For such an infinite element g,

define
O, = {xeK“|x<,uk forsomekEZ},
Ty = {:BEK“|$<,L/“ foreverykeZ},

where J, is a maximal ideal inside the subring O, of the hyper K-field [LR75].
Now, the Robinson field associated to the non-principal ultrafilter u and the
infinite element p is the quotient

KZ =0,/ Ty

This is necessarily a non-Archimedean field, as all rational numbers are smaller
than p.

Let I be an ordered field. An ordered algebraic extension F is the real closure
of L if IF is a real closed field and the ordering on IL extends to the ordering of F.
The real closure of I always exists and is unique up to a unique order preserving
isomorphism over IL. That is, if F; and Fy are real closures of LL, there exists a
unique order preserving isomorphism [F; — Fy that is the identity on L. Denote
the real closure of L by:

=T

L.

In real algebraic geometry, the fundamental objects of study are real algebraic
and semialgebraic sets. Intuitively, algebraic sets consist of points satisfying
polynomial equations, while semialgebraic sets allow polynomial inequalities as
well.

Definition 2.2.4. Let K be a real closed field. A set V' C K" is an algebraic set
defined over K if there exists B C K|z, ..., x,] such that

Vi={veK"|flv)=0 VfeB}.

Then, S C K" is a semualgebraic set defined over K if there exists polynomials
fisg; € Klzy, ..., x,] such that

S = U ﬂ {se K" | fi(s) =0} N{s € K" | g;j(s) > 0}.

finite finite
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Denote by I(S) :={ f € K[z1,...,2,]| f(s) =0 Vs € S} the ideal of polynomials
vanishing on S.

For the remainder of this section, let K be a real closed field and F a real closed
extension of K.

Definition 2.2.5. Let S C K" be a semialgebraic set. The coordinate ring of the

F-extension of S is
F[S] := Flzy, ..., z,)/1(S).

Consider a semialgebraic set S defined over K. The F-points of S are the
solutions in F™ of the polynomials defining S

S(F):={seF"| f(v)=0 Vse B},

where B C K|z, ..., z,] is a set of polynomials defining S. It can be shown that
the set S(IF) is independent of the choice of B [BCR13l Proposition 5.1.1]. By
abuse of notation, we use the same symbol for the F-points and the F-extension of
S. To define a topology on S(F), introduce the norm N : F" — Fsq, given by

The open ball centered at s € F"* with radius r € F>( is then defined as
B(s,r):={yeF"|N(s—y) <r}.

These open balls form a basis for the Euclidean topology on F". Finally, to study
the links between algebraic sets we will use maps between semialgebraic sets with
good algebraic properties.

Definition 2.2.6. A map 7: S; — S5 between semialgebraic sets S; C K",
So C K™ is semialgebraic if its graph is a semialgebraic subset of K" x K™.

Proposition 2.2.7 ([BCRI3, Proposition 5.3.1]). Let S; C K", Sy C K™ be
semialgebraic sets and w: S; — Sy a semialgebraic map with graph X. The IF-
extension X (F) is the graph of a semialgebraic map mr called the F-extension

of 7.

We defined our primary objects of study: semialgebraic sets and semialgebraic
maps over real closed fields. In Section |4.2.3] we employ semialgebraic maps to
construct universal geometric spaces over character varieties, thereby providing a
geometric description of the real spectrum compactification of character varieties.
In the next subsection, we construct some algebraic and semialgebraic examples
that are of particular interest to us.
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2.3 Character varieties and minimal vectors

This section recalls the classical theory of character varieties of a finitely generated
group I' in G(R) = PSL,(R) or SL,(R), based on reductive representations and
their quotient by postconjugation by G(R). Using the theory of minimal vectors,
we construct a semialgebraic structure of the character variety, which serves as the
foundation for defining its real spectrum compactification using Chapter [3| This
introduction to character varieties is inspired by [Fla25] and based on [RS90] (on
ideas of Kempf-Ness for the complex reductive case). See also [BL17] and [BIPP23],
Section 6, Section 7] for more general treatments. We begin with the following
proposition, which realizes PSL,,(R) as a semialgebraic subgroup of GLy,(R). This
allows us to use the language of linear representations throughout the remainder of
the section.

Proposition 2.3.1. The group PGL,(R) is an algebraic subset of R" and PSL,(R)
is a semialgebraic subset of PGL,(R).

Proof. The algebra M, «,(R) of n by n matrices with real coefficients is central
and simple. By the Skolem—Noether Theorem [GS17, Theorem 2.7.2] (originally
in [Sko27]), every R-algebra automorphism of M, (R) is inner. Hence the adjoint
representation

Ad: PGL,(R) — Aut(Myuxn(R)) C GL,2(R);
A — B+— ABA™!

is an isomorphism. The condition of being an automorphism of M, ,(R) is given
by finitely many algebraic equations. Thus PGL,(R) is a real algebraic subset
of GL,2(R). Moreover PSL,(R) is a connected component of the algebraic set
PGL,(R) and thus is a semialgebraic set by [BCR13, Theorem 2.1.11]. O

As a semialgebraic subgroup of GL,2(R), the group PSL,(R) is linear. This

gives a convenient framework to define reductive representations with target group
PSL,(R).

Notation 2.3.2. Let ' be a finitely generated group with finite generating set F'
with s elements and G(R) be either SL,(R) or PSL,(R).

Definition 2.3.3. A representation ¢: I' — G(R) is reductive if, seen as a linear
representation on R, it is completely reducible. That is, a direct sum of irreducible
representations.

Denote by Hom,eq(I', G(R)) € Hom(I', G(R)) the subspace of reductive repre-
sentations which is invariant under postconjugation by the target group.
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Definition 2.3.4. The character variety of the finitely generated group I' and the
semialgebraic group G(R) is the quotient of Hom,.q(I', G(R)) via postconjugation
by G(R):

=(I",G(R)) := Hom,eq(I', G(R))/G(R).

Theorem 2.3.5 ([Boul2l §20, page 376, Corollaire a|). Let ¢, ¢" be two reductive
linear representations of I' in G(R) that verify

tro Ad(¢(y)) =tro Ad(¢'(y)) VyeTl.
Then Ad(¢) and Ad(¢') are conjugate by an element in GL,2(R).

In other words, reductive representations are, up to postconjugation, determined
by their trace functions—hence the term character variety. The character variety
corresponds to the maximal Hausdorff quotient of Hom(I', G(R)) by postconjugation
by the target group; see [Parll, Théoréme 23], building on ideas from [Wol(07].

Using the theory of minimal vectors introduced by Richardson—Slowdowy [RS90],
we recall that Z(I", G(R)) is a semialgebraic set. Throughout the remainder of
this section, we look at G(R) as a semialgebraic subset of M, ., (R) using the
adjoint representation (see Proposition [2.3.1)). The semialgebraic group G(R) acts
by conjugation on the real vector space M,,x.,(R)¥, which is endowed with the
SO,,(R)-invariant scalar product

((Ay,..., Ay, (By,...,By)) ::Ztr(AiTBi).

Denote by ||| its associated norm. The set of minimal vectors of My, (R)E for
the G(R)-action by conjugation is

M = {v € Muxrn(R)"| |lg-v[| = ||v|| for every g € G(R) }.

This defines a closed subset of mem(R)F , and we show that it defines an algebraic
set. Consider the involution o : g — (¢7)~! on G(R) which sends g to the inverse
of its transpose. Then, SO, (R) is the subgroup of fixed points of o and

sym(R) := {A € Myyn(R) [ tr(4) =0, 4 = AT}
is the —1 eigenspace of the Cartan involution digo on the Lie algebra of G(R). This

eigenspace also acts on M, ., (R)" by

d
Z.(Al,...,As) - E| -

=([Z,A1],...,[Z, A)]) VZ € symd(R).

exp (tZ)(Aq, ..., As)exp (—tZ)

In this context, the following result from the Richardson—Slowdowy theory of
minimal vectors holds.

43



Theorem 2.3.6 ([RS90, Theorem 4.3]). An element v € My um(R)F is in M if
and only if (Zwv , v) =0 for every Z € sym?(R).

Using the description of the action of sym9(R) on M,,»,(R)" and, in the last
equality, that [4, AT] € sym? (R) for all A € M,,xm(R), we have

M = {(Al, oy Ay) € My (R)F | tr <i[z, Ai}TAi) =0VZ € sym, (R) }

i=1

— {(Al, oy Ay) € My (R)F | tr (Z [A;, AT Z) =0VZ e sym(R) }

=1

=1

= {(Al,...,AS) € Mpm(R)F Z [A;, AT] = o}‘

In particular, M is an algebraic set defined over Q.

We now turn to the connection between the space of minimal vectors as described
above and the set of representations of I' in G(R). Using Proposition and the
adjoint representation, we study the representation space within the real vector
space M, xm(R)F using the evaluation of morphisms on the generating set F:

ev: Hom(I',G(R)) — GR) C Mpyum(R)F;
p — (P(7))ver-

The evaluation map is injective and its image R (T, G(R)) is a closed real algebraic
subset of M, (R)". The group G(R) acts by conjugation on both Hom(T', G(R))
and M., (R)Y. Moreover, the evaluation map is G(R)-equivariant with respect
to these actions and so its image is G(R)-invariant. From [Sik14, Theorem 30]
(following an argument in [JMS87]), the restriction to reductive homomorphisms has
image

RE (T, G(R)) = {v c R (I', G(R)) | G(R).v is closed } (2.1)

The link with minimal vectors comes from the following result.

Theorem 2.3.7 ([RS90, Theorem 4.4]). If v € Myyum(R)F, then the intersection
G(R).v N M is not empty if and only if G(R).v is closed.

Hence, the set

Mrp = MNRE (T, GR)) = M N RFT,GR))

red

is a closed algebraic subset of M,,,,»(R)¥. Now, using results in the study of
quotients by compact Lie groups [RS90, Subsection 7.1] (using [Sch75]), the quotient
M /SO, (R) is homeomorphic to a closed semialgebraic set.
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Theorem 2.3.8 ([RS90, Theorem 7.7]). The inclusion My C RE (T, G(R)) in-

red

duces a homeomorphism between Mr /SO, (R) and the topological quotient
R;y(T,G(R))/G(R).
This theorem and Equation (2.1]) proves the wanted result.

Theorem 2.3.9 ([RS90, Section 7.1]). The character variety of a finitely generated
group I in G(R) is a semialgebraic set which is homeomorphic to Mr(R)/SO,(R).

Remark 2.3.10 ([Fla25, Lemma 3.7]). A semialgebraic model for the character
variety is unique up to semialgebraic isomorphism. That is, if

6: E(0,G(R)) = R? and ¢: Z(T, G(R)) — R

are two semialgebraic models, then there exists a unique semialgebraic isomorphism
f:Im(¢) — Im(¢') with fop = ¢'.

It is worth noting that the character variety is a semialgebraic set in the more
general case when G(R) is replaced by a connected semisimple algebraic group
defined over the reals, see [Fla25 Section 3]. One aspect of our study is to define
the real spectrum compactification of Mr(R) and =Z(I", G(R)), which requires them
to be semialgebraic sets, see Chapter [4] and [5]

2.4 The symmetric space associated to SL,(R)

This section recalls the basic theory of the symmetric space associated to SL,, (R) and
introduces a cover of it, which is an algebraic set. We then review the construction
of a continuous semialgebraic multiplicative norm on both spaces using the Cartan
projection defined on SL, (R). This allows us to further study the space of minimal
vectors and their dynamics in Subsection [4.2.3] This introduction is inspired by
[BIPP23|, Section 5.

The symmetric space associated to SL, (R) is

Pl(n,R) := { A € Myxn(R) |det(A) =1, A is symmetric and positive definite }.
From this definition, P!(n) is a semialgebraic set and SL,,(R) acts transitively on
Pl(n,R) via

gA = gAg"
for all g € SL,(R) and all A € P*(n,R). Moreover, by Sylvester’s criterion (see

for example [HJ85, Theorem 7.2.5]), a symmetric matrix is positive definite if and
only if all its principal minors are positive. So we define a cover of P!(n,R) as

A is symmetric, det(A) = 1,
det (A[j])t7 =1for 1<j<n—1["

—_—

PL(n,R) = {(A, £) € Myxn(R) x R™L
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where A[j] denotes the j-th leading principal minor of the matrix A. The group
SL,(R) acts on P!(n,R) via

g. (A7t17' e 7tn—1) = (gAgT’t/D t 7tfrl—1) )

for every g € SL,(R) and (A, t1,...,t,—1) € Pm) where
v ( det (A7) )”Z,
70 \det (g4g™5) )

Remark 2.4.1. Note that P!(n,R) is the quotient of Pl/(an) by the action
of (Z/QZ)nil defined by (Zl, . ,Zn_1)<A, t1,... atn—l) = (A, €1ty, ... 75n—1tn—1)7
where ¢;, = 1if z; = 0 or ¢, = —1 if z; = 1. Moreover, the quotient map is
SL,,(R)-equivariant for the actions described above.

forevery 1 <j<n-—1.

We now use the Cartan decomposition of SL, (R) to construct a multiplicative

distance on P!(n,R), which we promote to P!(n,R). As in the previous section,
consider SO, (R) the maximal compact subgroup of SL,(R) associated with the
involution o : g = (¢7)~!. Consider also S(R) the maximal split torus of diagonal
matrices in SL,(R) and its closed multiplicative Weyl chamber

At

CH(R) := ESL,(R) [\ > >\, >0
An

Then SL,(R) = SO, (R)C*(R)SO,(R), that is, each g € SL,(R) can be written as
g = kic(g)ks2, where ky, ks € SO, (R), c(g) € CH(R).

Moreover, the element ¢(g) in the decomposition is unique (see [Hel78|, Chapter IX,
Theorem 1.1] or [Kna02, Theorem 7.39]). This decomposition is called the Cartan
decomposition of SL,(R). In addition, the map SL,(R) — C*+(R) that sends g to
¢(g) is semialgebraically continuous [BIPP23, Proposition 4.4]. A consequence of
this decomposition is the existence of a Cartan projection, which is semialgebraically
continuous by [BIPP23, Corollary 5.1]:

Lemma 2.4.2. For every A, B € P'(n,R) the SL,(R)-orbit of (A, B) intersects
{Id} x C*+(R).{Id} in ezactly one point (1d,5(A, B).1d). Moreover, the Cartan
projection
5: P'(n,R) x P'(n,R) — C+(R);
(A, B) — 0(A, B)

is well-defined, invariant under the SL,, (R)-action, and semialgebraically continuous.
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From this map, we define the Cartan multiplicative distance ds and the genuine
distance dist; on the symmetric space P'(n,R). To show that it is indeed a
multiplicative distance, we first need the forthcoming result of Planche [Pla95]
Théoreme 1]. Let a be the Lie algebra of the maximal split torus S(R) defined
above, Exp: a — S(R) the Riemann exponential map between a and S(R), and
L: S(R) — a its inverse.

Theorem 2.4.3 ([Pla95, Théoreme 1)). Given a Weyl group invariant norm |||
on a, the function

P'(n,R) x P'(n,R) — Ro;
(4, B) — [[L(6(A, B))II,

is an SL,(R)-invariant distance function on P'(n,R).

To apply results from real algebraic geometry, we are interested in a semi-
algebraically continuous multiplicative distance. To do this, consider the semi-
algebraically continuous map N: S(R) — Ry that sends diag(Aq,...,\,) to
Max;£; )\i)\j’l. It is a multiplicative norm N: S(R) — R.o. That is, a map which
is invariant for the Weyl group action, and verifies:

e N(gh) < N(g)N(h) for every g,h € S(R),
e N(g) > 1 for every g € S(R) with equality if and only if g = Id,
e N(g") = N(g)" for every g € S(R) and n € Z.

We now introduce the Cartan’s multiplicative distance which allows us, in Section
4.2.3] to define a universal symmetric space over the real spectrum compactification

of MF(R)

Proposition 2.4.4 ([BIPP23| Proposition 5.5]). The Cartan’s multiplicative dis-
tance s defined as

ds: P'(n,R) x P'(n,R) — C*(R) R>y;

SN
(A, B) — O0(A,B) —— N(6(A,B)) =

E7

where 6(A, B) = diag(\1, ..., \,). It is SL,(R)-invariant, semialgebraically contin-
uous and verifies

1. dy(@, ) < ds(, y)ds(y, 2) for every z,y, = € P(n, R),

2. ds(x,y) =1 if and only if x = y.
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Proof. The action of the Weyl group, associated with SL, (R), on S(R) consists of
permutations of the diagonal entries. Since S(R) consists of diagonal matrices

I a — R>0;
a +— In(N(Exp(a)))

is a Weyl group invariant norm on the Lie algebra a. Hence, by Theorem [2.4.3

dists: P'(n,R) x P'(n,R) — R>o;
(A, B) — In (N (6(A, B)))

is a SL,(R)-invariant distance so that ds is a SL,(R)-invariant multiplicative
distance. Finally, from Lemma [2.4.2] ¢ is semialgebraically continuous, so ds
is semialgebraically continuous as a composition of semialgebraically continuous
maps. [

The multiplicative distance defined on P!(n,R) extends to a multiplicative

—

pseudo-distance on the cover P!(n,R) via

dy: PL(n,R) x PL(n, R) s Ruy;
(Ao, oo tnt), (Both, . ) —s ds(A, B).

We use the objects presented above in the following sections to introduce a

subspace of the real spectrum compactification of Mp(R) xPTnTR), invariant under
the action of I'. This subspace encodes the behavior of minimal representations and
their induced I'-actions on their associated symmetric space in the real spectrum.
To this end, in the next section we introduce the real spectrum and the Archimedean
spectrum of an algebraic set.
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Chapter 3

Real spectrum compactification
and Archimedean spectrum

We want to understand the degeneration of minimal vectors of representations. To
do this, it is interesting to understand the manner in which representations go to
infinity. To understand this behavior, we study the real spectrum compactification
and the Archimedean spectrum of minimal vectors. The former has the advantage
of providing a natural compactification for real points of a semialgebraic set with
good topological properties. The second provides a natural framework for studying
the F-extension of the semialgebraic set when F is a non-Archimedean real closed
field, and provides a better understanding of the geometry and dynamics of its
[F-points.

3.1 The real and Archimedean spectra of rings

The real spectrum applies to commutative rings with unity and provides a natural
functor from commutative rings to compact spaces. In this subsection, we first
present this compactification and the accompanying notions essential for its study
in our text. Our presentation follows [BCR13, Chapter 7], [Bru88al [Bru88c|, and
adapts [BIPP23|, Section 2] to our context. Second, we define the concept of
Archimedicity between rings, which allows us to characterize the closed points of
the real spectrum and to introduce the Archimedean spectrum of a K-algebra—both
of which form notable subspaces of the real spectrum with interesting topological
properties. Throughout this subsection, A denotes a commutative ring with unity:.

Definition 3.1.1. The real spectrum ARSP of a commutative ring A with unity is
the set of prime cones of A. That is, the subsets @ C A such that

e —1¢aq,
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e at+aCaand a-aC a,
e aU(—a)=A4,
e aN(—a) is a prime ideal in A.

Another characterization of the points of the real spectrum uses real algebraic
geometry. In particular ring morphisms to real closed fields.

Proposition 3.1.2 ([BCR13, Proposition 7.1.2]). The following data are equivalent:
1. a prime cone o C A,

2. a pair (p, <) consisting of a prime ideal p and an ordering <, on the field
of fractions of A/p,

3. an equivalence class of pairs (p,F,) where p: A — F, is a ring homomorphism
to a real closed field F, which is the real closure of the field of fractions of
p(A) and (p1,F,,), (p2,F,,) are equivalent if there exists an ordered field
isomorphism ¢: F, — F,, such that py = @ o p;.

4. an equivalence class of pairs (p, F) where p: A — F is a ring homomorphism to
a real closed field F, for the smallest equivalence relation such that (p1,TFy) and
(pa2, Fo) are equivalent if there is an ordered field homomorphism ¢: Fq — Fy
such that ps = p o py.

One goes from (1] to 2| by considering the prime ideal p = a N (—«a) and the
unique order <, on Frac(A/p) whose set of positive elements is given by

i

where ©: A — A/p denotes the reduction modulo p and Frac(A/p) the fraction field
of A/p. One goes from [2| to [3| and 4| by composing the reduction modulo p with
the inclusion of Frac(A/p) into its real closure [F' with respect to the ordering <,,.
Finally, one goes from [ to [I| by considering the prime cone

abe(x,bgép},

a:={a€ Alpla) >0},

where (p, F) is the given ring homomorphism to a real closed field F.
Employing the notation from the fourth item of Proposition the spectral
topology on the real spectrum is defined using a basis of open sets

Ulay,...,a,) = {(p,F) € A |p(ay) >0 Vke{l,....p}},

where ay, are elements in A for every k € {1,...,p}. With this topology, the real
spectrum of a ring and its closed points have good properties.
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Theorem 3.1.3 ([BCR13, Proposition 7.1.25 (ii)]). The real spectrum of A is
compact and its subset of closed points AgSp 1s Hausdorff and compact.

So, to each commutative ring with a unit, we have associated a compact
topological space. Furthermore, if 7: A — B is a ring homomorphism between the
commutative rings A and B, then the lift of w to the real spectrum

7.[.RSp: BRSp — ARSp;
(p,F) — (pomF)

is a continuous map [BCR13|, Proposition 7.1.7]. Thus, the following result gives a
first motivation to study the real spectrum of rings.

Theorem 3.1.4 ([BCRI3| Proposition 7.1.7]). The functor (—)®SP is contravariant
from the category of commutative rings with unity to the category of compact
topological spaces.

Example 3.1.5 ([BIPP23 Example 2.24 (3)], [BCR13, Example 7.1.4] for K = R).
Let A = K]z], where K C R is real closed and x is a variable. For every u € R, set

ay = {f € Klz] [ f(u) 207},
ayr = {f €Kz]|Fe > 0,Yv €|lu,u+¢[, f(v) >0},
ay- = {f € Klz]|3e > 0,Yv €jlu —e,ul, f(v) >0},

which are prime cones of A. They verify a,+ C «,, with equality if and only if
u ¢ K. The following prime cones complete the description of the real spectrum:

oo = {f €Kz]|TIm € K, Vv €]m, +o0[, f(v) >0},
oo = {f €K[z]|TMm e K,Vv €] —oco,m], f(v)>0}.

By factoring polynomials, the topology of K[x]®P has a basis of open subsets
consisting of the intervals

Ul —s,—z+t)=[s"t7]={aw|s<u<t}U{a, |s<u<t}
U{au+ | s <u <t}
Uz —s) = [s7,400] = {a | u> s}y U{ay |u> s}
U{au+ | u> s} U{ars},
U(—z41t) =[—o0,t7 | ={a, |u <t} U{ay, |u<t}
U{au+ | u <t} U{a_},

where s < t are two elements of R. Note that K[z]®P is not a Hausdorff space
since «, belongs to the closure of both a,+ and a,,-.
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To define the Archimedean spectrum, we recall the concept of Archimedicity in
the context of general real fields.

Definition 3.1.6 ([BIPP23], Definition 2.26]). Let R; C Ry be subrings of an
ordered field. The subring R, is Archimedean over R, if every element of Ry is
bounded above by some element of R;.

Before defining the Archimedean spectrum, we note that this definition allows
us to characterize the closed points of the real spectrum in terms of Archimedicity.
Recall that by the third item of Proposition , an element (p,IF,) € Aﬁ}SP is an
equivalence class of ring morphisms to a real closed field IF,, where IF, is the real
closure of the field of fractions of p(A).

Proposition 3.1.7 ([BIPP23| Proposition 2.27)). In the notation of the third item

of Proposition if (p,F,) is an element of AP, then (p,F,) is closed in the
spectral topology if and only if F, is Archimedean over p(A).

Let now A be a K-algebra where K is a real closed field. The Archimedean
spectrum is, informally, a subset of the real spectrum whose real closed fields are
Archimedean over the ground field.

Remark 3.1.8. Let A be a K-algebra where K is a real closed field and (p,F) €
ASSp. The composition of the inclusion K — A with p: A — F gives a field
morphism K — F. Thus K is a subfield of . Since every positive element of K is
a square, the order on [F extends the order on K.

Definition 3.1.9. Given K a real closed field and A a K-algebra, the Archimedean
spectrum of A is the set

Ah, = {(p,F,) € A |F, is Archimedean over K },

endowed with the subspace topology from the spectral topology, where F, is the
real closure of the field of fractions of p(A).

In particular, from Proposition , Aiffh C AgSp. In addition, as for the real
spectrum, the Archimedean spectrum is a functor.

Proposition 3.1.10. The functor (—)iif’h 1s contravariant from the category of
K-algebras to the category of topological spaces.

Proof. Consider A, B two K-algebras and 7: A — B a K-algebra morphism. From
Theorem [3.1.4]

7.(.RSp . BRSp N ARSp;
(p.F,) — (pomFy)
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. . . RS .. .
is a continuous map. Consider w52 the restriction of 7RSP to the Archimedean

spectrum of B. For an element (p,F,) € Blisci, where [F, is the real closure of the

field of fractions of p(B), F, is Archimedean over K. So in particular, the image

of TR is contained in AXP . Hence, (—)%°P is a contravariant functor from the
category of K-algebras to the category of topological spaces. O]

We presented a contravariant functor (—)®5P from commutative rings with a
unit to compact topological spaces. Additionally, we characterized the closed points
of these induced topological spaces and introduced the Archimedean spectrum. In
the next section, we use this framework, along with the coordinate ring of algebraic
sets, to examine functorial properties of the closed points of the real spectrum of
algebraic sets.

3.2 Functoriality of the closed points of the real
spectrum of algebraic sets

Using the coordinate ring of the K-extension of an algebraic set V' C L™ for some
real closed fields K such that L C K, we show that (=) is a functor sending

cl
proper algebraic maps to continuous maps—in the coming section, we apply this

concept to the algebraic sets Mr and 73/(71\) defined over Q. For the rest of the
subsection, let I, K be real closed fields such that I. C K. Consider an algebraic
set V' C L™ and recall that V(K) denotes the K-extension of V. Denote by

V(K)*P = K[V

the real spectrum of V' (K), where K[V] is the coordinate ring of V' (K), see Definition
2.2.5, Moreover, we endowed the K-points V(K) with the Euclidean topology
coming from the norm N: K" — K>, as defined in Subsection [2.2]

Remark 3.2.1. The Euclidean topology on V(K) is equivalent to the topology
generated by the basis of open sets

Ulfi,.... fp) ={veV(K)]| filv) >0,..., f(v) >0},
for fi,..., f, € K[V], see [BCR13|, Subsection 2.1].
Lemma 3.2.2. Let V C R", W C R™ be algebraic sets. If the coordinate ring of

V(R) is R[V] = Rlzy,...,x,]/I1 (V) and m: V(R) — W(R) is a proper algebraic
map, then there exist constants c¢,d € N such that for every v € V(R):

[2i(v)] < ¢ (1+ N(w(v))*)".
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Proof. Since 7 is proper, for every w € W(R) the fiber 7' (w) C V(R) is compact
in the Euclidean topology. The map x; : V' — R is continuous, so that it attains
its maximum on 7! (w) by the extreme value theorem. Hence, the map

;2 W(R) — R;
w > max {z;(v)|ven(w)}

is well defined. Consider the graph X, := { (v,w) € (V x W)(R) | m(v) = w } of
7, which is algebraic because V', W, and 7 are algebraic and X3, = { (w,t) €
W(R) x R|9;(w) =t} the graph of 9;. By the definition of ¥;, it holds

0;(w) =t if and only if Jv € V(R), n(v) = w, x;(v) =1,
and Yo' € V(R), 7(v") = w = z;(v") < t.

Since all sets and maps involved are semialgebraic, the set

x={wwnewxmm |7 T pOns

is semialgebraic. In particular, its projection on W (R) x R is a semialgebraic set
[BCRI3, Theorem 2.2.1], which identifies with X;,. Thus v; is semialgebraic. By
[BCR13|, Proposition 2.6.2], there exist constants ¢ > 0 and d € N such that

0i(w)] < e (1+ N(w)Q)d for all w € W(R).
So in particular, |z;(v)] < ¢(1 + N(m(v))?)? for every v € V(R). O
To do computation in the real spectrum, we use the following notation:

Notation 3.2.3 ([BIPP23, Remark 2.36]). Let L, K be real closed fields such that
L c K, V C L™ an algebraic set, and (p,F,) € K[V]®P where F,, is the real closure
of the field of fractions of p(Kz1,...,z,]). lf x, = (p(x1),...,p(z,)) € V(F,), then

(p,F,) = (ev(z,),F,).
Thus, for all f € K[V], we note f(z,) := p(f).

Theorem 3.2.4. Let V C R", W C R™ be algebraic sets. If m: V(R) — W(R) is
a proper surjective algebraic map, then the image of WSSP, the restriction to the
closed points of the induced map TP, is W(R)gsp. That s, we have a continuous
surjective map

3P V(RS — W(R)S™.
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Proof. As in the notation of the third item of Proposition [3.1.2] consider (p,F,) €
V(R)S%, where F, is the real closure of the field of fractions of p(R[V]). We first

cl

prove that F, is Archimedean over p(R[W]). Consider the coordinate ring
R[V] :=Rzy,...,z,]/T(V),
as in Definition and the element v, := (p(x1),. .., p(x,)) € V(F,) defined in

Notation [3.2.3] By Lemma there exist constants ¢, d € N such that

for every v € V(R) : |z;(v)| < ¢ (1 + N(W(’U))2)d.

So by the Transfer principle (Theorem [2.2.2) the following inequality holds

[2i(0,)] < e(1+ N (e, (v,))2)",

where 7y, is the F,-extension of 7. Hence z;(v,) is bounded by some element
of p(R[W1]). Finally, since (p,F,) is a closed point of the real spectrum, F, is
Archimedean over p(R[V]) by Proposition Hence F, is Archimedean over
p(R[W]) so that

Im (ﬂRSp> c W(R)F®.

cl cl

Finally, 7T§Sp is surjective by [BIPP23, Lemma 7.6] so that

cl cl

Im <7TRSP> = W (R)RP,
O

Under the right setting, (—)§Sp defines a functor from algebraic sets with proper
algebraic maps to compact spaces with continuous maps. In the next section, we
RSp . . . .
use (—), " to define a compactification of any semialgebraic set.

3.3 Constructible sets and real spectrum com-
pactification of semialgebraic sets

This section recalls the definition of the real spectrum compactification of a semial-
gebraic set. To do so, we use the closed points of the real spectrum and study the
constructible subsets of the real spectrum. The Euclidean topology allows us to
embed an algebraic set into its Archimedean spectrum.

Theorem 3.3.1 ([BCRI13| Proposition 7.1.5] and [BCR13|, Proposition 7.1.5]). Let
L C K be real closed fields and V C L™ an algebraic set, then the evaluation map

ev:  V(K) — V(K)or;
(V1,...,0,) > (ev(vy,...,v,),K)
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is a continuous injection from V (K), with its Euclidean topology, to V(K)iifh with

its spectral topology. Moreover, V(K) is dense in V (K)®P and so in its Archimedean
spectrum.

Proof. By [BCR13, Proposition 7.1.5], ev: V(K) — V(K)X® is continuous and
injective. By [BIPP23|, Corollary 2.32], V(K) is dense in V (K)R5P, ]

From Theorem we define the real spectrum compactification of V(K) as
the closure of the image of the evaluation map in the spectral topology:

V(K)FP .= en(V(K)).

cl
We will need in Chapter [5| a stronger statement in the special case when L = Q' :

Proposition 3.3.2 ([BIPP23, Proposition 2.33]). Let V C (Q')" be an algebraic
set. The evaluation map

RSp .

ev: V(R) — V(@r)cl :
(v1,...,0,) > (ev(vyg,...,v,),R)

is a homeomorphism from V(R), with its Fuclidean topology, onto its image with
the spectral topology. Moreover, V(R) is open and dense in V(Qr)gSp and V(@T)SSP
15 metrizable.

Now that we defined the real spectrum compactification of an algebraic set,
we introduce the corresponding construction for semialgebraic sets—such as the
character variety. To do so, we first need constructible sets.

Definition 3.3.3 ([BCR13| Definition 7.1.10]). Let A be a commutative ring
with a unit. A constructible subset of ARSP is a boolean combination of basic
open subsets Ul(ay, ..., a,). That is, obtained from the basic open sets of the real
spectrum topology by taking finite unions, finite intersections and complements.

Constructible sets form the essential building blocks of compact sets in the real
spectrum topology. Moreover, they offer a correspondence between semialgebraic
subsets of an algebraic set V' and compact subsets of V(K)f{sp. They are therefore
essential, as the following result shows.

Proposition 3.3.4 ([BCR13, Corollary 7.1.13, Proposition 7.2.2, and Theorem
7.2.3]). Let L,K be real closed fields such that L C K, V' C L™ an algebraic set,
and S a semialgebraic subset of V.

1. Bvery constructible subset of V(K)R®P is compact with respect to the spectral
topology. Moreover, an open subset of V(K)®5P is constructible if and only if
1t 18 compact.
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—~—

2. There exists a unique constructible set S(K) C V(K)®P so that

—~—

S(K) N V(K) = S(K).

3. If S(K) is a boolean combination of

U(fi) ={v e V(K)| fi(v) >0},

—_~—

where f; € K[V], then S(K) is the same boolean combination of

U(f) ={(p,F,) € V(K)™P[p(f)) >0}.

—_~—

4. The mapping S(K) — S(K) is an isomorphism from the boolean algebra of
semialgebraic subsets of V(K) onto the boolean algebra of constructible subsets
of V(K)Rsp,

5. The semialgebraic set S(K) is open (respectively closed) in V (K) if and only

zfg(Tlg) is open (respectively closed) in V(K)®SP. Hence, the isomorphism
S(K) — S(K) induces a bijection from the family of open semialgebraic

subsets of V(K) onto the family of compact open subsets of V (IK)R5P,

Constructible sets can exhibit surprising behavior. In the following example,
the closed points of a constructible set are not the intersection of the closed points
of the algebraic set with the constructible set.

Example 3.3.5 ([BIPP23, Example 2.34]). Let A' € @ denotes the affine line,
and let K be a real closed subfield of R. For all u € K

{a+} ={ay,au+ } and { - } ={ v, - }.

Moreover, for u € R\K it holds a,+ = a,- = «,, which are closed points of the
real spectrum. Thus

ANK)g™ = {au|u e R} U {az

where R embeds as an open and dense subset. Semialgebraic subsets of A'(K) are
finite unions of intervals and half-lines with endpoints in K. For the semialgebraic
set S(K) := (s,t] N K with s,t € K, it holds

SK) = (5,] U {oe |u € (5,8) NK} U { e, s},

S(K) NV (K)E% = 5(K).

o7



P

In particular, S ( K) N A (K)2 is not compact. However, the closed points of S(K)
are o
S(K), = (s,t]U {as+ } ,

—_~—

which is homeomorphic to a closed segment in R. Note that a,+ is closed in S(K)
but not in A!(K)RSP,

If W is a semialgebraic subset of V' C R", the real spectrum compactification

—_—

WP of W is the set of closed points of W(R). When W is closed, then

WES — J(R) NV (R)E.

Proposition 3.3.6 ([BIPP23, Proposition 2.33]). Let V C (Q')" be an algebraic
set and W C V' a closed semialgebraic subset. The space W (R) is open and dense
in the Hausdorff and compact space WC?SP.

Remark 3.3.7. We study the real spectrum compactification of semialgebraic

models of =(I", PSLy(R)), Mr and ﬁ(n\) defined over @', see Subsection .
These models depend on a choice of coordinates. However, every choice of co-
ordinates leads to models that are related by a canonical semialgebraic isomor-
phism. Consequently, the real spectrum compactifications of both models are
homeomorphic [BCR13, Proposition 7.2. 8] and the real spectrum compactifications

2(T, PSLy(R))2% . Mp(R)E and Pl(n R), e are canonical up to homeomorphism.

In Chapter , we define a continuous surjection from Z(T', PSLy(R))5% to
Z(T, PSLy(R))© motivated, in part, by the following result.

Theorem 3.3.8 ([Bru88al, Proposition 7.2]). There exists a continuous surjection
from the real spectrum compactification of the space of marked hyperbolic structures
on a surface to its length spectrum compactification (Thurston compactification).

Remark 3.3.9. There exists also a continuous surjection between the real spectrum
compactification and the Weyl chamber length compactification (which generalizes
the length spectrum compactification) of higher rank character varieties, where
we replace PSLy(R) by PSL,(R) in the definition of =(I", PSLy(R)), see [BIPP23]
Theorem 8.2].

Despite its name, the real spectrum compactification is not necessarily a natural
compactification of V(K), where a natural compactification of a topological space
X is a Hausdorff compact topological space Y such that X C Y and X is open
and dense in Y.
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Example 3.3.10. Consider the affine line A' ¢ Q. By Example [3.1.5] there is an
homeomorphism

A'(@)S" = U REP = RU {0 ).

By density of the transcendental numbers in R, the topological space Al(@r) is not
open in Al(@r)ffp such that the real spectrum compactification is not a natural

compactification.

We introduced the real spectrum compactification of a semialgebraic set and
established the proper framework to demonstrate its functoriality. However, de-
pending on the field over which the algebraic set is defined, this compactification is
not always natural. To address this issue, we further investigate the topological
properties of the Archimedean spectrum.

3.4 Local compactness of the Archimedean spec-
trum of algebraic sets

Under suitable conditions on K, the Archimedean spectrum is a locally compact
topological space open in V(]K)RSp This makes V(K)RSP a natural compactification
of V(K)ﬁf’gl. To illustrate this, we compute the Archimedean spectrum of the K-
extension of V' when K is Archimedean, as well as the Archimedean spectrum of
the affine line over any real closed field.

Definition 3.4.1. An element b € K is called big element, if for every ¢ € K,
there exists k € N that verifies ¢ < b*.

For the remainder of the subsection, L is a real closed field, . C K a real closed

field with a big element, V' C L™ an algebraic set, and we show that V(K)Rsp is a

natural compactification of the topological space V(K)iffh.

Remark 3.4.2. For every (p,F,) € V(K)2® F, is a real closed field of finite
transcendence degree over K, see Proposition [3.1.2] In particular, if K has a big
element, then F, also has a big element [Bru88a, Section 5]. Hence, if K is a real
closed field that appears in the boundary of V(]R)RSP, where V' C (@)” is an
algebraic set, then the real closed fields that t appear in V(K)RS are also real closed
fields of ﬁnlte transcendence degree over Q that contain a big element [Bru88al,

Section 5].
In this setting, we give a description of V(K){S% as an open and dense subset

of V(K)Rsp which is a countable union of compact sets.

29



Theorem 3.4.3. Let IL be a real closed field, . C K a real closed field with a big
element b, and V C L™ an algebraic set. The Archimedean spectrum of V(K) is an

open subset of V(K)SSP which is a countable union of compact subsets of V(K)gsl’.
Sp

In particular, the space V(K)i‘mh 15 o-compact and locally compact.

Proof. Consider the coordinates 1, ...,x, such that K[V] = K[z, ..., x,]/I(V),
where I(V) is the ideal of polynomials vanishing on V. Write = (z1,...,2,) and
let f € K[V] be an element with coordinate decomposition

flz) = Z el

I multiindex

where if I = (i1, ...,4,) for some i; > 0, then 2! := gt .- 2 By the Cauchy-
Schwartz inequality—a consequence of the Transfer principle (Theorem [2.2.2)), it
holds for every v € K"

f(v)* = (21: cwf) 2 <(>a) ().

Define g(z) := Y 27 so that v? < g(v). With the notation || := >_4;, it holds

v?! < g(v)M and
for s (Xd) (X g

)2 < (32 &) lsupp(£)l;
where supp(f) := { I multiindex |¢; # 0}. Or g(v) > 1 and
o< (D2 6) lsupp()lg(0)™?,

where d(f) := max{ |I||I € supp(f) }. In either case, since b is a big element of K,
there exists m € N such that

Either g(v) <1 and

f)2 <™ (1+g0)™) Vo e K™

Let (p,F,) € V(K)®P and z, be the point of V(F,) defined in Notation [3.2.3|
The previous inequality holds in every real closed field. Thus, for every f € K[V],

there exist m € N such that
F@p)? <™ (14 gla,) D).
So, define for every k € N, the open set Ay (K) and the closed set By (K) as

Ap(K) = {UGV(K)‘ZU?<bk}, By(K) := {UGV(K))vagbk}.

60



Claim: The Archimedean spectrum of V(K) contains V(K) and is an open subset
of V(]K)RSp as the following equality holds

RSp RSp
Arch U Ak’ )cl

keN

Moreover, V(K)¥ is a countable union of compact sets as

RSp RSp
Arch U Bk ) :
keN

Proof: On the one hand, if (p,F,) € V(K)ifcph, then F, is Archimedean over
K. In particular, it is Archimedean over p(K[V]) (see Remark [3.1.8) so that
(p,F,) € V(K)2. Since F, is Archimedean over K and b is a big element of K,
b is also a big element of IF Thus there exists a natural number k that verifies
g(z,) < V¥ so that the following inclusions hold

(K)o < A(K) K)a* c Bi(K) N V(K)ReP,

keN keN

On the other hand, consider (p,F,) € B/;J/K) N V(K for some fixed k € N. By
Proposition [3.1.7] F, is Archimedean over p(K[V]) and we show that p(K[V]) is
Archimedean over K. Consider f € K[V] and m; € N such that

f(xp)2 <™ (1 + g(xp)d(f)) .

Since (p,F,) € Bi(K) it holds g(x,) < b*. So, there exists my € N with
Fla,)? < b,

Hence p(K[V]) is Archimedean over K. Thus, also F, is Archimedean over K and

RSp RSp RSp
K) Areh = U Ak U Bk (K)o

keN keN

In particular, the Archimedean spectrum of an algebraic set is the intersection of
a countable union of open constructible sets with V(]K)RSp Consequently, it forms
an open subset of a compact Hausdorff space and, therefore, is locally compact
[Muni8, Corollary 29.2]. O

Corollary 3.4.4. Let L be a real closed field, I. C K a real closed ﬁeld with a big
element b, and V C IL™ an algebraic set. The topological space V(K)Arfh s an open
and dense subset of V(K )RSP In particular, V(K)RSp is a natural compactification

cl
of V(K)h .
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Proof. By Theorem [3.4.3, V(K)%>2 is open in V (K)5°P. Moreover, the evaluation
map on elements of V(K) provides a topological embedding of V (K) in V (K){>»

as a dense subset (Theorem [3.3.1)). Thus V(K)%°P is also dense in V(K)5%°, [

Proposition 3.4.5. Let L, K be real closed fields such that . C K, with K is
Archimedean over Z, and V' C L™ an algebraic set. The evaluation map

ev:  V(R) — V(K)or
(v1,...,0,) > (ev(vyg,...,v,),R)

is an homeomorphism from V(R), with its Euclidean topology, to V(K)XP with its

spectral topology. Thus, V(K)gSp is a natural compactification of V(R).

Proof. First, Notice that R is Archimedean over Z so that ev is well defined. By
[BIPP23, Proposition 2.33 (1)], ev is a continous and open injection from V(R
with its Euclidean topology to V(K)CP;SP with its spectral topology, see Remark .
So it remains to show that ev is a surjection onto the Archimedean spectrum.

Let (p,F,) € V(K)X>» and consider o: F, — R an ordered field monomorphism
as in [Hallll, Theorem 3.5]. Then by the fourth item of Proposition [3.1.2)

(n,F,) = (op,R) € V(K)jri-

Let K[V] = K|z, ...,2,]/I(V) be the coordinate ring of V(K) as in Definition
2.2.5] Using Notation [3.2.3] it holds (cp(z1),...,0p(z,)) € V(R) and

(ev(op(z1),- .., 0p(x,)),R) = (0p,R) € V(K)ioh.
Thus ewv is surjective as wanted, hence a homeomorphism. O

Remark 3.4.6. One might wish to generalize this result to the setting of complete
Archimedean fields, see [SC21], Section 3]. However, the notion of Archimedicity
used to define generalized Hahn fields is stronger than the definition of Archimedicity
employed in this text, so that the uniqueness of a complete Archimedean field fails.

As an example of computation, we describe the Archimedean spectrum of A!
in terms of Dedekind cuts, where a Dedekind cut of a real field LL is a partition of
LL into two nonempty subsets D_ and D, such that D_ is closed downwards and
does not contain a greatest element.

Proposition 3.4.7. For a real closed field K

AY KR =K U {K =D_UD,

D_ # @ has not lowest upper bound,
D, # @ has no greatest lower bound |-
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Proof. With the notation of the third item of Proposition let (p,F,) be
an element of A'(K)®SP. The coordinate ring K[x] of A'(K) is principal so that
the kernel of p is either trivial or a principal ideal generated by an irreducible
polynomial f. On the one hand, suppose ker(p) = (f). If f is linear, then F, =K
and p is the evaluation on an element in K. Otherwise, since K is real closed, f is
quadratic. However, in this case, [F, = K(y/—1) which is not orderable. This is a
contradiction with IF, is real closed. On the other hand, p is injective and gives an
ordering of K(z) = Frac(K|z]). Thus

AYK)®P =K U { orderings on K(z) },
AYK)RP =K U { orderings on K(z) Archimedean over K }.

Claim: There is a one-to-one correspondence between the orderings of K(x) which
are Archimedean over K and the Dedekind cuts of K with no lowest upper bound
and no greatest lower bound.

Proof: On the one hand, consider an ordering < on K(x) Archimedean over K and
the sets

D_:={aeK|a<uz},
Dy :={aecK|z<a}.

Since the ordering is Archimedean over K, D, is nonempty and x~! is bounded
from above. So the set D_ is nonempty. Suppose D_ has a lowest upper bound
u in K. If w is an element in D_, then u < z < u+ ¢ for every 0 < ¢ € K. In
particular,

et < (x—u)"! for every 0 < e € K,

which is a contradiction with the ordering on K(x) is Archimedean over K. If u is
an element in D, then u — e < x < u for every 0 < € € K so that

et <(u—2)" forevery 0 < e € K.

This is also a contradiction with: the ordering on K(z) is Archimedean over K.
Hence D_ does not have a lowest upper bound, and by a similar reasoning, D
does not have a greatest lower bound. Therefore, an Archimedean ordering on K(z)
defines a Dedekind cut of K with no lowest upper bound and greatest lower bound.

On the other hand, consider a partition K = D_ U D, where D_ has not lowest
upper bound and D, has no greatest lower bound. Define an ordering on K(z)
generated by

a < x for every a € D_,
x < bforevery be D,.
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Since K is real closed, any g € K(x)\{ 0} has a decomposition

g@)= ] @—c)™ ] @—c)™ [] (=),

c;eD_ c;eED

where the ¢;’s are the distinct roots of g, and hy are irreducible quadratic polyno-
mials. In particular, 0 < h;, for every 1 < k < ¢ so that

0 < g if and only if Z m; € 27.

c;e€DL

Equivalently 0 < ¢ if and only if there exists a € D_ such that the restriction
9lk-.np_ is strictly positive. We show that this ordering is Archimedean. By
definition of the ordering, the linear terms of the decomposition of g are bounded
by some element in the ordered field K. Therefore it remains to prove that the
quadratic terms are also bounded in K. Since all h; are irreducible, there exists
0 < e with ¢ <[], hx(a) for every a € K. In particular, there exists ¢’ € K so that
g~' < &, This is true for every g in the real field K(x) so that the ordering is
Archimedean. ]

Remark 3.4.8. For every non-Archimedean real closed field K, A! (K)Z{fcph does
not have the structure of a field. Indeed, the natural addition of the Dedekind
completion of a non-Archimedean field is not invertible, see [Hallll Lemma 3.10].

We introduced the Archimedean spectrum of the K-extension of an algebraic
set V and studied one of its natural compactifications given by the closed points of
the real spectrum. Before further exploring the Archimedean spectrum using the
Berkovich analytification of V(K) in Section [4.2] we first study universal geometric
spaces over the real spectrum compactification of Mr. This allows us to show strong
convergence properties within the real spectrum in Subsection Consequently,
we gain a deeper understanding of the dynamical properties of Mr by leveraging
the local compactness of the Archimedean spectrum.
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Chapter 4

Real spectrum compactifications
of universal geometric spaces

Section constructs universal geometric spaces over Mp(]R)f}Sp and studies

properties of the projection map onto Mp(R)f{Sp. The fibers of the projection
map, at the level of the real spectrum, are well organized over MF(R)SISP and
coincide with the Archimedean spectrum, yielding new accessibility results in the
real spectrum. In the first subsection, we construct this universal geometric space

using the SL,,(R)-action on P"~*(R). In the final two subsections, we construct a

L —

suitable subset of (Mp(R) x Pm))ﬁ% which contains Mrp(R) x Pl(n,R) and
serves as a universal symmetric space over Mp(R)5P.

Section reviews the theory of Berkovich and real analytification, and con-
nects them to the theory of the Archimedean spectrum. We use the canonical
homeomorphism between the Archimedean spectrum and the real analytification
to construct a continuous and proper map from the Archimedean spectrum to the
Berkovich analytification. We characterize its image completely and examine the
specific case of the Archimedean spectrum of the projective line. In this setting,

the image in the Berkovich analytification is a PSLy(F)-invariant R-subtree.

4.1 Universal geometric spaces over minimal vec-
tors

In this section, we study the real spectrum compactification of M (R), the algebraic
set of minimal vectors of a finitely generated group I' in SL,,(R), its interaction with
compact algebraic sets (as the projective space P"1), and the symmetric space

—

Pl(n). A key focus is on providing a geometric understanding of the convergence
of sequences in the real spectrum. Specifically, we demonstrate that representations
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on the boundary of Mp(R)E? induce actions of T' on P"1(K)P and Pﬂ)iéﬁh,
where K is a well-chosen non-Archimedean real closed field. This motivates the
relationship we exhibit in Section between the Archimedean spectrum and the
Berkovich analytification.

4.1.1 The universal projective space

We examine the lift of the projection map 7: (V' x W)(R) — V(R) when V C R"
is an algebraic set and W C R™ is a compact algebraic set. We analyze the fibers
of THP: (V x W)(R)E® — V(R)EP using the Archimedean spectrum and show
that the fibers are well organized over V(R)}}Sp As an application, we construct a
universal projective space over Mrp(R )RSp that encodes degeneracies of I'-actions
on P"1(R) induced by representations in Mp(R).

Remark 4.1.1. Let I. C K be real closed fields and V' C L™, W C L™ algebraic sets.
From [BCR13|, Theorem 2.8.3. (iii)], there exists a natural K-algebra isomorphism

L K[V] @x K[W] 2 K[V x W]

given by 1(5 f; ® 6:) (0, w) = 3 fi()gi(w) for every (v,w) € (V x W)(K), see
[Sha74, Chapter 1, Subsection 2.2, Example 4, page 17]. In particular, by the
universal property of the tensor product, for every (p,F) € (V x W)(K)®5P, there
exists (p!,F) € V(K)R (p2 F) € W(K)R such that the following diagram
commutes

K[V]
l p
K[V —>KV><W

T /

where the vertical arrows are the inclusions. Hence, for every h € K[V x W]
=> p'(hl)p* (k) where 7' (h) =) hl @k} € K[V]@g K[W].

We denote by (p!, p?, F) this decomposition of the morphism (p,F).

Proposition 4.1.2 ([CR82, Proposition 4.3]). Let 7: A — B be a ring morphism,
and (p,F,) € ARP. Then (7®°)~1(p,F,) is homeomorphic to (F, @4 B)®P,

We refer to [CR82), Proposition 2.5] for a description of the homeomorphism.
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Theorem 4.1.3. Let V C R"™ be an algebraic set and W C R™ a compact algebraic
set. If m: (V. x W)(R) — V(R) is the projection map, then the restriction to the

closed points of the induced map TP takes its values in W(R)ﬁsl’, that s

TSP (V x W) (R)ESP — V(R)E5P,

cl . cl

Moreover, it is continuous, surjective and the fiber of (p,K,) € V(R)gsf’ is homeo-
morphic to W (K ,)oP

Proof. Since W (R) is compact, the projection map is algebraic and proper. Thus,
by Theorem the map 750 : (V x W)(R)E® — V(R)E is well-defined,
continuous and surjective.

We show that the fiber of an element (p',K,1) € V(R)5> is homeomorphic

cl
to W(Kpl)lzfgl. Consider (7%%)~*(p!, K1) endowed with the subspace topology
induced by the spectral topology on (V x W)(R)®. By Proposition |4.1.2] there

exists a canonical homeomorphism

(ﬂ'RSp)—l (Pl7Kp1) & (Kpl Qrpv) R [V x W])RSp
~ (K, Qg R[V] @z R[W])RP
S (I [W])FSP = W (1)

p )

where the second homeomorphism comes from [BCR13| Theorem 2.8.3. (iii)]. We
study the intersection of this preimage with (V x W)(R)E*P. Consider (p,F,) €
(7)1 (ph K ) N (V x W)(R)E and its decomposition (p,F,) = (p', p?,F,) as

cl

in Remark [£.1.1] Consider the coordinate ring
RV xW]:=Rzy,...,z,)/T (V x W),

as in Definition and the element v, := (p(z1),...,p(z,)) € V(F,) defined in
Notation [3.2.3 By Lemma there exist constants ¢, d € N such that

for every v € V(R) : |z;(v)] < ¢ (14 N(ﬁ(v))Q)d.

So by the Transfer principle (Theorem [2.2.2))

[:(v,)] < e(1+ N (s, (0,))%)*

such that p(R[V x W]) is Archimedean over p'(R[V]) C K,i. In particular, F, is
Archimedean over K1 so that (p%,F,) € K, [W]5>h . Hence

-1
(75™) (2" K) € W(Kp)Roh
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We prove the remaining inclusion. Consider (p* F) € W(Kl)iifh Then
,02|Kp1: K,» — F is an ordered field morphism (see Remark [3.1.8). Since F is

Archimedean over K,i which is Archimedean over p*(R[V])

(P10 0 0, % F) € (V x W)R)S™.

Moreover, 7 (p?|ic , 0 p', p*,F) = (p*|i, © p",F) = (p'. K1) by Proposition 3.1.7
so that

—1
(75™) (0" Kr) = WK ) i35

cl

O
In the setting of Theorem , the fibers over V(R)RSP exhibit good behavior

under projection. Informally, we Show that if a sequence of elements in V(R)}}Sp
converges to (p,K,), then the corresponding fibers also converge to the fiber of
(p,K,). To describe this behavior, we use that RSP is an open map, which is

described in [CR82, Theorem 6.3], though our setting provides a natural proof.

Lemma 4.1.4 (J[CR82, Theorem 6.3]). Let . C K be real closed fields and V' C L™,
W C L™ algebraic sets. If m: (V x W)(K) — V(K) is the projection map, then the
lift 78P: (V x W)(K)RP — V(K)R5P is open.

Proof. Since for two open sets Uy, Uy C (V x W)(K)®P_ the equality
(U, U Uy) = 7P (U) U o9 (1)
holds, it is enough to show that the image of a basis element
U(fi,..., fo) C(V x W)(K)*P

is open for any f; € K[V x W]. Consider the open subset U(f,...,f,) =
U(fi,..., f,) N (V x W)(K), see the fifth item of Proposition @L Since the
projection map is open, w(U(f1, ..., fp)) is an open subset of V(K). In particular,
by the Finiteness Theorem [BCR13, Theorem 2.7.2], there exists gi,. .., gfh € K[V]
with

T(U(fr,- -, [p)) UU 9is--n0h) -

—_——

We show that 78%(U(fy,..., f,) = UU(gi, . .. , gi.) which is open by Proposition
As in Definition [2.2.5| consider the coordinate rings

K[V] =K[z1,...,2,]/I (V) and KIW] = Kys, . .., ym]/T(W).
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Let (p,IF,) € Ulfr,..., fp) and, as in Notation m, its associated element

p— (p(x1)7 e ,p(l‘n),p(yl), e ap(ym)) - (V X W)(FP)

By definition z, € U(f1,..., f,)(F,) :=={v e V(F,)| fi(v) >0 Vi}. By [BCR13|
Proposition 5.2.1]

r,(2p) (UU 917-"79%) UU gl,...,gql (F,),

and by the third item of Proposition

UU(giaagq CUU gl””’ng
i

z

Hence the following inclusion holds

RSP <U( ) UU gl,...,gqZ

Moreover, for every w € U;U(g!, ... ,géi) there exists v € U(f1,..., f,) such that
m(v) = w. So, by [BCRI3, Proposition 5.2.1], for every wg € U;U(g}, ..., g, )(F)
there exists vp € U(fy, ..., f,)(F) with 7(vg) = wg. So

RSP (U( > UU gl?"'hng

which is an open subset of V (K)R5P. O
In our context, this lemma has an analogue at the level of closed points.

Theorem 4.1.5. Let . C K be real closed fields, V C L™, W C L™ algebraic
sets, and w: (V x W)(K) — V(K) the projection map. If there exist open sets
Ur(K) C (V x W)(K) for k € N such that the restriction of TP to

E = JUK) N (V x W)(K)GP

keN

has value in the closed points and is surjective, that is
TP |5 B = V(K)S®,

then 7P|y is also open.
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Proof. Consider an open set UF C E, such that there exists an open set U C

—_—

(V x W)(K)EP with UF = U N E. Since UpenUp(K) C (V x W)(K)ESP is open by
Proposition [3.3.4, we suppose U C UgenUy(K). It holds

TP (UF) ¢ 785°(U) NV (K)EP,

cl

and we prove the reverse inclusion. Consider an element
(p", K1) € 7P (U) NV (K)SP
so that (7%5P) 1 (p!, K 1)NU is a non-empty open subset of (7)1 (p! K1) for the
subspace topology. By Proposition [4.1.2, there exists a canonical homeomorphism
-1
(WRSP) (pla Kp1) = (Kpl ®xv) K [V x W])RSP

= (Kpl ®K[V] K [V] ®r K [W])RSP

> (K, [W])P = W (K0) P

p )

p

where the second homeomorphism comes from [BCR13, Theorem 2.8.3.(iii)]. Denote
by ¢: (7BP) 71 (p! K1) — W (K,1)RP this homeomorphism. Then

1
o ((0)" (0 ) D)
is a non-empty open subset of W (K )P, By Theorem this open set contains
a closed point

(" Kp) € ¢ ()7 (01 Kpp) NU) N W (K1) 5%

Since ¢ is continuous, ¢~ (p?, K2) = (1, F) is a closed subset of (775°)~1(p! K 1)
which is in U. In particular, there exists a closed set A C (V x W)(K)®P with

(,F) = AN (7)™ (o, K,p).

Since (p', K, ) € V(K)EP and 7R is Continuous, the fiber (75P)~1(p! K1) is

(K
closed in (V' x W)(K)®P. Hence (¢, F) = AN (7%)71(p', K1) is closed and

(¥, F) € (V x WYK)EP n U N (7%9) 7 (01, K1)
= (V x WYK)E® N | UK)nU N (7)) 7 (0, K,)

keN
=ENUN (WRSp)fl (", K.

Hence
TP (UF) = 785 (U) n V(K)EP,

which is open by Lemma |4.1.4] [
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RSp
cl

We now present the convergence of the fibers in (V' x W)(R)
constructive manner.

in a fully

Theorem 4.1.6. Consider the same setting as in Theorem |4.1.5 Let (p,, K1) C
V(R)E® be a sequence converging to an element (P, K,) € V(R)E® . For every
element of the fiber (p*, p*,F) € (WESP)_l(pl, K1) and every open set U in E around

this element, there exists M € N and

-1
(Phrs PrsFar) € (T5™)  (ohs Ky, ) UL

Proof. As in the statement, consider (p', p?,F) € (m5°") " (p", K1) and U C E an

cl

open set around it. By Theorem [4.1.5] the map 7%5P|g is open. Thus
U' = x| (V)

is open in Mp(R)55P and contains (p', K,1). Since the sequence (p;;, K1) converges
towards (p', K1), there exists M € N so that (p},, K, ) € U'. Moreover, since
U’ = 78| (U), there exists (p,F,) € U such that

| (0. F,) = (Pher K, ) -

Hence L
(0, F,) € (7"P) " (o, Ky ) N U

is the desired element in the fiber. ]

We apply these results to the case V(K) = Mp(R) and W (K) = P"}(R).
There exists a natural continuous action of I' on Mp(R) x P"~1(R) given by

- (0, 2) = (¢, 0(7)x)

Proposition 4.1.7. The T'-action on Mp(R) x P*"}(R) eztends to an action by
homeomorphisms on (Mrp(R) x P"1(R))BS preserving (Mp(R) x P 1(R))EP.

cl

Proof. Since SL,(R) acts on P""!(R) semialgebraically, the graph of the action
of one element of ' on Mp(R) x P""!(R) is semialgebraic. Thus by [BCRI3,
Proposition 7.2.8], the action extends canonically to an action by homeomorphisms
of (Mp(R) x P 1(R))RSP preserving (Mrp(R) x P*~1(R))55P. O

cl

We now prove that (Mp(R) x P*~1(R))% forms a universal geometric space
over Mp(R)S%P. Informally, we show that (Mp(R) x P"(R))3% behaves simi-
larly to the product Mp(R)E% x P*~1(R)E5 even though these spaces are not
homeomorphic when endowed with the spectral topology.
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Theorem 4.1.8. If 7: Mp(R) x P Y(R) — Mrp(R) is the projection map, then
the restriction to the closed points of the induced map TP takes its values in

Mp(R)E® that is

RSp

TP s (Mp(R) x P"H(R)) ™ — Mp(R)S™.

Moreover, it is continuous, surjective, I'-equivariant, and the fiber of (p,K,) €
Mrp(R), RS is homeomorphic to P (K,)3>

Proof. The projective space is identified with the set of orthogonal projections onto
subspaces of dimension 1 of R” [BCR13| Theorem 3.4.4]

P HR) :={ A€ M,n(R)|AT = A, A% = A tr(A) =1},

It is a compact algebraic set so that by Theorem |4.1.3 the map

RSp

T (Mp(R) x P"H(R)) S — Mp(R)ES

is continuous, surjective, and the fiber of (p,K,) € MF(R)ESP is homeomorphic to
P (K, )i

We show that 7" is T-equivariant for the M-action on (Mp(R) x P*~(R))55P
described in Prop081t10n and the trivial action of I' on Mp(R)S%. Let
Dar ¥

cl
(p,F,) € Mp(R)xP" (R . By Remark, there exist (p',F,) € Mp(R)RSP

and (p* F,) € P""1(R)®5P such that
Vh e R [Mp x P p(h) =Y p'(h)p*(h})

where ¢ 7!(h) = Y h! @ h? € RIMr] @g R[P"!]. For v € T and h' € R[My], the
following equalities hold:

o P (vp) (BY) = 73 (0, 0" 0 7) (h')
= (1)
_ 1 1 RSp 1
=p' (B') = 1mg " (p) (R').
Thus, WP}SP is I'-equivariant, as desired. O

Remark 4.1.9. The map 7r P is I'-equivariant, so its fibers are I'-invariant. Thus
every (p',K,) € Mr(R )Rsp induces a T-action on P* ! (K,)¥ such that, for
verl, (,oz,Kp ) € (™)1 (p' K ), and b € K, [P*!] we have:

vp*(h) = p*(p' (7)h).

Finally, we can explicitly characterize the well organization of the fibers of WRSp.
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Corollary 4.1.10. Let (p,, K, ) C Mr(R)E5P be a sequence converging to an

cl

element (p', K1) € Mp(R)S®.  For every element of the fiber (p*, p*,F) €

cl
(T8P) L (p", K1) and every open set in (Mp(R) x P""(R))S around this element,

cl cl
there exists M € N and (p};, p3;,Far) in (Wgsp)_l(p}w,ﬂ{p}w) NU. In particular,

(e Far) s in P (K) 30

Proof. Consider the open subsets Uy (R) := Mp(R) x P""}(R) of Mp(R) x P"}(R)
for every k € N such that with the notation from Theorem [4.1.5]

RSp
cd

E = (Mr(R) x P (R))

Then, 75|, = 71'38]3 and by Theorem m, the map 7T§Sp verifies all the conditions
from Theorem [4.1.6, Thus, the statement is a consequence of the more general
Theorem 4.1.6 O

Remark 4.1.11. By combining P'(R)}2" = P!(R) with the accessibility theorem
from [BIPP23, Corollary 3.9], we also obtain an accessibility theorem stating that
all T-actions on P'(F)¥" arise from T-actions on P!(R).

We constructed a universal projective space over MF(R)ESP . This provides a
framework for studying the actions induced by elements of Mp(R)5P on P*~1(K)
within P"_l(K)ifgl. In the following subsections, we extend this approach to analyze
the induced actions on the symmetric space P!(n). Specifically, we construct a

: . RS
universal symmetric space over Mrp(R) ™.

4.1.2 Displacement of an action and its associated geomet-
ric space

—— \RSp

In this subsection, we construct a I-invariant open subset £ of (Mp(R)xP(n,R)),
which is a countable union of compact subsets of (Mp(R) x P1(n,R))5%® and that

—

contains Mrp(R) x P1(n,R). Moreover, as we see in the next subsection, F surjects

continuously onto Mp(R)RP.

—

Remark 4.1.12. There exists a natural T-action on Mp(R) x P(n,R) given by
- ((bv (A7 tl? s 7tn71)) = (¢7 (b(fy)(Aatla s 7tn71>> .

To encode the I'-action on P1(n,R) induced by an element in Mrp(R) and define
a universal space over Mp(R)iSp, we look at elements of the symmetric space within

specified balls defined by the displacement function of the representation. Consider
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F={m,...,7 } a finite generating set of I" and recall that, as in Subsection ,
M, (R)F is equipped with a scalar product

((Ay,..., Ay, (Bi,...,B,)) ::Ztr(AfBi),

for every Ay,..., As, B1,. .., Bs € My« (R). Then we define the norm
n: Hom(T',SL,(R)) — R>o;
p — ((p()s - p(0)  (p(n), -+ p(s)) ) -

In particular, n is semialgebraically continuous. Let ds be the semialgebraically
continuous Cartan multiplicative distance on P!(n,R) given in Proposition [2.4.4)]

and dj its extension to Pm) Consider for every k € N
U(R) = {(p. (A,1)) € Me(R) x PT(n,R) | ds(1d, (4,8)) < n(p)" }
which is open and semialgebraic in Mp(R) X Pm) as both ds and 7 are, see
Proposition [2.4.4]
Definition 4.1.13. Define the open subset of (Mp(R) x Pm))gsl’ given by
—_—— —_— RSp
E=Ju®)n (MF(R) x Pl(n,R)>

keN

Y
cl

—_~—

where Uy (R) is the constructible set associated to Ui (R), see Definition (3.3.3]

Denote by ||| » the word length with respect to the generating set F' of I'.
Lemma 4.1.14. For every (p, A) € Mr(R) x P (n,R) and v € T, it holds
ds(1d, p(7).A) < n(p)2Mlrds(1d, A).

Proof. Using the first item of Proposition and the SL, (R)-invariance of the
Cartan’s multiplicative distance we obtain for every v € I’

d6(1d7 ,0(”)/)14) = d5(1d7 p(71 o '7@)'A) < <H dé(Ida p(%)ld)> d&(Idv A)a (4‘1)

j=1

where ||v||p = ¢, 7 € F forevery 1 < i < /¢ and v = 7 ---7. We now bound
the value of ds(Id, p(+;).1d) by powers of n(p). As seen in Subsection any
g € SL,(R) has a Cartan decomposition g = kc(g)k’ where k, k' € SO(n,R) and

A1
c(g) = where the \; are ordered so that A\, < --- < ).
An
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Then ¢g'g = k' ~tc(g)?k’ so that tr(gTg) = A2 + .-+ + A2 and ds(Id, g.Id) =
M, Since det(g) is the product of the \; and is equal to one, we obtain
A < ds(Id, g.Id) < AP and A? < tr(g7g) < nA?. Hence

n
2

ds(Id, g.1d) < tr (97g) 2. (4.2)

Furthermore, from the inequalities (4.1)) and (4.2), we obtain

ds(Id, p(7)-A) < (H da(Id,p(%).Id)) ds(1d, A)

j=1

(Htr (i )) ds(Id, A)
< n(p)2lrds(1d, A).

Hence we obtain the desired inequality. O

Corollary 4.1.15. For every v € I' and k € N, we have the inclusion v.Ux(R) C
Ut 21y, (R).

Corollary 4.1.16. The I'-action on Mr(R) x Pm) extends to an action by
homeomorphisms on (Mrp(R) x PL(n,R))RSP preserving E.

Proof. Since SL,(R) acts on Pm) semialgebraically, the graph of the action of

one element of I' on Mp(R) X 731/(717&) is semialgebraic. Therefore, by [BCR13|
Proposition 7.2.8], the action extends canonically to a homeomorphism of (Mp(R) x

Pﬂ))ml’, preserving (Mrp(R) x 771/(717R))§Sp . Additionally, by Corollary |4.1.15|
this homeomorphism preserves F. O

P

Since the sets Uy (R) are open subsets of (Mp(R) x Pﬂ))RSp for any k£ € N,
the above defined set E is a locally compact open subset of (Mp(R) x Pl(n, R))5P

which contains Mrp(R) x P!(n,R) and on which I' acts by homeomorphisms.

Remark 4.1.17. As in Theorem | if we replace Uy, (R) in the definition of £
by
Vi = { (0 (A1) € Me(®) x PT(n.R) | ds(1d. (A4.1) < n(p)* }

which are closed and semialgebraic in Mp(R) x Pl/(an) Then

E = U(R) ( )xPlnR) _kaR( )xPl(nR)>Rsp

1
keN keN
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—

so that E is also a countable union of compact subsets of (Mp(R) x Pl(n,R))
Thus it is o-compact.

RSp
cl

Using constructible subsets of the real spectrum, we constructed a topological
space E on which I' acts by homeomorphisms. In the following subsection, we

—

study the lift of the projection map 7 : Mp(R) x Pl(n,R) — Mp(R) to the real
spectrum, particularly focusing on its restriction to £. This results in a universal

symmetric space over MF(R)isp.

4.1.3 The universal symmetric space

In this subsection, we construct a universal symmetric space over MF(R)S}SI’ that

encodes the degeneracies of I'-actions on P!(n,R) induced by representations in
M_r(R). In particular, the Archimedean spectrum allows us to describe the fibers of

—

the projection 7 : Mr x Pl(n) — Mr at the level of the real spectrum, especially
its restriction to E. Moreover, we prove that the fibers are well organized over the
target space and establish convergence results about them. To do this, we need
the following two linear algebra results.

Lemma 4.1.18. Let A € M, x,(R) be a symmetric matriz with eigenvalues X\, <
<AL

1. If A is positive semidefinite, then for every 1 <i,5 <n it holds
[Aijl =1(Aei , e;) | < [M].

2. For every 1 < ¢ < n, we have X, < det(A[f]), where det(A[(]) is the (-
principal minor of A.

Proof. For the first item, let 1 <, 7 < n such that

[Aigl = (Aei s e)[ < max | {Az, y)|.
Jall =L, lyl=1

Since A is positive semidefinite, by the Rayleigh—Ritz Theorem (see for example
[HJ85, Theorem 4.2.2])

0< max [(Az,y)|< .
oS | ¢ Yyl <M

Hence |A4; ;| < A1. The second item is a consequence of the Cauchy’s interlacing
theorem [HJ85, Theorem 4.3.17]. Indeed, if the eigenvalues of A[¢] are pp < - -+ < py,
then by the Cauchy’s interlacing theorem \, < u; for every 1 < ¢ < n. Hence

¢
X, < [T m = det(ale)
i=1
as desired. [
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Recall that there exists a multiplicative Cartan pseudo-distance ci(; defined on

—

Pl(n) (Proposition [2.4.4) and that n: ¢ — > tr(¢(7:)" #(7:)) defines a scalar
product on the representation space Hom(I', SL,,(R)). Moreover, these two maps
are semialgebraically continuous, which allows us to extend them using the Transfer

principle (Theorem [2.2.2)) to a K-multiplicative pseudo-distance on PW) and a
scalar product on Hom(T', SL, (K)) for any real closed field K. This allows us to
prove the following theorem using similar techniques as in Subsection

—

Theorem 4.1.19. If m: Mp(R) x P(n,R) — Mrp(R) is the projection map, then

the restriction to E of the induced map %5 takes its values in MF(R)SSP, that is

7P| 5 B — Mp(R)FP.

cl

Moreover, it is continuous, surjective, I'-equivariant, and the fiber of (p,K,) €
——— RSp

MF(R)BSP is homeomorphic to Pl(naKp)Arch'

Proof. As in the notation of the third item of Proposition [3.1.2] consider (p,F,) €

U (R) N (Mr(R) x Pm))SSp for some k € N, where F, is the real closure of the

field of fractions of p(R[Mrp x PL(n)]). We first prove that F, is Archimedean over
p(R[Mr]). For every 1 <i,j <n,1</{<n-—1and 1< m < sn? consider the
coordinates x; j, y, and 2, and the coordinate rings as in Definition [2.2.5]

R [ﬁ@} = Rlwi, yl/I (ﬁ(ﬁ)) and RIMy] = R[zn] /1 (Mr).

—

Consider also the element w, = (p(zn), p(xi;), p(ye)) € Mp(F,) x Pt(n,F,)
defined in Notation 3.2.3] With the notations from Proposition [2.4.4] for any

(A t1, ..., th1) € PH(n,R) where 0 < A, < --- < Ay are the eigenvalues of A
ds(1d, A) = N(diag(A1, ..., An)) = A1/ An.

Thus, using Lemma [4.1.18] we obtain

—_——

Using that (p,F,) is an element of U (R), the F,-extensions of ds and 7 verify

ds (1d, x5 (w,), ye(w,)) < m (Zm(wp))k :
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Hence, by the Transfer principle (Theorem [2.2.2])

5,5 (wp)| < ds (Id, 245 (w,), ye(w,)) < 7 (2 (w)))", (4.3)
< ds (1d, m3,5(w,), ye(wp))" < 1 (2 (w,))* (4.4)

so that z;;(w,) and y,(w,) are bounded by 1(z,,(w,))* for every 1 < 4,5 <

n and every 1 < ¢ < n — 1. Hence p(R[Mr x 7;@]) is Archimedean over
p(R[Mr]). Since (p,F,) is a closed point of the real spectrum, F, is Archimedean

over p(R[Mp x P(n)]) by Proposition [3.1.77 Hence F, is Archimedean over
p(R[Mr]) so that

7]_RSp( )CM ( )RSp‘

Second, we prove that 78| is surjective onto Mp(R)E. Let (P Kn) €

Mr(R)E® . Using R[Mp x ﬁ(n\)] = RMr] ® R[%] [BCRI3, Theorem 2.3.8.
iii], we extend p' trivially on RIMr| @ R[P(n)] as

p: RIMI@RP(n)] — Ky
Yhi@hi = pH (k).

Since n(zm(w,)) is a big element of K, there exists a natural number k with
ds(1d, z; j(w,), ye(w,)) < n(zm(w,))* so that (p,K,) € E. Moreover, for every
[ € R[My], as in Remark

o (0, Kpt) (f) = fom(p!(zm), 1) = (0! (zm)) = P (f),

RSp| . .
so that m;"|g is surjective.
Third, we show that 7%°P|g is F—equwarlant for the trivial action of I' on

Mp(R)3® and the I'-action on (/\/lp( ) X Pl(n, R))RSp described in Corollary
4.1.16| Let (p,F,) € (Mp(R) x Pl(n, R))RSP. By Remark W.1.1| there exist
elements (p',F ) € Mp(R)®P and (p?,F,) € Pl(n,]R)Rsp such that, for every
h € RIMr x PL(n, R)]

=P (R2) where N(h) = 3 hl @ h? € RIM] @z R [ﬁ@} .
Thus, for v € T and k' € R[My]|, the following equalities hold:

TP (vp) (h) = 5P (p*, p* 0 ) (A1)
=p (hl)
= 30" () =73 () (n') .
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RSp . . . .
Hence, 7" is I-equivariant, as desired.

Finally, we show that the fiber in E of an element (p',K,1) € Mp(R)B g

cl
—_—

RS
homeomorphic to Pl(n,Kpl)Ar;. Consider (7P)~1(p! K1) endowed with the
subspace topology induced by the spectral topology on (Mp(R) x P(n, R))RSP.
By Proposition 4.1.2] there exists a canonical homeomorphism

(ﬂ_RSp)_l (pl, Kpl) o <Kp1 Qrimp] R [Mr X @])Rs
< (5 1ot o 7))

= (o [T =P

where the second homeomorphism comes from [BCR13| Theorem 2.8.3. (iii)]. We
examine the intersection of this preimage with E. Consider

—1
(p.F,) € (7)) (0 K,) N E

and its decomposition (p,F,) = (p', p*,F,), as in Remark |4.1.1l By Equations
and 4.4 above, p(R[Mr x P!(n)]) is Archimedean over p'(R[Mr]) C K,i. In

1/ 31RSp

particular, F, is Archimedean over K, so that (p*,F,) € K,i[P'(n)] . Hence

_ —_— RSp
71-RSP|E1 (pv Fﬂ) - Pl (n’ K.Dl )Arch'

We prove the remaining inclusion. Consider (p*,K,2) € P(n,K,) Then

Arch’
pQIKPI : K,i — K is an ordered field morphism by Remark (3.1.8] Then

— RSp
(p2|Kp1 © p17p27Kp2) € <MF(R> X Pl(n,R)) 1
as K,2 is Archimedean over K, which is Archimedean over p'(R[Mr]). Moreover,
ﬂRSp(p2|Kp1 © pl,p2,Kp2) = (p2|Kp1 © plaKp2) = (pvipl) 50

——— RSp

—1
<7T§Sp> (p17 Kpl) = Pl(”? Kpl)Arch'

m

Remark 4.1.20. The map WSSP is '-equivariant, so its fibers are I'-invariant. For
——— RSp

(P, K1) € Mp(R)S ) this induces a -action on Pl(n, K1), such that, for

o —

veT, (1K) € (mhP)"Hp', K1), and h € K, [P1(n)] we have:
10" (h) = p*(p" (V)h).
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As in Subsection [4.1.1] fibers over points in the real spectrum compactification
of Mr(R) behave well with respect to the projection. Informally, we show that
for a sequence of elements in Mp(R )RSp that converges to some element (p,K,),
the fibers of the elements in the sequence converge to the fiber of the element

(p,K,). This highlights some similar behavior between (Mrp(R) x Pl(n, ]R))Rsp nd
_—_ RS
Mr(R)B % PI(n,R),

Corollary 4.1.21. Let (p;,, K, ) € Mp(R R)RP be a sequence converging to an
element (p',K,) € Mp(R )RSp. For every element of the fiber (p',p?,F) €

cl

(7B 5) "1 (p', K1) and every open set in E around this element, there exists M € N
and (pk;, P2, Far) in the intersection (78| 5)~(pk;, K )NU.

Proof. By Theorem [4.1.19%5|;; verifies all the conditions from Theorem m
Thus, the statement is a consequence of the more general Theorem [4.1.6] O

RS
We constructed a universal symmetric space over Mrp(R) ;. This provides a
—_—

framework for studying the actions induced by elements of Mp(R)E® on Pl(n, K)

within Pm) Afch. Furthermore, an element (p, K) € Mp(R)2% induces an action
of T on the nonstandard symmetric space P!(n,K) and its associated building
Bk, see [BIPP23, Section 5] and [App24] Theorem 8.1]. This action of I" on both
spaces is well-described by the actions induced by sequences (p,,R) € Mr( )RSP
that converge to (p, K). However, unlike the Archimedean spectrum, P!(n,K) and

—— RS

p
By are not locally compact. In contrast, P!(n,K),,,, provides a locally compact

space containing Pm) offering a Sultable framework to study the geometry
and dynamics of elements in Mp(R ) P Consequently, the next section focuses on
exploring the relationship between the Archlmedean spectrum of an algebraic set
and its Berkovich analytification, using real analytification as an intermediary step.

4.2 The Archimedean spectrum and the analyti-
fication of an algebraic set

The Berkovich analytification offers a framework for applying complex analysis
techniques to the study of algebraic sets defined over ultrametric fields. Similarly,
the real analytification provides its real counterpart for studying algebraic sets
defined over non-Archimedean real fields using analytic methods. In this section,
we explore the identification between the Archimedean spectrum and the real
analytification of an algebraic set. We further examine its relationship with the
Berkovich analytification. Specifically, we compute the image of the Archimedean
spectrum within the Berkovich analytification and derive actions on R-trees.
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4.2.1 Berkovich and real analytifications of algebraic sets

We present the material necessary to study the real and Berkovich analytifica-
tions applied to our context. For a more detailed study of real and Berkovich
analytifications, we refer to the texts [Ber90], [BR10], and [JSY22].

In this subsection, K is a real closed field non-Archimedean over the reals with
a non-trivial absolute value | - |[g which is compatible with the order. That is,
| - |x: K — R is a non-Archimedean absolute value if for every h, k € K:

e |k|g > 0 with equality if and only if k = 0,
o |hklk = |hlk|klx,
o |h+ kg < max{|hlk, |k|x }.
Also, A is a K-algebra and V' = Spec(A) is an affine K-variety.

Remark 4.2.1. In the context of subsection L. C K are real closed fields
where K has a big element b, and V' C L™ is an algebraic set. Then A = K[V] is
a K-algebra and V(K) = Spec(K[V]) is an affine K-variety. Moreover, for every
h € K the two subsets of Q

/

{Z|p < hneNsgm ez} and {ﬁ/
n - n

b™ > h" . n' € Nsg,m' € Z}
define a Dedekind cut of Q. Hence the two subsets above define a real number
denoted log,(h). Then
v(h) = e 18" where |h| == max{h, —h}

is a non-trivial order compatible absolute value on K [Bru88al Section 5].

A multiplicative seminorm on a K-algebra A is a map 7: A — R such that

o 1(k) = |k|k for every k € K,

e 0(fg) = n(f)nlg) for every f,q € A,

o n(f+g) <max{n(f),n(g)} for every f,g € A.

A signed multiplicative seminorm on a K-algebra A is a map n: A — R such that
e (k) = sgn(k)|k|k for every k € K,
o 1(fg) =n(f)n(g) for every f,g € A,

o min{7n(f),n(g) } <n(f+g) <max{n(f),n(g)} for every f,g € A.
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We now define the Berkovich analytification and the real analytification of an
affine K-variety.

Definition 4.2.2 ([Ber90, Definition 1.5.1] and [JSY22, Definition 3.3]). Let A be
a K-algebra. The Berkovich analytification of V' = Spec(A) is the topological space

M(A) :={n: A — Ry |n is a multiplicative seminorm },
with the coarsest topology that makes the evaluation map

M(A) — R
n o — n(f),

continuous for every element f in A.
Similarly, the real analytification of V' is

Mg(A) == {n: A— R|nis a signed multiplicative seminorm },
with the coarsest topology that makes the evaluation map

MR(A) — R;
no — n(f),

continuous for every element f in A.

Both the Berkovich and the real analytifications have definitions in terms of
ideals in the affine variety and absolute value on the residue field. This gives a
relation between the spectrum of an algebraic set and its analytification.

Proposition 4.2.3 ([Ber90, Remark 3.4.2]). The Berkovich analytification of
V' = Spec(A) is in bijective correspondence with

ve = {1

p is a prime ideal in A,
| - |, an absolute value on Frac(A/p) extending | - |x |

Moreover, if V" is endowed with the coarsest topology such that

supp: J/an — V;
(@] 1p) = »

1s continuous and the map

supp(U)™H C V¥ — Rag;
(pvl : ‘p) — ’f’pa

1s continuous for every open U C V and every reqular map f on U, then the
bijection is a homeomorphism.
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Proposition 4.2.4 ([JSY22, Proposition 3.4]). The real analytification of V. =
Spec(A) is in bijective correspondence with the set

p a prime ideal in A,
VE =< (D] - |py<p) | | - |p an absolute value on Frac(A/p) extending | - |k,
<, an order on Frac(A/p) compatible with |- |k

Furthermore, if the set of triples is endowed with the coarsest topology such that

supp: VE? — V;
(p7 | ’ ’p><p> = D

18 continuous and the map

supp(U)~t C Vg» — R;
(p7 | ’ |pa <p) — Sgnp(f)|f|pa

15 continuous for every open U C V and every reqular map f on U, then the
bijection is a homeomorphism.

These two spaces represent distinct structures of algebraic varieties. However,
they are connected by the following proposition.

Proposition 4.2.5 ([JSY22, Lemma 3.9]). The map

Ve — e
(pv‘ ’ ‘IH <;D) — (p7 | ' |p)7

s a proper continuous map of topological spaces.

Both spaces are crucial in the study of analytic properties of ultrametric spaces.
Although ultrametric spaces are totally disconnected, their Berkovich analytification
offers a method to embed them within a uniquely path connected space.

Proposition 4.2.6 ([Ber90, Theorem 3.4.8]). The Berkovich analytification of
V' = Spec(A) is

e a locally compact Hausdorff space which s locally contractible.

o uniquely path connected if and only if V', with the Zariski topology, is con-
nected.

Moreover, there exists a canonical embedding from V' to V* and V' is dense in its
Berkovich analytification.
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The real analytification also exhibits intriguing characteristics similar to those
of the Berkovich analytification.

Proposition 4.2.7 ([JSY22, Proposition 3.6, Corollary 3.18]). If V is an affine K-
variety, then VE™ is a Hausdorff space. Moreover, there exists a canonical embedding
from V' to V* and V is dense in its real analytification.

While the real analytification provides a topological space that retains the
real structure of the studied algebraic set, it does not preserve all the favorable
topological properties of the Berkovich analytification. As a result, the analytic
study of real algebraic sets becomes more challenging.

Proposition 4.2.8 (|ISY22, Theorem 3.20]). Let F : [0,1] — V5™ be a continuous
map, where V is an affine K-variety. Then F is constant. In particular, the real
analytification of an affine K-variety is totally path disconnected.

Moreover, using hyperfield theory [Jun21], one can show that both the Berkovich
and real analytifications are functors from K-algebras to topological spaces.

Proposition 4.2.9 ([Jun2ll Proposition 5.5]). The Berkovich and the real analyti-
fications are contravariant functors Homg (-, T) and Homg(-, RT) from K-algebras
to topological spaces.

We introduced two analytifications with desirable topological properties for
affine algebraic varieties over non-Archimedean real closed fields. In the next
subsection, we study in more detail the relationship between the Archimedean
spectrum, the real analytification and the Berkovich analytification.

4.2.2 Archimedean spectrum and real analytification

The Archimedean spectrum of an algebraic set is homeomorphic to its real analyti-
fication [JSY22]. We use this homeomorphism to deduce topological properties of
the Archimedean spectrum. Moreover, we describe the image of the Archimedean
spectrum of a K-algebra in its Berkovich analytification.

Theorem 4.2.10 ([JSY22, Theorem 3.17]). Let K be a real closed field with a

non-trivial order compatible absolute value, A a K-algebra and V = Spec(A) an

affine K-variety. There exists a canonical map from Aﬁfgl to V3", which is a

homeomorphism (this map is 11 in the proof of Theorem|4.2.14).

A direct consequence of Theorem [4.2.10| and Theorem is the local com-
pactness of the real analytification.

Corollary 4.2.11. The real analytification of an affine K-variety is a countable
union of compact sets. Thus, it is o-compact and locally compact.
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Furthermore, the real spectrum of an affine K-variety is metrizable under
a countability condition on K [BIPP23, Proposition 2.33]. This gives a real
counterpart to the metrizability theorem, stated in [HLP15, Remark 1.5] for the
Berkovich analytification, which is a direct consequence of Theorem [4.2.10

Corollary 4.2.12. Let K be a real closed field with a non-trivial absolute value
and V an affine K-variety. If K is countable, then the real analytification VE" is
metrizable.

The following result is a direct consequence of Proposition [4.2.8|

Corollary 4.2.13. The Archimedean spectrum is a functor from K-algebras to
Hausdorff and totally path disconnected topological spaces.

In particular, the Archimedean spectrum of the K-extension of an algebraic set
is totally disconnected. Finally, we describe the image of the Archimedean spectrum
of a K-algebra in its Berkovich analytification using the maps from Theorem 4.2.10
and Proposition [4.2.5]

Theorem 4.2.14. The image of ¢: Avoh — M(A) is

{ne Mm@ |2+ 4 f2) =maxn (£2) Vhi.. foeal.

Proof. We consider two maps. The first one is the homeomorphism from Theorem

4210 B
P AL — Spec(A) — Spec(A)*,

a = (supp (@), <a,|-]a) = (supp(a),|-]a).
Here, as in Proposition supp(c) is the prime ideal o N —a associated to the
prime cone «a, <, is the order on Frac(A/supp(«)) such that 0 <, /g if fg € a
and

7, = sup {|lxc | k € Ko, k <o sgn (F) - T }
is an absolute value on the fraction field [JSY22, Lemma 3.13]. This absolute value

is well defined because the real closure of the fraction field of Frac(A/supp(«)) is
Archimedean over K. The second map

bt Spec(A o M(A),
(supp (@), |-la) = [-]3

where |- |2 : f + | f|a defines the homeomorphism from Proposition 4.2.3, We study

the image of Aﬁfgl in M(A) using the composition ¢ := ¢y 0¢y. For fi,..., f, € A,

a € Aiiﬂl a prime cone, and by positivity of a sum of squares, it holds

wla) (fi 4+ ) = 1ff+ =+ fl,

= sup {|k‘1++k’q’K kiEKZQ, kigaEQ, 1§Z§q}
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The absolute values on K is non-Archimedean. Thus, the following inequality holds
|/{31 + -+ kq’K < max ’k1|K
1<i<q

Moreover, the inequality is an equality. Indeed, all the k; are positive and the
non-Archimedean absolute value on K is compatible with the order. Hence

for every 1 <i < ¢. Hence 9(a) (ff + -+ + f2) = max; | f2]5, so that

() © {n € M(A) [0 (24 + f2) = maxn (£2) }.

We prove the inverse inclusion. Let 1 : A — R be a K-seminorm so that n(fZ+---+
qu) = max; n(f}?) for every fi,...,f, € A. This seminorm defines a K-absolute
value on the real closure of the fraction field of A/, via

|F| = n(f),

where I, is the support of the seminorm 7. Suppose Frac(A/I,) is not orderable.
Then, there exists fi,..., fn,91,--.,9n € A with ¢1,..., g, & I,, such that

n -\ 2 n 2 n 2
—1= Z (%) or equivalently — (H E) = Z (H EE) .
i=1 ! i=1 i=1 \j#i

Thus, using the seminorm 7, we obtain

0= n(0) = 1 En: (Hfigj>2+ <ﬁgi>2

i=1 \j#i
2 n 2
= max{ max<{ 7 (H figj> , 1 (H gi> > 0.
i i=1
The last inequality holds because every g; ¢ I, so that the seminorm of their

product is no zero. Now, consider an order <, on Frac(A/I,) and its associated
absolute value defined by

‘ﬂn = sup {|k|x ’ k€Kso, k<,sgn(f)-f}.

This absolute value is compatible with the order on the fraction field so that
(I, <y, | - ) defines an element in AX>P -~ Hence

Im(v) = {nEM(A))n(ff—l—---—i—qu):mlaxn(ff) Vfl,...,quA}.
]
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Definition 4.2.15. An element in the image of ¢: Aiiﬁn — M(A) is called a real
element of M(A).

Corollary 4.2.16. The image T of Aiiﬁl inside M(A) is closed.

Proof. For a fixed finite collection fi,..., f; € A, define the map

Priyenfq M(A) — R;
n o (P f2) —max {n(fD),....n(f2) }.

By Definition [4.2.2] this map is continuous, so that

is closed for every fi,..., f, € A. Hence, by Theorem |4.2.14

which is a closed subset of M(A). O

We studied the connections between the Archimedean spectrum, the real analyti-
fication, and the Berkovich analytification. In particular, we provided a description
of the image of the Archimedean spectrum in the Berkovich analytification. In the
next subsection, we apply this connection to the projective line to derive actions
on R-trees from these results.

4.2.3 Application to the universal projective line

We prove that the image of P'(K)5>2 in P'(K)* is a PSLy(K)-invariant closed
uniquely path connected subset, where K is a non-Archimedean real closed field
with a big element. In particular, the image of P'(K)%? \P(K) in P! (K)*\P'(K)
is a R-tree. To show this, we first describe the R-tree structure of P!(F)*® for any
non-Archimedean field F with an absolute value. For further details, we refer the
reader to [Ber90, Subsection 4.2], [BR10) Section 2] and [DE19, Section 1].

Let F be an algebraically closed non-Archimedean complete field with an
absolute value | - |r. Following Definition [4.2.2] the space A!(F)*" has a natural
partial order defined by

n < ne if and only if ny(f) < na(f) for every f € Flz].

With this order, any two elements 7,7, € A'(F)® admit a unique least upper
bound 7; V 1y € AY(F)™, see Example 4.2.20, By viewing P!(F)*" as the one point
compactification A'(F)* U { oo }, we extend the partial order from A'(F)™ to
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PY(F)™ by setting n < oo for every n € A(F)* [BRI(, Section 2]. For any two
elements 7;, 7, € P}(F)?", define the unique path joining them by

5(771,772) = {773 S Pl(]F)an ‘ m<ny<mV 772}
U {ns € P'(F)™ [y <ms <V }.

Remark 4.2.17. We refer to [BR10, Subsection 2.2] for a description of P!(F)* in
terms of F-multiplicative seminorms on the homogeneous coordinate ring of P!(F),

which provides a more natural approach for studying the action of PGLy(F) on
]P)l (]F)an.

Forv € F and r € R, set D(v,r) :={w € AYF)||w —v|p < r}.

Theorem 4.2.18 ([Ber90, Example 1.4.4. page 18]). For every n € A'(F)™, there
exists a nested sequence of closed disks

AY(F) 2 D(v1,71) 2 D(vg,73) 2 -+ -,
where v; € AY(F) and r; € Rsq such that for every f € F[z]

n(f) = lim sup [f(w)le.

P70 weD(vi,ri)
Two nested sequences define the same element if and only if
e cach has a nonempty intersection, and their intersections are the same,
e both have empty intersection, and the sequences are cofinal.

Remark 4.2.19 ([Ber90, Example 1.4.4. page 18]). If an element n € A'(F)™
corresponds to a nested sequence of closed disks

AY(F) D D(vi,11) 2 D(vg,79) 2 -+,
then we denote 1 by (D(v;,7;));. In the following, we use the notation
H(A'(F)) == {D(v,r) e A'(F)™ |[veF, r Ry }.
Moreover, for every f € F[z]

sup |f(w)|r = max|a,|rr",
weD(v,r) n

where f(z) =) a,(z™ — v) is the expansion of f with center v.
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Example 4.2.20. With the notation from Theorem the unique least upper
bound of D(vy,r1) and D(vq,15) € AY(F)™ is

D(vy, max{ry,ry, [va — vir }).
So the unique path between D(vy,ry) and D(vq,75) € AY(IF)*® corresponds to
U(D(v1,71), D(ve,r9)) ={ D(vy,r) | r1 < r < max{ |vs — v1|p, 72 } }

U {D(’UQ,S) ’7"2 <s< max{ ‘UQ - ’Ulhﬁrl } }:

where we use the strong triangular inequality to argue that every point in D(v,r)
is the center of the closed disk D(v,r).

Through the identification P!(F)** = AY(F)* U { co }, Theorem @4.2.18| allows
us to further study the topology on P!(IF)2®

Definition 4.2.21. Identifying P!(F)™ with A'(F)* U { co }, define the open and
closed Berkovich discs

D(v,r)” :={n €A (F)" |n(z —v) <r},
D(v,r) == {n € AYF)™ [n(z —v) <7},
and we view them as subsets of P!(F)".
Proposition 4.2.22 ([BRI0, Proposition 2.7]). A basis for the open sets of P! (F)™®
1s given by the sets of the form

D(v,r)", D(v,r) \|JD(vi,r:), and Pl(F)an\UD(w,n),

i=1
where v,v; € F and r,r; € Ryg.

Remark 4.2.23 ([BR10, Lemma 2.9]). Let (D(v;,r;)); be an element in P*(F)*®
associated to the F-multiplicative seminorm 7 and

U:=D(v,r)” or U :=D(v,7)"\ UD(UJZ‘, 5;)

i=1
a basis open set around (D(v;,r;));. By Theorem [4.2.18] for every 1 <1i < M

n(x —v) =lim sup |z—o|pand n(z —w;) =lim sup |z — wir
™ z€D(vn,n) " 2€D(vn,rn)

such that there exists N € N with D(v,,r,) € U for every n > N. Hence, the
sequence of discs D(v;, ;) converges in the Berkovich topology to the element
(D(vi, 7)) If U is of the form P*(F)*\ UM, D(w;, s;), a similar argument proves
the convergence so that H(A'(F)) is dense in P*(F)™.
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Lemma 4.2.24 ([BR10, Lemma 2.10]). With the definition of paths from above,
PY(F)™ is uniquely path connected.

This property can be studied further as follows. Using the notation from
Theorem |4.2.18, define the diameter function

diam: AYF)™ — Rsg;
(D(?}Z‘,T’i))i — hIIlZ’I“Z

This definition is independent of the choice of the nested sequence. As in [BR10),
Subsection 2.7|, we obtain a well defined distance

e (PEPE) Roo

diam(D(v;,r;)VD(wj,s4))2
(D@3, 1), (D(w, 7)) > log (gamrplery Pl 0r ).

We extend d*" to a pseudo-metric on P'(F)™ by: for every D(v;,r;), D(w;, s;) €
]P)l (F)an

d*(D(v,r;), D(wj, s;)) = o0 if D(v;, ;) # D(wj, s;)
d*(D(vi,1;), D(w;, sj)) =0 otherwise.

Remark 4.2.25. The topology on P!(F)* induced by d®" is stronger than the
Berkovich topology.

Theorem 4.2.26 ([DF19, Lemma 1.3]). The metric d™ turns PY(F)*\P(F) into
a complete R-tree on which PSLy(F) acts by isometries.

Finally, by applying Galois theory, this construction extends to non-algebraically
closed fields, see [DF19, Subsection 1.6]. Let K be a non-Archimedean real closed
field with an absolute value and F = K(y/—1) its algebraic closure. The Galois
group Gal(F/K) acts on F by complex conjugation. Thus, Gal(F/K) acts by
isometries on P*(F)™" as

(D(vi, 7i))i = (D(i, 7))
By [DFT9, page 525], P*(K)*" is then homeomorphic to P!(F)**/Gal(F/K).

Proposition 4.2.27 ([DF19, Lemma 1.6]). The set of fized points of the action of
Gal(F/K) on PY(F)* is the closure of the convex hull of P*(K).

Lemma 4.2.28 ([DE19, Proposition 1.7]). The space P}(K)*™\PY(K), with the
metric induced from P (F)*\P!(F), is a complete R-tree on which PSLy(K) acts
by isometries.
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We show that the image T of 1: P1(K)5oP \PY(K) — P'(K)*\P'(K) is a R-
subtree which is PSLy(K)-invariant. This will follow from the description of the
image of AY(K)&» in A'(K)>.

Example 4.2.29 ([JSY22, Example 3.12]). An element € A'(K)™ is real, see

Definition [4.2.15] if it can be represented by a sequence (D(vs,r;)); C A(F)*" such
that D(v;,r;) N AYK) # & for every 1.

Theorem 4.2.30. The image Ty of wa: AYK)® — AY(K)™ is uniquely path
connected.

Proof. Let D(v,r), D(w, s) be elements of T7, where v,w € K(v/—1), r,s € Ry,
and denote by | - [k(,/=1)the absolute value on K(v/—1) defined by

|k + h\/ _1|K(\/—71) - |\/ ka + h2|K.
By Example [4.2.29
D(v,7) N AYK) # @ # D(w, s) N AY(K).

In particular, any D(v,r’) such that r < " < max{r,[v — wlg,=7 } verifies
D(v,7") N AYK) # @ and any D(w, s") such that s < s’ < max{s,|v — w‘Kﬁﬁ)}
verifies D(s, s') NAY(K) # &. Hence the unique path £(D(v,r), D(w, s)) in A}(K)
is contained in 7;. Moreover, by Example any element (D(v;,r;)); € T}
verifies

D(v;, ;) NAY(K) # @ for every i € N.

So, by Proposition [4.2.22| and Remark [4.2.23] the real point (D(v;,r;)); is the limit
of the disks D(v;,7;), which are real. In particular, every element of 77 is contained

in the closure of H(A!(F)). Thus, T} is a connected subset of a uniquely path

connected set. Hence, T} is a uniquely path connected subspace of A'(K)**. [
Corollary 4.2.31. The image of 1: P* (K)ifcph — PYK)™ is uniquely path con-
nected.

Proof. By the Chinese remainder Theorem, the coordinate ring of P}(K) = A}(K)U
{00} is the product K[A!] x K. By [DST19, Subsection 13.4.1]

P! (K)o = (K [A'] x K)1or = ANK)E U {00},

so we extend continuously ¢4: A'(K)& — A'(K)* from Theorem 4.2.30 to
¥ PHK) ey — PHE)™

by setting ¢¥({ oo }) = {00 }. Since { o0} is in the closure of the real elements of
AY(K)®, the image of P'(K)X? in P!(K)* is a connected subset of a uniquely
path connected space. Hence, it is uniquely path connected. O
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Corollary 4.2.32. Let K be a non-Archimedean real closed field with a big element.
The image of P*(K) o \P'(K) inside P' (K)*\P*(K) is a closed, PSLy(K)-invariant
R-subtree of the space P!(K)™

Proof. As in Corollary 4.2.31} consider : P! (K)iifh — PY(K)*. The map v sends
element of P}(K) C PY(K),-5 to elements of P1(K) c PY(K)* [JSY22, Example
3.12]. Hence, it induces a continuous map

W PHK)E\P(K) - P'(K)™\P(K).

Since { oo} is the limit of real elements and the image of ¢ is uniquely path
connected, the image of ¥ is uniquely path connected. In particular,

T = v (P(K)L5 \P!(K))

is a R-subtree of P!(K)**\P!(K), which is closed by Corollary |4.2.16, We now show
that 7" is PSLy(K)-invariant. Let

A= (‘C’ Z) € PSLy(K)

and f € K[z]. We homogenize f(z)? = .27, a;z" by setting

7

zw -1 € Kyl

The induced action of A on the homogenous polynomial is Ag(z,y) = g(az+b, cy+d)
such that
Af(x)* = Ag(z,x)(cx + d)™"

In particular, Af(z)* = g(ax + b,cx + d)(cx + d)~2" = h(z)? for some h € K[z].
Hence, for n € T and fi, ..., fr € K[z]
An (fi 4+ £0) =n(Aff +--- + AR)
=n(hi+--+hp)
= max 7 (hf) = max An (f )

1<i<k 1<i<k

Hence, An € T so that T is PSLy(K)-invariant. O
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Chapter 5

Real spectrum and oriented
Gromov equivariant
compactifications

Section recalls the definitions of cyclic orders and oriented R-trees. We
remind the construction of the oriented Gromov equivariant compactification
Z(T, PSLy(R))© of the character variety =(I', PSLy(RR)) using the oriented Gromov
equivariant topology, as in [Woll1]. We prove that this topology is first countable,
and describe the I'-actions by orientation preserving isometry on oriented R-trees
as ['-actions by isometries on asymptotic cones of the hyperbolic plane endowed

with a limit orientation.
Section [5.2] uses a description of elements in dZ(T', PSLy(R))5P as representa-

cl

tions of I' in PSLy(F) for some well-chosen real closed field F, and a description of
the standard orientation on H? via a semialgebraic equation to associate to every
element of Z(T', PSLy(R))2P a T-action by isometries preserving the orientation on
an oriented R-tree. We finally use an accessibility result from [BIPP23] involving
Robinson fields to characterize the constructed oriented R-trees using asymptotic
cones of the hyperbolic plane endowed with a limit orientation.

Finally, Section [5.3| constructs a continuous surjection from Z(I", PSLy(R))2 to
Z(T, PSLy(R))© using the above descriptions of T-actions by orientation preserving
isometries on R-trees as limits of [-actions on the oriented hyperbolic plane, and a

density argument.
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5.1 Oriented Gromov equivariant compactifica-
tion

This section reviews the construction of the oriented Gromov equivariant compacti-
fication Z(T', PSLy(R))© of the character variety Z(T', PSLy(R)) as introduced by
Wolff in [Wolll]. We provide the necessary notation to define oriented R-trees,
and recall that points of =(I", PSLy(R))© are I-actions by orientation preserving
isometries on oriented R-trees. We recall the construction of the oriented Gromov
equivariant topology and its invariance under small perturbations. Finally, we use
the theory of asymptotic cones to describe the I'-actions on oriented R-trees that
appear on 0Z(T, PSLy(R))© as limits of I'-actions on the oriented hyperbolic plane.

5.1.1 Cyclic orders and oriented R-trees

Following [Woll1], we recall the definitions of cyclic orders, which formalizes
orientations on general sets, and of oriented R-trees. For R-trees with extendible
segments, this is equivalent to defining a coherent cyclic order on the visual boundary
of the R-tree. Finally, we examine the space of minimal actions by orientation
preserving isometries on R-trees.

Definition 5.1.1. Let Q be a set. A cyclic order on  is a function o: 3 —
{—1,0,1} such that

1. for every zi, 29,23 € Q: 0(21, 29, 23) = 0 if and only if Card{ 21, 29, 23 } < 2,
2. for every 21, 29,23 € 0 0(z1, 29, 23) = 0(29, 23, 21) = —0(21, 23, 22),
3. for every 2y, 29, 23, 24 € €, if 0(21, 29, 23) = 1 = 0(21, 23, 24), then
o(z1,29,24) = 1.
A cyclic order is equivalent to defining an alternating 2-cocycle from Q2 to
{—1,0,1} which is zero if and only if the triple of points of {2 is not composed of

3 distinct points. Cyclic orders allow for the definition of orientations on R-trees,
thereby introducing the concept of oriented R-trees.

Definition 5.1.2. Let k > 0, X be a CAT(—k) space and P € X. A germ of
oriented segments at P in X is an equivalence class of nondegenerate oriented
segments based at P for the following equivalence relation: two oriented segments
P-z, P-y are equivalent if and only if

de > 0 such that P—ZL‘|[07E) = P‘yl[(),a)-
Denote by Gx(P) the set of germs of oriented segments at P in X and by [P-z] an

equivalence class of oriented segment.
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Remark 5.1.3. In [Wolll], the space X is more generally a Gromov hyperbolic
space. Since H? and R-trees are CAT(—k) spaces, the restriction to CAT(—x)
enables a simpler definition of the visual boundary of X later on.

Definition 5.1.4. An orientation of an R-tree T is the data, for every P € T, of
a cyclic order or(P) defined on Gr(P). An R-tree equipped with an orientation is
called an oriented R-tree. Denote by Or(7T) the set of orientations on 7.

Definition 5.1.5. Let (T,0r) and (7",0r") be two oriented R-trees and h an
isometry between T and 7. Then, h defines at each point P € T a bijection
Ghp: Gr(P) — Gp/(h(P)). We say that h preserves the orientation of T if for every
P € T and every triple of germs of oriented segments ([z], [y], [2]) € Gr(P)

or'(h(P))(Ghp([x]), Ghp(ly]), Ghe([2])) = or (P)([z], [y, [2]).

That is, the following diagram is commutative:

Gr(P)? "B 110,10
(ghp)?’l %))
Gr (h(P))?

The set of isometries of T" which preserve the orientation or forms a subgroup of
Isom(T"), denoted Isom,,(7"). Finally, an action of a group on an oriented R-tree T
preserves the orientation if it takes its values in the orientation preserving group of
isometries of T'.

Asin [Wollll Page 1269], if P € T', denote by Trip(P) the set of pairwise distinct
triples of germs of oriented segments starting at P, and set Trip(7) := UperTrip(P).
Let [P-x], [P-y|, [P-z] be three pairwise distinct germs of oriented segments starting
at P. The corresponding element in Trip(P) is denoted by Trip(P, z,y,z) and
called germs of tripods of T'. With this notation, an orientation of 7" is a function
or: Trip(T) — { —1,1} verifying:

OT(TﬂP(R%y,Z’)) = O’I"(Tl‘ip(P, z,x,y)) = —0T<TI'ip(P,ZE, Zay))a
if or(Trip(P,z,y,2)) = 1 = or(Trip(P, z, z, w)) then or(Trip(P, x,y,w)) = 1.

Then Or(T) is a closed subspace of { —1,1}™P®) when endowed with the product
topology. In the next subsection, we use a correspondence between an R-tree
T endowed with an orientation, and 7" endowed with a specific cyclic order on
its visual boundary 0, 7". This correspondence holds for R-trees with extendible
segments.
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Definition 5.1.6. An R-tree has extendible segments if every oriented segment is
the initial segment of some ray.

If r is a ray in T, its initial segment defines a germ of oriented segment.

Definition 5.1.7. A germ of rays in T is an equivalence class of rays, for the
relation of defining the same germ of oriented segment.

To avoid any ambiguity regarding equivalence classes, we use the fact that X is
a CAT(—k) space to identify the visual boundary d,,X with the set of geodesic
rays starting at P. This correspondence is a bijection (see [BH13, Proposition

11.8.2]).

Definition 5.1.8. Let T be an R-tree. We say that a cyclic order o on 0,1
is coherent if for every P € T and every pairwise distinct triple ([a], [b], [¢]) of
germs of rays starting at P, the element o(a, b, ¢) does not depend on the chosen
representatives a, b, ¢ of [al, [b], [c].

Example 5.1.9 ([Wollll page 1269]). For instance, in the following configuration

c b
P

d a

a total cyclic order o on the boundary { a,b,c,d } is coherent if and only if:
o(a,b,c) =o(a,b,d) and o(a,c,d) =o(b,c,d).

The set of coherent cyclic orders on 0,7 is a subspace of { —1,0,1 }(a""T)s,
which we endow with the product topology. With this topology, one can show the
correspondence between cyclic orders on 0,7 and orientation on 7.

Remark 5.1.10 ([Wollll Page 1270]). For every nondegenerate triple (a,b,c) €
(0-T)3, the intersection of the rays is a point denoted

Py =a-bNbcna-ceT.

Proposition 5.1.11 ([Wollll Proposition 3.8]). Let T be an R-tree with extendible
segments. The map Push: Or(T) — {—1,0,1 }(8""T)3 that sends or € Or(T) to

Push(or): (0,.7)°> — {-1,0,1};

(a,b,c) —> 0 if Card(a, b, ¢) <2,
. or([Pape-al], [Pape-b], [Pape-c]) otherwise

is a homeomorphism onto its image, where |Pye-a] denotes the germ of oriented
segments defined by the ray between Py, and a.
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Let T" be a finitely generated group with finite generating set F'. The action
of I' by isometries on an R-tree T is minimal if T" has no I'-invariant subtree
distinct from @ and 7. Using [Wollll, Proposition 3.9], the following quotient up
to equivariant isometry preserving the orientation is a set [Wollll Page 1273]:

T an R-tree not reduced to a point,
T =< (¢,T,0)| ¢: T — Isomy(T) a minimal action, and » / ~ .
o a coherent cyclic order on 0,71

We also define its subset:

zeT ~veF

if da € 0T with ¢(I')a = a, then T = R

To .— {W’ TooleT min max distr (z, ¢(y)z) = 1 and } |

Remark 5.1.12. A I'-invariant minimal R-tree not reduced to a point is the union
of the translation axes of the hyperbolic elements in the image of I [MS84, [Pau89).
In particular, such an R-tree has extendible segments [Pau89, Lemma 4.3]. Thus,
an orientation on a ['-invariant minimal tree is equivalent to endow the R-tree with
a coherent cyclic order on its visual boundary by Proposition [5.1.11]

Wolff refines the Gromov—Hausdorff equivariant topology by incorporating the
orientation of the hyperbolic plane. The resulting oriented Gromov equivariant
topology on Z(I", PSLy(R)) U 7° uses the identification of PSLy(R) with the group
of orientation preserving isometries of H?. A key feature of this topology is that
cyclic orders of triples of points are stable under small perturbations, both in H?
and in oriented R-trees [Wollll Subsection 3.2.2].

5.1.2 Construction of the oriented Gromov equivariant com-
pactification

Let X be either an oriented R-tree with extendible segments (so with a coherent
cyclic order on its boundary) or H?, the ball (Poincaré) model of the hyperbolic
plane, with its standard orientation (counterclockwise orientation on 0, H? = S')
and a metric distgz proportional to its standard metric. Denote by 6(X) its best
hyperbolicity constant and by o the cyclic order on 0., X. Following [Woll1], we
recapitulate the construction of the oriented Gromov equivariant topology. We
show that this topology is first countable on Z(I', PSLy(R)) U 7° and that the
standard orientation on H? is described by a semialgebraic equation.

Lemma 5.1.13. If sgn denotes the sign function on R, then

ot (S — {-1,0,1};
(21, 22,23) +— sgn(det(zy — 21,23 — 22))
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defines a cyclic order on S*. In coordinates, if (x1,y1), (x2,%2), (z3,y3) € S, then

or((z1,11), (2, y2), (x3,93)) = sgn((ys — y2) (w2 — 1) — (y2 — 1) (x5 — 22)).

Moreover, for every F real closed, og extends to a cyclic order on S*(F) which is
PSLy(F)-invariant.

Remark 5.1.14. This formula describes the counterclockwise orientation on S'. It
is independent of the base point chosen for the identification d,.JH = S!, as shown
by the argument in the proof of [Wollll, Lemma 3.15].

Proof. It is a direct computation to verify that og satisfies the second item of
Definition [5.1.1l That is, for every (21, 22, z3) € (S')? it holds

OR(21722,2’3) = OR(22;23721) = —OR(Zl,Z:%,Zz)-

If Card{ 21, 29, 23 } < 2 then ogr(z1, 29, 23) = 0 is a direct computation. Suppose
or(z1, 22, 23) = 0 for some (21, 22, 23) € (S')? such that

det(22 — Z1,R3 — Z2> =0.

If one column is 0, without loss of generality zo — z; = 0, then Card{ z;, 22,25 } < 2.
Otherwise, there exists A € R* such that zo — 21 = A(z3 — 22). That is

L
I T T

Thus z, is on the line that connects z; to z3 in R?. But this line intersects the
circle in at most two points, so Card{ z1, 29,23 } < 2. Hence or(21,22,23) = 0
if and only if Card{ z1, 22,23 } < 2, and or satisfies the first item of Definition
ETTl

We verify that og satisfies the last item of Definition [5.1.1] Consider four
elements z1, 29, 23,24 € S!, such that ogr(21,29,23) = 1 = ogr(z1,23,24), and we
verify that og(z1, 29, z4) = 1. Define the continuous functions

fiS"™N{z,23} = {-1,1} 7 or(z,7, 23),

g:S"\{z1,20} = { 1,1} 1 or(21,22,7).
Since og is continuous as a composition of continuous functions, the function f
is continuous. Since f(z3) = 1 and f(z4) = —1, the two elements 2z, and z, are

in different connected components of S'\{ z1, 23 }. Thus, z; and 23 are in a same
connected component of S'\{ z1, 2, }. Hence, by continuity of ¢

z9 z3.

1= g(z1) = g(2s)-

That is or(z1,29,24) = 1 as desired so that o is a cyclic order on S'. The
second part of the statement is a direct consequence of the Transfer principle
(Theorem as og is described by a semialgebraic equation and the determinant
is invariant by the PSLy(R)-action. O
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Lemma 5.1.15 ([WolT1, Lemma 3.10]). Let X be an oriented R-tree or H?. If
1, %, x3 € X, then there exists a unique P € X which minimizes the function
x — disty (z,71) + distx (z,22) + distx (z,x3). Moreover, the map X* — X that
sends (x1,xe,x3) — P is continuous. We call P the center of the triple.

For 7 > 0, denote by V(r) C X3 the set of (z1, 22, z3) € X? such that for every
permutation (4, j, k) of (1,2,3), the Gromov product verifies

2(w4, vp)y, = distx (v, x5) + distx (v, z) — distx (v, 1) > 27

Lemma 5.1.16 ([Wollll, Lemma 3.12]). For every (z1,xs,x3) € V(66(X)), the
center of the tripod P & { x1, 29,3 }.

This lemma allows to control the shape of tripods and specifically to avoid
their degeneration under small perturbations. We now define a rigid notion of
orientation, and of subsets of X that come in the same order.

Notation 5.1.17 ([Wollll, Subsection 3.2.2]). Given (z1, z2, z3) in V(65(X)), along
with P the center of the tripod, denote by

ot(z1, xe, x3) 1= 0(ay, as, as),

where a; is a ray based at P and passing through x; for i € {1,2,3 }. This is a well
defined quantity which does not depend on the chosen ray.

Remark 5.1.18 ([Wollll, Page 1274]). In H?, there exists a single ray a;, up to
parametrization, based at P and passing through z;. From above, the three rays
ai, ay, az define three points on 9, H? and the quantity ot(z, 22, 23) is well defined
for o the cyclic order on 9,,H? as defined in Lemma [5.1.13] For every P € H?,
by the uniqueness of a; passing through P and z;, the set Gy2(P) is naturally in
bijective correspondence with 9, H2. In particular, a cyclic order on O,,H? defines
a cyclic order on Gy (P).

Notation 5.1.19. For the rest of this text, denote an element of =(I", PSLy(R))UT?,
be it a class of actions on H? or on oriented R-trees, by [¢, X, o] or [¢, X, or]. Denote
also ot: V(65(X)) — { —1,1} the function defined in Notation and or the
induced orientation on X (a cyclic order on Gy (P) for every P € X). That is, if
X is an oriented R-tree with extendible segments

or = Push™*(0),
see Proposition [5.1.11] and if X = H?2, then or is the standard orientation on H?,
see Remark .1.18]
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Let [¢, X, 0],[¢/, X', 0'] € Z(T",PSLy(R)) U T°. Let € > 0, @ be a finite subset
of I', and K = (xy,...,2,) C X, K' = (2],...,2]) C X' be finite sequences. As

»p
in [Pau89], the sequence K’ is a Q-equivariant e-approzimation of K if for every

g,h € Q, and every i,j € {1,...,p} it holds

[dist.x (¢(g)z:, ¢(h)x;) — distxr (¢/(g)), &' (b)) | < e.

Remark 5.1.20 ([Wollll, Remark 3.18]). Suppose that X, X’ are either the
hyperbolic plane or an R-tree, a,e1,e0 > 0, and x1, 29,253 € X, o), 25,25 € X'
verify

(1,9, 23) € V(66(X) + ), [6(X)—0(X")] <e; and
|diStX ({L‘i, l’j) — diStX/ (ZL’;, {L‘;) | < g \V/Z,j S {1, 27 3 }
Then (2}, 2, 2%) € V(66(X') + a — 661 — 3e3). Therefore, the sets V(r) provide

open conditions, robust under e-approximations guaranteeing that we can consider
the orientations defined by triples of points.

Definition 5.1.21. Let [¢, X, 0], [¢/, X/, 0'] be two elements in Z(T", PSLy(R)) U T.
Let ¢ > 0, @ be a finite subset of I' with e € @, and K = (xy,...,2,) C X,

K' = (r,...,7,) C X' be finite sequences. We say that K’ is an oriented Q-

equivariant e-approximation of K if K’ is a (Q-equivariant e-approximation of K
and
ov(z;, xj, 1) = o’ (af, 2, x7)

77 ]7
for every (x;, x;, z;) € V(65(X) + 9¢).

If [, X,0] € Z(I',PSLy(R)) UT°, ¢ > 0, K = (x1,...,7,) C X is a finite
sequence, and () C I" a finite subset containing e, then denote by

UK,&,Q(gbv X7 0)

the subset of [¢/, X', 0] € Z(I", PSLy(R)) U 7° such that X’ contains an oriented
(Q-equivariant e-approximation of K.

Proposition 5.1.22 ([Wollll, Proposition 3.20]). The subsets defined above
Uk:o(¢,X,0) C Z(I', PSLy(R)) U T
form a basis of open sets for the oriented Gromov equivariant topology.

On Z(T', PSLy(R)), the oriented Gromov equivariant topology is equivalent
to the compact-open topology [Wollll, Proposition 3.2.1]. The oriented Gromov
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equivariant compactification is the closure of Z(I', PSLy(R)) in the topological
space Z(I", PSLy(R)) U 7°, which is denoted by

(1]

(T, PSLy(R))©.

It is a natural compactification, in the sense that, Z(I', PSLy(R)) is open an dense
in the Hausdorff compact space Z(T', PSLy(R))° and the action of Out(T") on
Z(T', PSLy(R)) extends continuously to an action of Out(I") on Z(T", PSLy(R))°
[Woll1l, Theorem 3.23].

Remark 5.1.23. Throughout this section, the hyperbolic plane is equipped with a
fixed orientation, its standard one. The novelty compared to the length spectrum
compactification is that the representations take values in the orientation preserving
isometry group of X. Furthermore, the equivalence relation defining 7’ in Subsec-
tion [5.1.1] specifically involves quotients by orientation preserving isometries, rather
than arbitrary isometries. This distinction is crucial for preserving the orientation
structure in our construction.

The following proposition adapts [Pau87, Proposition 1.6], incorporating a re-
mark from the proof of [Wol07, Théoreme 5.4.6]. An e-approximation Q-equivariant
between two metric spaces X, X’ is a logical relation R within X x X’ which is

surjective [Pau87, Definition 1]. Then, an e-approximation @Q-equivariant between
X and X' is closed if it is closed as a subset of X x X’.

Proposition 5.1.24. If T is countable, then Z(I', PSLy(R))© is first countable.
That is, each element of Z(T', PSLy(R))© has a countable basis of open neighborhoods.

Proof. Let [¢, X, 0] € Z(T', PSLy(R))® and (K,,) a sequence of finite subsequences
in X, increasing for the inclusion, such that their union is dense in X and I'-
invariant. We show that the open sets

{ Uk, ro(0,X,0)) ’ Q a finite subset of I" containing e, n € N, r € Q- }

form a basis of open neighborhoods of [¢, X, 0] in the oriented Gromov equivariant
topology. Let K be a finite subsequence of X, () a finite subset of I' containing e,
and € > 0. Cover K with a finite number of open balls of radius €/12. By density
of the union of the K, inside X, the centers of each of these balls is at distance
smaller than £/12 from a point in one of the K. Denote by

K Cc K,

the finite subsequence of X formed by these points in K,,. Then K is contained in
the /6-neighborhood of K’, and K’ is contained in the /6-neighborhood of K.
Furthermore, by I'-invariance of the union of the K,, the union K’ U QK' is

101



contained in one of the K, for j sufficiently large. Using [Pau87, Remarque 1.4,
Remarque 1.5], there exists a closed Q-equivariant e-approximation

K" of K,

where K" is contained in K ;. Let r be a rational number with 0 < r < e and we
show that

UKj,r,Q((bv X, 0) C UK,ZE,Q(¢7 X7 0)'

Let [¢*, X*, 0%] € Uk, rq(¢, X,0). There exists an r-approximation Q-equivariant
between K* C X* and K. In particular, there is an r-approximation ()-equivariant
between a finite subset A C K* and K”. By the last remark in the proof of [Pau87,
Lemme 1.2], there exists an (r + ¢)-approximation between A and K. Since K
and K are subsets of the same oriented space, they come in the same order. Hence
(0", X*,0%] € Uk 2:0(¢, X, 0) as wanted. O

We described the oriented Gromov equivariant topology of character varieties
using orientations on R-trees. In the next subsection, we characterize the orientation
on R-trees appearing in 9Z(I', PSLy(R))® as ultralimits of orientations on the
hyperbolic plane.

5.1.3 Description via asymptotic cones

This subsection describes elements of Z(T', PSLy(R))© as ultralimits of sequences
in Z(I", PSLy(R)). Building on [Pau89|, we show that I'-actions by isometry pre-
serving the orientation on oriented R-trees can be characterized as ultralimits of
['-actions on asymptotic cones equipped with an ultralimit orientation. For any
¢ € Hom(T', PSLy(R)), define the displacement of the representation as

lg(¢) := inf maxdistyz (z, ¢(y)z),

z€H?2 yeF

where H? denotes the ball (Poincaré) model of the hyperbolic plane equipped with
its standard metric, F is a finite generating set of I' and PSLy(R) acts on H? via
Mobius transformations. We rely on a key property of reductive homomorphisms.

Proposition 5.1.25 ([Parl2, Proposition 18]). An element ¢ € Hom(I', PSLy(R))
1s reductive if and only if the infimum of the displacement function is achieved.
That is, there exists xy € H? so that

max disty2 (29, #(7)z0) < maxdistye (7, (7)) Vo € H>
yeF yeF

Notation 5.1.26. Let u be a non-principal ultrafilter on N, (¢;) a sequence
in Hom,eq (T, PSLy(R)) such that lg(¢p) — oo, *; € H? an element achieving
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the infimum of the displacement function of ¢ for every k € N, and T :=
Cone" (H?, (Ig(¢1)) , (xx)). The sequence (¢r) C Hom(T, PSLy(R)) induces a I'-
action by isometries on T' via

" (7)([2k]) = [or(v)2e] Vy €T, and V[z] € T.

We call ¢ = lim, ¢y, the ultralimit representation, see Subsection and [Pau09,
Page 434].

Proposition 5.1.27 ([Pau09, Page 434]). Let u be a non-principal ultrafilter on
N, [¢r, H?] a sequence in Z(T', PSLy(R)) such that 1g(¢y) — oo, and ¢* = lim, ¢y,.
If x;, € H? is an element in H? achieving the infimum of the displacement function

of ¢ for every k € N and T" := Cone" (H?, (1g(¢r)) , (1)), then
lim (6, H?) = (6%, %)

in the Gromov-Hausdorff equivariant topology. That s, for every e > 0, Q) a
finite subset of T with e € Q, and K = ([x3],...,[2}]) CT" a finite sequence, for
u-almost every k € N, the sequence

K' = (zy,...,2%) C H?
is a Q-equivariant e-approximation of K.

Remark 5.1.28 ([Pau09, Page 437]). If a sequence of I'-actions by isometries
on H? converges, in the Gromov-Hausdorff equivariant topology, to an R-tree
equipped with a I'-action without a global fixed point, then it also converges in
the Gromov-Hausdorff equivariant topology to every invariant subtree, and in
particular to its unique minimal invariant subtree.

We now specialize this convergence to account for an orientation.

Remark 5.1.29. Let X be H? or an R-tree and [0] a germ of oriented segments
at P € X. Consider ¢ € [o] with endpoints P and x. The oriented segment P-x
defines the same germ of oriented segment [0] = [P-z|. So, every germ of oriented
segments is represented by an element x € X. It does not depend on the choice of
the representative o or € Im(o). Indeed, for two oriented segments 0,0’ € [o],
by definition of the equivalence class of a germ, there exists

z € (Im(o) NIm(c"))\{ P }.
Then [P-z| = [o] = [0/] in Gx(P).

In the following definition of or*([Pg]), for convenience, we denote by x € Gx(P)
the germ of oriented segments [P-z|, and we use the notation [P-z]g to avoid
confusion when necessary.
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Theorem 5.1.30. Let u be a non-principal ultrafilter on N, (M) C R a sequence
such that A\, — oo, (xx) C H? a sequence, and T" := Cone" (H?, (\), (*£)).
Consider [Py]* € T" and Gr«([Pg]") the set of germs of oriented segments at [Pg]".
The map or*([Pg]"):

(Gr([R]) — {-1,0,1}
0 if Card{ [zx]", [yk]", [2x]" } < 2,

u, u’ u —
([xk] [yk] [Zk] ) hmu 07’(Pk><37k7 Yk, Zk:) otherwise,

is a cyclic order on Gru([Py]"), where or(Py) is the cyclic order on Guz(Py) given
by the standard orientation on H2. Hence or" defines an orientation on T".

Proof. We first show that or*([Py]") is well defined and independent of the choice
of representatives, which is the main part of the proof. Any segment in 7" is the
ultralimit of a sequence of segments in H? by [DKI8|, Corollary 11.38]. Suppose the
germ of oriented segments [[Py]"-[x|"]g is represented by two sequences ([Py-zx|g)

and ([Pj-z}]g). As in Remark |5.1.29] we may assume
[zp]" = [x}]* € T and [B]* = [P]* € T

If Card{ [[Pk]”—[xk]”]g, [[Pk]u—[yk]u]g, [[Pk]“—[zk]”]g} S 2, then at least two of the
germs of oriented segments are equal. Without loss of generality, suppose

[[Pe]*[x]"]g = [[Ba]"[yx]"]g-
As in Remark [5.1.29] there exists
[wie]* € Im([B]"-[]*) N I ([P [yl )\{ [Pe]" }-
Since [x]* = [z}]* and [Py]* = [P]"
[P [we]"lg = [[P]*-Twi]"]g = [[Pe]*-[za]"]g = [[P]*-[z4]"]g-
Hence Card{ [[F}]*-[}]"]g, [[P)-[yx]"]g, [[Fr]-[2¢]"]g } < 2 so that
or* ([PL]") ([e]®, [yl", [2]") = 0 = or*([P]") ([2h]", [wel*, [2a]") -
Suppose all three germs are distinct. On the one hand, suppose that

liin OT(Pk)(xk;yk,Zk) =1 and liflﬂ OT(Pé)(I27yk,Zk) =0.

Since { —1,0,1} is discrete, the second limit implies or(P])(z}, Yk, 2x) = 0 for
u-almost every k € N. Since or(Py) is a cyclic order, without loss of generality

[Pi-w1]e = [Pr-yilg
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for u-almost every & € N. Since H? is uniquely geodesic, assume without loss
of generality that Im(P;-z}) C Im(P/-y) for u-almost every k € N. Since T" is
uniquely geodesic

Im([P]*-[2]*) € Im([PE]"[]")

so that [[P}]"-[z}]"]¢ = [[Pi]*-[yk]*]g- This is a contradiction with the three germs
of oriented segments being distinct.
On the other hand, suppose:

lim or (Py)(zr, Y, 2e) =1 and hmOr(Plg)(m;cvykvzk) =-1L
" u

By the independence of the choice of base point for the orientation on H? (Remark

5.1.14)), this is equivalent to

liLIln or(Py)(xk, yk, z,) =1 and liinor(Pk)(:U;C,yk, zr) = —1.

Consider the rays ay, aj, by, ¢, passing through P, and wxy, z},, yk, 2, respectively.
By Lemma |5.1.13] the above conditions translate to

or(ar,br,cx) =1 and  og(ay, bg,cx) = —1

for u-almost every k& € N. Thus b, € arc(ax,a;) and ¢, € arc(aj,a), where
arc(aj,, ay) is the oriented segment of S' going in the counterclockwise direction.
Without loss of generality, the length of arc(ag, a)) is smaller or equal to the length
of arc(a}, ax). Then, every neighborhood of a; containing @) in the shadow topology
on H? U 9,,H? also contains b, [DKIS, Subsection 11.11]. That is, there exists
bi € Im(by) such that

distye (by, 1) < distge (2, 2})
for u-almost every k& € N. Since [zx]* = [z}]", it holds [zx]* = [b;]*. Thus
i € (Im([Pe]*-[x]*) O Im([Pe]*[y]*))\{ [Px]* } so that

([P *[2x])g = [[P:]"[ux]"]-

This is a contradiction with the three germs of oriented segments being distinct so
that
hl{n Or(Pk)($k7 Yk, Zk) = hLIln OT(PIZ;)(QT;W Yk Zk?)

A similar argument proves that or*([Pg]") does not depend on the choice of [yg]*, [2x]*
such that or*([Pg]*) does not depend on the choice of representatives.

We show that or*([Py]") defines a cyclic order. If Card{ [zg]", [yx]", [z]" } <
then by definition or*([Pe]")([zx]", [yx]*, [zx]") = 0. Suppose [mk] [ye]™, [26]" &
distinct germs of oriented segments in Gru([Py]*) and verify

r([Pe]") [k, [ye]®, [2:]") = 0.
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Since { —1,0, 1} is discrete, or(Pg)(xg, Yk, zx) = 0 for u-almost every k € N. Since
or(Py) is a cyclic order, without loss of generality

[Pe-7k]g = [Pr-yrlg

for u-almost every & € N. Since H? is uniquely geodesic, assume without loss
of generality that Im(Py-zx) C Im(Pg-y) for u-almost every k € N. Since T" is
uniquely geodesic

Im ([P [2]") C T ([P]*[yx]")

so that [[Py]"-[zk]"]¢ = [[Px]*-[yx]"]g- This is a contradiction with the three germs
of oriented segments being distinct. Hence

Card{ [z]", [ys]", [24]" } < 2

so that or*([Py]) satisfies the first item of Definition Similarly, if [zg]", [y&]*,
and [z;]" are germs of oriented segments in Gru([Pg]*), then for u-almost every k

or (Pe) (T, Y, 2k) = or(Pr) (Yr, 2k, 1) = —or(Pr)(wk, 2k, Yr)-
Thus, by definition of the ultralimit

or* ([PL]") ([e®, [ya]®s [2e]*) = or®([P]*) ([we]", 2", [24]")
= —or*([Bu]") ([a]", [2]", [yw]")-

so that or*([P]") verifies the second item of Definition [5.1.1] The third axiom
follows from the same reasoning. Therefore, or*([P;]") defines a cyclic order, and
hence or" defines an orientation on 7T".

]

Theorem 5.1.31. Let u be a non-principal ultrafilter on N, [¢r, H? or] a sequence
in Z(T, PSLy(R)) such that 1g(¢r) — 00, *j an element in H? achieving the infimum
of the displacement function of ¢y for every k € N, and ¢" = limy ¢x. If Tju is the
@“-invariant minimal subtree inside the asymptotic cone Cone" (H?, (Ig(¢r)) , (*1)),
then

lillin[gbk, H?, or] = [¢", Th, o] € OZ(T', PSLy(R))®,

where or* is the restriction to Tj. of the ultralimit orientation defined in Theorem
0. 1.50.

Proof. Let (Uk, c,.q.(#", T, 0r"))nen be a countable basis of open neighborhoods
in the oriented Gromov equivariant topology around (¢, T, or'). Consider as in
Notation [5.1.17 the functions

ot*: V(0) — {-1,1} ov: V/(66(H?))

and —
(,y,2) — or*(P)(z,y,2) (@,y,2) > or(P)(z,y,2)
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where P is the center of the tripod Trip(zx,y, z) as deﬁned in Proposition [5.1.15]
For m € N, suppose K, == ([z,™"]s, .. [ fmom) Y © TY%. By Proposition [5.1.27,
for every g,h € Q,, and every i,j € {1,...,0,,}

distye (¢x(9)a)", ox(h)2f™)
lg(on)

— dlstT;;u (¢u(9) [ } ,¢"(h) [ m]“)

< Em,

for u-almost every k. Moreover, by definition of the ultralimit, for u-almost
every k and every triple of elements ([z},""]*, [z ]*, [z}™]*) € Ky, which satisfies
(™1 ™1 [ ™) € V(92m)

ot" ([:Ezm}u, [a:fcm}u , [wim]u> = ot (xzm a:km xim) )

Thus, u-almost every [¢g, 2,0] is in the open set Uk, ., @, (¢", T}, 0"). Hence
[¢x, H?, 0] converges to [¢", T}, 0"] along the ultrafilter u. O

We recalled the construction of the oriented Gromov equivariant compactifi-
cation of Z(I", PSLy(R)) and characterized the boundary elements as I'-actions
by orientation preserving isometries on asymptotic cones equipped with a limit
orientation. In the next section, we associate to every element of OZ(I, PSLy(R))RP
a ['-action on an oriented R-tree by orientation preserving isometries. Our goal is
to use the theory developed in this section to compare the two compactifications in
the final section.

5.2 Oriented R-trees associated to elements of
O=(T, PSLy(R))5P

We associate to each element of OZ(T', PSLy(R))E%P a I-action by isometries on an
R-tree, following [Bru88al. In the first subsection, we endow this R-tree with an
orientation using the order structure of real closed fields. In the second subsection,
we show that this orientation is well described as an ultralimit of orientations,
similarly to Subsection [5.1.3

5.2.1 Description via the non standard hyperbolic plane

This section associates to each element (p,F,) € Z(T', PSLy(R))5°P a T-action on
an oriented R-tree. Following the approach in [Bru88a], one constructs a I'-action
on an R-tree T', and use [Bru88c] to describe the set of germs of oriented segments
at any point P € T'. This allows us to define an orientation on 7" and so, a I'-action
by isometries preserving the orientation on 7.
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Definition 5.2.1. Given a representation ¢: I' — PSLy(IF), the real closed field F
is ¢-minimal if ¢ can not be PSLy(F)-conjugated into a representation ¢': I' —
PSLy (L), where . C F is a proper real closed subfield.

If ¢: I' — PSLy(F) is reductive, denoted (¢, F), and if F is real closed, a minimal
real closed field Fy C F always exists and is unique [BIPP23| Corollary 7.9]. If
F, and Fy are two real closed fields, we say that two representations (¢, F;) and
(¢2,Fy) are equivalent if there exists a real closed field morphism ¢ : F; — Fy such
that

Yo ¢ = gpag " for some g € PSLy(Fy).

Theorem 5.2.2 ([BIPP23, Theorem 1.1 and Corollary 7.9]). Elements in the
boundary of E(F,PSLQ(R))SSP are in bijective correspondence with equivalence
classes of pairs [¢,TF|, where

¢: T — PSLy(F),

is reductive and F is real closed, non-Archimedean and ¢-minimal. Moreover F is
. T
of finite transcendence degree over QQ .

An element in the equivalence class is a representatwe of [¢p,F]. Because of

the finite transcendence degree condition over Q', not all real closed fields in

Z(T, PSLy(R)) occur. Recall from Definition @ that a real closed field K has
a big element b if for every h € K

3k € N such that h < b".

For every [¢,F] € 0=(T", PSLQ( )RS the ¢-minimal real closed field F is of finite
transcendence degree over Q. In particular, F has a big element b [Bru88al, Section
5]. So, as in Section [4.2] define for every h € F the two subsets of Q

/

{@’bmgh",neN>o,meZ} and {ﬁ
» >

n/

b™ > B n' € Nsg,m' € Z}

define a Dedekind cut of Q. Hence the two subsets above define a real number
denoted log,(h). The function —log,: F — R is a non-trivial order compatible
valuation on F [Bru88al, Section 5]. Denote by A :=log,(F) the valuation group of
F, which is an Abelian divisible subgroup of R [Bru88al, Section 8]. Denote by F
the valuation completion of IF, which is also real closed [Bru88c, Page 91].

Remark 5.2.3. The Robinson field R}, where u is any non-principal ultrafilter
and p any infinite element or R* (Example 2.2.3)), is a real closed field with big
element p. Moreover, the valuation group of R}, associated to log,, is R.
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To associate to [¢p,F] an R-tree, we first need to recall some definitions of
A-metric spaces, see [Chi0l]. A set X together with a function distx: X x X — A
is a A-metric space if distx is positive definite, symmetric and satisfies the triangle
inequality. A A-segment o is the image of a A-isometric embedding n: {t € A: r <
t < s} — X for some r < s € A. The set of endpoints of o is {n(r),n(s)}. A
germ of oriented A-segments at P in X is an equivalence class of nondegenerate
oriented A-segments based at P for the following equivalence relation: two oriented
A-segments o, 0’ are equivalent if and only if

Je > 0 such that o) = 0'[jp,)-
Definition 5.2.4. A A-tree is a A-metric space X satisfying:
e For all z,y € X there is a A-segment ¢ with endpoints z, y.

e For all A-segments 0,0’ whose intersection o N o’ = {z} consists of one
common endpoint x of both A-segments, the union o U ¢’ is a A-segment.

e For all A-segments o, ¢’ with a common endpoint x, the intersection o N o’ is
a A-segment with = as one of its endpoints.

By [ChiO1l, Chapter 2, Lemma 1.1}, A-segments in a A-tree are unique and we write
(z-y)a the unique A-segment with endpoints x,y € X.

Following the construction in [Bru88c|, given [¢, F] € 0=(T", PSLQ(R))ESP, define
the non-Archimedean hyperbolic plane over the ¢-minimal real closed field Fy as
the set

H*(F) := {x + iy € F[i] | 2> + »* < 1} C F[i],

where i is such that 72 = —1. As in the real case, H?(F) admits a pseudo-distance
[Bru88c, Page 92]

distyery:  (HA(F))® — A;
/ -2 )
(2,2) = logg ((knzn%ufnz'n?) ’
where Z is the complex conjugation of z € F[i], and for any z = x + iy € F[i]:
|zl .= Va2 +y? €F.

Consider the equivalence relation on H?(IF) which identifies z with 2’ if and only if
distgz(r) (2, 2') = 0 and denote the projection map

m: H*(F) — TF := H*(F)/{ distgzm) =0 }.
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Proposition 5.2.5 ([Bru88c, Theorem 28]). The A-metric space TF is a A-tree.

Moreover, if we consider the action of PSLy(F) by Mobius transformation on
H?(F), then it passes to an action by isometries on TTF.

Proposition 5.2.6 ([BIPP23, Theorem 7.15)). Let (¢,F) be a representative of a
point in OZ(T, PSLy(R))EP such that F is ¢-minimal. Then, ¢ induces a T-action

cl
by isometries on T, which does not have a global fixed point.

Since the valuation group A is a divisible subgroup of R, it is dense inside R.
So, as a special case of the base-change functor defined in [Chi0O1, Theorem 4.7],
define the R-tree

TF = U 7,

o A-segment in TF

where @ is the unique metric completion of the A-segment ¢ in TIF. The R-tree
TTF*¢ is unique up to isometry and TF embeds isometrically in 7T,

Proposition 5.2.7 ([Chi0l, Theorem 4.7 and Corollary 4.9]). Every (¢,F) repre-
senting an element in OZ(T, PSLy(R))E% induces a T-action by isometries on the
segment completion TF of the A-tree TTF. Moreover, TTF* is an R-tree and the
['-action s without fixed point.

Denote by
T, C TF*

the unique, up to isometry, ¢-invariant minimal subtree [Pau89, Proposition 2.4].

Then, as in Remark [5.1.12] T}, has extendible segments. To endow T, with an
orientation in the sense of Definition [5.1.4, we describe the germs of oriented
A-segments in TF as described in [Bru88c]. Denote by

O = {h & F|log,(h]) <0},
the valuation ring of F, where |h| = max{ h, —h }, and its maximal ideal
J:={heF]|log(h]) <0}.

The quotient field Fp := O/J inherits an order such that O — Fp is order
preserving [Bru88d, Page 90] and F¢ is real closed [BP17, Example 5.2]. As the
segments in T are in one to one correspondence with the A-segments in TF by
construction, the following result holds.

Proposition 5.2.8 ([Bru88c, Corollary 40)). Let p € TF*°. The germs of oriented
segments at p in TTF correspond bijectively with points on the circle

S'(Fo) :== {z +iy € Folil |2* +¢y* =1}.
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Remark 5.2.9. If p € TF\TTF, then by construction, Grps(p) consists of two
elements. Thus, a cyclic order on Grpse(p) is trivial. Therefore, in the rest of this
text, whenever we refer to a cyclic order on Grpsc(p), we assume that p € TF C TF*.

The following remark summarizes the construction of the correspondence from
Proposition |5.2.8, We will use it later to show that certain isometries are orientation
preserving.

Remark 5.2.10 ([Bru88c, Page 102]). Let F denote the valuation completion of F.
The field inclusion F — F induces an isometry TF — TF [Bru88c, Corollary 26],
which we use to define the projection

m: H?(F) — TF.

Given p € TF, choose an element P € 7~ (p). Any [p-y] € Grr(p) is represented
by a segment (p-y)a, which is the image under 7 of some segment (P-Y )z C H2(F).
Thus the transitive SO(2, I@')—action on the set of oriented [F-segments at P passes
via 7 to a transitive SO(2, IAF)-action on the set of oriented A-segments at p. The
stabilizer of the germ of oriented segments [p-y| is the kernel of

SO(2,F) — SO(2,Fy) = SO(2,Fp).

Brumfiel shows using this construction that the germs of oriented A-segments at p
in TT is in bijection with SO(2,Fe), which is also in bijection with S'(Fp).

Corollary 5.2.11. The Fp-extension of the cyclic order og (from Lemma
defines a cyclic order on Grr(p) = SY(Fp) for every p € TF*. Thus an orientation
on TTF denoted orep.

Remark 5.2.12. Consider p € TF, [p-y1], [p-y2], [p-ys] € Gre(p) distinct, mo: O —
F5 = Fo the reduction morphism, and

Tp: SY(F) — S'(Fo)

the induced map, using that SO(2,F) = SO(2,0) and SO(2,Fs) = SO(2,Fo)
[Bru88d, Page 102]. By Proposition [5.2.8] [p-11], [p-ya], [p-ys] correspond bijectively
to elements of S*(Fp) which we denote by v§, v5, y5. For P € 7'(p), one can
consider three germs of oriented segments [P-Y1], [P-Ya], [P-Y3] € Gy ) (P) with

corresponding elements of S* (]IA?) denoted by Yy, Yy, Y5 such that

mo(Y) =y Vie{1,2,3}
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By the identification from Remark |5.2.10) and because the morphism 7 : O = Fo

is order preserving, it holds

050 (1o (Y1), o (Y5), o (V5)) = snm, det(mo(Y5) — 1o (Y1), mo(V5) — o (Ys)
= sgng, det(mo (Vs — ), mo (Vs — Y5))
= sgnzdet (Vs — Y, Y5 — Y5)
= 05V, Y5, Y5).

Notation 5.2.13. Since T, is an R-subtree of TF*, the orientation ory on TTF*
restricts to an orientation on Ty. For every p € Ty, denote by

ory(p)

the cyclic order on the germs of oriented segments at p in Ty and by org the induced
orientation.

It remains to show that the oriented R-tree (7}, ory) associated with [¢, F] does
not depend of the choice of representatives, for the equivalence class defined in
Theorem [5.2.2] To this end, we will use the following theorem. The isometry it
involves is known from [BIPP23, Proof of Corollary 5.19]; our contribution is to
show that this isometry preserves the orientation.

Theorem 5.2.14. Let ¢: F; — Fy be an ordered field morphism between two real
closed fields and

§Z§1I I'— PSLQ(Fl) and ¢22 I'— PSL2(F2)
two representations such that

Uy 0 1 = gpag~ " for some g € PSLy(F2),

where )4 is the natural inclusion of PSLy(Fy) in PSLy(Fy) given by . Let b be
a big element of Fy and suppose that ¥ (b) is a big element of Fy. Then there
exists a I'-equivariant isometry (¢1, Ty, , 0r,) — (2, Ty,, 0r¢,) which preserves the
orientation.

Proof. As defined above, consider the pseudo-distance distgz(r,) and distgz(g,)
induced by the big elements b and (b) respectively. By definition of the pseudo-
distances, the field morphism 1 induces 15 : H?(F;) — H?(F,) that sends x + iy €
H?(F,) to 1(x) + ib(y) € H?(Fy), which is pseudo-distance preserving. Denote by

QZJTI TIFl — TIFQ,
[ +iy] — [Y(2) +id(y)]
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the induced isometric embedding between the associated A-trees (as done in
[BIPP23| Corollary 5.19]). Denote still by ¢r: TF® — TF3 the unique continuous
extension of 1. Since 1 is a morphism and PSLy(FFy), PSLy(F2) act by Mobius
transformations on Ty, T, respectively, then for every v € I’

Ur(91(7)2) = Ye(¢1)(Mr(z)  Vz € TFY.

We show that g~'¢r induces a I-equivariant isometry between Ty, and Tj,. Denote
by Ay, (y) the translation axis of ¢1(7). Since 97 is an isometric embedding, by
[Pau89, Theorem 1.2], we obtain

Ur (Agiiy) = {r(z) € TFy | distre, (2, ¢1(7)2) =1g(¢1(7)) }
= {¢r(2) € TF;y | distrr, (Vr(2), Y1) (7)r(2))

Hence ¥7(Ag, () C Apy(o1)(y)- By [Pau89, Proposition 2.4]

=lg(¥s(e1)(v) }-

g "r(Ty) = J 0" r(As) € U 9" Avon-

vyel’ vyel

Finally, using [Pau89, Remark 1.4]

U g_lAwé(%)(’Y U Ag%& é1)(v)g~t — U A¢2 T¢2'

yel’ vyel vyel

Since PSLy(FF2) acts by isometries on T},, we obtain that
g b Ty, — Ty,

is an isometric embedding. In addition, for any z € Ty, and any v € I'

g (01 (1)z) = g e(d1) (V)7 (2)
= g W(¢1) (V)99 Yr(2)
= ¢2(7)g "V (2),

so that g~'4p is T-equivariant. In particular, g~'¢r(Ty,) is a [-invariant R-subtree
of Ty,. By uniqueness of the minimal I-invariant R-subtree, up to isometry, g~ !¢
is a ['-equivariant isometry.

We show that ¢~'4r is orientation preserving. As in Remark , consider
p € TFy and ¥5, yS, ys € Grr, (p) =2 SY(Fp, ) distinct, P € 7~(p) and three elements
YE, Yy, Ys € Gyagr,)(P) such that mp, (Y;¢) = i for every i € {1,2,3}. Since
PSLy(IFy) preserves the cyclic orders org, (v5(P)) and ore, (¥r(p)), it is enough to
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prove that 17 preserves the orientation. Since i3 is distance preserving there exist
group morphisms 9%, 1% induced by % such that the following diagram commutes:

SO(2,F;) —2 5 SO(2,Fs)

! !
7r01l lwo2

SO(2, ]F(Ql) T S()(27 F(gg).

Using the identification SO(2,F,) = SY(F,) for x € {1,2,0;,0, }, it holds

oro, (Vr(p)) (W7 (1), Y7 (ys), 7 (y5)) = om, (W5(YY), ¥5(Ys), ¥5(Ys))
= sghy, detr, (P (Yy — Y1), (Y5 — V7))
= sgny, ¥ (dety, (Y — Y/, Yy — Y5))
= sgny, (detr, (Y3 — Y, Yy — YY)
= oro, (p) (Y1, 2. ¥5):

where the first equality holds because the above diagram is commutative, the
second because 9% is induced by 1, the third because ¢ is a homomorphism, and
the fourth because 1) preserves the order. Thus, g~ !4 is an orientation preserving
I'-equivariant isometry. O

For two representatives (¢1,Fy), (¢, Fy) of [¢,F] € OZ(T, PSLy(R))5 | there
exists a real closed field morphism ¢ : F; — Fy and g € PSLy(Fy) such that

Yy 0 h1 = gdag .

By Theorem there exists an orientation preserving I'-equivariant isometry
between Ty, and T}, equipped with their orientations ory, and ory, respectively.
Thus the associated oriented R-tree to an element of 92 (I, PSLy(R))1®

4 " is canonical.

Lemma 5.2.15. Each element [, F] € 0Z(T, PSLy(R))S% defines a canonical

cl
["-action by orientation preserving isometries on a ¢-minimal oriented R-tree

(QZS, T¢, O’f’¢).

5.2.2 Description via asymptotic cones

This subsection describes the ['-action on an oriented R-tree induced by an element
(¢, F] € OZ(T', PSLy(R))EP as an ultralimit of T-actions on H?, using asymptotic
cones and the ultralimit orientation. To do so, we first recall, as in [BIPP23| Section
7], that [¢,F] is represented by a representation of I' in PSLy(R},), where R}, is a

Robinson field as described in Example [2.2.3
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Definition 5.2.16. Given u a non-principal ultrafilter, the sequence of scales (py)
is well adapted to a sequence of representations ¢ : I' — PSLy(R) if there exists
c1, ¢y € Ry such that in the ultraproduct R*

er(pm) <D (tr (de( (")) < calpan).

yeF
If only the second inequality holds, then the sequence () is adapted.

Let u be a non-principal ultrafilter and (ux) a sequence of scalars adapted to
the sequence of representations ¢y: I' — PSLy(R). Denote by ¢),: I' — PSLy(IR},)
the (u, u)-limit representation

o (G (B .
) = <<¢k<v>2@>k <¢k<v>22>k> € PSLs (Rj)

Theorem 5.2.17 ([BIPP23, Theorem 7.16]). Let u be a non-principal ultrafilter
on N, (¢, R)r € Mr(R) and (¢}, R},) its (u, p)-limit representation for an adapted
sequence of scales p = (ug). Then:

e ¢, is reductive, and

e if p is well adapted, infinite, and Fyu denotes the ¢, -minimal field, then
(¢}, R},) is SOo(R},)-conjugate to a representation (¢, Fgu) that represents an

element in OZ(T, PSLy(R))F5P.

cl

Conversely, any (¢,F) representing an element in 8E(F,PSL2(R))§SI’ arises in

this way. More precisely, for any non-principal ultrafilter u and any sequence of
scales 1 giving an infinite element, there exist an order preserving field morphism
Y: F — R, and a sequence of homomorphisms (¢g, R)r, € Mrp(R) for which u is
well adapted and such that 1 o ¢ and ¢}, are PSLy(RR},)-conjugate.

To keep the notation from [BIPP23], we use the alternative model of H? defined
in Section (2.4

PLH2,R) := { A € Myy»(R)|det(A) =1, A is symmetric and positive definite }.

Endow P!(2,R) with its semialgebraic multiplicative Cartan distance ds (Proposi-
tion [2.4.4)) and its associated distance distpi(or) = logds. The R} -extension of ds
induces a pseudo-distance distp1 (o ry) = log,(ds)ry on P'(2,R},) using the transfer
principle (Theorem [2.2.2)). The group PSLy(R) acts by congruence on P*(2,R):

g.x = grg’ Vr € PY(2,R), Vg € PSLy(R)
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and preserves the distance. Similarly, PSLy(R},) acts by congruence on PL(2, R?)
and preserves the pseudo-distance [BIPP23| Subsection 5.1].

Let u be a non-principal ultrafilter on N, (A;) C R a sequence such that A, — oo,
w = e for every k € N, = (up)ren, R}, the Robinson field associated to u, and
denote by

PH2,R)" =P (2,R)"/ ~,
diStfpl(ZR) (.fL"k, Id)
Ak

P2, R)Y = {[xk] c P'(2,R)*

is u-bounded } ,
where (xy) ~ (yx) if the two sequences coincide u-almost surely. Note that if we
endow P*(2,R)} with the pseudo-distance
dist*: PLH2,R)} x PH2.R)Y — R;
(o l) > lim, RO
then P(2,R)4/{dist, = 0} = Cone" (P1(2,R), (A1), (Id)), see Subsection [2.1]

Theorem 5.2.18 ([BIPP23, Theorem 5.10 and Lemma 5.12]). With the above
notation, the map

Upi: PH2,R)} — PH2RY);
(o), = { @}

induces an isometry between T, R}, 1= PL(2, Ry /A distpi(gry) = 0} and the asymp-
totic cone T, := Cone" (P1(2,R), (Ax), (Id)).

Remark 5.2.19. The induced isometry is obtained using the commutative diagram:

PH2,R)Y ———— P'(2,RY) N (0,)°

|

P (2. R})

|

u n N u
Tpl 4 TPlRN’

where P*(2,R") is a semialgebraic subset of (R*)® and m, is induced by the quotient
map O, — R}, see Example [2.2.3]

The group SLy(R) acts on P!(2,R) by isometries and the stabilizer of Id €
PL(2,R) is the subgroup SO(2). Thus both H? and P!(2,R) are models for the
symmetric space of SLy(R). Hence up to rescaling the distance on H?, there exists
a SLy(R)-equivariant isometry H? — P!(2,R) which is algebraic [Ehe85|, Page 134].
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Remark 5.2.20. In Section [5.1] and [5.2] H? is endowed with a metric proportional
to its standard one. In particular, we endow H? with a metric such that it is
isometric to P'(2,R) endowed with distp1(or), see [BIPP23], Subsection 5.2].

As in Subsection , the isometry H? — P1(2,R) leads, on the one hand, to a
SLy(R)-equivariant isometry (H?)% — P(2,R)% and, on the other hand, since it is
semialgebraic, to a SLy(R)-equivariant isometry P*(2,R*)N(0,)* — H*(R*)N(O,)?
to give:

Corollary 5.2.21. With the above notation, the map

@) — BERY):
(@ +iy), — (o) +iye)
induces an isometry between the asymptotic cone T* := Cone" (H?, (\y), (0)) and
H?(R},)/{ distgz@y) = 0} =: TR},. Moreover, with the notations from Theorem
the iwsometry is I'-equivariant for the induced I'-actions by ¢* = lim, ¢ on
T and by ¢, on TR},.

Proof. The first part of the corollary is a consequence of Theorem [5.2.18| and the
above mentioned isometries between the models of the hyperbolic plane [Ebe85|
Page 134]. It gives the commutative diagram:

(H?)} —— PY2,R)Yy ———— PY(2,RY)N(0,) —— HX(RY) N (0,)?

!

P (2. R})

|

u T Y N u N u
T 7 T’Pl 7 T’PIRH 7 TRM

The T-equivariance is a direct consequence of the SLs(R)-equivariance of the
isometry H?> — P*(2,R) and [BIPP23, Lemma 5.12]. O

With the notations from Theorem [5.2.18 and (R},)o := 0,/J,, endow TRy,
with the orientation coming from the orientation on S'((RY)e), which we de-

note by orgu),, see Subsection and Corollary [5.2.11} Endow also T :=
Cone" (H?, (\¢), (0)) with the ultralimit orientation defined in Theorem [5.1.30]
That is, if Gy« ([FP]") denotes the germs of oriented segments at [Py]* € T", then
the map or*([FPy]"):

(Gr([P)) — {-1.0.1};

u u u 0 if Card{ [xk‘]uv [yk]u’ [Zk]u} <2
(el Tl () = {limu or(Pe) (g, Yk, 2) otherwise,
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which is a cyclic order on Gru([P,]"), where or(P) is the cyclic order at Gyz(Py)
given by the standard orientation on HZ.

Theorem 5.2.22. With the above defined orientations on T" and TR}, the I'-
equivariant isometry W: T — TR}, from Corollary|5.2.21 is orientation preserving.

Proof. Let p, := [(p' +ip?)x]* € T" and consider three germs of oriented segments in
Gru(py) represented by x, := [(z'+i2?)i], yu = [(y' +iy?)e]*, 2u := [(21+i22) ]t € TV
at the same distance to p,. For the projection map 7 : HQ(RZ) — TR}, consider

Vo) =[] +i Y2 en ™ ([ur] +i[wi]") = 7 (¥ (w))
(Zp) = (2] +i [Z2) e n  ([5] +i[22]") =7 (T (=)

with the right distance to (Py) 1= [Pg]* +4[PZ]* € 7= ([p]* +i[pp]*) = 771 (¥ (pu))
so that they correspond to elements of S'(RY), see Remark [5.2.12, Then

or (o (W () (W (), (1), W(2)) = oy (Pe))(X), (V). (24))
= sgngy detry (Vi) — (Xk), (Zk) — (Vi)
= sgngy [det (Y — Xi, Zp — Yi)]"
= Sgligy lorg (Py) (X, Y, Zi) "
= hl{n orr (Pe)( Xk, Yi, Zk),

where X = (X! +iX?),, € H? for every k € N and similarly for Y; and Z;. The
third equality holds because of the field operations of R}, and the last one because of
the definition of the order on R}. Finally, since W preserves the distance (Theorem

5.2.18)), both [(X! 4+ iX?),] = [(x! + 2?),] € T" so that
lim org (Py) (X, Y, Zk) = lim org(p) ((z' +ia?), . (v +iy°),, (21 +i2),)

and VU is orientation preserving. O

We associated a ['-action by isometries preserving the orientation on an oriented
R-tree to every element in 9Z(T', PSLy(R))2%P. Moreover, the constructed orienta-
tion is natural and described by ultralimits of orientation on H2. This is partly
due to the fact that the orientation on the circle is described by a semialgebraic
equation and the naturalness of the real spectrum compactification in terms of
asymptotic methods. In the next and final section, we use the results obtained so
far to construct a continuous surjection from the real spectrum compactification to

the oriented compactification of the character variety.
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5.3 A continuous surjection between both com-
pactifications

In this section we construct a continuous surjective map from Z(I", PSLy(R))55P

to Z(I', PSLy(R))©. By Theorem [5.2.2] every [¢, F] € 9=(T", PSLy(R))5 is repre-
sented by a reductive representation

¢: T — PSLy(F),

where F is real closed, ¢-minimal, non-Archimedean, and of finite transcendence
degree over Q. In Subsection [5.2.1 we constructed an oriented ¢-minimal R-tree
(¢, T}, ory) which does not depend on the choice of representative in the class [¢, F],

see Theorem [5.2.14] and Lemma [5.2.15]

Definition 5.3.1. This construction gives the following map:

3. (I, PSLy(R))E» — = ([, PSLy(R)) U T7;
[0, H? or] ifF=TR

[0, F] — (6, X org] = [, Ty, 0ry]  otherwise.

Lemma 5.3.2. The map 3 defined in Definition is sequentially continuous for
sequences in the interior of the character variety. That is, for every non-principal
ultrafilter u, and for every sequence ¢y, R] € Z(I', PSLy(R)) which converges to
(¢, F] € E(T, PSLy(R))X% in the real spectrum topology, then

. F] = lim 36 K] = lim [6, B, or

in the oriented Gromov equivariant topology.

Proof. Since the real spectrum topology and the oriented Gromov equivariant
topology are equivalent on Z(I", PSLy(R)), it suffices to treat the case
(6, F] € O=(T, PSLy(R)) 5.

cl

Let u be a non-principal ultrafilter and consider a sequence of representatives
(¢k, R) € Mp(R) of [¢r, R] such that 0 € H? minimizes the displacement function
of ¢y for every k € N. Since Mp(R)EP is compact, the sequence (¢, R) admits a
u-limit that we denote by (¢, F). By [BIPP23, Proposition 7.5], the projection map

p: Mr(R) = =(T', PSLy(R))
RSp

cl

extends continuously to a map pao": Mp(R)E% — Z(T', PSLy(R))
PaP (¢, R) converges to [¢, F], it holds

pa P (6, F) = [¢,F].

, and since
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Because (¢, R) converges to a boundary element in dMp(R)SP | it holds 1g(¢y,) —

cl

co. Denote by 1 the sequence of scalars (€!#%),, which is well adapted to (¢x) by
[BIPP23, Lemma 5.13], and consider (¢}, R},).

Claim: The elements (¢}, R},) and (¢, F) are equivalent in Mp(R)BP

cl

Proof: Suppose (¢4, R}) # (4,F) € Mp(R)E® . Since Mp(R)E® is Hausdorff,

cl cl

there exist two open sets U, U’ with U N U’ = & such that
(¢}, RY) €U and (¢,F) el

Since lim,(¢r, R) = (¢,F), it follows that (¢, R) € U’ u-almost surely. Let
fi,.ooy fm € R[Mr| such that U = U(fy,..., fm). By the description of the
bijection in Theorem [5.2.2] (see [BIPP23|, Proposition 6.3])

o.(fi) = [filow)]" € R}
In particular, for every i € {1,...,m}
¢, (fi) > 0if and only if fi(¢r) > 0 u-almost surely
if and only if ¢ € U(f;).

Thus ¢, € U N U’ u-almost surely, which is a contradiction U N U’ = & so that
(¢} Ry) = (6,F) € Mp(R)g™

cl

By Theorem there exists an order preserving field morphism
Y F— R

such that ¢ o ¢ and ¢}, are PSLy(R},)-conjugate. Thus, by Theorem [5.2.14} there

exists a I'-equivariant isometry
¢F : (¢7 T(i)a OT(Zﬁ) — (¢Za T(bﬁv O/rqﬁﬂ)
which is orientation preserving. By Theorem [5.2.22] there exists
v TR, — T

a I'-equivariant isometry (for the I' actions induced by ¢}, and lim, ¢, see Corollary
5.2.21)), which is orientation preserving for the orientations orgu), on TR}, and
or* on T". Since Tys C TR}, we obtain a ['-equivariant orientation preserving
isometric embedding

Py =V op: (¢, Ty, 0ry) — (¢, T, or").

Since the ¢“-invariant minimal subtree of T" is unique, up to isometry [Pau89,
Proposition 2.4], it is contained in v,(7y), so that 1, induces a I'-equivariant
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orientation preserving isometry (¢, Ty, org) — (¢*, (T")4, or*), where (T"), is the ¢*-
minimal invariant subtree of T". Hence, up to I'-equivariant orientation preserving
isometry

¢, F] = [¢", (T")y, or"] € O=(T', PSLy(R))°.
Finally, by Theorem [5.1.31

lim(¢y, H?, or) = [¢", (T")4, or"] € OZ(T, PSLy(R))°.
u
Since u is arbitrary, the map 3 defined in Definition [5.3.1]is sequentially continuous
for sequences in the interior of the character variety. O
Lemma 5.3.3. The map 3 from Definition [5.5.1] is continuous.

Proof. Let [¢x, Fy] € Z(I', PSLy(R))5> be a sequence that converges to [¢,F] €

Z(T, PSLy(R))X% . Since Z(T', PSLy(R))EP is metrizable by the first item of
[BIPP23, Proposition 2.33], consider a countable basis of open neighborhoods
(B([¢,F],1/N))y C E(T, PSLy(R))E* around [¢, F], where B([¢,F],1/N) denotes
the open ball of radius 1/N centered at [¢, F] for a fixed metric defining the spec-
tral topology. Since ([@x, Fi])r converges to [¢,F], for every N € N, there exists
ni(N) > N such that

Vm >ny(N) [¢om,Fn] € B ([qb, F|, %) :

Suppose, for contradiction, that (3[¢x, Fx])x does not converge to J[¢, F]. That is,
there exists U € =(T", PSLQ( ))© open such that J[¢,F] € U and

YN €N, 3n(N) > n(N) with  D[nw), Faoy] & U.

Thus the function n: N — N is strictly increasing and the sequence ([¢n(ny, Fnvy])n
verifies:

[¢n(N)7Fn(N)] €B ([QUFL %) and 3[% n(N)] ¢ U.

Since Z(T', PSLy(R))® is compact and Hausdorff, it is normal. In particular, with
Z(T, PSLy(R))°\U closed and J[¢, F] € U, there exist Uy, Uy C (T, PSLy(R))©
open such that

(I, PSLy(R)O\U c Uy, J[¢,Fl €U, and U NU, =2

By the density of Z(I', PSLy(R)) in Z(T', PSLy(R))P, for every N € N, there exists
a sequence ([¢) ), R])n € E(I', PSLy(R RSP such that
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in the spectral topology. By Lemma [5.3.2
hm:[ﬁbn(N R] = J[én), Fnovy] € Ut

Hence, there exists £1(N) € N with 2[¢]} -y, R] € Uy for all m > £,(N). Up to
considering a subsequence, we assume that ¢; is strictly increasing with N, and
define the sequence

([on R]) € =, PSLa(R)).
Since [¢n(ny; Fovy] € B([¢,F], 1/N) is open, there exists £(N) > ¢1(N) with
1
vm > ((N) [¢ny)R] € B ([qb,IF], N) :

Hence the sequence ([qbn(( N)), R])n verifies

. (N (N

lin [(;Sn((N)),]R} — [6,F], and 3 [¢n((N)),R] e U,
for every N € N. This is a contradiction with Lemma [5.3.2, Thus

lilrln Iy, Fr] = (o, F]

so that J is sequentially continuous. Finally, Z(I", PSLy(R))2 is metrizable by
the first item of [BIPP23| Proposition 2.33], so that sequential continuity implies
continuity. Hence 3 is continuous. 0

Theorem 5.3.4. The map J: E(T', PSLy(R))SP — Z(I', PSLy(R))© from Defini-
tion[5.5.1) is a continuous surjection.

Proof. From Lemma [5.3.3] J is continuous and is the identity on Z(T', PSL,(R)).
Therefore J(Z(T", PSLy(R))5*P) is a compact set that contains Z(T', PSLy(R)).
Since the oriented Gromov equivariant topology is Hausdorff (Subsection ,
J(E(I', PSLy(R ))R P) is in particular closed. Because the character variety is dense
within its oriented compactification, we have the inclusion

= (I, PSLy(R))° © :1( (I, PSLy (R ))RSP) .

Moreover, by density of the character variety within its real spectrum compactifica-
tion and continuity of 3, the space Z(T', PSLy(R)) = J(Z(T, PSLy(R))) is dense in
the image of J. Hence

:1( (I, PSLy(R ))RSP) — = (I, PSLy(R))°,

so that 3 is continuous and surjective. O
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Chapter 6

Annexe: a homogeneous
incomplete real tree with complete
segments

This chapter is based on the article [ADRFJ24]. The text reproduced here is the
author’s manuscript version, which may differ from the final published version due
to editorial modifications.
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AN INCOMPLETE REAL TREE WITH
COMPLETE SEGMENTS

RAPHAEL APPENZELLER, LUCA DE ROSA, XENIA FLAMM, VICTOR JAECK

ABSTRACT. Let F be the field of real Puiseux series and Tr the PSL(2, F)—
homogeneous Q—tree defined by Brumfiel. We show that completing all
the segments of 7r does not result in a complete metric space.

1. INTRODUCTION

Actions on real trees, or more generally on A—trees, appear in various
ways in the study of degenerations of isotopy classes of marked hyperbolic
structures on surfaces, see for example [Bru88a, MS84, MS91], and more
recently [BIPP21a, BIPP23]. If A is a dense subgroup of (R,+) and 7 is a
A—tree, we can define the real tree

T3¢ = U 3,
s segment in T
where 5 is the metric completion of the segment s in 7. Then the A—tree
T isometrically embeds in 7°¢. The construction of 7°¢ is a special case of
the base-change functor defined in [ChiO1, Chapter 2, Section 4], which is
generalized in [SS12] to affine A-buildings.

In this article we give an example of a Q-tree 7T, as defined by Brumfiel
[Bru88b], for which 7°¢ is not a complete metric space. For this let K be a
non-Archimedean valued real closed field with value group A < R, and Tk
its associated A—tree as in [Bru88b], see Section 2 for the definition. We call
TS the segment completion tree associated to K.

Theorem 1. Let F be the field of real Puiseux series with Q—valuation, and
Tr its associated Q—tree. Then Tg° is not metrically complete.

This gives an example of a Q—tree with a transitive PSL(2, F)—action by
isometries, whose segment completion is not complete. The action extends
to a continuous action on 7z¢ by isometries.

The result as well as the main idea of the proof is perhaps well-known
to those working in the field, but the authors are not aware of an explicit
example in the literature. We give a geometric proof of Theorem 1 by
constructing a Cauchy sequence in 7 that does not converge in 7z°. This
sequence is contained in infinitely many different isometric copies of Q in
Tr. Intuitively it can be thought of as a sequence with infinitely many
branching points, see Figure 3. A written note of Anne Parreau inspired the

Date: August 1, 2025.

2020 Mathematics Subject Classification. 51M10, 54E50, 20E08.
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explicit Cauchy sequence not converging in 7z°. The authors expanded on
her example and proved that this sequence does not converge.

Actions on affine A-buildings appear in the study of degenerations of
(higher rank) Teichmiiller representations [BIPP2la, BIPP21b, BIPP23,
Par00]. Their metric completions are CAT(0) for a suitable metric, see
[BIPP21b, Proposition 10]. A natural question is whether such completions
are obtained by completing every apartment. The example of Theorem 1
could answer this question in the negative.

We finish the introduction with two small remarks. First, the complete-
ness of general R—trees has been addressed in [CMSPO08]. Second, [BT72,
Theorem 7.5.3] and [MSSS13] characterize the completeness of Bruhat—
Tits buildings, which are examples of R-trees and affine R—buildings. For
SLa(K), we expect the Bruhat—Tits building to be isomorphic to the seg-
ment completion tree associated to K; a question which will be addressed in
upcoming work. Theorem 1 would then follow from [BT72, Theorem 7.5.3],
since the field of real Puiseux series is not spherically complete. However
this isometry is in our knowledge not known.

After introducing the necessary background in Section 2, we prove Theo-
rem 1 in Section 3. We thank Anne Parreau for her support and for pointing
us to the right chapter in [BT72]. We are thankful to Marc Burger, Anne
Parreau and Beatrice Pozzetti for constructive discussions and feedback. We
appreciate the valuable feedback of an anonymous referee.

2. PRELIMINARIES

An ordered field K is called real closed if every positive element is a square
and every polynomial of odd degree has a root. It is nmon-Archimedean if
there is an element that is larger than any n € N C K. For an ordered abelian
group A, a A—valuation of K is a map v: K — AU{occ}, that satisfies v(a) =
oo if and only if @ = 0, v(ab) = v(a) + v(b) and v(a + b) > min{v(a),v(b)}
with equality if v(a) # v(b), for all a,b € K. It is order-compatible if for
0 < a < bone has v(b) < v(a). For the remainder of this article we work
with the following valued real closed field F, where A = QQ. The field of real
Puiseur series is the set

ko,meZ,m>O,ckeR,ck07ﬁ0},

with the order such that X is larger than any real number. For a € F denote
by Fs, and F>, the elements of I that are larger and larger or equal to a
in this order respectively. The real Puiseux series form a non-Archimedean,
real closed extension of the ordered field of rational functions in one variable
R(X) with the compatible order [BCR98, Example 1.3.6.b)]. The logarithm
ko
log: Fso — Q, Z CkX%r—}];nfo
k=—00
is order preserving, and — log || is an order-compatible Q—valuation of F by
setting log(0) := —oo, where |a| := max{a, —a} denotes the F—valued abso-
lute value on F. In particular we have for all a,b € F+, log(ab) = log(a) +
log(b) and log(a + b) < max{log(a),log(b)} with equality if log(a) # log(b).



AN INCOMPLETE REAL TREE WITH COMPLETE SEGMENTS 3

Z/

w w/

FIGURE 1. Two points z and 2’ in Hp determine a quadruple
(w, z,2’,w'), to which a cross-ratio CR(w, z, 2/, w’) € F>; can
be associated.

Following the construction in [Bru88b], we define the non-Archimedean hy-
perbolic plane over F as the set

Hy :={z +iy | z,y € F,y > 0} CF[i],

where 4 is such that 2 = —1. Mimicking the real case, there is a pseudo-
distance d defined on Hy as follows. Given z = x+iy and 2’ = 2/ +1iy’ in Hy,
consider the unique F-line passing through them, that is, either the vertical
ray going through these two points if z = 2/, or the half-circle through z and
2" whose center is on the “real axis” {y = 0}. Denote the endpoints of the
F-line by w and w’ such that w, z, 2/, w’ appear in this order on the F-line,
see Figure 1. Since F is real closed, we can define the cross-ratio CR on Hp
analogously as for the real hyperbolic plane by

CR(w,z,z',w') — HZ w HF . HZ wH]F

= SRS

Iz = wle 2/ —w's ~ =
where |lul|r := Vuu € F>q for u = uj + iug € F[i] and @ = u; — iug. Note
that uz > 0 and since F is real closed this element has a positive square root
in F. Brumfiel [Bru88b, Equation (18)] showed that

d(z,2") :=log CR(w, 2, 2',w’) € R>q

is a pseudo-distance on Hy. Note that two points can have distance zero
because log is not injective. By the properties of log, we obtain the following
description of the pseudo-distance, which we use from now on, see [Bru88b,
Equation (19)].

Remark 2.1. Let z = z + iy and 2z’ = 2/ + iy be points in Hy, then we
have

AV 2 /2
d(z,7') = log (z—2) —i—/y ty
yy

—nmx{bg(wzgff>,bg(j),bg(i)}.

Consider the equivalence relation on Hy which identifies z with 2 if and
only if d(z, 2’) = 0 and denote by 7 the projection
7 : Hg — Hy/{d = 0} =: Tp.
In [Bru88b, Theorem (28)], Brumfiel showed that T is a A—tree, with A = Q.
We now define A—trees following [Chi01].
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Let A be an ordered abelian group. A set X together with a function
d: X x X — A is a A—metric space if d is positive definite, symmetric and
satisfies the triangle inequality. The group A is itself a A—metric space by
defining d(a,b) := |b — a| := max{a — b,b — a}. A segment s is the image
of a A-isometric embedding ¢: [a,b]p = {t € A: a <t < b} — X for some
a <be€ A, and the set of endpoints of s is {p(a),¢(b)}. We call the image
of an isometric embedding of A a A—geodesic. A A—tree is a A—metric space
satisfying the following three properties:

(a) For all x,y € X there is a segment s with endpoints x, y.

(b) For all segments s, s’ whose intersection s N's’ = {x} consists of one
common endpoint z of both segments, the union sU s’ is a segment.

(¢) For all segments s,s” with a common endpoint z, the intersection
sN s’ is a segment with x as one of its endpoints.

By [Chi01, Lemma II.1.1], segments in a A-tree are unique. We write [z, y]
for the unique segment with endpoints z,y € X. We use the following
statement later.

Lemma 2.2. Let X be a A—tree and x,y,z € X. Then [y, z] C [z,y]U[z, 2].

Proof. By axiom (c) of A—trees there is a point r € X with [z,r] = [z,y] N
[x, z]. Since then [r,y] N [r,z] = {r}, we have by axiom (b) (and uniqueness
of segments) that [y, z] = [y, 7] U[r, z] C [z,y] U [z, z]. O

3. PROOF OF THEOREM 1

This section is concerned with the proof of Theorem 1, which states that
the segment completion tree 7 associated to the field of real Puiseux series
F, is not metrically complete. We construct an explicit Cauchy sequence
(7(pn))nen in Tr, whose isometric embedding does not converge in 75°.

Let us first define a sequence of rational exponents ¢, to define points
Pn = an + ib, € Hyp whose projections m(p,) € Tg will form the Cauchy
sequence that does not converge. Let tg:=0€ Q, ap:=0, bg:=1 € F and
for n > 1 define

n

1 2" —1 1
=) =g = Lt 5 €Q
k=1
n

an =Y X" =X"4 X% ...+ X' €Fsy,
k=1
by = X" € Fyg.
We note that ¢, is a monotonically decreasing sequence converging to —1,
arn is monotonically increasing and b, is monotonically decreasing. Figure 2

contains a schematic picture of the sequence (p, = a, + iby )nen in Hp.

Lemma 3.1. The sequence (pp)nen is a Cauchy sequence in Hy.
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ZID

ib2 - - — — - — - D2

al a2 ag oo
FIGURE 2. The sequence (p,)nen in the upper half plane Hy.

Proof. Let n < m. Then t,, < t,, and, using the distance formula from
Remark 2.1, we obtain

Am — ap)? + b2 + b2,

2
m
= log ( > th> + (X)) 4 (X)) ] — log (X Xtm)
k=n+1
=2ty — (tn +tm) =tn —tm =0 (as n,m — o)
and thus (pn)nen is a Cauchy sequence. O

The following lemma is a general fact about the distance function in Hp.

Lemma 3.2. For every x,2' in F, there exists y € F~q such that
d(z+iy, 2’ +iy) = 0.

Furthermore, for all y € Fsqo with d(x + iy, 2’ +iy) = 0 and all t > 0, it
holds that d(x + i(y +t), 2’ +i(y +t)) = 0.
Proof. Define y := X9812='l 50 50 that, using Remark 2.1, we obtain

d(z + iy, 2’ + iy) = max {log ((3: — x’)2> — log X 2logla—a'] 0} =0.
The second equality follows from log(y + t) > log(y) and that hence the
expression log((z — 2)?) — log(X2'°el=#l 1) is negative. O

Intuitively Lemma 3.2 tells us that two vertical F—lines in Hy are identified
from some point on in 7g, forming an infinite tripod. In Lemma 3.3, we
refine this statement for the sequence of vertical F-lines ¢, := a,, + iF~y.
The situation is illustrated in Figure 3.

Lemma 3.3. Let n € N, b € Fs. Consider the vertical F-lines €y, €yy1.

(i) If log(b) > log(bp41) = tnt1, then d(ay, + ib, any1 +ib) = 0.
(i) If log(b) < log(bp41) = tn+1, then all points in £y+1 have non-zero
distance to a, + ib.

Proof.
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ilb

Z.b2 - - — — - — - b2 L
ZbS - - — — - — - F- - = D3

a’l a2 a3 ces

FiGURE 3. The points p, € ¢, C Hy correspond to branch-
ing points 7(p,,) of 7(¢,—1) and 7 (¥¢,) in T.

(i) If log(b) = log(bp+1), we use log(ant+1 — an) = log(bp+1) to see that

2
d(an + ib, any1 + ib) = max {log <(an+lean)> ,0} =0.
n+1

If log(b) > log(bn+1), then also b > b, and the statement follows from
the second part of Lemma 3.2.

(ii) Let ani1 + @b’ be a point in 4,1 for some b’ € Fg. First, assume
b < bpy1 = X'+ in which case log(bb') < 2t,.1 holds. Then

W) 4 b2+ b’2>

d(an + b, any1 +ib’) = log <(an+1 — by

— log (X?fn+1 Ty b/2> — log (b))
= log (X?+1) —log(bb') > 0.

Second, assume b’ > b, 1 = X+l We use (i) to see that d(a, + b/,
ant1 +ib") = 0. Then, using d(a, + ib, a, + ib") = log(d') — log(b) > 0,
we conclude

d (an + b, aniq + ib') (an + b, anqq + i) +d (an + @b, any1 + i)

=d
> d (an + ib, an + ib") > 0.
O

Lemma 3.3 implies that for all n € N the Q-geodesics m(¢y,) and 7(4y41)
in Tg branch off at the point 7(p,+1). By Lemma 3.1, (p,)nen and hence
also (7(pn))nen are Cauchy sequences. The next proposition shows that
(m(pn))nen does not converge in the R-tree T3¢, Intuitively, the sequence
(7(pn))nen does not stay in 7 (4,,) for any m € N, and hence the limit point
is not contained in the completion of any of the Q—geodesics 7(¢,,). In fact,
the following proposition shows that it is not contained in the completion of
any Q-geodesic in Tp. The sequence (7(pn))nen € Tr is a Cauchy sequence
by Lemma 3.1 and thus Theorem 1 follows from the following proposition.

Proposition 3.4. The sequence (m(pn))nen does not converge in Tg°.
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p_lrfffqu_l
Pne p'/n, b n
PN b AN

Qp, an a

FIGURE 4. The setup to prove 7(p,) = 7(q,) in Step 2. The
tripod on the right is the image under 7 of the two vertical
lines in bold on the left.

Proof. We assume by contradiction that m(p,) converges to some p € T3°.
Since T is by definition the union of the completions of the segments of
Tr, we can find a segment s in 7, such that p lies in its completion s.

Step 1. Our first goal is to show that we may assume that s is con-
tained in the image of a vertical F-line ¢ of Hr. The segment s has two
endpoints in the tree Tp. Choose preimages z; = x1 + iy; and 29 =
x9 +iy2 € Hy so that 7(z1) and 7(z2) are the endpoints of s. By Lemma
3.2, there is a large enough y € F-o with d(z1 + iy, z2 +iy) = 0, hence
m(x1 +iy) = 7w(xe + iy) € Tp. Lemma 2.2 implies that s = [7(21), 7(22)] C
[m(x1 +iy), 7(21)] U [w(2z2 +iy), m(22)]. We conclude that at least one of
the completions of the segments [m(z1),m(x1 +iy)] or [m(z2),7(z2 + iy)]
has to contain p. Without loss of generality p lies in the completion of
[m(21), m(x1 +iy)]. Set a := x1 € F so that the vertical F-line ¢ := a + iF<¢
is such that p lies in the completion of 7(¢).

Step 2. We define points ¢, = a + iX € ¢ C Hy and claim that
d(pn,qn) = 0 for all n € N, see Figure 4. To show this, fix n and let N € N be
large enough so that d(w(pn),p) < d(7(pn), D). Consider the vertical F-line
N = an+iFso C Hy that contains both py and the point p/, = an+iXt.
By Lemma 3.3 (i), d(pn,p),) = 0 and hence 7 (p,) = m(p),) € 7w(¢{n). By
Lemma 3.2 we can find points p_1 = ay +1ib € {5 and ¢_1 = a+1ib € ¢ with
d(p—1,q-1) = 0. We distinguish two cases, and show that in fact the second
case cannot occur.

Case 1: m(pn) € w(£). Then there exists y € Fs( such that 7(a + iy) =
m(pp) € m(¢). But this means nothing else than d(p,,a + iy) = 0. We use
Pn = ap +iX' and Remark 2.1 to get

(a—an)?
Xiny

Hence logy = t,, so that we conclude

0 = d(pn, a + iy) = max {log < > t — log(y), log(y) — tn} .

a—ap)? .
d(pn, qn) = max {log ((X%n)> 7O} = d(pp,a +iy) = 0.

Case 2: 7(pn) € w(ly) \ w(£). The goal is to show that in fact this
case cannot occur. Observe that w(py) € 7w(¢n) \ 7(¢), since otherwise



8 APPENZELLER, DE ROSA, FLAMM, JAECK

m(pn) = m(gn) as in Case 1, and the second part of Lemma 3.2 would then
imply that 7(py,) = 7(g,) € 7(¢). By Lemma 2.2 we have for every r € m({),
[7(pN), m(p-1)] C [r,7(pN)]U[r, 7(p-1)]. Since m(pn) € [7(pn), T(p-1)]\7(£)
and [r,m(p_1)] € 7(¢), we have w(p,) € [7(pn),r] and hence

d(m(pn), m(pn)) + d(x(pn), ) = d(7(pN), 7).

By density of Q in R, choose r € 7(¢) close to p in the sense that d(r,p) <
d(pn,pn). Without loss of generality we may assume that d(mw(py),r) <
d(m(pn),p). We then have

d(7(pn), D) < d(7(pn),7) + d(r, D) < d(7(pn), 7) + d(7(pn), 7(px))
=d(m(pn),r) < d(m(pn),P) < d(m(pn), D),
where the last inequality comes from the choice of N. This is a contradiction.

Step 3. Next we would like to get a bound on log|a — a,|. We use
Remark 2.1 to obtain

a—ap)?
0 = d(pn, qn) = max {log <(AX2t“)) 70}
= max {2 (log |a — a,| — t5), 0},

which implies log |a — ay,| < t5,. o

Step 4. Recall that a,, = > X t and t; = (1—27)/27 is monotonically
decreasing in j. By definition of F, there exist m € N, kg € Z and ¢ € R
such that a € F can be written as

ko .
a= Z cpXm
k=—00
Let us also write for every n € N
kO,n
kb
a—a, = Z dpp py X 7m0
k=—o0

for mp, € N, ko, € Z and dj, , € R, such that ko, := max{k € Z: d,,, # 0}.
From Step 3 we obtain that

k
it =logla — an| < ty.

n

Thus for every n € N we have

ko,n
a—an = Z cka—ZXtﬂ— Z danmn
k=—0oc0 k=—oc0

where kg ,/my, is less or equal than ¢,. Since the sequence (¢, )nen is mono-
tonically decreasing, it means that the series expansion for a contains the
terms X% for all j € {1,...,n—1} which cancel the terms X% in a,,. In other
words mt; € Z, which is equivalent to m/2/ € Z for all j € {1,...,n — 1}
by definition of ¢;. As this holds for every n € N, we obtain a contradiction,
since there is no m € Z such that m/2/ € Z for all j € N. O
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