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Chapter 1

Basic concepts of probability theory

1.1 Probability spaces

Definition 1.1. Let Q2 be a set and § a o-field on €.
A measure P on § with P(Q2) = 1 is called probability
measure. The triplet (2, §,P) is called a probability

space.
Copyright is with MFO

The notion of probability spaces dates back to the Rus-

sian mathematician Andrey Kolmogorov, 1903-1987.

By introducing probability spaces in 1933, he laid the

foundation of modern probability theory.

Example 1.2 (Tossing dice). 1. We would like to define a probability space which models
the result of tossing a die. The sample space is Q = {1,...,6}. We use the o-field § = 2%,
i.e. the family of all subsets of €2, and we assume that each number is rolled with equal
probability, that is,

1
Plwh) =5 wel
This already defines P uniquely. It holds

P(A):#%, AC{1,....6).

Subsets A C Q describe events. For example, A = {2,4,6} is the event of rolling an even
number.

2. We now toss two dice. So we select Q = {1,...,6}x{1,...,6} ={(i,7) | i,5 € {1,...,6}},
§ = 2% and we define P by
1
P = —, e Q.
(fh) =53, w
In this case we can observe more interesting events, such as the sum of both numbers
rolled being equal to an even number. We will return to this example later.

Both examples are discrete probability spaces (€2 is at most countable). You have seen many
more examples of discrete probability spaces in the combinatorics and probability lecture.

Example 1.3 (Wheel of fortune). We consider a wheel of fortune with the numbers [0, 27)
marked on its border. We want to describe the following random experiment: We push the
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wheel of fortune, and it stops at a number w € [0, 27). Hence the sample space is Q = [0, 27).
We assume that all outcomes are equally likely, so the probability of any interval [a,b] C
[0, 27) should be proportional to its length. We have seen that the Lebesgue-Measure satisfies
exactly this property. We therefore choose the Borel-o-field! § = B([0,27)) on [0,27) and
P = ;- L'p2x) as the (rescaled) Lebesgue-measure on [0, 27).

In probability theory the following expressions are used:
e () is called sample space, Stichprobenraum oder Ergebnisraum,
e the elements w € () denote outcomes,
e the sets A € § are called events,
e P(A) is the probability of A.
e An event A occurs P almost surely, if P(A) = 1.
Certain operations on sets can now be interpreted, for example:
o A°=Q\ A:"A does not occur”’,
e UA,; : "‘at least one of A; happens”’,

e NA; : "‘all of A; happen”’.

1.2 Random variables and expected values
Let (2,5,P) be a probability space.

Definition 1.4. A F-B(RY) measurable mapping X = (X,..., X4): Q — R? is called random
vector. If d =1, we also call X random variable.

Since the Borel-o-field is generated by all cuboids, it is sufficient to require

d
{w | X(w) € H(ai,bi]} €g, foralla; <bi,...,aq < by.
i=1
This is also equivalent to
d
{w|X(w) e H(—oo,ti]} €g, forallty,... tg€R.
i=1

Exercise 1.5. Show that X = (Xj,...,Xy) is a random vector if and only if X7,..., X, are
random variables.

Remark. If a random variable X is a non-negative stepfunction, then it is also called simple
random variable.

!The Borel-o-field B(A) on a set A € B(R) is defined as B(A) := {AN B | B € B(R)}. The measure £!|4 is
the Lebesgue measure restricted to B(A).




Definition 1.6. The image measure Px of a random vector X = (Xj,..., X,) is a probability
measure on B(R?) and it is called the distribution of X. It is given by

Px: BRY) = [0,1], A~ Px(4)=PX '(A)=P(X € 4) =P({we Q| X(w) € A}).

The distributions Pyx,,...,Px, of the components Xi,..., X, of X are called marginal distri-
butions. If X has distribution Py, we write X ~ Px.

If we know the distribution of a random vector, we can compute the probability of all events
of the type X }(A) = {X € A} for A € B(R?).

Example 1.7 (Continuation of example 1.2). We consider again the toss of two dice, that is,
Q={1,...,6} x{1,...,6}, §=2%and P({w}) = =, w € 2. We set

6 7
X:Q—->R, (i,j)—i—].
The random variable X gives the difference of the number rolled with the first die and the
number rolled with the second one. The possible values of this difference are —5, —4,...,0,...,4,5.

For k € {—5,...,5} we can compute p; := P(X = k). For example, py = P(X =0) = 6/36 =
1/6 and p_5 = P(X = —5) = 1/36. The distribution of X is given by

Py(A)=P(Xed) = Y m= piil(A),

keAN{-5,...,5} k=—5

where 0y, is the Dirac measure; see the lecture notes on measure theory (examples 1.17 and
1.13).

Definition 1.8. A random vector X : Q — R? is called

e absolutely continuous, if its distribution Py admits a density with respect to the Lebesgue
measure £9.

e singular, if there exists a Lebesgue null set N with P(X € N) = 1.
e discrete, if there exists a countable set M with P(X € M) = 1.

In particular, discrete random vectors are singular.

Remark 1.9. The considerations of Example 1.7 hold under more general conditions. The
distribution of a discrete random vector with values in (xy)gen and probabilities pr, = P(X = xy)

is given by
Px = Zpk5xk-
keN

Example 1.10 (Uniform distribution). Let A € B(R?) be a Borel set with Lebesgue measure
0 < L4A) < co. A random vector X is called uniformly distributed on A, if its distribution

admits the density
1

f:RY=1[0,1),2 — f(x) :W

ﬂA(LZ')

Exercise 1.11. Are there any random variables that are at the same time discrete and abso-
lutely continuous? Find an example or prove that this is not possible.
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Definition 1.12. The expected value (or expectation) E(X) of a random variable X: Q@ — R
is defined as the integral

E(X) = / XdP,

if it exists. If E(|X|) < oo, then X is called integrable. The k-th moment of X is the expected
value E(X*), if it exists. If E(|X|?) < oo, then X is called square integrable. The expected value
of a random vector X = (X1,...,X4): Q — R? is defined as E(X) = (E(X)),...,E(Xy)), if
the expectations E(X;), i =1,...,d all exist.

Theorem 1.13 (Lyapunoff’s inequality). Let 0 < s < t and let X be a random variable. Then,
(B(IXI)Y° < (E(X[)Y"
In particular, X® is integrable for all 0 < s < t if X is integrable.

Proof. We set r =t/s > 1 and v/ =t/(t —s) > 1. Then L + L = 1 and Holder’s inequality
(lecture notes on measure theory) implies that for Y = | X|*,

E(]Y - 1)) < (B(Y"))Y" (BN = (B(X])™",
which proves the claim. O

Remark 1.14. Theorem 1.13 shows that square integrable random variables are always inte-
grable. Moreover, if the components of a random vector X = (X3,...,X,) are square inte-
grable, then X;X; is integrable for all 4,5 € {1,...,d}.

Exercise 1.15. Prove the second part of Remark 1.14.

According to the theorem on integration with respect to image measures (lecture notes on
measure theory), it holds for any measurable function A : RY — R that

B((X) = |

honIP:/ hdPy,
Q R4

if the integrals exist. Hence, the expected value of random vector X only depends on its
distribution Px. In order to compute expectations, we therefore only need to know how to
integrate with respect to measures on R

Example 1.16 (Continuation of example 1.7). Let the random vector X be defined as in
Example 1.7. Its distribution is Px = 22:_5 D0y, . According to example 2.16 in the lecture
notes on measure theory, we can compute the expected value of X as follows:

5
E(X) = /Xd]P’z /deX =) kpi.
k=—5
Definition 1.17. For an integrable random variable X, its variance is defined as
Var(X) = E[(X — E(X))’] = E(X?) - (E(X))>

Let X = (X1, ..., Xy) be arandom vector vector with square integrable components X1, ..., Xy .

I}y = Cov(X;, X;) = B[(X; — E(X)))(X; — E(X;))] = E(X;X;) — E(X))E(X])

is called the covariance matriz of X.



Example 1.18 (Standard normal distribution). Let

p:R—=R, 2— —*/2,

1
V2
It holds [ ¢(z)dx =1 (compare combinatorics and probability lecture), hence

Px: B(R) — [0,00], A~ / o(x)dx
A

defines the distribution of a random variable X by proposition 2.33 in the lecture notes on
measure theory.? By applying the theorem on the integration with respect to image measures,

we obtain . -
E(X)= [ 2dPx = [ zpo(z)de = — e /2 dx =0
x)= [aapr= [aptwar= = [

and
Var(X) = / (z — E(X))%dPy = / 2o(z)dr = \/% / Z e Pdr = =1.

The normal distribution was discovered in the 18th century by de Moivre and Laplace as
limiting distribution of the Binomial distribution. It is also called Gaussian distribution, after
Karl Friedrich Gauss, who investigated this distribution.

The normal distribution is of central importance in probability theory and will appear
throughout this course. It is worthwhile to learn the corresponding formulae by heart.

Remark 1.19. As with the standard normal distribution, there is the following more general
result on the computation of expected values. If a random vector X is absolutely continuous,
i.e. its distribution P x admits a density f with respect to the Lebesgue measure, then Theorem
2.35 in the lecture notes on measure theory implies that for any measurable function h : R¢ — R,

if E(h(X)), then
E(h(X)) = /R () dPx(r) = /R () f () da

Exercise 1.20. Let X be an absolutely continuous random variable with density f = (1/4)1_1 .
Compute E(X?).

Definition 1.21 (Cumulative distribution function). Let X = (X,..., X ) be a random vec-
tor. The cumulative distribution function (or distribution function) Fx of X is given by

Fx: Rd—> [0,1], (tl,...,td) |—>Fx<t1,...,td> :P(Xl Stl,...,XdStd).

The distribution functions Fx,, ..., Fx, are called marginal distribution functions.

2To prove the existence of the random variable X, we can choose (R, B(R), Px) as probability space and set
X =id.



The distribution of a random vector X is a probability measure P : B(RY) — [0, 1], while
its distribution function is a mapping Fx: R? — [0, 1]

Remark 1.22 (Discrete distributions). A discrete random variable X takes values in a countable

set (xy)ken, that is
DR

x <t

Usually, one rather describes the summands pp = P(X = ;) instead of Fx itself; see Example
1.7.

Example 1.23 (Poisson distribution). A random variable X with

o

]P’(X:k):e H,

k=0,1,...

is called Poisson distributed. We write X ~ POIS(A). This is a distribution for rare events
(accidents, radioactive decay, and so on).

It holds
o B )\ - o0 B
E(X)=) (5 Azl_l =e et =\
=0 i=1

For the second moment, we obtain

E(X?) = ,\ZZ' _ fAZ i(i — 1) +1]

=1 =
_ A 2 2
—e [)\ ;j,+AZ ] AN N = X2+ A
J

This implies
Var(X) = E(X?) — A2 =\

Remark 1.24 (Absolutely continuous distributions). Let Px be the distribution of a random
vector X with density f with respect to the Lebesgue measure £%; see also Example 1.18. Then
the distribution function F'y satisfies

F tl?"'> / / fyla"'ayd)dyl d

Therefore, a measurable non-negative function f: R? — [0, 00] is the density of a distribution
on RY, if

fla)dz =
Rd

If f is continuous at x, then
f(x) T (z)
)= —"(2).
Oxy---0xq

In that way, densities can be computed from distribution functions.



Example 1.25 (Continuation of example 1.18, normal distribution). The distribution function
of the standard normal distribution is

O(t) = /_too o(x)der = \/LQ_T( /_; e /2 da.

® is a special function and it is tabulated. It holds ®(—t) =1 — ®(¢).
We define the normal distribution with parameters © € R and ¢ > 0 as the distribution
with density

1 (%~ N) L —@-w?/ee)
r) = — = e .
f@) = 2e(5) = -0

The corresponding distribution function F'is given by

F(t) = cp(m_“).

g

Let the random variable X admit this distribution. One can verify that
E(X)=p, Var(X) = 0%
so the expected value of X is u, and the variance equals 0?. We denote X ~ N'(u, 0?).

Exercise 1.26. Let the random variable X be absolutely continuous with density f(z) =
ce~1#=al/® where a € R and b > 0. Determine ¢ and the distribution function of X.

Proposition 1.27. Let X be a random vector with distribution function Fx. Then,
1. Fx 1s rectangular monotone;
2. limg, oo Fix(21,...,2q) =0 for alli € {1,...,d}, limyin, 2,500 Fx(z) = 1;

3. Fx is continuous from the right in each of its components, that is, for allx = (x1,...,14) €
R? and i € {1,...,d} it holds limgy,, Fx(z1,...,2i 1,8 Tit1,--.,%q) = Fx(x).

Proof. Exercise. O

Remark 1.28. For a random variable X and its distribution function Fx, the properties in
Proposition 1.27 simplify to:

1. Fx is monotone increasing;
3. Fx is continuous from the right.

In general the problem is the reverse: Given Fly, we would like to find a suitable probability
space realizing F'y. Luckily, the reverse statement of Proposition 1.27 is true as well.

Theorem 1.29. Let F': R? — [0,1] be a function satisfying 1.-3. from Proposition 1.27. Then
there exists a unique probability measure P: B(R?) — [0, 1] with P((—o0, x1] X + - X (—00, 74]) =
F(x) for all x = (z1,...,2q4) € R
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Proof. Since F' is rectangular monotone, Theorem 1.24 in the lecture notes on measure theory
implies that there exists a unique content P on %R? such that for any cuboid (a',a? # 0, it
holds 3

P((ay,a5)) = AXF.

In particular, P(A) < oo for all A € R? Together with Theorem 1.28 in the lecture notes on
measure theory, property 3. implies that P is o additive. Due to Carathéodory ’s extension
Theorem, there exists a measure P on o(9R?) = B(R?) that extends P. We obtain that for each
x=(z1,...,7q4) € RY,

P((—00,z1] X -+ x (=00, z4]) = P( | J(=n,z1] X - x (—n, z4))

neN
= lim P((—n,z1] x -+ x (—=n,z4))
n—oo
_ ; _1\at++ig i1 id) _
= F(z) + lim > (-1 F(di,... d) = F(z),
T genes ’idG{l,Q}
(150 8d) #(2,.-,2)

using assumption 2. with al = (—n,...,—n) and a? = z. Assumption 2. also implies P(R?Y) =
lim,, oo F(n,...,n) = 1, hence each P is a probability measure. Since R is a ring, Theorem
1.35 in the lecture notes on measure theory implies that P is unique. O

Example 1.30. If a random variable X is uniformly distributed on [0, 1], then its distribution
admits the density
f@) =1py(z), zek,

and we obtain the distribution function
Fx (t) = 1[071] (t) t+ :H-(l,oo) (t), t e R.

More generally, a distribution with density f(z) = 1/(b — a)ly(x), v € R, is called uniform
distribution on [a,b], and we denote X ~ UNIF[a,b]. Let X ~ UNIF[a,b]. Then,

b 2.p
E(X):/ 1 rde — 1 x] :a—l—b'

. b—a b—a 2 la 2
and b 3_ .3 2 2
1 b — b b
E(X?) = /mzdx: e +a‘
b—a J, 3(b—a) 3
Thus

a+b\> ¥ —2ab+a® (b—a)?
Var(X):E(XQ)—< 5 ) = 5 -5

Example 1.31 (Cauchy distribution). The distribution function of the Cauchy distribution is
1 s
F(z) = —(arctanz + 5),

™

hence its density equals



Let X be Cauchy distributed. We first compute

By symmetry it holds E(X_) = oo, so the expected value of the Cauchy distribution does not
exist.

Example 1.32 (Continuous singular distribution). There exist singular distributions with
continuous distribution functions!

We recursively define a sequence (F,,),en of distribution functions. For all n let F,(z) =0
for # <0 and F,(z) =1 for x > 1. For z € [0,1], we set Fy(x) = z and

1F,(3), falls € [0,1/3],
Fopi(z) = L, falls x € [1/3,2/3],
%+%Fn(3x—2), falls z € [2/3,1].

The functions F;, are continuous distribution functions. Moreover, it holds

1
Fn - Fn < - Fn - Fn— )
1 [Frn (@) = Fu(2)] < 5 max [Fu(e) (@)

so the triangle inequality implies that (F),),en is a Cauchy sequence in the supremum norm on
[0,1]. Hence there is a continuous limiting function F', which is also a distribution function.
We now show that the corresponding distribution is singular.

We claim that F,|j ] is constant on a length of (1/3) "—o(2/3)*. Moreover, all constant
pieces of F), are also constant pieces of F), ;. This implies that F' is constant on a length of

ITe= /20 1 1
_ _ = _ =1
3Z<3) 31 -2
k=0 3

so a random variable with distribution function F' only attains values in a set with Lebesgue
measure Zzero.

We now show the claim that F,|jo.1; is constant on a length of (1/3) 37—, (2/3)* by induction.
For n = 1, this is obvious. By definition, the length of the constant pieces of F, 11,1 is

n—1 n
1 2 1 21 2\F 1 2\ k
3 + g{Length of the constant pieces of F, |01} = 3 + 33 E (§> =3 E <§) .

1.3 Independence

Let (2, F,P) be a probability space and I an arbitrary index set.

Definition 1.33. A family (A;);c; C §F of events is called independent, if for all n € N and all
finite subsets {i1,...,i,} C I,

P(A;

11

N--NA)=P(A) - P(A).
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Example 1.34 (Continuation of example 1.2). We now throw two dice, i.e. Q@ = {1,...,6} x
{1,...,6} ={(i,7) | i,5 € {1,...,6}}, § = 2" and P({w}) = 55, w € Q. Consider the events
Ap :="‘Odd number in the first toss”’,
Ay :="‘0Odd number in the second toss”’,

Az :="‘Sum of the two numbers is odd”’.

The set {A;, As, A3} is not independent, but the sets {A;, Ao}, {A;1, A3} and {Ay, As} are all

independent.

Pairwise independence does not imply independence!

Example 1.35 (Continuation of example 1.3). We consider Q = [0,27) and P = 5=£L{jg2r).
Then {[0, 7], [, 27)} is not independent, but {[0, 27), [0, 7]} is.

We will now extend Definition 1.33.

Definition 1.36. Let (A;);c; be a family of sets of events A; C §. The family is called
independent, fi for any finite subset {i1,...,i,} C I and any choice of events

AlkEAZk7 ]{:1,...,77,
the family of events (A, ..., A;,) is independent.
Exercise 1.37. Let A;, Ay C § with A; C A,. Show that

{A;, Ay} is independent <= P(A) =0 oder P(A) =1 for all A € A;.

Definition 1.38. A family {X; | ¢ € I} of random vectors is called independent, if for any
finite subset {iy,...,i,} C I and all Borel sets A;, ..., A, € B(R?),

P(X;, € Ay,...,X;, € A,) =P(X;, € A)---P(X;, € Ay).

Remark 1.39. Verify that {X; | ¢ € I} is independent if and only if {o(X;) | ¢ € I} is
independent, where
o(X) ={X7'(4) | A € B(R')}

is the o-field generated by X.

Let X, Y be two independent random variables on a probability space (£2,§,P). The
corresponding distributions Px, Py are probability measures on (R,B(R)). Independence
means that for all A, B € B(R), it holds

Py (A)Py(B)=P(X € AP(Y € B)=P(X €AY € B)=Pxy)(Ax B), (L1

where P (xy) denotes the distribution of the random vector (X,Y): @ — R% The unique
product measure Px ® Py on B(R?) hence equals the distribution of the random vector
(X,Y): Q — R? with independent components X and Y. Product measures therefore guaran-
tee the existence of a probability space with two independent random variables with arbitrary
distributions. Since the generation of product measures is associative, this argument can be
extended to show the existence of probability spaces with finitely many independent random
variables (with arbitrary distributions).
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Theorem 1.40. Random variables X1, ..., Xy are independent if and only if for allt,,... ty €

R,
Fx(ti,...,tq) = Fx,(t1) -+ Fx,(ta),

where X = (X1,..., Xq).

Proof. Exercise. Hint: Use the theorem on the uniqueness of product measures to show that for

d=2, Pix, x,) = Px, ® Px,. The proof for general d uses the associativity of the generation

of product measures. O]

Corollary 1.41. [F X;,..., X, are independent absolutely continuous random variables with
densities fx,, 1 =1,...,d, then X = (Xy,...,Xy) is absolutely continuous with density

flzr, .o xa) = fx (21) - fx, (Ta).

Example 1.42 (Multivariate normal distribution). If X7, ..., X, are independent and standard
normally distributed, then X = (X3,..., X,;) admits the density

]. _Llep24 402 ]. —Lyz2
fX(xly"'axd) = 90(*7:1)%0(:62)"'%0(:[;(1) = We 2( 1+ + d) — W@ QH ” ,

where @ = (11,29,...,24) € R The random vector X = (X1, Xo,...,Xy) admits a d-
dimensional standard normal distribution. We now consider a linear transformation Y :=
AX + b with an invertible (d x d)-matrix A and b € R%. Let g : R? — R? denote the mapping
g(y) = AY(y — b). For an open subset B C R¢, the transformation theorem (see Analysis
lecture) implies that

P(Y € B)=P(AX +be B)=P(X € g(B))

/ Ix(z dﬂ?—/fX J(y)| dy,

where J(y) = det A~! is the determinant of the Jacobian matrix of g. We set I' = AAT. Then
[ is a symmetric, positive definite matrix, det ' = (det A)?, and

AT y[I* = Ty, y),
so the distribution of Y admits the density
1

_ — (T (y—b),y—b)
= e 2 ) 1.2
Hr() (27T)d/2\/ detI (1.2)

Note that here we use the fact that the open sets generate B(R?), so we can apply Theorem
1.35 from the lecture notes on measure theory. A distribution with this type of density is called
d-dimenstonal normal distribution.

Proposition 1.43. Let g,h : R — R be measurable functions and X,Y independent random
vectors. Then Z := h(X) and W := g(Y') are independent.

Proof. For any A, B € B(R),

P(Zc AW eB)=P(X €h ' (A),Y € g *(B))
=P(X € ' (A))P(Y € g~(B))
P(Z € A)P(W € B).

14



Theorem 1.44. Let X and Y be integrable random variables. If X and Y are independent,
then
E(XY)=EX)E(Y).

Proof. Step 1: Let X and Y be simple random variables, i.e. non-negative stepfunctions
X =5 _,ala,Y =>" dlpg with pairwise different ¢, d;. Then,

n n

E( chkdl ﬂAk]lBl Izzckdl AkﬂBl chkdl Ak )

k=1 I=1 ]1 k=1 I=1 k=1 I=1
=LApNB;

because Ay € 0(X) and B; € o(Y) and X and Y are independent; see Remark 1.39. But now

n

D) adP(ANPB) = aP(A) Y diP(B) = B(X)E(Y).

Step 2: Let now X, Y > 0 and (X,,)nen, (Yn)nen be sequences of simple random variables with
X, T X,Y, 1Y, as constructed in the proof of Theorem 2.9 in the lecture notes on measure
theory, that is, X, = f,.(X), Y,, = f.(Y) with

n2"—1

farR—= Rz~ Z k27" Ljgo—n (hy1)2-n) () + nljpo0) (2).
k=0

The functions f, are measurable, so by Proposition 1.43, X,, = f,(X) and Y,, = f,,(Y) are also
independent for all n. By the definition of the integral, we obtain

E(XY) = lim E(X,Y,) = lim E(X,)E(Y,)
n—0o0 n—oo
= lim E(X,) lim E(Y,) = E(X)E(Y).
n—oo n—oo
Step 3: In general,
XY =(X;, - X )V, -Y)=(X, Y, + X YV )—- (X, Y.+ X Y,),

SO

Example 1.45. Let X be distributed according to a d-dimensional standard normal distribu-
tion, and let Y := AX +b with an invertible (d x d)-matrix A and b € R%. Then the covariance
matrix of X is I'" = I, where I; denotes the d-dimensional unit matrix. It holds

E(Y)=AEX)+b=0b, TV =AI"AT = AAT,

so the matrix I' = AAT in (1.2) is the covariance matrix T'Y.

15



1.4 Sums of independent random variables

Let X and Y be independent random variables. We are interested in the distribution of their

sum, that is, of the random variable
Z=X+Y.

Since X, Y are independent, their joint distribution is given by P(xy) = Px ® Py. By
applying Fubini’s Theorem, we can compute the distribution of Z. Let A € B(R).. Then,

P,(A) =P(Z € A) = E(14(X +Y))
_ / La(z + ) d(Px @ Py)(z,y) = / / La( + y) dPx () APy (y)
~ [ [ 1) aPc@)aPy (o) = [ Pty )Py (o)
where —y+ A :={—y+a|a € A}. The measure P is called the convolution Py x Py of Px
and Py,
(Px<Py)(4) = [ Px(y+ A)dPr(y)

Exercise 1.46. Let X and Y be independent and discrete with values in Z. We set Z := X +Y.
Let P(X = k) =: py and P(Y = k) =: qx, k € Z. Show that

P(Z=k) =Y ¢pyj, k€L

jEz

Example 1.47. Let X ~ POIS()\), Y ~ POIS(u), that is, p; = e‘“‘i—; and ¢; = e"”]#j, i,7 € Np.
Then,

k

- )\ilukfz‘ o~ (A1) k AN - ()\+M)k
PZ=k)=c (Mu)zi!(k‘—i)! = ) e
=0

1

so the sum Z of two independent Poisson random variables is again Poisson distributed with
parameter A + .

Exercise 1.48. Let X and Y be independent and absolutely continuous with densities f and
g. We set Z := X 4+ Y. Show that for A € B(R),

Pz(A) = /M(Z)/f(z—y)g(y) dy dz,

and conclude that Z is absolutely continuous with density

/f(z —y)g(y)dy, zeR.

Example 1.49 (Normal distributions). Let X ~ N(0,0?) and Y ~ N(0,7?) be independent,
that is ) , { ,

) = @_§7 = e 272,
f(x) — 9(y) 5




In the expression f(t)g(z —t), an exponential function with the exponent k

1 tz_l_(z—t)2 1 |o*+T? . o’z 2+ 22
2 \ o2 T2 2| o2 o2+ 712 o2+ 712

appears. Integrate over t by using

00 2
/ exp (—%‘42) dr = V27«

e}

where o? = 0272/(0* + 7%). Then

h(z) = fxg(2)
1 22 /°° 1 , o2z \’ it
= 2nar P 2024+ 7%) ) J_o P\ Toa2 0% 4 72

1 ( 22 )
= ————exp| ————— | .
2m(02 4 712) P 2(0% +72)
The random variable 7 = X 4 Y is therefore again normally distributed, more precisely
N(0,0% + 72).

Exercise 1.50. Show that any linear combination of the components of a normally distributed
random vectors is normally distributed on R.

Exercise 1.51. Let X and Y be independent standard normal random variables. Compute
the density of the distribution of Z = X2 + Y2,
Hint: You may use

du=m, z>0.

=
/0 V(z —u)u
1.5 Infinite products of probability spaces

The associativity in the generation of product measures implies the existence of probability
spaces on which we can define finitely many independent random variables. However, we
would often like to define sequences (that is, infinitely many) of random variables. One can
show that for any sequence of random variables (X,,)nen, X, @ ©, — R with distributions P,
n € N, there exists a probability space (€2, F,P) and a sequence of random variables (X, )nen
with X,, : © — R and distributions P %, = Px,. To this end, one considers the product space
Q =T1]>", Q, with a suitable product o-field and a suitable product measure. We will consider
this construction only in a special case.

We construct a probability space which models the random experiment of tossing a coin
infinitely many times. In the n-th independent experiment, the coin shows head with probability
dn € [0, 1] (encoded as 1) and tail with probability 1 — ¢, (encoded as 0). That is, we consider

Q= {(wn)new | wn € {0,13} = {0, 1},

the set of all 0-1-sequences.®> We call a set Z C Q of 0-1-sequences a cylinder set, it there exist
m € N and C' C {0, 1}™ such that

Z ={(wn)nen | (w1,...,wm) € C}.

3This is an uncountable set; see lectures on Analysis.
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We call (m,C) representation of Z. Attention! The representation (m,C') of a cylinder set is
not unique.

Lemma 1.52. The set Z consisting of all cylinder sets is a ring.

Proof. 1t is obvious that ) € Z. Let Y, Z € Z with representations

Y = {(wn)nen | (W1, swm) € B}, Z={(wn)nen | (w1,...,wx) € C},

where B C {0,1}™, C C {0,1}*. We can assume that m < k. Then with B’ = B x {0, 1}*™,
it holds
Y = {(wn)neN ’ (wl, C. ,wk) € B/},

Y\ Z = {(wn)nen | (wi,...,w;) € B'\ C},

Z\Y = {(wn)nen | (wi,...,w) € C\ B'},
Y UZ = {(wn)nen | (wi,...,w) € BUCH.

For all m € N, let now p,,: {0,1}" — [0, 1] be defined as

p(y) =a' (1 —q)' ™ . gl (1 — gn) ' ¥,

Remark 1.53. The product measure on {0, 1}™ is given by

200" 50,1, C— ) pm(y)

yeC

Lemma 1.54. The function

P:Z2[01, ZoB2) =Y pu,y)

yeCz

defines a o additive content on Z, where C; C {0,1}™% is a representation of the cylinder set

Z. It holds P(Q) = 1.

Proof. First verify that the definition of P(Z) does not depend on the representation of Z
(Exercise). Let now Y,Z € Z with representations B C {0,1}", C' C {0,1}*. Let m < k.
Then Y N Z = () implies that B x {0,1}f"" N C = 0, so IP’(Y UZ) =P(Y)+P(Z). Clearly,
P(Q) = 1, because Q admits the representation (1,{0,1}). If (Z,)nen is a sequence in Z with
ZnNZy=0and Z :=J,cy Zn € Z, then only finitely many Z, can be non-empty, because Z
is a cylinder set, so the o-additivity is a direct consequence of the additivity. O]

Due to the measure extension theorem by Carathéodory and Theorem 1.35 in the lecture
notes on measture theory, there exists a unique probability measure P on o(Z) that extends P.

Example 1.55 (Infinite toss of coin). Assume g = ¢,,, i.e. the probability of head (1) is equal
in each toss. Then for y € {0,1}™,

Pm(y) = pPU o=l (1 — p)#llwi=0b — p¥imivi (] — pym=2jmaw

18



Example 1.56 (Geometric distribution). We consider the probability space from Example
1.55, that is, @ = {0,1}. X shall denote the waiting time until the first success (head,
encoded as 1) in a sequence of coin tosses, i.e.

X(w) =min{k € N |wy,...,wr = 0,wp41 = 1}.
Because {X = k} is a cylinder set, we directly obtain
P(X =k)=(1-p)'p.
We denote this distribution as X ~ GEOM(p).

Taking the derivative of >~ 2" = (1 — 2)~! (Analysis: computing with power series), we
obtain Y 2 izt = (1 —z) 2 and Y .2, i(t — 1)a" 2 =2(1 —z)~3, so

E(X) = pZ(l —pYi=p(l—p)> (1—p)lj= p(lp; p) _1 ;p

E(X?) = pZ(l —p)jt= pZ(l —p/li( = 1) + ]

(1-p?® 1-p
2 + :
P P

=p20—-p’p P+ (1 —pp?) =2

Therefore,

Var(X) = E(X?) — (ﬂ)Z —
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Chapter 2

Convergence of random variables

2.1 Important inequalities

Theorem 2.1 (Markov’s inequality). Let X be a random variable and € > 0. Then,

P(|IX|>e) < E(’SXD.

Proof. 1t holds
E(1X]) = E(|X[L{x|>c)) = eP(|X] > ¢).

O
Corollary 2.2 (Chebyshev’s inequality). If the variance of X exists, then for all € > 0,
B(IX -~ B(X)| 2 2) < 00,
Proof. With Y = (X — E(X))?, it holds
PX —B(X) 2 ¢) = (¥ > &) < 200,
O

Corollary 2.3 (Generalized Markov inequality). Let g be a measurable, increasing function
with g > 0, and let X be a random variable. Then for all € > 0,

Theorem 2.4 (Jensen’s inequality). Let g be a convex function and X a random variable.
Then,
E(g(X)) > g(BE(X)),

if these expected values exist and are finite.

Proof. Because g is convex, for any zy € R there exists K € R such that
g(x) > g(xg) + K(xz — o), forall z € R.

We choose 2y = E(X) and 2 = X and apply the expectation to both sides. ]
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Theorem 2.5 (Kolmogorov’s inequality). For independent random variables X1, ..., Xy with
E(X;)=0,i=1,...,k, and € > 0, it holds:

(f??éi 2%

Proof. Set S; = Zle X, j=1,...,k, and

k
1
> 5) < = ZVar(X
i=1

A;={IS1] <e,...,[Sj1] <&, 155 > €}

The events Ay, ..., Ay are disjoint. For all j € {1,...,k}, the random variables 14,S; and
Sy — S; are independent, since the former one only depends on Xj, ..., X; and the latter one
only on X, ,...,X;. This implies

k

D Var(X) = B(S7) > 3 B(La,5]) = D B(L, (5 + (5. = 5)))

> Z (14,57) + 2B(14,S)E(Sk — ;) = > _E(14,57)

j=1

k
> Zg2lP>(Aj) =P <U Aj> =P (Ejag% |S;] > 8) :
=1 j=1

]

Exercise 2.6. Let X;,..., X, be independent standard normal random variables. Prove that

-2n>§

Definition 2.7. Let X and Xj, Xs,... be random variables on a probability space (2, §,P).
The sequence (X,,)nen converges almost surely to X if

S

2.2 Notions of convergence

P({w : limsup X, (w) = liminf X, (w) = X(w)}) =1,

n—00 n—0oo
and we write X,, —> X. The sequence (Xn)nen converges in probability to X if for all € > 0,

lim P(|X, — X| >¢) =0,

n—oo

and we write X, X

Convergence almost surely means that X,,(w) — X (w), n — oo, holds for all w. Convergence
in probability means that the probability of the event {|X,,— X| > €} converges to 0 for n — co.

Exercise 2.8. Let Q = [0,1], § = B([0,1]) and P = LYjp1. We define X,, = nl,, with
A, =[0,1/n] for all n € N. Examine whether the sequence (X, ),en converges almost surely
and/or in probability, using the definitions above.
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Theorem 2.9. Let X, X1, Xs,... be random variables. Then the following statements are
equivalent.

1. X, 2 X,
2. For all e >0,

lim P( | J{| X, — X|>¢}) =P([ ) J{IXe = X| > ¢}) =

n—00
k>n n>1k>n

Proof. X, (w) does not converge to X (w) if and only if there exists j such that | X, (w) — X (w)| >
1/j for infinitely many n, that is,

{w | Xp(w) A X(w }—U{|X X|>—for1nﬁn1telymanyn}

j>1

Hence, X,, == X if any only if
1
]P’({|Xn — X| > - for infinitely many n}) =
J
for all j € N. With

{IX, - X| > ; for infinitely many n} = ﬂ U {I1X) — X| > }

n>1k>n
we obtain the equivalence of 1. and 2. (first with ¢ = 1/j and then for all € > 0). O
Corollary 2.10. Convergence almost surely implies convergence in probability.

Proof. This is a consequence of Theorem 2.9 (2.). ]

Attention: The reverse statement of Corollary 2.10 is not true!

Example 2.11. Let Q = [0, 1] be endowed with the Lebesgue-measure. Defining

oy {b welh G2,
" - 0, sonst,

where n = 28 + j, with k =0,1,... and j =0,...,2¥ — 1 and X (w) = 0, it holds
P(X,—X|>0)=2"%=0 (n— o0),

50 (X, )nen converges in probability to X. However, the sequence X, (w) contains infinitely
many 0 for any w and therefore it does not converge.

Definition 2.12. Let X and X, Xs,... be random variables and p > 0. Then X,, converges
m LP to X, if
lim E|X,, — X|P=0

n—oo

. LP
and we write X,, — X.
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Theorem 2.13. Convergence in LP implies convergence in probability.
Proof. Markov’s inequality (Theorem 2.1) implies
P(|X, — X| >¢) =P(X, — X|P > &) < PE|X,, — X"

Convergence in L? is neither sufficient nor necessary for convergence almost surely.

Theorem 2.14 (Convergence of series). Let (X,)nen be a sequence of independent square
integrable random variables. If the sequences > -~ E(X,) and Y 2, Var(X,) both converge
absolutely, then the sequence >~ X, converges almost surely.

Proof. We can assume without loss of generality that E(X,,) = 0 for all n. Let S,, = > | X;
and m € N. Kolmogorov’s inequality (Theorem 2.5) implies that for all € > 0,

CIENED (U {8 5ol > })

:lim]P’< max |Sn—Sm|>8>

k—o0 m<n<m-+k

1 m+k
< limsup — Z Var(X,)

k—o0 g2 ne=m+1
= 5—2 E Var(X
n>m

By assumption,
lim P (sup |Sy, — S| > 5) =0.
m—00 n>m
The following Lemma 2.16 shows that then .S, converges almost surely. O

Exercise 2.15. Let (Z,)nen be a sequence of independent random variables with Z,, € {—1,1}.
Let P(Z, =1)=p€[0,1] and P(Z, = —1) = 1 — p. Is there a p € [0, 1] such that

Zn

n
n=1

converges almost surely?

Lemma 2.16. A sequence (X,)nen of random variables converges almost surely if any only if
for all e > 0,

lim ]P’(sup | X — X 25) = 0. (2.1)
n—oo k,lZn
This condition is equivalent to

lim P (Sup | Xk — Xan| > 5) =0.

n—oo

Proof. A sequence of real numbers converges if and only if it is a Cauchy sequence. Now we
can use similar arguments as in Theorem 2.9 [
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2.3 Zero-one-laws

Let (2, F,P) be a probability space.

2.3.1 Borel-Cantelli Lemma

Theorem 2.17 (Borel-Cantelli Lemma). Let (Ag)ren be a sequence of events and

A :=A{w |w € Ay for infinitely many k} = ﬂ U Ay, =: limsup Ay

n>1m>n k—ro0

1 If S0  P(Ag) < oo, then P(A) = 0.
2. If the sequence (Ax)ken is independent and ) - P(Ay) = oo, then P(A) = 1.
Proof. 1. The definition of A implies that
AC UAk, forn=1,2,...,
k=n

SO

P(A) <Y P(Ay), forn=12,....
k=n

Because the sequence Y .- P(Ay) converges, its remainder 7, = Y .- P(A;) converges
to zero, which proves the claim.

2. We first prove the following claim (see Analysis). For any sequence (a,)nen of numbers

a, € [0, 1],
Zan:oo = H(l—an):().
n=1 n=1

Now note that the sequence of complements (Af)ien is also independent. Therefore,

- =) = (U () 48) = i () 45) = i 2( 1 1)

n>1k>n k
N N
=t i, TIPAR) = Jim fin 1100 = F(4))

With the claim above, it follows that

N
lim TTa-P(ax)) =0
k=n
for all n = 1,2, ..., which gives statement (2.).

]

Exercise 2.18. Let p € (0,1]. Show that there exist a probability space and a sequence of
events (A )neny with > 07 P(A,,) = oo and P(limsup,,_, ., 4,) = p.
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Corollary 2.19. Let (X,)nen be a sequence of random variables and X a random variable. If
for all e >0,

Y P(IX, - X|>¢) < o0,

n=1

then X, == X for n — oo.
Proof. Exercise. m

Corollary 2.20. Let (X, )nen be a sequence of random variables which converges to X in

probability, i.e. X, Py X. Then there eists a subsequence (X, )ken with X, 2% X for
k — oo.

Proof. We define the index sequence n; inductively. Let n; := 0, and define n; to be the
smallest integer n > nj_; such that

P(|X,, — X| >27%) <27% furalle m >n.

(Such a n exists because for all e (= 27%), the sequence P(|X,, — X| > ¢€) converges to zero.)
Then,

Y P(IX,, - X[>27F) <) 27k <o
k=1 k=1

Corollary 2.19 yields the desired result. O]

Exercise 2.21. Let (X, ),en be a sequence of random variables and X a random variable.
Assume that any subsequence (X,,),en contains a subsequence which converge almost surely to

X. Show that then X, X

2.3.2 Kolmogorov’s zero-one law

Definition 2.22. Let (A, ).en be a sequence of o-fields A,, C §. Let

A, = a( U Am)

the o-field generated by A,,, A,+1,.... Then

s =) An

n>1
is called the o-field of terminal events of the sequence (A, )nen-

Theorem 2.23 (Kolmogorov’s zero-one law). Let (Ay)nen be an independent sequence of o-
fields A, C§. Then for any terminal event A € Uy, either P(A) =0 or P(A) = 1.

Before proving this Theorem, we consider an important application.
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Definition 2.24. Let (X,,)n,en be a sequence of random variables. A terminal event of the
sequence (X, )nen is a terminal event of the sequence (o(X,,))nen, i-e. an element of the o-field

Qlc>o = ﬁ 91717
n=1

where

2A, = 0’( U O'(Xm)>.

m>n
Example 2.25. Let (X,,),en be a sequence of random variables. Then,

1. {limsup,, . X, < oo} is a terminal event.

2. Let S, = X1+ --+X,,. Then {limsup,,_,., S,/n = liminf, ,, S,/n = 0} and {(S,,)nen converges}
are terminal events.
Hence, Kolmogorov’s zero-one law shows that for a sequence (X, ),en of independent
random variables, the series
> X
n=1

converges with probability 0 or 1. Theorem 2.14 gives one possible condition under which
this happens with probability 1.

3. In general, {X,, = 0¥n > 1} and {limsup, S, < c} = {limsup,_,.. SV X, < ¢} are
not terminal events.

To prove the zero-one law, we need the following theorem.

Theorem 2.26. Let {A; | i € I} be an independent family of N-stable sets of events A; C §.
Then the family {o(A;) | i € I} is independent.

Proof. A family of events is independent if and only if all its finite sub-families are independent,
so we can assume that [ is finite. For an arbitrary ig € I, define

Bi,={BeF|{A|iel\{in}} U{{B}}is independent}.

One can show that B;, is a Dynkin system.
Clearly, A;, C B;,. By assumption, A;, is N-stable, so Theorem 1.15 in the lecture notes on
measure theory implies that

J("Aio) = Q(Alo) C B,

By construction of B,,, the family {A; | ¢ € I} remains independent of we replace A4;, by a
subset of B;,, for example by o(A;,). Therefore, {A; | i € I\{ip}} U {0o(A;)} is independent.
Since [ is finite, we can repeat this procedure infinitely often and obtain that {o(A;) | i € I}
is independent. [

Proof of Theorem 2.23. Let A € A,,. We define 9 to be the family of all events which are
independent of A, that is,

M:={MeF|PANM)=PA)P(M)}.

We will show that A € 9, which implies P(A) = P(AN A) = P(A)P(A) and therefore P(A) €
{0, 1}.
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Step 1: Show that 91 is a Dynkin system.

Step 2: We show that for any n € N: 2,4 is independent of %B,, := o(A; U---UA,). For
arbitrary k e N, I € {1,...,n}let J ={j1,...,x} S{n+1,n+2,... }, I ={iy,..., 4} C
{1,...,n} be finite non-empty subsets. For

BSEA]'S,S:L...,I{?, CtGAit,tzl,...,l
the events
Blﬂ"'ﬂBk, and C’lﬂ---ﬂC’l

are independent. So the following two families F, G of sets are independent:

F=A{Bin--NBy | k>1{j1,....5n} S{n+1,n+2,.. . },B,e A, s=1,...k}
G={Cin---nCl1<i<n{ir,....i} S{1,...,n},Cr e Aj,, t =1,...,1}.

It holds 2,11 = o(F) and B, = 0(G). The families F,G are N-stable, so we can apply
Theorem 2.26.

Step 3: We know that A € 2,,,4, so Step 2 shows B,, C M for all n € N. Thus

%Ozﬁ%ngﬂﬁ

n=1

The family of sets B is N-stable, so Theorem 1.15 in the lecture notes on measure theory
implies that
g (%0) Q .

For alln > 1, A, C B, due to the definition of B, so also 2,, C o(By), and in particular
Ao C 0(Bg). Therefore,
o C o(By) C M,

and A € 9, which is what we had to show.

2.4 Law of large numbers

Let (X,)nen be a sequence of random variables. The laws of large numbers are statemebts

about the convergence of

1 1
=Sy =—=(X1 4+ X,)

n n

for n — 0o. The weak law describes the convergence of S,,/n in probability, the strong law

convergence almost surely.

Theorem 2.27 (Weak law of large numbers). Let (X, )nen be a sequence of independent and
identically distributed random variables. Then,

lim E(|S,/n —E(X;)]) =0

n—o0

and
Sp/n — BE(X1).
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Proof. See course on combinatorics and probability. O]

Exercise 2.28. Prove Theorem 2.27 for square integrable random variables. (Hint: Cheby-
chev’s inequality.)

Theorem 2.29 (Cantelli’s Theorem). Let (X, )nen be a sequence of independent random vari-
ables. Let S, = X1 + -+ X,,. If E(X,, — E(X,))* < Cfor some constant C and all n > 1,
then (S, — E(S,))/n = 0.

Proof. Without loss of generality, assume that EX,, = 0 for n. (Otherwise consider X, =
X, —E(X,).) Due to the Borel-Cantelli Lemma (Corollary 2.19), we have to show that

2

Markov’s inequality (Theorem 2.1) implies that this series is bounded by

5—4§:E ( 4) : (2.2)

E(Sy) =) E(X))+6 Y E(X)E(X])

1<i<j<n

<nC+6 Y EXHEX))

1<i<j<n

S
n

28)<oo.

S
n

Because E(X,,) = 0, we have

C.

So the series (2.2) converges. O

Theorem 2.30 (Kolmogorov’s Theorem). Let (X,,)nen be a sequence of independent integrable
random variables. Let S, = X1 +---+ X,,. If

>~ Var(X,,
3 (Xn)

< 0
n2 ’

n=1
then (S, —E(S,))/n == 0.
Proof. We can assume that E(X,,) = 0 for all n. Set

Y = .
nis max 1Sk

For 2"—! < m < 2", it follows that

Im™1S,l <27 max || = 27",
ke{1,...27}

So it is sufficient to show that
P(lim 27Y, =0) =
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Due to the Borel-Cantelli Lemma (Corollary 2.19), it is sufficient to show
ZIP’ 27", > ) < ©

for alle > 0. Kolmogorov’s inequality (Theorem 2.5) implies that

2n
—n n 1
P27"Y, > &) =P(Y, > 2") < > Var(Xy).
k=1

This shows

(%s) 2n

Z]P’ 27"Y, > ¢) _222_2”2Var(Xk)

n=1 k=1

ZVar Xk) Z 4"

n: 2">k

3 V()
Zar DT <

where we used

- 1 4
4" < 4" — g~ [loga(k)] g < gloge(i)-1) __ =~ _ p-2_ *
DOREEES e =T

P2n>k n=(log (k)]
in the last inequality. O]

Theorem 2.31 (Strong law of large numbers). Let (X, )nen be a sequence of independent and
identically distributed random variables with E(|X;|) < oo. Let S, = X1+ -+ + X,,. Then
S,./n converges almost surely to E(X1), i.e. Sp/n —> E(X)).

The prove uses the following Lemma, which is an exercise.

Lemma 2.32. For any random variable X > 0,

ip(x > n) < E(X) < 1+ip(x > n).

n=1 n=1

Proof of Theorem 2.31. We can again assume that E(X,,) = E(X;) = 0. Lemma 2.32 implies
that

E(Xi)<oo <= Y P(Xi|>n)<o0 <<= Y P(X,]>n)<o0,
n=1 n=1
where the second equivalence is true because the X,, are identically distributed. Together with
the Borel-Cantelli Lemma (Theorem (Satz 2.17), we deduce that

P( ﬂ U{|Xk| > k}) =P(|X,| > n for infinitely many n) =0,

n=1k=n
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so for any w € € there exists ng = ng(w) € N such that
| Xn(w)| <n forall n > ng(w).

Let
Y, = X, I{|X,| < n}.

The above inequality implies that

Sn X1++Xn a.s. le"“"Yn a.s.
— = — 0 = —F 0.
n n n

It holds
E(Y,) = E(X,1{|X,| <n}) = EX 1{|X;]| <n}) = E(X;) =0,

This implies

1 n
—> E(Yi) =0, (2.3)
"=
(Exercise). We set Z,, =Y, — E(Y,,). Then,
Y e Yn a.s. Z e Zn a.s.
n n

because (2.3).
The sequence (Z,)qen consists of independent square integrable random variables. For the
variances, we obtain that

S S

n=1 n=1
_ v E(GL{X.] < n})
- Z n2
n=1
v E(XPL{X| <n})
o Z n2
n=1

k=1 n==k

=1
<2) SEXL{k-1<|X)| <k}
<2 E(1Xi|1{k - 1 < [X;| < k}) = 2E(|X1]) < o0,

where we have used

??‘Il\b

> 1



This inequality follows from Y 2 n 2 =1+> >, n"? and

/ —dw— <2 k> 2.
& — k’

The claim follows by Kolmogorov’s Theorem (Theorem 2.30).
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Chapter 3

Central limit theorem

3.1 Motivation

Classical probability theory considers sequences (X,,)nen of independent and identically dis-
tributed (7.7.d.) random variables, and investigates the behaviour of sums

for n — oo. The strong law of large numbers implies that S,,/n converges almost surely to
E(X)).

However, it is important to determine how large the deviation between S, /n (average value)
and E(X) (theoretical expected value) is. The following theorem is one of the most important
results in probability theory.

Theorem (Central limit heorem). Let (X, )n,en be a sequence of independent and identically
distributed random variables. If Var(X;) = 02 < oo, then

’ nooo, 1 [
P (@(S— —n) < t) v / ¢ " Pde = (), furallet €R.
o n 2 —o0

In other words

a) The random variable S, /n has a degenerate asymptotic distribution, that is, F'(t) = 0 if
t < pand F(t) = 1 otherwise.

b) The random variable
VI (S Se
o \n ")~ Vno

has an asymptotic A(0,1) distribution.

3.2 Convergence in distribution

Definition 3.1. A sequence (X,,),en of random variables converges in distribution to a random
variable X, if
Fx, (t) — Fx(t), n— oo,

for all t with Fx(t—) := limy o Fx(t — h) = Fx(t); that is, for all ¢, where Fx is continuous.
. d
We write X,, — X.
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n—o0

Remark. Convergence of Fx, (t) —— Fx(t) for ALL t is a too strong condition. Here is
an example: We define X,, ;= n~! for n > 1 and X = 0 as deterministic random variables.
Intuitively, we would expect X, —— X. Indeed, F X, (t) = Lpp-1.00)(t) converges to Fx(t) =
Ljo,00)(t) for all ¢ # 0. But there is no convergence at t = 0, (Fx, (0) =0 4 Fx(0) = 1), where
Fx has a jump (discontinuity).

Exercise 3.2. Let X be a random variable and X,, := X 4+ 1/n, n € N. Show that (X,,)nen
converges in distribution to X.

We need (especially for multi-dimensional distributions) an equivalent characterization of
convergence in distribution.
We use the following notation:

C? continuous, bounded functions on R;
C? twice continuously differentiable functions on R with compact support.

Lemma 3.3. If (X,,)nen converges in distribution to X, then

lim E(f(X,)) = E(f(X))

n—oo

for all f € CY.

Proof. Let f € CP. Then there exists a > 0 with |f(z)| < a for all z. Let ¢ > 0. We choose
t € R such that Fy is continuous at ¢ and —t and Fiy(—t) < 1¢- and 1—Fx(t) < 35-. Then there
exists ng(e) such that Fx, (—t) < &= and 1 — Fx, (t) < 5 for all n > ng(e), by assumption.
The function f is uniformly continuous on the compact interval [—t,t], so the interval [—t, ]
can be partitioned by points tg = —t < t; < ty < -+ < 1 = t in such a way that Fx is
continuous at all ¢; and

5, @)= pin [@) <5,
fori=0,1,...,k — 1. Then,
k—1
(X)) = 3 FEIB( < X < ti)| < BT gxn) + GRIXI S8 Sag + o= 1.
= (3.1)

An analogous inequality holds for X, instead of X for n > ngy(e). Now choose ni(g) > ng(e)
large enough such that for all n > n4(e),

€
)= Fy ()| < ——, firi=0,1,...
|Fx(t;) — Fx, (t;)| < Tha uri=0,1,...,k,
SO
€
P(t; < X <tig1) — Pt < Xy, < tig)| < [Fx(tipn) — Fix, ()| + [Fx () — Fix, (t:)| < Ta
(3.2)
This gives
k-1 k—1 . .
;f() (t; < +1) ;f() (t: < +1) a2ka 9 (3.3)
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The combination of (3.1), (3.2) and (3.3) now implies

E(/(X) - E(f(Xa))] < |\B(F(X)) = )_ JE)P(E: < X < tia) |+

+ |E(f(Xyn)) — ft)P(t < X, <tig1)|+

O

Lemma 3.4. If lim, . E(f(X,)) = E(f(X)) for all f € C? then (X,)nen converges in
distribution to X.

Proof. For the proof, we construct two special functions in C?.

Let s<t,e>0and g: R — R,z g(x) with g(x) =1for z € [s —¢/3,t +¢/3], g(x) =0
for x € (—00, 5 —2¢/3) or z € (t+2¢/3,00). We expand g linearly to a continuous function on
R, as illustrated in the following figure.

Define
3 x+8/6 3 m-‘r{:‘/G

W) = 2 / o)dy,  fla) =" / h(y)dy.

€ —£/6 € —/6
The function h is represented by the dashed line in the figure. This construction yields f € C§
as a smoothed version of g with f(x) € [0,1], f(x) = 1 on [s,t], f(z) =0 for x < s — ¢ and
x >t + . This implies

P(s < X, <t) <E(f(X,) =3 B(f(X) <P(s—e < X <t+e).
If s and t are points where F'y is continuous, then one can let € converge to 0, and obtains

limsupP(s < X,, <t) <P(s < X <t).

n—o0

In a similar way, but with a function f that goes to zero on the outside of [s,t] and is equal to
one on [s + ¢,t — €], one can show that

liminfP(s < X,, <t) > P(s < X <t).

n—oo
Together, if P(X =) =P(X =t) =0:
n—oo

FXn<t) — FX”(S) — FX(t) — Fx(s). (34)

Let now € > 0 and 5,¢ such that 5, ¢ are points of continuity of Fx and

EAB—EAQ>1—2
Then due to (3.4), there exists ny such that for n > ny,
L= Fx,(5) 2 Py, () = Fx,(5) > 1 2,
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so Fx,(5) < e/4 for all n > ny. For a particular ¢ which is a point of continuity of Fy, choose
n1 > ng such that for all n > nq,

[Py, (£) = F, () = (Fx(t) = Fx(3))] < 5,

Then for n > nq,

3

428.

[Fx, (1) = Fx ()] < |Fx, (t) — Fx, (5) = (Fx(t) = Fx(8))| + [Fx, (5) = Fx(5)] < % +2

]

Exercise 3.5. Assume that the sequence of random variables (X, ),en converges in distribution
to X. Show that then lim, ., limsup,,_,.. P(|X,| > r) = 0.
Hint: Consider the function f(z) = (1 — (r — |z|)+)+.

The statements of Lemma 3.3 and Lemma 3.4 can be further generalized to the Porteman-
teau Theorem.

Theorem 3.6 (Portemanteau Theorem). Let X be a random variable and (X, )nen a sequence
of random variables. Then the following statements are equivalent.

1. Xni>X,n—>oo.

2. For all f € CY,
3. For all f € C?,

4. For all open sets G C R,

liminf P(X,, € G) > P(X € G).

n—oo

5. For all closed sets A C R,

limsupP(X, € A) <P(X € A).

n—oo
6. For all Borel sets C C R with P(X € 0C) =0,

lim P(X, € C)=P(X € C).

n—00

Proof. Lemma 3.3.

2. = 3.| Trivial.

3. = 1.| Lemma 3.4.

4. < 5.| Exercise.

4. und 5. = 6.] For C € B(R),

P(X, € C°) <P(X, € () <PX,c0),
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so 4. and 5. imply that

P(X € C°) <liminf P(X,, € C°) <liminf P(X,, € C)

n—00 n—o0

<limsupP(X, € C) < limsupP(X, € C) < P(X € O).

n—o0 n—o0

Since OC = C\C®° and P(X € 9C) = 0, it holds P(X € C°) = P(X € C) = P(X € C), which
gives the desired result.
Let Fx be continuous at t. Then, P(X € {t}) =0, and 6. implies that

Tim Fy, (t) = lim P(X, € (—00,t]) = P(X € (—00,]) = Fx(t)

Let A C R be closed. For all z € R define

d(z,A) == inf{lx —y| |y € A}.
For m € N, we set

G :z{xER’d(m A)<l}.

m I m
Then G,, | A, m — oco. Let now € > 0. Then there exists m such that
P(X € G,,) =Px(Gn) <Px(A)+e=P(X € A)+¢
We set f: R = R,z — ¢(md(x,A)) with (t) = L—eg(t) + (1 = t)Lo(t). For x € A it
holds d(z, A) =0, s0 f(z) =1. lf x € GY,, i.e. v € A° with d(z, A) > 1/m, then f(x) = 0. So,
P(Xn € A) = E(H{XneA}f(Xn)) < E(f(Xn))7

and
E(f(X)) =E(lixec /(X)) SP(X € Gy) SP(X € A) +e.

The function f is continuous and bounded. Due to 2. we obtain lim,,_,., E(f(X,)) = E(f(X)),
which proves the claim. O

Corollary 3.7. Two random variables X, Y are equal in distribution if and only if for all
fec,

E(f(X)) = E(f(Y)).
Exercise 3.8. Let g : R — R be a continuous function and (X, )nen sequence of random

variables converging in distribution to X. Show that then (g(X,))nen converges in distribution
to g(X).

Theorem 3.9. Let (X,,)nen be a sequence of random variables converging in probability to a
random variable X. Then (X, )nen converges in distribution to X, that is,
X, —X = X,-LXx

Proof. Let f € C?. Since f is continuous with compact support, f is uniformly continuous.
Let ¢ > 0. Then there exists § > 0, such that for all z,y € R with |z — y| < §, it holds
|f(z) — f(y)] <e. We define A,, = {|X,, — X| > }. Then,

[E(f(Xn)) = E(f(X)| < E(La,[f(Xn) = F(X)]) + E(Lag [f(Xn) = F(X)])
<2MP(A,) + eP(AS) < 2MP(A,) + ¢,

where M = sup,cg |f(x)|. Convergence in probability of (X, ),en implies that P(A,) — 0 as
n — oo. With € | 0, the claim follows by Lemma 3.4. n
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Remark. In the exercises you will show the following partial converse statement of Theorem
3.9: If (X, )nen converges in distribution to a constant ¢ € R, then (X,,),en also converges
in probability to c¢. In general, convergence in distribution is weaker than convergence in
probability, as the following example shows.

Example 3.10. Let Q2 = [0, 1) be equipped with the Borel o-field and the Lebesgue measure.

For n € N let . 5 3 on o on 1
Av=0.50) U5 g) U0 [T )
02” J on’ gn Y Y on on

and X, = 1,4,. Then P(X,, = 1) =P(X,, =0) = 1/2 for all n € N and (X,,),en converges in
distribution to X;. However, for m # n and all € > 0,

P(|X,, — X, >¢)=P(X,, =0, X, =1)+P(X,,=1,X,=0) =

N —
DN | —
DO =
N —
N | —

that is, (X, )nen does not converge in probability.

3.3 Characteristic functions

¢

Characteristic functions of random variables (or random vectors) ”‘characterise”’ their distri-
bution. They are closely related to the Fourier transform, which is studied in Analysis.

3.3.1 Fourier transform

To define the Fourier transform, we need to define integrals of complex-valued functions. These
should be understoof componentwise, that is, for a measure p on 2 and a measurable function

f:Q — C, we define
/fd,u:z/Refdp%—i/Imfdu,

where we require that Ref and Imf are integrable.

Definition 3.11. For a Lebesgue integrable function f: R — R, define
fiRSC, te f(t) = /f(m)e_m dz = / f(z)cos(tx) dx — z/ f(x)sin(tx) dz.

The function J?is called Fourier transform of f.

It holds
Fol < [15@e o= [17]ds < o 35)

since f is integrable, so the Fourier transform of a Lebesgue integrable function is bounded.
It is not necessarily integrable. If this is the case, then the Fourier transform can be inverted.
The following theorem is proved in Analysis (see for example Kdnigsberger, Analysis II).

Theorem 3.12. Let f : R — R be a Lebesgue integrable function such that its Fourier transform
f is also Lebesque integrable. Then for all y € R,

o) = 5= [ e Fayar
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For our purposes, the following proposition will be useful
Proposition 3.13. For any f € C?, the Fourier transform f 1s Lebesque integrable.

Proof. Let K € R such that f(x) =0 for |x| > K. Since f is differentiable, we know
/ fx)e ™ dz = f(x )e_m] io+it / ) flz)e ™ dx
=it f 7
because f(z) = 0 for |z| > K. Iterating this shows that F(t) = —tzfA(t). Since f” is integrable,
P <e
for a constant ¢ > 0 due to (3.5). It follows that

oy <min{ [ 1f1ds. 5

SO ]?is integrable on R. O]
Corollary 3.14. For any f € C?

1 ity 7
— | ™) dt R.
ZW/RG ft)dt, ye

Exercise 3.15. Compute the Fourier transform of the following functions.

fly) =

1. f= ﬁﬂ[mb] for a < b.
2.z f(x) = e Nl for A > 0.

3. x> f(x )_FA(prl M1 g,00)(2) for p >0, A > 0.

Recall: D(p) = [~ y* e ¥ dy.

3.3.2 Definition and properties of characteristic functions

To define characteristic functions, we need expected values (i.e. integrals) of complex-valued
random variables. As in Section 3.3.1, they are defined componentwise, that is, for X: Q — C,
we set

E(X) = /ReXdJP’+z’/ImX dP = E(Re X) 4 iE(Im X),

where we assume that ReX and ImX are integrable.
For independent C—valued random variables X and Y with E(|X|) < co and E(|Y|) < oo,
it holds
E(XY) = E(X)E(Y), (3.6)

which follows from the corresponding result for real-valued random variables.
We now define the characteristic function of real-valued random variables X : 2 — R.
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Definition 3.16. The characteristic function of a real-valued random variable X : 2 — R is
defined as the function ¢x: R — C with

ox(t) = E(e"™) = E(cos(tX)) + iE(sin(tX)), teR.

Exercise 3.17. Show: If ¢ is the characteristic function of a random variable, then p, |¢|* and
Re ¢ are also characteristic functions.
Hint: Construct random variables with the corresponding characteristic functions.

The following theorem summarizes the most important properties of characteristic functions.

Theorem 3.18. (C1) Let X and Y be independent random variables. Then,
px+y(t) = px(t)ev(t), teR.
(C2) Let X be a random variable. Then its characteristic function satisfies
ex(®)] <1=px(0), teR,
It is uniformly continuous on R, more precisely,
ox (t+h) = ex(t)] < BE(min{2, |pX]}) < |h[E(]X])
for allt,h € R.

(C3) IfE(]X|™) < 0o for am € N, then px is m times continuously differentiable with

PRV(1) = S ex(t) = iMB(X ™),

so in particular
E(X™) =i 7" (0).

(C4) The characteristic function is positive definite, that is, for alln € N, t;,...,t, € R,
ai,...,a, € C,

n

Z akdlgox(tk — tl) Z 0
k,l=1

Remark 3.19. Bochner’s Theorem shows that the converse of (C2) are (C4) true. More pre-
cisely, it states that any continuous positive definite function ¢: R — C with ¢(0) = 1 is the
characteristic function of a random variable.

To show properties (C2) and (C3), we use the following lemma.
Lemma 3.20. For m € Ny and x € R,
] mosoN\k 2™ m+1
e 23 g (2l ity

kK m! 7 (m+1)!

39



Proof. We set 1, (z) = e — >7)" (ix)*/(k!) and show the claim by induction over m.
Induction start: It holds

ro(z) = “ — 1= z/ edy,
0

so |ro(x)| < min{2, |z|}.
Observation: In general,
(il’)m+1

Tma1(x) = i/om rm(y)dy und () = rp(z) — CE

Induction assumption: For a m € Ny let |r,,(z)| < 2] /(m + 1)! for all z € R.
Induction step: For x > 0,

z x ym—l—l ’x‘m-‘rQ
@) < [ ity < [ L= s

and similarly for x < 0. On the other hand,

e+ _ 2l

(m+1)! = (m+ 1)l

[Pt ()] < [rm ()] +

]

Proof of Theorem 3.18. (C1) follows by the definition of the characteristic function and (3.6).
For (C2), we can use that

lox ()] = [E(e™)] < E(le"]) = 1 = ¢x(0).
With Lemma 3.20 for m = 0 we obtain

lox(t+h) = px ()] = [B(e MY — )| = [B(™ (™ — 1))
< E(le"*le"* - 1]) < E(min{2, [nX[}).

The proof of (C3) is an exercise.

For (C4):
Z artypx (tk—t) = E( Z akdlez(trtl)x> = E( Z ak@”‘“Xaze”lX> = E(‘ Z ake”’“X’ ) > 0.
k=1 k=1 k=1 k=1

O
Exercise 3.21. Let the random variable X have characteristic function ¢x.
1. What is the characteristic function of Y := aX + b for a,b € R.

2. Prove: If the distribution of X is symmetric, i.e. Fx = F_x, then ¢x is real-valued and
even.
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Example 3.22 (Normal distribution). We compute the characteristic function of the Gaussian
distribution. Let X ~ N (u,0?). Then,

1 C _@mw? 1. ° ,
ox(t) = 22 My = ewt/ eV 2oy dy

0\/% V21

2 cos(toy)dy,

\/_

where we have used the substitution y = (z — ) /o and the fact that e=¥"/2 is an even function.
We set

f(t) = /_OO e V12 cos(toy)dy.

o0

Then f(0) = v/2m, and by the monotone convergence theorem

d oo
%ﬂt) = —a/ eV 2y sin(toy)dy

o0

=0 [e’yzﬂ sin(tay)] - 0215/ e V12 cos(toy)dy
= —a’tf(t).

The funciton f(t) = v/2me~@9*/2 is the solution of this differential equation. So we obtain
] 2/2 ~ o?
ox(t) = e*te /2 = exp <wt - ?t )

With property (C3) of Theorem 3.18 we can compute all moments of the standard normal
distribution A'(0,0?%). Let X ~ N(0,0?), then

2t2

n=0

0 _ @2n)! (=)o

nl2n

and therefore

The (2n — 1)-th moments are all zero due to symmetry.

3.3.3 Uniqueness and weak convergence

Characteristic functions are very helpful to make statements about weak convergence. There
is the following theorem.

Theorem 3.23. Let X and X,,, n > 1 be random variables. The sequence (X, )nen converges
i distribution to X if and only if

lim px, (t) = ¢x(t) forallt € R.

n—oo
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Proof. Assume that X,, % X. Lemma 3.3 implies that for all ¢ € R,

lim E(cos(tX,)) = E(cos(tX)), lim E(sin(tX,)) = E(sin(tX)),

n—o0 n—0o0

so lim, o @x, (1) = @x(t) for all t € R.
Let now lim,, ., ¢x, (t) = ¢px(t),t € R. Let f € C?. Corollary 3.14 and Fubini’s Theorem
yield

/ rapy = o [ [emiwasapsty) = - [ [emapaniwiar = 5 [ oxt) ) a

1 N
/fdPXn:—/goxnfdx, n €N, und /fdPX:—/chfdm.
2T 2T

It holds |¢x, f| < |f], and f is Lebesgue integrable due to Proposition 3.13, so we can apply
the Lebesgue convergence theorem and obtain

lim goandx = /@del',
n—o0

SO
n—oo
and the claim follows by Lemma 3.4. O]

The essential property of characteristic functions is that the distribution Py of a random
variable X is defined uniquely by ¢x.

Corollary 3.24. Random wvariables X and Y are equal in distribution, that is Px = Py, if
and only if
ox(t) = py(t) forallt €R.

Proof. Follows from Theorem 3.23. [

3.3.4 Examples of characteristic functions

If X admits a discrete distribution with values {x;} ey, then

ex(t) = ZeijP’(X = ;).

J

If X is absolutely continuous with density f, then

_ /R F(x)e ™ de.

The following table gives a summary of important characteristic functions.
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Distribution | Notation | characteristic function px(t)

Binomial BIN(n, p) (pet +1 —p)™
Poisson POIS()) exp(A(e — 1))

Geometric GEOM(p) p/(1— (1 —p)e?)
Uniform UNIF(a, b) (e — e)/(it(b — a))
Normal N (1, 0%) exp(iut — (to)?/2)
Gamma | Gamma(p, \) (1 —(it)/\)?
Cauchy exp(—[t])

Exercise 3.25. Let A € (0,1) and let (X,,)nen be a sequence of random variables with X, ~
BIN(n,p,), where p, = A/n. Use characteristic functions and Theorem 3.23 to show that

X, % X, where X ~ POIS(\).

We have seen in example 3.22 that the characteristic function is useful for computing mo-
ments. On the other hands, one may try to compute the characteristic function (and thereby
the distribution function) by using moments. This is only possible if the Taylor series

— 1w
Z HSOX (0)
k=0

converges in a neighborhood of 0. As the following example shows, this is not always the case.

Example 3.26. The random variable X > 0 admits a Lognormal distribution if log X is
normally distributed. If log X ~ A(0, 1), one can easily show that the density of X is given by

f(z) = Lx_le_(loggﬁ)Qﬂ, x> 0.

Ver

We show that the lognormal distribution is not uniquely defined by its moments. Define

Julw) = f(@)(1 + asin(2r log z))

for a € [-1,1]. Then f,(z) > 0. We now show that f, is a density function with moments
equal to the ones of f. For this, it is sufficient to show that

/ a¥f(z)sin(2rlogx)dr =0, k=0,1,....
0

It is easy to verify that

o k . log z=t 1 /oo L2
¥ f(x)sin(2w logx)de = —— e 2 sin(2xt)dt
| r@sinrion =t —— [ (2n)

—k—y 1 o
o eékQ/ e v sin(27y)dy.
21 —co

Vor

The last integrand is an uneven function, so the integral equals zero.
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3.4 The central limit theorem

3.4.1 Identically distributed random variables

Theorem 3.27 (Central limit theorem). Let (X,,)nen be a sequence of independent, identically
distributed and square integrable random variables with p = E(X;) and o = Var(X;) < oc.

Then,

oo, 1!

P <@ (& E t) - / e " de = (1) for all t €R,
o n 2T —o0

where S, = > _, Xy, or in other words,
Sp— N d
——— — N(0,1).
T 0.1)
Proof. We set Y,, = (X,, — u)/o. Then
¥, (0) = iE(Y1) = 0,
5, (0) = —E(Y{) = —Var(Y;) = —1.

Due to Lemma 3.20 with m = 2,

_ 1
‘6ZtY1 —1—= ZtY'l + §t2}/12‘ < mln{|tY1\2, ’t}/&|3/6}7
SO 1
2™ — 1 — itY; + EtQYf) —0, t—0.
Furthermore,
, 1
2 — 1 ity + S| < Y

so the Lebesgue convergence theorem with dominating function |Y;|? implies that

. 1
t°E (e”“ —1—ity; + 5th) —0, t—0,

and therefore

pr(t) =1 5201+ a(t))

with a function a such that a(t) - 0ast —0.
Let S, => 7, Yn. Then (v/n/o)(S,/n—u) = S,/+/n and we obtain by Theorem 3.18 (C1)
that

3,/valt) = ¢35, (t/Vn) = (pw(t/vn)"
= (1 — ; L (1+ a(t/\/ﬁ))) e no oo

n

The last convergence is due to the following Lemma 3.28, which is an exercise. The limit is
exactly the characteristic function of the AV(0, 1) distribution, see Example 3.22. O]

Lemma 3.28. Let (a,)nen be a sequence of complex numbers with a, — 0, n — oo, © € R.
Then,
r+a,\"
(1 + ) — e’
n
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Exercise 3.29. Let (X,,)nen be a sequence of independent and uniformly distributed random
variables on [0,2]. Find an approximation for the probability P(X; + - - + Xsp > 110).

Corollary 3.30 (Theorem of de Moivre-Laplace). Assume that S, is BIN(n, p)-distributed with
p € (0,1). Then for —oo < t; <ty < 00

S, —np 1 /tQ_z
Plt, < —2 2 <t,| 5 —— | e =d(ty) — d(t,).
(1_ np(l—p)_2> \/ﬂtl (2) (1)

The Theorem of de Moivre-Laplace is useful to approximate the Binomial distribution with
large n by the Gaussian distribution.

3.4.2 Lindeberg Theorem

The central limit theorem can be proved under weaker conditions. The random variables
(Xn)nen are still independent, but not necessarily identically distributed. It is only important
that there is no X, that outweighs the others, that is, Var(X,,) should be small compared to
Var(S,) = >_r_, Var(Xy).

We use the following notation:
S, = Z X,
k=1
o2 = Var(X,),

s2 .= Var(S,)

Il
Q
k.‘l\J

Theorem 3.31 (Lindeberg Theorem). Let (X,,)nen be a sequence of independent square inte-
grable random variables with 02 = Var(X,,) > 0, which satisfies the Lindeberg condition

lim L,(c) =0, fir alle c >0,

where

1 n
Ln(C) = 8—2 ZE((Xk — E(Xk))2]1{\Xk—E(Xk)|>csn})
n k=1

with S, = >0, Xg, s2 =Var(S,) =>__, 02. Then

n

S —E(S))

i>J\f(0,1), n — oo.
Sn

For the proof, we need the following auxiliary results.

Lemma 3.32. The Lindeberg condition implies

lim max —Z =0

ok
n—oo ke{l,...,n} S%
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Proof. Let ¢ > 0. Then with X := X, — E(X})

=E(X}) = E(1{|Xk|gcsn})~</§) + E(]l{|)~(k|>csn})~(lz) < s+ Ln(c) s,

SO 52
k<
< ¢ F (o)

By letting first n — oo and then ¢ | 0, the desired result follows. [
Lemma 3.33. For complex numbers ay,...,an,b1,...,b, € C with |ag| < 1, |bg] < 1, k =
1,....,n,

‘ H&k — ku) S Z |CLk — bk|

k=1 k=1 k=1
Proof. Exercise. O

We set X ;
o
KXok := S_(Xk —E(X)), o2, :=Var(X) = 8—5

n

Let @nr be the characteristic function of X, and ¢, the characteristic function of (S, —

E(S,))/sn. It holds
S, — E(Sh) —E(S
Zanm
so by Theorem 3.18 (C1),
(t) = [T one(®)
k=1
Proof of Theorem 3.31. We show that for all t € R,
lon(t) — e’t2/2| =0, n— oo

The theorem then follows by Theorem 3.23.
Due to Y p_, 02, = 1, one can use Lemma 3.33 to obtain

(onlt) = e = | T ou(t) = [L -2
k=1 k=1
< Z |Q0nk(t) — eiUikt2/2‘
k=1
<>
k=1

2 42
ot
+ —_—
2

Pnk (t) -1

u 2 42 /9 O'2kt2
D
k=1

—~
=A

4
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We first consider A. Let ¢ > 0. Lemma 3.20 with m = 2 shows that

S lont) — 1+ Zni ‘ < tQE(mm{ng,t|Xnk| /63)

k=1 k=1

= Zt2< ﬂ{|X el<c} mln{ nk7t|Xnk’|3/6}) + E(ﬂ{|Xnk.|>c} min{XZk,t|Xnk|3/6})>

£ & -
=% D E(x <o Xoel*) + 12D B(Lx,0050 Xok)
k=1 k=1

Y B(X2) +*La(c).
k=1

—_———
=1

t3
6

I/\

By letting first n — oo and then ¢ | 0, it follows that A — 0.
For B, we have

- 2 42 f}2 = 0'4 f}4 2 42 t4 2 o2
E ‘e_ankt /2 1+ nk ‘ < Leankt /2 <« (t /2) maxi<p<n 05 max Unk N O n — 00,
4 4 1<k<n

because of Lemma 3.32. In the first inequality in the formula above, we have used that for

reR,
T 1 _ Ool.k < 200 |x|k_ 2|z
SRR} o PR SLC A S Ry

]

Exercise 3.34. Let (X,,),en be a sequence of independent random variables with |X,,| < n'/3
and Var(X,,) =1 for all n € N. Is the Lindeberg condition satisfied?

The following theorem is weaker than the Lindeberg Theorem, but it uses a simpler as-
sumption (Lyapunov condition).

Theorem 3.35 (Lyapunov Theorem). Let (X,,)nen be a sequence of independent square inte-
grable random variables with Var(X,,) > 0 and S, = > _;_, Xy. If for some 6 > 0 the Lyapunov
condition s satisfied, that s,

T _ 1 - 246
then ¢ _B(S
L(n)iﬂ\/'(O?l), n — 0o.
Var(S,,)
Proof. Exercise. O

Exercise 3.36. Let (X, ),en be a uniformly bounded sequence of random variables, that is,
there exists ¢ > 0 such that |X,,| < ¢ for all n € N, and we assume that lim,, ., s, = c0. Show
that the Lyapunov condition is satisfied for all 6 > 0
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3.4.3 Multidimensional generalizations

There are central limit theorems also for random vectors.

Definition 3.37. A sequence (X,,)nen of d-dimensional random vectors converges in distribu-
tion to the d-dimensional random vector X if

E(f(X.)) = E(f(X)), n— o0

for all continuous bounded functions f: R? — R.

Remark 3.38. According to Lemma 3.3 and 3.4, the above definition is equivalent to Definition
3.1 in the case d = 1.

One defines the characteristic function o the random vector X = (X1,..., X,)" by

d
ox:RI = C, t=(t,...,ta) = px(t) ;= E[e/"¥)] = E[exp (zZthkﬂ
k=1

All properties of Theorem 3.18 can be given in a multivariate setting, and Theorems 3.24 und
3.23 continue to hold. Also the arguments of chapter 3.4 are applicable.
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Chapter 4

Conditional expectations

Let (2,5, P) be a probability space.

4.1 Definition

Let A C § be a (sub)-o-field. A random variable X : Q@ — R is called A-measurable (or
measurable with respect to A), if

X HB)e€ A, forall B B(R).

For example, the constant function Y :  — R,w — ¢ for a ¢ € R is measurable with respect
to the trivial o-field {0, 2} C §, because

Y_l(B): Q, ifceB
0, ifcéB.

Let now X be an arbitrary integrable random variable. We can interpret its expectation E(X)
as a constant mapping Y : Q — R, w — E(X), which is {0, Q}-measurable.
For a set A € § with P(A) € (0,1), the conditional probability on A is the probability

measure

P(BNA)
P(A)

Now, the conditional expectation of X with respect to A can be defined as

P(-|A):§ = [0,1], B~ P(BJA):=

E(X|A) : /X P(dw|A).

One can show that

E(X|A) = EI(P)&)A)
It holds B — E(X)-E(X1,) E(X)-P(A)E(X|A)
- 1-P(A) 1 —P(4) .
We set

Y:Qo R, we I (w)E(X|A) + 1 (w)E(X|A°).
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Let A = o({A}) = {A,A%,0,9} C F. The random variable Y is A-measurable. It holds
E(Y) = E(X) and Y is denoted by E(X|.A). Note that here, the element in the condition is
the o-field A, which must not be confused with the event A.

We can interpret o-fields as ”information sets”. The smaller the o-field with respect to
which a random variable X is measurable, the less information it encodes.

We will now generalize the concept described above to arbitrary o-fields A C §. For that
purpose, we need the following theorem.

Theorem 4.1. Let X be a non-negative (integrable) random variable on (2, §,P), and let A C §
be a o-field. Then there exists a non-negative (integrable) A-measurable random variable Y such
that

E(1cY) =E(1cX), forall C € A. (4.1)

The random variable Y is unique almost surely.

Proof. Let first X be non-negative, i.e. X > 0.
Let P, be the restriction of the probability measure P to A. We define the measure @) as

Q: A (0,00, CHE(HCX):/XdIP.
C

It follows from this definition that Py(C) = P(C) = 0 for a C € A implies that Q(C) = 0,
i.e. ) is absolutely continuous with respect to . The Radon-Nikodym Theorem then shows
that () admits a density with respect to Py, that is, a A-measurable function Y > 0 such that

/YdPoz/XdP,for all C' € A.
C C

Since Y is A-measurable, it follows by definition of the integral with respect to a measure that
/. oY dPy = ) o Y dP for all C' € A. Theorem 3.1 in the lecture notes on measure theory implies
that Y is Py almost surely unique. Let Y’ be another density of ) with respect to Py. Because
Y, Y’ are A-measurable, it follows that {Y =Y’} € A;s0 1 =Y =Y )=P(Y =Y')and YV
is P almost surely unique.

Let now X be an integrable random variable. We decompose it into positive and negative
part, X = X, — X_. The first part of the theorem shows that there exist .A-measurable random
variables Y; > 0 and Y, > 0 with

E(ﬂcy'l) = E(10X+), E(ﬂcYg) = E(ﬂcX_) for all C' € .A

Choosing C' = () yields that Y7, Y5 are integrable. So Y = Y] — Y5 is integrable and satisfies
(4.1). Let Y’ be another A-measurable integrable solution of (4.1). Then

E(1cX) = E(1cY:) — B(1eY,) = B(1eY!) — E(1cY?),

E(Lc(Y; + V7)) = E(Lo(Y2 + Y))).

The A-measurability of Y7 + Y, Y5 4+ Y] implies that both are densities of the measure
A—[0,00), C—E(lc(Y1+Y))=E(1c(Ya+Y])).

But then Theorem 3.1 in the lecture notes on measure theory implies that Y7 + Y’ =Y, + Y
Py almost surely, so P almost surely with the same argument as above. O]
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Definition 4.2. Let X be a non-negative or integrable random variable and A C § be a o-field.
Then the random variable Y from Theorem 4.1 is called the conditional expectation of X with
respect to A, in symbols:

E(X|A) =Y.

Hence the conditional expectation E(X|.A) of X with respect to A is a A measurable random
variable with

E(E(X|A)Lc) = E(X1o), forall C € Al (4.2)

The conditional expectation E(X|.A) is only P almost surely unique. One says that there are
different, but P almost surely equal versions of the conditional expectation.

Proposition 4.3. If X is integrable and almost surely non-negative, then E(X|A) > 0 almost
surely.

Proof. For all C' € A,
0<E(X1c) =EE(X|A)le).

Since E(X|A) is A measurable, it holds that Cy := {E(X]|A) < 0} € A, so
0 < E(E(X]A)1Lg,) <0,
and hence P(Cy) = 0, because is negative E(X|.A) on Cj. O

Exercise 4.4. Let (€, F,P) be a probability space with Q = {0,1}?, § = 2% and P({w}) = 1/4
for all w € 2. We define random variables X and Y on Q by X (w) = w; + wy and Y (w) = wy.
Show that for A = o(X),

1
E(Y[A) = L)y + 51{(0,1),(1,0)}'

4.2 Properties

We now derive properties of conditional expectations. Let X, Y be integrable random variables
and A C § a o-field.

The following statements are direct consequences of Theorem 4.1.
(A) E(E(X|A)) = E(X)
(B) X A-measurable — E(X|A)= X almost surely
(C) X =Y almost surely = E(X|A)=E(Y|A) almost surely
(D) E(aX + Y |A) = aE(X|A) + SE(Y|A) for all a, 5 € R

As with the usual expected value, monotonicity is also preserved under conditional expec-
tations.

(E) X <Y almost surely = E(X|A) <E(Y|A) almost surely
(F) |[E(X|A)| < E(]X]|A) almost surely
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Proof. (E) Because Z =Y — X > 0 almost surely, Theorem 4.3 implies that E(Z|A) > 0
almost surely. Now we can apply (D).
(F) Clearly, X < |X| and —X < |X], so due to (E) (and (D)),

max{E(X|A),E(-X|A)} = |[E(X|A)| <E(|X]||A) almost surely.
[

Also the monotone convergence theorem and Lebesgue’s theorem of dominated convergence
hold for conditional expectations.

(G) Let (X,)nen be a sequence of random variables X,, > 0 with X,, 1 X. Then

lim E(X,|A) = E(lim X, |A) =E(X|A) fast sicher.

n—oo

(H) Let (X,)nen be a sequence of random variables with X,, =% X and assume that there
exists Y such that | X, | <Y for all n € N. Then,

lim E(X,|A) = E(X|A) almost surely
n—oo

and
E(|X, — X||A) — 0, almost surely.

Proof. (G) Due to (C) and (E) we can assume that E(X,|A) < E(X,41|A) for all n on .
(Note: Countable unions of null sets are again null sets!) Let now C' € A. Then the monotone
convergence theorem implies that

E(1cE(X|A)) = lim E(1cE(X,|A)) = lim E(lcX,) = E(1cX),

which yields the claim, because lim,, ., E(X,|A) is A—measurable.
(H) We define Z, := sup,,>, | X,» — X|. Since X, == X, we obtain Z, | 0 almost surely.
Because X,, and X are integrable, (D), (F) and (E) imply that

[E(X,|A) - E(X|A)| = [E(X, — X]4)| < E(X, — X[lA) < E(Z,|4), almost surely.

Because 0 < E(Z,41|A) < E(Z,]A) almost surely for all n, the limit ¢ = lim, ., E(Z,|.A)
exists almost surely. Due to (A),

0 < E(() < E(E(Z,|A) =E(Z,) =0, n— .

The last convergence statement follows by the dominated convergence theorem, because 0 <
Zn, <2Y. So E(¢) = 0 and hence ¢ = 0 almost surely m

(I) Let Y be a A-measurable random variable, X an integrable random variable and Y X

integrable. Then,
E(YX|A) =YE(X|A) almost surely. (4.3)
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Proof. If Y = 15 for B € A, then for arbitrary C' € A,
E(1cYX) = E(lcnpX) = E(1ensE(X|A)) = E(1cYE(X|A))

Because YE(X|A) is A-measurable, this implies (4.3) for indicator variables Y. The same
argument gives (4.3) also for simple random variables Y.

Let now Y > 0 be a A-measurable random variable such that XY is integrable. There exist
simple A-measurable random variables with Y,, T Y almost surely. For all Y;,, the result proved
above implies that

E(Y,X|A) =Y, E(X|A) almost surely.

It holds |Y,,X| < |[Y X]|. Since Y X is integrable, it follows by (H) that E(Y,,X|A) — E(Y X|A)
almost surely. Moreover, Y, E(X|A) — YE(X|A), which yields the claim. General random
variables Y are decomposed into positive and negative part. O

(J) For o-fields A; C A, C §, it holds

E(E(X|A;)[A2) = E(E(X|A)|A;) = E(X|A;) almost surely.

Proof. The random variable E(X|A;) is A;-measurable, so also Ay-measurable, and therefore
E(E(X|A;)|As) = E(X|A;) almost surely. For all C' € A; C As,

E(1cE(X|A;)) = E(1cX) = E(1cE(X|Ay)),

SO

E(E(X|Ay)|A;) = E(X|A;) fast sicher.

(K) Assume that the o-field A is independent of the integrable random variable X. Then,

E(X|A) = E(X) almost surely.

Proof. The constant random variable E(X) is A-measurable. Let C' € A. Due to independence,
E(1cX) = E(10)E(X) = E(E(X)1¢),
which proves the statement. ]

Exercise 4.5. Let X; and X, be independent random variables with E(X;) = E(X?) = 1,
i =1,2 and define A = o(X7;). Show that then,

E((X1 4 X5)*|A) = (X1 +1)%

4.3 Factorization of the conditional expectation
Let X,Y be random variables on (2, §,P). If X is integrable (or non-negative), we define

E(X|Y) := E(X|o(Y)).
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If Y only takes values 0 and 1, i.e. P(Y = 0) = p € (0,1) and P(Y = 1) = 1 — p, then
oY) ={A, A%, 0,Q}, where A =Y 1({0}). If X is integrable, we obtain

E(X]Y)=EX|o(Y)) = 14E(X|A) + 14.E(X]A), almost surely.

Knowing the value of Y, we would like to determine the conditional expectation of X given
Y =0 (or Y = 1). In the above case, it is clear that for y € {0,1}, we should choose
1
EX|Y =y) = fly) = Tp(yE(X) + (1 —y—pE(X|A))

because then,
E(X|Y)= f(Y) almost surely.

We now want to generalize the above arguments for an arbitrary random variable Y. For this,
we need the following theorem.

Theorem 4.6. Let Y, Z be random variables. Then Z is o(Y')-measurable if and only if there
exists a measurable function f:R — R with Z = f(Y).

Proof. Exercise O

Corollary 4.7. Let X,Y be random variables and X integrable. Then there exists a measurable
function f : R — R such that
E(X]Y) = f(Y)

almost surely, and [ is Py almost surely unique.

Proof. The existence of f is proved in an exercise. We show that f Py is almost surely unique.
For all B € B(R),

/ 1f dPy — / (1o Y)(foY)dP = E(ly-1(5 f(Y)) = E(ly—1 5 B(X]V)) = B(Ly-15X).

Let now g : R — R be another measurable function such that E(X|Y) = ¢g(Y) almost surely.
The above computation shows that the P-integrability implies the Py-integrability of f and g
(choose B =R). So for all B € B(R),

/]ledPy:/]lBgdPy

With B = {f > g} we obtain that 1g(f — g) = Lys>g(f —g) = 0 Py almost surely, and
analogously 1> (g — f) = 0 Py almost surely, which proves the claim. O

With the function f from Corollary 4.7, we can therefore define

E(X]Y =y) = f(y).
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4.4 Martingales

In this chapter we introduce martingales and shortly illustrate two important theorems of

martingale theory. Martingales are one of the main tools in the theory of stochastic processes,

and they are treated extensively in the lectures Stochastic Processes I and II. This chapter only

gives a non-comprehensive preview on this interesting and central topic of probability theory.
Let (92,5, P) be a probability space.

Definition 4.8. Let A = (A,,)nen be a family of o-fields A, C §, n € N. The family A is
called filtration if
A, CA,., forallneN.

A sequence (X,,)nen of random variables is called (A-)adapted, if X,, is A,-measurable for all
n € N.

Example 4.9. Any sequence (X, ),en of random variables is adapted to the filtration (o(Xj, ..., X;.))nen-

Definition 4.10. Let A = (A,,),en be a filtration and (X,,),en & sequence of integrable random
variables. (X, )nen is called martingale, if for all n € N,

E(X,41]A,) = X,, almost surely.

Example 4.11 (Sums of independent centred random variables). Let (X,,)nen be a sequence of
independent integrable random variables with E(X,,) = 0 for all n € N. We set S,, = >, Xj
for n € N. Then (S,,)nen is @ martingale with respect to (o(Xy, ..., X,))nen, because

E(Sn-i-lya(Xla e aXn)) E(Xn—i-l + SnIU(le s aXn))
(Xn+1|O'(X1, ce ,Xn)) + E(Sn’O'(Xh e 7Xn))

(XnJrl) + Sn = Sn

E
E

where we have used properties (K) and (B) of conditional expectations in the second-last step.

Example 4.12 (Products of independent random variables). Let (X,).,en be a sequence of
independent, integrable random variables with E(X,,) = 1 for all n € N. We set M,, = [[,_, X&
for n € N. Then (M,,),en is a martingale with respect to (o(X7, ..., X,))nen, because

]E(Mn+1’0'(X1, e 7Xn)) = E(XrH,an’O'(Xl, e 7Xn))
= Mn]E(Xn+1|O'(X1, c. 7Xn))
= M,E(X,1) = M,

where we first use property (I) and then (K) of conditional expectations.

Example 4.13 (Successive predictions). Let Y be an integrable random variable and A =
(Ap)nen an arbitrary filtration. Then (X,,),en with

X, =E(Y|A,)

is a martingale. From the definition it is obvious that (X,,),en is A-adapted. Property (A)
shows that all X,, are integrable, and because of property (J),

E(Xn—i-llAn) - E(E(Y’An—&—lﬂAn) - E(Y|An> = X
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Definition 4.14. Let A = (A, )nen be a filtration. A mapping 7" : © — N U {oo} is called
stopping time, if
{T'<n} €A, forallneN.

Theorem 4.15 (Stopping time). Let T' be a stopping time and (X,)nen @ martingale with
respect to a filtration A. Then the stopped process (Xmin{n,T})neN is a martingale too. If T < oo
almost surely and if (Xmin{n,1})nen is dominated by an integrable function, then

E(Xr) = E(X)).

Example 4.16 (Ruin problem). Let (Y,),en be a sequence of independent and identically
distributed random variables with P(Y;,, = 1) = P(Y,, = —1) = 1/2. We define S,, = > _;_, Y;.
Then (S,,)nen is a martingale due to example 4.11, with the filtration (o(X7, ..., X,,))nen. The
martingale (S, )nen is also called simple symmetric random walk. We can interpret S, as the
gain/loss of a player in a sequence of independent games against a bank, and each game has a
probability of winning of 1/2 and a constant investment of 1.
For a,b € N we define
T:=inf{n>1]S, & (—a,b)}.

The random variable T' is a stopping time. If a is interpreted as the starting capital of the
player and b as the starting capital of the bank, then T describes the point of time when the
game ends because either the player is ruined (S7 = —a) or the bank (S7 = b). The probability
of ruin of the player is

p = ]P(ST = —CL).
We can compute p by applying the stopping theorem (Theorem 4.15). The Borel-Cantelli
Lemma implies that P(T" < oco) = 1, and |Sminfn,ry| < max{a,b}. Therefore

0 =E(S) = E(Sr) = p(—a) + (1 — p)b,

SO

b
b+a

p =
which is the bank’s share of the total capital.

Theorem 4.17 (Convergence theorem). Let (X,,)nen be a martingale with

sup E(]X,|) < oc.
neN

Then (X,,)nen converges almost surely to an integrable random variableX .

Example 4.18. We again consider a simple symmetric random walk (S, ),en as in example
4.16. The martingale (S, )nen does not converge, because |S,+1 — S,| = 1 for all n € N. Still,
the convergence theorem allows us to derive an interesting result on the random walk. We
define for ¢ € Z the stopping time

T. := inf{n > 1|5, = ¢}

Theorem 4.15 shows that (Swmin{n,1.})nen is @ martingale. If ¢ > 0, then Syingnry < ¢, so
(Sminfn,7.})+ < ¢ and therefore

SEIN)E“Smin{n,TC}D = SL;IN)((E(Smin{n,Tc}))-&- + (E(Smin{n,Tc}))—)

= Sup(2<E(Smin{n,Tc}))+ - ]E(Smin{l,Tc})) S 2c — ]E(Smin{l,Tc}> < 0Q.

neN
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If ¢ < 0, one can apply an analogous argument. Hence the convergence theorem (Theorem 4.17)
implies that lim,, e Sminfn,7,} €xists almost surely, which shows (because (S, )nen almost surely
does not converge) that P(7, < co) = 1 for all ¢ € Z, so also P(T, < oo for all ¢ € Z) = 1. This
shows that
P(liminf S,, = —o0, limsup 5,, = +00) = 1.
n—co n—00

We conclude that the simple symmetric random walk almost surely oscillates almost surely in
an arbitrarily wide range.

The convergence theorem for martingales can also be used, for example, to derive the law
of large numbers not only for sequences (X,,)nen of independent random variables, but also for
sequences with certain forms of dependency.
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